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Abstract: Let Ω ⊂ IRn be an open bounded set with smooth boundary, Γ, and let

X1, . . . , XN be smooth real vector fields on an open set Ω′ ⊂ Ω. We assume that they sat-

isfy the Hörmander bracket generating condition, i.e., Lie{X1, . . . , XN}(x) = IRn, ∀x ∈
Ω′. Here, Lie{X1, . . . , XN}(x) denotes the space of all values at x of the vector fields

of the Lie algebra generated by {X1, . . . , XN}. In this context we consider the following

Dirichlet problem 
∑N

j=1(XjT )2(x) = 1, x ∈ Ω,

T (x) = 0, x ∈ Γ.
(1)

Existence and uniqueness of the viscosity solution (1) are well-known. Moreover, this solution

T is the value function of the time-optimal control problem with target Γ and state equation

y′(t) =

N∑
j=1

uj(t)Xj(y(t)), t ≥ 0, y(0) = x. (2)

The controls u = (u1, . . . , uN ) take values in the n-dimensional closed ball of unit radius

centered at the origin. The quadratic form associated with the eikonal equation (1) is not

positive definite. Thus, singular trajectories may occur, destroying the smoothness of T .

In this talk, we investigate the regularity of T , the properties of its singular support,

and the role played by the singular trajectories. Our main result claims that the singular

support of T , which consists of all points at which this function is not Lipschitz, has

null Lebesgue measure. Finally, we discuss the relation between our results and the so-

called “Sard conjectures” (see L. Rifford and E. Trélat, Morse-Sard type results in sub-

Riemannian geometry, Math. Ann. 332 (2005)).
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