tence and unigueness results for
variational inequalities

Lecture 1
Basic results

Didier Aussel



Why V.1.?

Set-valued or not?
a- The monotone case
b- The gquasimonotone case

First existence results
a- The linear case
b- The finite dimensional case
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anach space
topological dual{*-top.)
e duality product



Notations

= X a Banach space
= X* Its topological dual¢*-top.)
= (-, ) the duality product

Stampacchia variational inequality (strong):
LetT : X — 2% be a map and’ be a nonempty subset &f.

Find £ € C such that there exists™ € T'(z) for which

(x",y —x) > 0, Vy e C.

Notation :.S(7T', C') set of solutions€ C).
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|
hy variational inequalities?



vation = Optimality conditions

X — IRU{+o0} andC' C domf be a convex subset.

(P) findz € C : f(x) = inf f(z)

xzeC



FIrst motivation = Optimality conditions

Let f: X — RU{+o00} andC C domf be a convex subset.

(P) findz e C : f(z) = inf f(x)

xeC
Necessary conditionf is Isc + ...

If z is a solution of( P) then

7 € S(8f(7),0).
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FIrst motivation = Optimality conditions

Let f: X — RU{+o00} andC C domf be a convex subset.

(P) findz e C : f(z) = inf f(x)

xzel

Perfect casef convex

f: X — IRU{+00} a proper convex function
C' a nonempty convex subset &f, x € C' + C.Q.

Then
f(z) =inf f(x) <= =xeSf,C)

xzel
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FIrst motivation = Optimality conditions

Let f: X — RU{+o00} andC C domf be a convex subset.

(P) findz e C : f(z) = inf f(x)

xzel

Perfect casef convex

f: X — IRU{+00} a proper convex function
C' a nonempty convex subset &f, x € C' + C.Q.

Then
f(z) =inf f(x) <= =xeSf,C)

xeC
What about quasiconvex cassée the third lecture
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Signorini’s frictionless contact problem

volume force
h € [L2(Q)]F
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Functional spaces:

S* = {0 = (0ij)i; ER™F : 045 = 0ji} = RJ*F

W={ve H(Q)F : v=0surl'y}

Q = {qg=(qi;) € L* ("% : qij = qji, 1 < 4,5 < k} = L2(Q)5*F
Wo={veW : v, <0ae. onl's}

Deformation operatoe : H'(Q)* — Q

eij(u) = % [

811,7; 8uj :|
+ )
333j 8337;

Scalar product: (p,q)q = [ Pij(@)qi;(x) dz et{u,v)w = (e(u),(v))g

Elasticity operatorF : Q x S¥ — Sk

Stress function s : H1(Q)* — Q defined by
ou): Q@ — Sk
= F(z,e(u)(z)).

o



Formulations of the problem:

Find a displacement field : 2 — R such that

—Div o(u) = fo on €
u=20 on I'y
o(u)v = fo on I’

Uy S O, O-(U)y S O, O-(U)]/ul/ — O, O-(U)T — O on P3

Variational formulation:

Finduw € W5 such that

(o(u),e(v) —e(u)@ 2 (fiv —ww, YveW

wheref is an element of// defined by

<fa’U>W=/Qfo.vd:c—|— . fa.vda.
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alued or not?

chia variational inequality (strong):
{ — 2%" be a map and’ be a nonempty subset &f.

Find £ € C' such that there exists® € T'(z) for which

(x",y —x) >0, VyeC.



Il - Set-valued or not?

Stampacchia variational inequality (strong):
Let7T : X — 2% be a map and’ be a nonempty subset &f.

Find z € C such that there exists® € T'(z) for which

(x",y —x) > 0, Vy e C.

Two particular cases:

a- The monotone case

0- The quasimonotone case

-p.9



Il - a
The monotone case

X — 2% be amap

otone iff Vx,y € X,Va* € T(x) andVy* € T'(x)



1 (Zarantonello 1973)
Let X be a separable Banach space andlet X — 2*" be a
monotone operator. Then
the set of alle € dom(T") for whichT'(x) is not single-valued
has empty interior;
If X Is finite-dimensional then this set has Lebesgue measure
Zero.
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2 (M. Lassonde '09)
LetT : Z — 2% be minimakw -cusco from a Baire spacg into the
dual of a Banach spac& . If there is a subset’ C X* with thewx
-RNP such thatthe s¢t € 7 : T'(z) N C # (0} is dense inZ, then
there Is a densé&rs subsetD of Z such that, at each point db, 1'is
single-valued and upper semicontinuous.

Maximal monotone operatof€ : Z — 2% with nonempty values, are typical examples of
minimal w -cusco mappings

A nonempty bounded subsdtof the dual spac& * is said to bewx* -dentable provided for every
e > 0 there exists av* -open half-spac® in X* such thatA NV # () anddiam(ANV) < e.

A subsetA of X * is said to have tha+ Radon-Nikodim Property provided every nonempty
bounded subset of is w*-dentable.
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3 (Kenderov 1975)
Let X be a Banach space arild: X — 2% be a monotone

set-valued map.
If T"is lower semicontinuous at a poing,

thenT' is single-valued at.

T is Isc atx if, for every openV such thatl” N T'(xzg) # 0, there exists a
neigh.U of xo such tha NT'(z) # 0, foranyz € U.
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4 (Dontchev and Hager 1994)
LetT : X — 2% be a monotone set-valued mapZlfs
Lipschitz-like aroundzg,y) € grT,
thenT Is single-valued in a neigh. af,.
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5 (Dontchev and Hager 1994)
LetT : X — 2% be a monotone set-valued mapZlfs

Lipschitz-like aroundzg,y) € grT,
thenT Is single-valued in a neigh. af,.

T : X — 2Y is Lipschitz-like around(z, y) € grT if it exist a neighb.U of z, a
neighb.V of y andl! > 0 such that

Tw)NV cTW)+I|u —u||By(0,1), Vu,u' €U
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6 (Dontchev and Hager 1994)
LetT : X — 2% be a monotone set-valued mapZlfs

Lipschitz-like aroundzg,y) € grT,
thenT Is single-valued in a neigh. af,.

T : X — 2Y is Lipschitz-like around(z, y) € grT if it exist a neighb.U of z, a
neighb.V of y andl! > 0 such that

Tw)NV cTW)+I|u —u||By(0,1), Vu,u' €U

also calledAubin propertyor pseudo-Lipschitzianity

—p. 14



7/ (Dontchev and Hager 1994)
LetT : X — 2% be a monotone set-valued mapZlfs

Lipschitz-like aroundzg,y) € grT,
thenT Is single-valued in a neigh. af,.

T : X — 2Y is Lipschitz-like around(z, y) € grT if it exist a neighb.U of z, a
neighb.V of y andl! > 0 such that

Tw)NV cTW)+I|u —u||By(0,1), Vu,u' €U

= T' 1S nonempty valued ofy.
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8 (Dontchev and Hager 1994)
LetT : X — 2% be a monotone set-valued mapZlfs

Lipschitz-like aroundzg,y) € grT,
thenT Is single-valued in a neigh. af,.

T : X — 2Y is Lipschitz-like around(z, y) € grT if it exist a neighb.U of z, a
neighb.V of y andl > 0 such that
Tw)NV cTW)+I|u —u||By(0,1), Vu,u' €U

If T"is single-valued
T is Lipschitz-like aroundx, T'(x)) < T'is loc. Lipschitz at
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Il -b
The gquasimonotone case



Il -b
The gquasimonotone case

hat about the guasimonotone case?



notonicity

— 2% be a set-valued map

uasimonotone Iff
() : (@*y—2x)>0= (y,y—x) >0, Vy* € T(y).



LetT : X — 2%  be a set-valued map

T Is guasimonotone Iff
dx* el (z) : (5 y—x)>0= (y",y—x) >0, Vy* € T(y).

A function f : X — IR U {+c} is said to beguasiconvexn K if,
forall z, y € K and allt € [0, 1]

f(te + (1 —t)y) < max{f(z), f(y)}.
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LetT : X — 2%  be a set-valued map

T Is guasimonotone Iff
dx* el (z) : (5 y—x)>0= (y",y—x) >0, Vy* € T(y).

A function f : X — IR U {+c} is said to beguasiconvexn K if,

for all A € IR, the sublevel set

Sy={r € X : f(x) < \}isconvex.
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LetT : X — 2%  be a set-valued map

T Is guasimonotone Iff
dx* el (z) : (5 y—x)>0= (y",y—x) >0, Vy* € T(y).

A function f : X — IR U {+c} is said to beguasiconvexn K if,
for all A € IR, the sublevel set

Sy={r € X : f(x) < \}isconvex.

f differentiable
f 1s quasiconvex ifff’ is quasimonotone
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LetT : X — 2%  be a set-valued map

T Is guasimonotone Iff
dx* el (z) : (5 y—x)>0= (y",y—x) >0, Vy* € T(y).

A function f : X — IR U {+c} is said to beguasiconvexn K if,
for all A € IR, the sublevel set

Sy={r € X : f(x) < \}isconvex.

f 1s quasiconvex if f is quasimonotone
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LetT : X — 2%  be a set-valued map

T Is guasimonotone Iff
dx* el (z) : (5 y—x)>0= (y",y—x) >0, Vy* € T(y).

A function f : X — IR U {+c} is said to beguasiconvexn K if,
for all A € IR, the sublevel set

Sy={r € X : f(x) < \}isconvex.

f 1s quasiconvex if f is quasimonotone
the normal operatal; : X — 2*" defined by

z = Np()= N(Sf@), )
IS quasimonotone. _p.16



T is monotone iff Vx,y € X,Va* € T'(x) andVy* € T(x)
(y* —x*,y —x) > 0.
T 1s pseudomonotone iff
dx* e T(x) : (x"y—2) > 0= (y*,y—x) >0, Vy* € T(y).

T Is quasimonotone Iff
Jx* el (z) : (5, y—z)>0= (y",y—x) >0, Vy* € T(y).

monotone

4

pseudomonotone

4

guasimonotone
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No similar result (single-valued property) can be obtaiimetthe
guasimonotone case!!.

ConsiderT : R — 2% defined by
T(I') = R++.

then
T Is pseudomonotone

T Is Lipschitz-like at each point of its graph
(U, V any neigh.] any positive real)

T 1s multivalued!!!!

—p. 18



9 A set-valued maf : K — 2% is said to be

single-directionabt x € domT'if, T'(xz) C R, {x*} for some
¥ €T (x).

locally single-directionaht + € domT' If it exists a neighlU of
x such that, for any’ € U, T'(«') is single-directional at:'.

strictly single-directionabtx if T'(z) C|0, +oo[{x*} for some
z* # 0.

locally strictly single-directionaht x if T' is strictly
single-directional at any point of a neigh. .of

—p. 19



10 LetT : X — 2X" be a set-valued map, lower
semicontinuous at € X. Then

1) If 7" is quasimonotone, thén is single-directional atr;

) If 7"is pseudomonotone, thé&nis strictly single-directional or
trivial at .
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Recovering Kenderov'/3 (monotone Isc)

Proposition 11 (D.A., J.-N. Corvellec & M. Lassonde '94)
A map?I : X — 2% is monotone if and only if, for any* € X*,
the map!l” + {«a*} is quasimonotone
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13 (D.A., J.-N. Corvellec & M. Lassonde '94)
A map? : X — 2% is monotone if and only if, for any* € X*,
the mapl’ + {a*} is quasimonotone

14 LetT : X — 2% be a set-valued map andbe a
point of its domairdom?’ be such that, for ang* € X*, the map
T + o~ Is single-directional atr, thenT’ is single-valued at.
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Recovering Kenderov'/3 (monotone Isc)

Hyp : 7' iIs monotone and Isc at

= Va* € X*, T+ {a*} is quasimonotone Isc at
= Va* € X*, T+ {a*} Is single-directional at
= T'Is single-valued at.

e



Hyp : 7' iIs monotone and Isc at

= Va* € X*, T+ {a*} is quasimonotone Isc at
= Va* € X*, T+ {a*} Is single-directional at
= T'Is single-valued at.

16 (Kenderov 1975)
Let X be a Banach space ard: X — 2X" be a monotone
set-valued map.
If T"Is lower semicontinuous at a poing,
thenT' Is single-valued at,.
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