4) Introduction to viscosity solutions

Goal : Prove the existence and the uniqueness of a continuous solution for a PDE of the type :
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H : Hamiltonian.

Remark : the theory also applies for PDE of second order, i.e. when


[image: image3.wmf]2

(,,,)

HHxtuu

=ï¿½ï¿½

.

What are the mathematical problems ?

Some typical problems in 1-D.

a) In general there is not 
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If u is 
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 incompatibility with 
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  the gradient must “ break “

b) Compatibility with the boundary conditions
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If a solution exists then necessarily
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which implies
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c) Uniqueness of a solution
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First solution
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but 
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 is also a solution. In fact there exist an infinite number of solutions :
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   find a theory which solves these questions 

Remark. 
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 is the greatest solution.

We are going to introduce the theory of viscosity solutions for second order PDE (first order PDE is a particular case).

So, let us consider the Hamilton-Jacobi equation


[image: image21.wmf]2

(,(),())0

Hxuxux

ï¿½ï¿½=

 in 
[image: image22.wmf]W


with some additional boundary conditions.

Hypotheses.
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where 
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. We assume that 

a) H is continuous with respect to all its variables

b) H is elliptic :
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for all 
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Remark. If 
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 then ellipticity is automatically satisfied.

Proposition. If 
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 is a classical solution of 
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then

a) For all 
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b) For all 
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Conversely :

If 
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 verifies a) and b), then u is a solution of 
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Proof.
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 (proof of a) )

Let 
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and since H is by hypothesis elliptic we get 
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and a) is proven.

The proof is the same for b).
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  If a) and b) are true, we choose 
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, we have
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thus
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Important remark. In the above proposition 
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 needs only to be continuous.
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  definition of viscosity solutions

Definition. Let 
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 be a continuous function, we say that u is a

(i) viscosity sub-solution of  
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(ii) viscosity super-solution of  
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(iii) viscosity solution if and only if u is sub-solution and a super solution.

Why the word “ viscosity ”

Historically for proving that the first order PDE 
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 admits a solution, it was used an approximation viscosity method. One introduces the second order PDE :

(*)
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· Under suitable hypotheses we show that (*) admits a unique regular solution  
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 (by using the classical theory).

· We get some estimates on 
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 where u(x) is the unique solution of 
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