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Abstract

Harmonic analysis has recently found computational applications such as
data compressionand statistical estimation which have proved to be quite
successfulin the context of imageprocessing,especially through the develop-
ment of wavelet-basedmethods. A particular feature in this line of research
is the pivotal role of approximation theory and the signi�cant evolution to-
ward nonlinear methods. The goal of thesenotes is to provide with a short
survey on theseissues,aswell as to stresssomenew directions of research.

1. In tro duction

In recent years,mathematical analysishasplayed an increasingrole in image
processingapplications. The main reasonfor this is certainly the digital revo-
lution : from a mathematical point of view, an imageis typically represented
by a function I (x; y) which describesthe light intensity at the point (x; y) of
the screen,and oncein digital format this function can be easily stored and
processedby fairly generalmathematical operationsin order to solve certain
speci�c taskson the image. Two of thesetaskswill more speci�cally attract
our attention, namely :

� Data compression: given an imagein digital form, oneis interestedin
reducing the number of bits which are neededfor its storage,without
deteriorating its quality.

� Statistical estimation : from a distorted versionof the image,e.g. pro-
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ducedby additive noiseor blurring, one is interestedin estimating the
true image.

In thesenoteswe shall try to bring out somemathematical ideaswhich have
emergedin recent yearsfor theseapplications. We shall insist on the pivotal
role played by computational harmonic analysisand approximation theory,
as well as on the signi�cant evolution toward nonlinear methods.

Thesenotes are organizedas follows. We start in x2 with somegeneral
remarks on the representations of functions, with the example of Fourier
analysisas a guideline. We introduce in x3 the framework of approximation
theory, which is illustrated in x4 by a simpleonedimensionalexample,based
on piecewiseconstant functions, which illustrate the di�erences betweenlin-
ear and nonlinear approximation, and we discussa �rst algorithm which
producesnonlinear piecewiseconstant approximations. In x5, we show that
such approximations can alsobe producedby thresholding the coe�cien ts in
the Haar wavelet system and we apply these ideasto imagesin x6. In x7,
we give the generalresultson linear uniform approximation of �nite element
or wavelet types. General results on nonlinear adaptive approximations by
wavelet thresholding or adaptive partitions are given in x8. Applications to
signal and image compressionand estimation are discussedin x9 and x10.
Finally, we concludein x11 by someremarksand open problemsarising nat-
urally in the multiv ariate setting.

2. Represen ting fonctions

Modern mathematics o�er a variety of techniques to analyze, synthetize
and representarbitrary functions in terms of elementary \building blocks".
Such harmonic analysistechniquesare sometimesimplementable by fast al-
gorithms, which make them additionally attractiv e from a computational
perspective.

The most fundamental exampleis certainly the Fourier transform which
is well known since19th century: this transform allowsto perform a frequency
analysisof a fonction f (t), t 2 IR through the formula

f̂ (! ) =
Z + 1

�1
f (t)e� i! t dt: (1)

Under appropriate assumptionson f , the fonction f̂ (! ) is well de�ned and
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allows the synthesisof f by the inversion formula

f (t) = (2� ) � 1
Z + 1

�1
f̂ (! )ei! td! : (2)

In such an example,the \building blocks" are given by the functions e! (t) =
ei! t , ! 2 IR. Each of these functions is a plane wave of pure frequency
! , and the linear combination of these blocks with weights f̂ (! ) allows to
reconstruct the initial object, i.e. function f . Theseblocks alsoserve in the
analysissinceonecan formally write f̂ (! ) as an inner product

f̂ (! ) = hf ; e! i ; (3)

usingthe notation hf ; gi =
R+ 1

�1 f (t)g(t)dt. In that sensef̂ is a representation
of f : its data contains the sameinformation as the data of f .

Similar remarksapply to Fourier serieswhich areadaptedfor the analysis
of functions de�ned on a boundedinterval: if f is de�ned on [0; 1], we obtain
its representation as a discreteseriesof 1-periodic functions,

f (t) =
X

n2 ZZ

cn (f )ei 2� nt : (4)

The Fourier coe�cien ts cn (f ) are nothing but the coordinates of f in the
orthonormal basisof the spaceL 2([0; 1]) constituted by the functions en (t) =
ei 2� nt , n 2 ZZ, and they can be computedby the frequencyanalysisformula

cn =
Z 1

0
f (t)e� i 2� nt dt: (5)

At this stage, let us recall that if 
 is a domain of IRd and p � 1, the set
Lp(
) of all functions f such that jf jp is integrable(in the senseof Lebesgue)
constitutesa Banach space(i.e. a completenormedspace)whenequipedwith
its natural norm

kf kp = [
Z



jf (x)jpdx]1=p: (6)

For p = 1 , we de�ne the spaceL 1 (
) as the set of all functions which are
uniformly bounded on 
 except perhaps on someset E of zero Lebesgue
measurejE j = 0. It is also a Banach spacewhen equiped with the uniform
norm

kf k1 = inf
jE j=0

sup
x2 
 nE

jf (x)j; (7)
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which we simply note kf k1 = supx2 
 jf (x)j. For p = 2, the spaceL 2(
) is
a Hilbert space,i.e. the L 2 norm is associated to an inner product: kf k2

2 =
hf ; f i with

hf ; gi =
Z



f (x)g(x)dx: (8)

This allowsto extendto such a spacegeometricalnotionssuch asorthogonal-
it y and orthonormal bases.Just as for the Fourier integral, the convergence
(4) can be studied in various sensesand requiresspeci�c restrictions on the
function f .

When he introducedsuch representations, Fourier wasalreadymotivated
by numerical computing since the convergenceof the series(4) allows the
approximation of the arbitrary function f by the partial sum SN f (t) =
P N

n= � N cn (f )ei 2� nt . Such approximations can then be used for numerically
evaluating the solutions of di�erential or partial di�erential equations. Ap-
plications of Fourier representations have intensi�ed with the development
of modern computersand the invention by Cooley and Tuckey of the Fast
Fourier Transform (FFT) algorithm which allows to compute in O(N logN )
operationsthe discreteversionof Fourier transformswhich connectsthe vec-
tors (x[k])k=0 ;��� ;N � 1 and (x̂[k])k=0 ;��� ;N � 1 by the formulae

x̂[k] =
1

p
N

N � 1X

n=0

x[n]e� i 2� nk =N and x[k] =
1

p
N

N � 1X

n=0

x̂[n]ei 2� nk =N : (9)

A generalremark (which validit y goesbeyond the framework of harmonic
analysis,if not mathematics) is that somerepresentations of the sameobject
are better adapted than others in order to perform speci�c tasks on this
object.

Fourier transform is quite e�cien t to detect the dominant frequenciesin
a signal f (t), since they appear as \p eaks" in the modulus of f̂ (! ). For
instance, the Fourier transform of a combination of N pure oscillations is a
combination of Dirac distributions at corresponding frequencies:

f (t) =
NX

n=1

anei! n t ) f̂ (! ) =
NX

n=1

an � (! � ! n): (10)

This property of \concentrating the information" is also encountered when
weapply Fourier transform to a uniformly smooth functions: if f is integrable
over IR as well as its derivatives f (m) , m = 1; � � � ; n , one can apply n times
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the integration by part in (1) to obtain the estimate

jf̂ (! )j = j
Z + 1

�1
f (n)(t)

e� i! t

(i! )n
dtj �

R+ 1
�1 jf (n)(t)jdt

j! jn
: (11)

A similar computation shows that if f is a 1-periodic functions such that its
derivativesf (m) , m = 1; � � � ; n� 1 arecontinuousover IR and f (n) is integrable
over [0; 1], its Fourier coe�cien ts ful�ll the estimatejck(f )j � Cjkj � n . In this
sense,more smoothnesson f ensuresfaster convergenceof (4) and more
accurateapproximations by the partial sumsSN f .

In contrast, these properties fall apart when dealing with a function f
which is smooth everywhereexcept at someisolated point of discontinuity:
such a function will be perceived as globally non-smooth by Fourier analy-
sis, and one cannot expect a much better estimate than jf̂ (! )j � Cj! j � 1 or
jck(f )j � Cjkj � 1. The mediocre quality of the approximation of f by its low
frequenciesis alsoexpressedby the well known Gibbsphenomenon, i.e. per-
sistanceof an overshooting in the vincinit y of the jump point as the number
of coe�cien ts N (or a cut-o� frequencyF in the integral representation (2))
goesto + 1 .

Fourier transform is alsodefeatedwhen dealing with a signal which con-
tains di�erent dominating frequenciesoccurring at di�erent period of time
- typically a music score - and that we try to identify theseefrequencies
together with their time localization. This last information is of coursecon-
tained in the Fourier transform (since it fully characterizesthe signal ac-
cording to the reconstruction formula (2)), but it doesnot appear explicitely
when examining the amplitude jf̂ (! )j which only allows to detect the domi-
nant frequencies.

Theselimitations are basicallydue to the intrisically global nature of (1)
and (2): all values of f̂ are in
uenced by all values of f . They have led
mathematicians, physicists and engineersto the development of alternate
representation tools, such astime-frequencyanalysiswhich consistslocalizing
the function f prior to its Fourier analysis,or multiscale and waveletanalysis
which be discussedlater in thesenotes.

3. Appro ximating functions

Approximation theory is the branch of mathematicswhich studiesthe process
of approximating generalfunctions by simple functions such aspolynomials,
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�nite elements or Fourier series.It plays thereforea central role in the accu-
racy analysisof numerical methods. Numerousproblemsof approximation
theory have in commonthe following generalsetting : we are given a family
of subspaces(SN )N � 0 of a normed spaceX , and for f 2 X , we considerthe
best approximation error

� N (f ) := inf
g2 SN

kf � gkX : (12)

Typically, N represents the number of parametersneededto describe an ele-
ment in SN , and in most casesof interest, � N (f ) goesto zeroasthis number
tends to in�nit y.

For a given f , we can then study the rate of approximation, i.e. the rangeof
r � 0 for which there exists C > 0 such that

� N (f ) � CN � r : (13)

Note that in order to sudy such an asymptotic behaviour, we can use a
sequenceof near best approximation, i.e. f N 2 SN such that

kf � f N kX � C� N (f ); (14)

with C > 1 independent of N . Such a sequencealways existseven when the
in�m um is not attained in (12), and clearly (13) is equivalent to the same
estimate with kf � f N kX in placeof � N (f ).

Linear appro ximation deals with the situation when the SN are linear
subspaces.Classical instancesof linear approximation families are the fol-
lowing:
1) Polynomial approximation: SN := � N , the spaceof algebraicpolynomials
of degreeN .
2) Splineapproximation with uniform knots: someintegers0 � k < m being
�xed, SN is the spline spaceon [0; 1], consistingof Ck piecewisepolynomial
functions of degreem on the intervals [j =N; (j + 1)=N ], j = 0; � � � ; N � 1.
3) Finite element approximation on �xed triangulations : SN are �nite ele-
ment spacesassociatedto triangulations TN whereN is the number of triangle
TN .
4) Linear approximation in a basis: given a basis(ek)k� 0 in a Banach space,
SN := Span(e0; � � � ; eN ).
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In all these instances,N is typically the dimension of SN , possibly up to
somemultiplicativ e constant.

Nonlinear appro ximation addressesin contrast the situation where the
SN are not linear spaces,but are still typically characterizedby O(N ) pa-
rameters. Instancesof nonlinear approximation families are the following:
1) Rational approximation: SN := f p

q ; p;q 2 � N g, the set rational functions
of degreeN .
2) Free knot spline approximation: someintegers0 � k < m being �xed,
SN is the spline spaceon [0; 1] with N free knots, consistingof Ck piecewise
polynomial functions of degreem on intervals [x j ; x j +1 ], for all partitions
0 = x0 < x1 � � � < xN � 1 < xN = 1.
3) Adaptive �nite element approximation : SN are the union of �nite ele-
ment spacesof a �xed type constructed on arbitrary triangulations T with
the constraint #( T ) � N .
4) N -term approximation in a basis: given a basis(ek)k� 0 in a Banach space,
SN is the set of all possiblecombinations

P
k2 E xkek with #( E) � N .

Note that these examplesare in somesensenonlinear counterparts to the
previouslinear examples.Also note that in all of theseexamples(except for
the splineswith uniform knots), we have the natural property SN � SN +1 ,
which expressesthat the approximation is \re�ned" asN grows.

On a theoretical level, a basic problem, both for linear and nonlinear ap-
proximation can be stated as follows :

Problem 1: Given a family (SN )N � 0, what are the analytic properties of
a function f which ensure a prescribed rate � N (f ) � CN � r ?

By \analytic properties", we typically have in mind smoothness,since we
know that in many context a prescribed rate r canbe achieved provided that
f belongsto somesmoothnessclassX r � X . Ideally, one might hope to
identify the maximal classX r such that the rate r is ensured,i.e. have a
sharp result of the type

f 2 X r , � N (f ) � CN � r : (15)

Another basicproblem, perhapson a slightly more applied level, is the e�ec-
tive construction of near best approximants.
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Problem 2: Given a family (SN )N � 0, �nd a simple implementableproce-
dure f 7! f N 2 SN suchthat kf � f N kX � C� N (f ) for all N � 0.

In the caseof linear approximation, this question is usually solved if we
can �nd a sequenceof projectors PN : X 7! SN such that kPN kX ! X � K
with K independent of N (in this case,simply take f N = PN f and remark
that kf � f N kX � (1 + K )� N (f )). It is in generala more di�cult problem
in the caseof nonlinear approximation. Since the 1960's, research in ap-
proximation theory hasevolved signi�cantly toward nonlinear methods, and
the two aboveproblemshave beenaddressedfor variousnonlinearspacesSN .

More recently, nonlinear approximation becameattractiv e on a more ap-
plied level, asa tool to understandand analyzethe performanceof adaptive
methods in signal and imageprocessing,statistics and numerical simulation.
This is in part dueto the emergenceof waveletbasesfor which simpleN -term
approximations (derived by thresholding the coe�cien ts) yield in somesense
optimal adaptive approximations. In such applications, the problems that
ariseare typically the following.

Problem 3 (data compression): How can we exploit the reduction of
parametersin the approximation of f by f N 2 SN in the perpective of opti-
mally encoding f by a small number of bits ? This raisesthe questionof a
proper quantization of theseparameters.

Problem 4 (statistical estimation): Can we use nonlinear approxima-
tion as a denoisingscheme? In this perspective, we need to understandthe
interplay between the approximation processand the presence of noise.

Weshall thereforesurvey the subject of nonlinearapproximation, with a par-
ticular focus on these four problems, and someemphasison wavelet-based
methods. We would like to point out that thesequestionsare alsoaddressed
in the survey paper [13] which contains a more substantial development on
the theoretical aspects.

8



4. A simple example

Let us considerthe approximation of functions de�ned on the unit interval
I = [0; 1] by piecewiseconstant functions. More precisely, given a disjoint
partition of I into N intervals I 0; � � � ; I N � 1 and a function f in L1(I ), we
shall approximate f on each I k by its averageaI k (f ) = jI k j � 1 R

I k
f (t)dt. The

resulting approximant can thus be written as

f N :=
NX

k=1

aI k (f )� I k : (16)

If the I k are �xed independently of f , then f N is simply the orthogonal
projection of f onto the spaceof piecewiseconstant functionson the partition
I k , i.e. a linear approximation of f . A natural choiceis the uniform partition
I k := [k=N; (k + 1)=N ]. With such a choice, let us now considerthe error
betweenf and f N , for examplein the L 1 metric. For this, we shall assume
that f is in C(I ) the spaceof continuousfunctions on I . It is then clear that
on each I k we have

jf (t) � f N (t)j = jf (t) � aI k (f )j � sup
t;u 2 I k

jf (t) � f (u)j: (17)

We thus have the error estimate

kf � f N kL 1 � sup
k

sup
t;u 2 I k

jf (t) � f (u)j: (18)

This can be converted into an estimate in terms of n, under someadditional
smoothnessassumptionson f . In particular, if f hasa bounded�rst deriva-
tive, we have supt;u 2 I k

jf (t) � f (u)j � jI k jkf 0kL 1 = N � 1kf 0kL 1 , and thus

kf � f N kL 1 � N � 1kf 0kL 1 : (19)

Similarly, if f is in the H•older spaceC � for some� 2]0; 1[, i.e. if for all
x; y 2 [0; 1],

jf (x) � f (y)j � Cjx � yj � ; (20)

we obtain the estimate

kf � f N kL 1 � CN � � (21)

By consideringsimple examplessuch as f (x) = x � for 0 < � � 1, one can
easily check that this rate is actually sharp. In fact it is an easyexerciseto
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check that a converseresult holds : if a function f 2 C([0; 1]) satis�es (21)
for some� 2]0; 1[ then necessarilyf is in C � , and f 0 is in L1 in the case
where � = 1. Finally note that we cannot hope for a better rate than N � 1:
this re
ects the fact that piecewiseconstant functions are only �rst order
accurate.

If we now consideran adaptive partition where the I k depend on the func-
tion f itself, we enter the topic of nonlinear approximation. In order to
understand the potential gain in switching from uniform to adaptive par-
titions, let us considera function f such that f 0 is integrable, i.e. f is in
the spaceW 1;1. Sincewe have supt;u 2 I k

jf (t) � f (u)j �
R

I k
jf 0(t)jdt, we see

that a natural choice of the I k can be made by equalizing the quantities
R

I k
jf 0(t)jdt = N � 1 R1

0 jf 0(t)jdt, so that, in view of the basicestimate(18), we
obtain the error estimate

kf � f N kL 1 � N � 1kf 0kL 1 : (22)

In comparisonwith the uniform/linear situation, we thus have obtained the
samerate as in (19) for a larger classof functions, sincef 0 is not assumedto
be boundedbut only integrable. On a slightly di�erent angle, the nonlinear
approximation rate might be signi�cantly better than the linear rate for a
�xed function f . For instance, the function f (x) = x � , 0 < � � 1, has the
linear rate N � � and the nonlinear rate N � 1 sincef 0(x) = � x � � 1 is in L1(I ).
Similarly to the linear case,it can be checked that a converseresult holds :
if f 2 C([0; 1]) is such that

� N (f ) � CN � 1; (23)

where � N (f ) is the L1 error of best approximation by adaptive piecewise
constant functions on N intervals, then f is necessarilyin W 1;1.

The above construction of an adaptive partition basedon balancing the L 1

norm of f 0 is somehow theoretical, in the sensethat it pre-assumesa cer-
tain amount of smoothnessfor f . A more realistic adaptive approximation
algorithm should also operate on functions which are not in W 1;1. We shall
describe two natural algorithms for building an adaptive partition. The �rst
algorithm is sometimesknown as adaptivesplitting and was studied e.g. in
[15]. In this algorithm, the partition is determinedby a prescribed tolerance
" > 0 which represents the accuracy that one wishesto achieve. Given a
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partition of [0; 1], and any interval I k of this partition, we split I k into two
sub-intervals of equal size if kf � aI k (f )kL 1 (I k ) � " or leave it as such oth-
erwise. Starting this procedure on the single I = [0; 1] and using a �xed
tolerance" > 0 at each step, we end with an adaptive partition (I 1; � � � ; I N )
with N (") and a correponding piecewiseconstant approximation f N with
N = N (") piecessuch that kf � f N kL 1 � " . Note that we now have the re-
striction that the I k aredyadicintervals, i.e. intervalsof the type2� j [n; n+ 1].

We now want to understand how the adaptive splitting algorithm behaves
in comparisonto the optimal partition. In particular, do we also have that
kf � f N kL 1 � CN � 1 when f 0 2 L1 ? The answer to this questionturns out
to be negative, but a slight strengtheningof the smoothnessassumptionwill
be su�cien t to ensurethis convergencerate : we shall instead assumethat
the maximal function of f 0 is in L1. We recall that the maximal function of
a locally integrable function g is de�ned by

M g(x) := sup
r > 0

[vol(B(x; r )]� 1
Z

B (x;r )
jg(t)jdt; (24)

It is known that M g 2 L p if and only if g 2 Lp for 1 < p < 1 and that
M g 2 L1 if and only if g 2 L logL, i.e.

R
jgj +

R
jg logjgjj < 1 . Therefore,

the assumptionthat M f 0 is integrableis only slightly strongerthan f 2 W 1;1.

If (I 1; � � � ; I N ) is the �nal partition, considerfor each k the interval Jk which
is the parent of I k in the splitting process, i.e. such that I k � Jk and
jJk j = 2jI K j. We thereforehave

" � kf � aJk (f )kL 1 �
Z

Jk

jf 0(t)jdt: (25)

For all x 2 I k , the ball B (x; 2jI k j) contains Jk and it follows thereforethat

M f 0(x) � [vol(B(x; 2jI k j)]� 1
Z

B (x;2jI k j)
jf 0(t)jdt � [4jI k j]� 1"; (26)

which implies in turn Z

I k

M f 0(t)dt � "=4: (27)

If M f 0 is integrable, this yields the estimate

N (") � 4" � 1
Z 1

0
M f 0(t)dt: (28)
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It follows that
kf � f N kL 1 � CN � 1 (29)

with C = 4
R1

0 M f 0. Note that in this casethis is only a su�cien t condition
for the rate N � 1 (A simple smoothnesscondition which characterizesthis
rate is still unknown).

5. The Haar system and thresholding

The secondalgorithm is basedon thresholdingthe decomposition of f in the
simplest wavelet basis, namely the Haar system. The decomposition of a
function f de�ned on [0; 1] into this systemis illustrated on Figure 1. The
�rst component in this decomposition is the averageof f , i.e. the projection
onto the constant function ' = � [0;1], i.e.

P0f = hf ; ' i ': (30)

The approximation is then recursively re�ned by taking the averagesof f on
the intervals I j;k = [2� j k; 2� j (k + 1)[, k = 0; � � � ; 2j � 1, i.e.

Pj f =
2j � 1X

k=0

hf ; ' j;k i ' j;k ; (31)

where ' j;k = 2j =2' (2j � � k). Clearly Pj f is the L2-orthogonal projection
of f onto the spaceVj of piecewiseconstant functions on the intervals I j;k ,
k = 0; � � � ; 2j � 1. The di�erential information Qj f = Pj +1 f � Pj f can be
expressedin terms of the basisfunctions of the othogonalcomplement of Vj

into Vj +1 ,
 j;k = 2j =2 (2j � � k); k = 0; � � � ; 2j � 1; (32)

where  is 1 on [0; 1=2[, � 1 on [1=2; 1[ and 0 elswhere. By letting j go to
+ 1 , we thereforeobtain the expansionof f into an orthonormal systemof
L2([0; 1])

f = hf ; ' i ' +
X

j � 0

2j � 1X

k=0

hf ;  j;k i  j;k =
X

�

d�  � : (33)

Here we use the notation  � and d� = hf ;  � i in order to concatenatethe
scaleand spaceparametersj and k into one index � = (j; k) and to include
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the very �rst function ' into the samenotation. We shall keeptrack of the
scaleby using the notation

j� j = j (34)

whenever the basis function  � has resolution 2� j . This simple example
is known as the Haar systemsince its introduction by Haar in 1909. Its
main limitation is that it is basedon piecewiseconstant functions which
are discontinuous and only allow for approximation of low order accuracy.
We shall remedy to this defect by using smoother wavelet basesin the next
sections.
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Figure 1. Decomposition into the Haar system

In the practice of numerical computation, general functions can only
be stored and manipulated in a discretized format, which involves a �nite
amount of information, and the exact computation of all its wavelet coe�-
cients in the above described Haar systemis thereforeunrealistic. In certain
applications, such as in digital signal processing,the data are directly given
to the user in such a discretized form, i.e. a sequence(cJ;k )k=0 ;��� ;2J � 1. In
other applications,whereoneseeksto decomposea function f having an ex-
plicit mathematical expression,we can compute (exactly or approximately)
the coe�cien ts cJ;k as the inner product of this function with ' J;k . In both
cases,the starting point of the decomposition algorithm in the Haar basis
will be the sequencecJ = (cJ;k )k=0 ;��� ;2J � 1, or equivalently the function f 2 VJ

represented in the standard basisas f =
P 2J � 1

k=0 cJ;k ' J;k .
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Such a function has a multiscale representation in the wavelet basis re-
stricted to VJ , i.e.

f := c0;0' +
J � 1X

j =0

2j � 1X

k=0

dj;k  j;k : (35)

The wavelet decomposition algorithm, which allows to compute the multi-
scalerepresentation from the standard representation, performs this opera-
tion in a hierarchical fashion,basedon the following remark : the sequences
of approximation coe�cients cj = (cj;k )k=0 ;��� ;2j � 1 = (hf ; ' j;k i )k=0 ;��� ;2j � 1 and of
waveletcoe�cients dj = (dj;k )k=0 ;��� ;2j � 1 = (hf ;  j;k i )k=0 ;��� ;2j � 1 are connected
betweensuccessive scalesby the relations of averagingand di�erencing

cj � 1;k = (cj; 2k + cj; 2k+1 )=
p

2 and dj � 1;k = (cj; 2k � cj; 2k+1 )=
p

2: (36)

Such relations are simply obtained by writing

cj � 1;k = 2� (j � 1)=2aj � 1;k = 2� (j � 1)=2(aj; 2k + aj; 2k+1 )=2 = (cj; 2k + cj; 2k+1 )=
p

2;

and

dj � 1;k = 2� (j � 1)=2qj � 1;k = 2� (j � 1)=2(aj; 2k � aj; 2k+1 )=2 = (cj; 2k � cj; 2k+1 )=
p

2:

Starting from the sequencecJ , we can thus obtain cJ � 1 and dJ � 1, and
by iteration of this procedure we accessthe full multiscale representation
(c0; d0; d1; � � � ; dJ � 1). It is also possibleto invert the above relations accord-
ing to

cj; 2k = (cj � 1;k + dj � 1;k)=
p

2 and cj; 2k+1 = (cj � 1;k � dj � 1;k )=
p

2; (37)

which allows to hierarchically reconstruct cJ from (c0; d0; d1; � � � ; dJ � 1). In
practice, oneis often led to limitate the decomposition level from below by a
minimal scalelevel L > 0 and the multiscale representation is thereforegiven
by (cL ; dL ; dL +1 ; � � � ; dJ � 1). One also frequently choosealternate normaliza-
tions in the decomposition, e.g. replacing the factor 1=

p
2 by 1=2 in (36) in

order to compute the real averagesof the signal. One should then supress
the factor 1=

p
2 in (37).

Such decomposition and reconstruction algorithms areillustrated on �gure
2, and are nothing but changeof basesinside the spaceVJ . Note that the
number of basicoperations in the step j $ j � 1 is of order 2j , so that the
global complexity of thesealgorithms is dominated by the step J $ J � 1
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Figure 2. The Haar algorithm

and is thereforeessentially proportional to the dimensionof VJ , i.e. even less
than the FFT algorithm which has complexity O(N logN ) if N is the size
of the data.

We can usewavelets in a trivial way to build linear approximations of a
function f sincethe projections of f onto Vj are given by

Pj f =
X

j � j<j

X

�

d�  � : (38)

Such approximations simply correspond to the caseN = 2j using the linear
projection onto piecewiseconstant function on a uniform partition of N in-
tervals, as studied in the previoussection.

On the other hand, onecan think of using only a restricted set of wavelet at
each scalej in order to build nonlinear adaptive approximations. A natural
way to obtain such adaptive approximation is by thresholding, i.e. keeping
only the largest contributions d�  � in the wavelet expansionof f . Such a
strategy will lead to an adaptive discretization of f due to the fact that the
sizeof wavelet coe�cien ts d� is in
uenced by the local smoothnessof f . In-
deed, if f is simply boundedon the support S� of  � , we have the obvious
estimate

jd� j = jhf ;  � ij � sup
t2 S�

jf (t)j
Z

j � j = 2�j � j=2 sup
t2 S�

jf (t)j: (39)

On the other hand, if f is continuously di�erentiable on S� , we can usethe
fact that

R
 � = 0 to write

jd� j = inf c2 IR j < f � c; � ij
� 2�j � j=2 inf c2 IR supt2 S�

jf (t) � cj
� 2�j � j=2 supt;u 2 S�

jf (t) � f (u)j
� 2� 3j� j=2 supt2 S�

jf 0(t)j:
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Note that if f was not di�erentiable on S� but simply H•older continuous
of exponent � 2]0; 1[, a similar computation would yield the intermediate
estimate jd� j � C2� (� +1 =2)j� j . As in the caseof Fourier coe�cien ts, more
smoothnessimplies a faster decay, yet a fundamental di�erence is that only
local smoothnessis involved in the wavelet estimates. Therefore, if f is C1

everywhereexceptat someisolatedpoint x , the estimation of jd� j by 2� 3j� j=2

will only be lost for those � such that x 2 S� . In that sense,multiscale
representations are better adapted than Fourier representations to concen-
trate the information contained in functions which arenot uniformly smooth.

This is illustrated by the following example. We display on Figure 3 the
function f (x) =

q
j cos(2� x)j, which hasa cuspsingularity at points x = 1=4

and x = 3=4, and which is discretizedat resolution2� 13, in order to compute
its coe�cien ts in the Haar basisfor j� j < 13. In order to visualize the e�ect
of local smoothnesson thesecoe�cien ts, we display on Figure 4 the set of
indices � = (j; k) such that jd� j is larger than the threshold " = 5 � 10� 3,
measuringthe spatial position of the wavelet 2� j k in the x axis and its scale
level j in the y axis. We observe that for j > 4, the coe�cien ts above the
threshold are only concentrated in the vincinit y of the singularities. This
is explained by the fact that the decay of the coe�cien ts is governed by
jd� j � 2� 3j� j=2 supt2 S�

jf 0(t)j in the regionsof smoothness,while the estimate
jd� j � C2� (� +1 =2)j� j with � = 1=2 will prevail near the singularities. Figure
5 displays the result of the reconstruction of f using only this restricted set
of wavelet coe�cien ts,

f " =
X

jd� j>"

d�  � ; (40)

and it revealsthe spatial adaptivity of the thresholdingoperator: the approx-
imation is automatically re�ned in the neighbourhood of the singularities
where wavelet coe�cien ts have beenkept up to the resolution level j = 8.
In this example,we have kept the largest components d�  � measuredin the
L2 norm. This strategy is ideal to minimize the L 2 error of approximation
for a prescribed number N of preserved coe�cien ts. If we are interested in
the L1 error, we shall rather choosekeepthe largest components measured
in the L1 norm, i.e. the largest normalizedcoe�cien ts jd� j2j � j=2.

Just as in the caseof the adaptive splitting algorithm, we might want to
understand how the partition obtained by wavelet thresholding behaves in
comparisonto the optimal partition. The answer is againthat it is nearly op-
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Figure 5. Reconstructionfrom coe�cien ts above threshold

timal, however we leave this questionasidesincewe shall provide with much
more generalresults on the performanceof wavelet thresholding in x8. The
wavelet approach to nonlinear approximation is particularly attractiv e for
the following reason: in this approach, the nonlinearity is reducedto a very
simple operation (thresholding accordingto the sizeof the coe�cien ts), re-
sulting in simpleand e�cien t algorithms for dealingwith many applications,
as well as a relatively simple analysisof theseapplications.

6. Multiscale decomp ositions of images

A particularly far reaching idea in digital image processingis that visual
information is hierarchically organized according to scales:Starting from a
discretizedimageason �gure 6, we canconsiderits approximations obtained
by recursiveaveragingof the light intensity on blocks of 2� 2 pixelsthen 4� 4,
8 � 8, etc, as displayed on �gure 7. Such approximations are \hierarchical"
in the sensethat the approximate image at someresolution can be derived
from the previousone at twice �ner resolution. The di�erence betweentwo
successive approximations can be viewed as 
uctiations or \details" of the
imageat corresponding resolution. An intuitiv e point of view, developed in
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the pioneeringwork of Marr [17] is that there exists some\independence"
betweendetails at various resolutions,each of them re
ecting di�erent phe-
nomenonsin the construction processof the image. It is thereforetempting
to represent the image in terms of a multiscale decomposition, consistingof
its approximation at a very coarseresolution and of all the details at inter-
mediate scalewhich allow to reconstruct the image at the resolution of the
initial pixel, just as we did for 1D functions with the Haar system.

Figure 6. 512� 512digital image

In order to extendthe previousideasto 2D images,it is natural to replace
the dyadic intervals I j;k by dyadic squaresSj;k = I j;k x � I j;k y with k = (kx ; ky).
The successionof imageson �gure 7 can thereforebe viewed asthe sequence
of projections (Pj f ) j = J;J � 1;��� of f on the spacesVj of piecewiseconstant
functions on dyadic squareof level j , the �nest level J = 9 corresponding to
the pixel resolution. As in the 1D case,a natural orthonormal basisof Vj

is given by the L 2 normalizedcharacteristic functions of the dyadic squares,
i.e.

� j;k (x; y) = ' j;k x (x)' j;k y (y) = 2j � (2j (x; y) � k); (41)

with k = (kx ; ky) 2 f 0; � � � ; 2j � 1g2 and � (x; y) = ' (x)' (y) = � [0;1]2 . In
algebraicterms, the spaceVj is the tensor product of the spacesVj in 1D for
the x and y coordinates.
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Figure 7. Multiscale hierarchical approximations
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In order to characterizethe 
uctuation Qj f = (Pj +1 � Pj )f , we introduce
three wavelets  a(x; y) = ' (x) (y),  b(x; y) =  (x)' (y) and  c(x; y) =
 (x) (y). One easily check that an orthonormal basis of the orthogonal
complement Wj of Vj into Vj +1 is given by the functions

 

j;k (x; y) = 2j  
 (2j (x; y) � k); 
 = a;b;c; (42)

for k = (kx ; ky) 2 f 0; � � � ; 2j � 1g2. By the samearguments as in the 1D
case,this yields the multiscale decomposition of an arbitrary function f (x; y)
accordingto

f = hf ; � i � +
X

j � 0

X


 = a;b;c

2j � 1X

ky =0

2j � 1X

kx =0

hf ;  

j;k i  


j;k : (43)

A particular interest of this approach is in its algorithmic simplicity. As in
the 1D case,the starting point to the decomposition algorithm is the image
discretizedat the pixel resolution2� J , i.e. a 2D array cJ = (cJ;k )k2f 0;��� ;2J � 1g2 ,
that we identify to the function f =

P
k cJ;k � J;k in the spaceVJ . The multi-

scalerepresentation of f

f = c0;0� +
X

j � 0

X


 = a;b;c

X

k

d

j;k  


j;k ; (44)

is then computed from �ne to coarsescales,observingthat the four arrays
(cj � 1; da

j � 1; db
j � 1; dc

j � 1) are obtained from cj by applying successively the 1D
decomposition formula (36) along the lines and along the columns. Iterating
this procedure J � L times, as in the 1D case,we accessthe multiscale
representation (cL ; da

L ; db
L ; dc

L ; � � � ; da
J � 1; db

J � 1; dc
J � 1), and we can reconstruct

cJ by inverting theseoperations. This tensorproduct algorithm is illustrated
on �gure 8.

We can thereforerepresent the multiscale decomposition as a composite
image,which contains a summary of the imageat coarsescale2� L together
with the successionof 
uctuations at intermediate scales. Figure 9 repre-
sents the amplitudes of the wavelet coe�cien ts of a 4 level decomposition
applied to the imageof �gure 6 (we display herethe renormalizeddecompo-
sition, obtained by replacing the factor 1=

p
2 by 1=2 in (36)). We observe

the samephenomenonasfor the decomposition of 1D functions : most of the
information contained in the image is carried by a small number of numer-
ically signi�cant coe�cien ts. These coe�cien ts are typically concentrated
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Figure 9. Decomposition of an image

Figure 10. Reconstructionwith 4096largest coe�cien ts
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near edgeswhich constitute the natural discontinuities of the light inten-
sity f (x; y). As in 1D, we can reconstruct the image from the coe�cien ts
above somethreshold. Herewe selectthis threshold in order to preserve the
4096largest coe�cien ts. The reconstructionof the imageon �gure 10 again
reveals the adaptive nature of such approximations, since the resolution is
automatically re�ned near the edges. This should be comparedwith the
third imageof �gure 7 which represents the linear projection at level L = 6,
which contains exactly the samenumber of coe�cien ts but much lessrele-
vant information. As we shall see,theseremarks are the starting points to
spectacularapplications of multiscale representation in imageprocessing.

7. Linear uniform appro ximation

We now addresslinear uniform approximation in more general terms. In
order to improve on the rate N � 1 obtainedwith piecewiseconstant functions,
oneneedsto introduceapproximants with a higherdegreeof accuracy, such as
splinesor �nite element spaces.In the caseof linear uniform approximation,
thesespacesconsistsof piecewisepolynomial functionsonto regularpartitions
Th with uniform mesh size h. If Vh is such a spacediscretizing a regular
domain 
 � IRd, its dimensionis thereforeof the sameorder as the number
of balls of radius h which are neededto cover 
, namely

N = dim(Vh) � h� d: (45)

The approximation theory for such spacesis quite classical,seee.g. [4], and
canbesummarizedin the following way. If W s;p denotesthe classicalSobolev
space,consistingof thosefunctions in L p such that D � f 2 Lp for j� j � s, we
typically have the error estimate

inf
g2 Vh

kf � gkW s;p � Chr kf kW s+ r ;p (46)

provided that Vh is contained in W s;p and that Vh has approximation order
larger than s + r , i.e. contains all polynomials of degreestrictly lessthan
s + r . In the particular cases = 0, this gives

inf
g2 Vh

kf � gkL p � Chr kf kW r ;p : (47)

Such classicalresultsalsohold for fractional smoothness.If we expressthem
in terms of the decay of the best approximation error in terms of the number
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of parameters,we thereforeobtain that if X = W s;p, we have

� N (f ) � CN � r =d; (48)

provided that f hasr additional derivativesin the metric L p comparedto the
generalfunctions in X . Therefore, the compromisebetweenthe L p or W s;p

approximation error and the number of parametersis governedby the approx-
imation order of the Vj spaces,the dimensiond and the level of smoothness
of f measuredin L p. Such approximation results can be understood at a
very basicand intuitiv e level : if Vh contains polynomialsof degreer � 1, we
can think of the approximation of f asa closesubstitute to its Taylor expan-
sion f K at this order on each element K 2 Th, which has accuracyhr jD r f j,
and (47) canbe thought asthe integratedversionof this local error estimate.

At this stageit is interesting to look at linear approximation from the angle
of multiscale decompositions into wavelet bases.Such basesare generaliza-
tions of the Haar systemwhich wasdiscussedin the previoussection,and we
shall �rst recall their main features(see[12] and [5] for more details). They
are associated with multiresolution approximation spaces(Vj ) j � 0 such that
Vj � Vj +1 and Vj is generatedby a local basis(' � ) j � j= j . By local we mean
that the supports are controlled by

diam(supp(' � )) � C2� j (49)

if � 2 � j and are \almost disjoint" in the sensethat

# f � 2 � j s:t : supp(' � ) \ supp(' � ) 6= ;g � C (50)

with C independent of � and j . Such spacescan be built in particular as
nested �nite element spacesVj = Vh j with mesh size hj � 2� j in which
case(' � ) j � j= j is the classicalnodal basis. Just as in the caseof the Haar
system,a complement spaceWj of Vj into Vj +1 is generatedby a similar local
basis( � ) j � j= j . The full multiscale wavelet basis( � ), allows to expand an
arbitrary function f with the convention that we incorporate the functions
(' � ) j � j=0 into the �rst \la yer" ( � ) j � j=0 . In the standard constructions of
wavelets on the euclidean spaceIRd, the scaling functions have the form
' � = ' j;k = 2j d=2' (2j � � k), k 2 ZZd and similarly for the wavelets, so that
� = (j; k). In the caseof a generaldomain 
 � IRd, specialadaptationsof the
basisfunctions are required near the boundary @
, which are accounted in
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the generalnotation � . In the particular caseof 
 = [0; 1]2 which corresponds
to images,one can start from a univariate wavelet basison [0; 1] and apply
the tensor product construction which was described for the Haar system
in x6. Wavelets neednot be orthonormal, but one often require that they
constitute a Riesz basis of L 2(
), i.e. their �nite linear combinations are
densein L2 and for all sequence(d� ) we have the norm equivalence

k
X

�

d�  � k2
L 2 �

X

�

jd� j2: (51)

In such a case,the coe�cien ts d� in the expansionof f are obtained by an
inner product d� = hf ; ~ � i , wherethe dual wavelet  � is an L2-function. In
the standardbiorthogonalconstructions,the dual wavelet system( ~ � ) is also
built from nestedspaces~Vj and has similar local support properties as the
primal wavelets � . The practical advantageof such a setting is the possiblity
of \switching" betweenthe \standard" (or \no dal") discretization of f 2 Vj

in the basis(' � ) j � j= j and its \m ultiscale" representaion in the basis( � ) j � j<j

by meansof fast O(N ) decomposition and reconstructionalgorithms, where
N � 2dj denotesthe dimensionof Vj in the casewhere
 is bounded.

Multiscale approximations and decompositions into wavelet baseswill pro-
vide with a slightly stronger statement of the linear approximation results,
due to the the possibility of characterizing the smoothnessof a function f
through the numericalpropertiesof its multiscale decomposition. In the case
of hilbertian Sobolev spacesH s = W s;2, this characterization has the form
of the following norm equivalence

kf k2
H s � kP0f k2

L 2 +
X

j � 0

22sj kQj f k2
L 2 ; (52)

wherePj f =
P

j � j<j d�  � and Qj f = Pj +1 f � Pj f =
P

j � j<j d�  � are respec-
tively the biorthogonal projectors onto Vj and Wj . Such a norm equivalence
should at least be understood at the intuitiv e level as a closesubstitute to
the Fourier characterization

kf k2
H s �

Z
(1 + j! j2s)jf̂ (! )j2d! ; (53)

where the weight (1 + j! j2s) plays an analogousrole as 22sj in (52) . Note
that in the particular casewhereVj is the spaceof functions such that f̂ is
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supported in [� 2j ; 2j ] and Pj the orthogonal projector, we directly obtain

kf k2
H s �

R
(1 + j! j2s)jf̂ (! )j2d!

=
R

j ! j< 1(1 + j! j2s)jf̂ (! )j2 +
P

j � 0
R

2j < j! j< 2j +1 (1 + j! j2s)jf̂ (! )j2

�
R

j ! j< 1 j f̂ (! )j2 +
P

j � 0 22sj R
2j < j! j< 2j +1 j f̂ (! )j2

� kP0f k2
L 2 +

P
j � 0 22sj kQj f k2

L 2 :

We next remark that Qj can be replacedby I � Pj in (52) in the sensethat
we alsohave

kf k2
H s � kP0f k2

L 2 +
X

j � 0

22sj kf � Pj f k2
L 2 ; (54)

In order to prove this, we needto comparethe right hand side of (52) and
(54) . In onedirection we obviously have

kQj f k � kf � Pj f k + kf � Pj +1 f k (55)

which is su�cien t to control the r.h.s. of (52) by the r.h.s. of (54) . In the
other direction we use

kf � Pj f k �
X

l � j

kQl f k (56)

and concludeby the discreteHardy inequality which states that if (aj ) is a
positive sequenceand bj :=

P
l � j aj , then for all s > 0 and p > 0

k(2sj bj )k`p � C(s;p)k(2sj aj )k`p : (57)

The norm equivalence(54) show that f 2 H s is exactly equivalent to the
property that

(2sj inf
g2 Vj

kf � gkL 2 ) j � 0 2 `2; (58)

which is a slight improvement over the approximation rate

inf
g2 Vj

kf � gkL 2 � C2� sj ; (59)

which would bea re-expressionof . In order to provide with similar statement
for more generalL p approximation, oneneedsto introducethe Besov spaces
B s

p;q that measuresmoothnessof order s > 0 in L p accordingto

kf kB s
p;q

:= kf kL p + k(2sj ! m (f ; 2� j )p) j � 0k`q ; (60)
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where! m (f ; t)p := supjhj� t k� m
h f kL p = supjhj� t k

P m
k=0

� m

k

�
(� 1)k f (� � kh)kL p

is the m-th order Lp modulus of smoothnessand m is any integer strictly
larger than s. Recall that we have H s � B s

2;2 for all s > 0, Cs � B s
1 ;1 and

W s;p � B s
p;p for all non integer s > 0 and p 6= 2. For such classes,the norm

equivalenceswhich generalize(52) and (54) have the form

kf kB s
p;q

� kP0f kL p + k(2sj kQj f kL p ) j � 0k`q

� kP0f kL p + k(2sj kf � Pj f kL p ) j � 0k`q :
(61)

Such norm equivalencesre
ect the intuitiv e idea that the linear approxima-
tion error kf � Pj f kL p decays like O(2� sj ) or O(N � s=d) provided that f has
\ s derivatives in L p". Their are essentially valid under the restriction that
the wavelet  � itself has slightly more than s derivative in L p. We refer to
[5] for the generalmechanism which allows to prove theseresults, basedon
direct and inverseestimatesas well as interpolation theory.

Finally, we can re-expressthesenorm equivalencesin terms of wavelet coe�-
cients : using the local properties of wavelet bases,we have at each level the
norm equivalence

kQj f kp
L p �

X

j � j= j

kd�  � kp
L p �

X

j � j= j

2d(p=2� 1)j� j jd� jp; (62)

which in combination with (61) yields

kf kB s
p;q

� k(2(s+ d=2� d=p)j k(d� ) j � j= j k`p ) j � 0k`q : (63)

8. Nonlinear adaptiv e appro ximation

Let us now turn to nonlinear adaptive approximation, with a special focus
on N -term approximation in a wavelet basis: denoting by

SN := f
X

� 2 E

c�  � ; #( E) � N g; (64)

the set of all possibleN -terms combinations of wavelets, we are interested
in the behaviour of � N (f ) as de�ned in (12) for somegiven error norm X .
We �rst consider the caseX = L 2 and assumefor simplicity that the  �
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constitute an orthonormal basis. In this case,it is a straightforward compu-
tation that the best N -term approximation of a function f is achieved by its
truncated expansion

f N :=
X

� 2 EN (f )

d�  � ; (65)

whereEN (f ) contains the indicescorresponding to the N largest jf � j. The
approximation error is thus given by

� N (f ) = kf � f N kL 2 = (
X

� =2 EN (f )

jd� j2)1=2 = (
X

n� N

d2
n )1=2; (66)

where (dn)n� 0 is de�ned as the decreasing rearangementof the jd� j, � 2 r
(i.e. dn� 1 is the n-th largest jd� j).

Consider now the Besov spacesB s
� ;� where s > 0 and � are linked by

1=� = 1=2+ s=d. According to the norm equivalence(63) we note that these
spaceare simply characterizedby

kf kB s
� ;�

� k(d� )� 2r k` � (67)

Thus if f 2 B s
� ;� , we �nd that the decreasingrearrangement (dn)n� 0 satis�es

nd�
n �

n� 1X

k=0

d�
k =

X

k� 0

d�
k =

X

� 2r

d�
� � Ckf k�

B s
� ;�

< + 1 ; (68)

and therefore
dn � Cn� 1=� kf kB s

� ;�
: (69)

It follows that the approximation error is boundedby

� N (f ) � Ckf kB s
� ;�

(
X

n� N

n� 2
� )1=2 � CN

1
2 � 1

� kf kB s
� ;�

= CN � s=dkf kB s
� ;�

: (70)

At this stagelet us make someremarks:

� As it was previously noticed, the rate N � s=d can be achieved by linear
approximation for functions having s derivative in L 2, i.e. functions
in H s. Just as in the simple exampleof x2, the gain in switching to
nonlinear approximation is in that the classB s

� ;� is larger than H s. In
particular B s

� ;� contains discontinuous functions for arbitraritly large
valuesof s while functions in H s are necessarilycontinuous if s > d=2.
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� The rate (70) is implied by f 2 B s
� ;� . On the other hand it is easy

to check that (70) is equivalent to the property (69), which is itself
equivalent to the property that the sequence(d� )� 2r is in the weak
space` �

w , i.e.
# f � s:t : jd� j � "g � C" � � : (71)

This shows that the property f 2 B s
� ;� is almost equivalent to the rate

(70). One can also check that the exact characterization of B s
� ;� is by

the stronger property
P

N � 0(N s=d� N (f )) � N � 1 < + 1 .

� The spaceB s
� ;� is critically embedded in L 2 in the sensethat the injection

is not compact. This can be viewed as an instance of the Sobolev
embedding theorem, or directly checked in terms of the non-compact
embeddingof ` � into `2 when� � 2. In particular B s

� ;� is not contained
in any Sobolev spaceH s for s > 0. Therefore,no convergencerate can
be expected for linear approximation of functions in B s

� ;� .

The generaltheory of nonlinearwavelet approximation developpedby De-
Vore and its collaborators extendstheseresults to various error norms, for
which the analysisis by far more di�cult than for the L 2 norm. This theory
is fully detailed in [13], and we would like to summarizeit by stressingon
three main type of results, the two �rst answering respectively to problems
1 and 2 described in the introduction.

Appro ximation and smoothness spaces. Given an error norm k � kX

corresponding to some smoothness spacein d-dimension, the spaceY of
those functions such that � N (f ) = distX (f ; SN ) � CN � s=d has a typical de-
scription in terms of another smoothnessspace.Typically, if X represents r
order of smoothnessin L p, Y will represent r + s order of smoothnessin L �

with 1=� = 1=p+ s=d and its injection in X is not compact. This generic
result has a graphical interpretation displayed on Figure 11. On this �gure,
a point (r; 1=p) represents function spaceswith smoothnessr in L p, and the
point Y sits s level of smoothnessabove X on the critical embedding line
of slope d emanating from X . Of coursein order to obtain rigorous results,
oneneedsto specify for each casethe exact meaningof \ s derivative in L p"
and sometimesslightly modify the property � N (f ) � CN � s=d. For instance,
if X = Lp for somep 2]1; 1 [, then f 2 B s

� ;� = Y with 1=� = 1=p+ s=d if
and only if

P
N � 0[N s=d� N (f )]� N � 1 < + 1 . One also needsto assumethat

the waveletsenoughsmoothness: they should at least be in Y.
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Realization of a near-b est appro ximation. For various error metric
X , a nearbest approximation of f in SN is achieved by f N :=

P
� 2 � N (f ) d�  �

whered� := hf ; ~ � i are the wavelet coe�cien ts of f and � N (f ) is the set of
indicescorresponding to the N largest contributions kd�  � kX . This fact is
rather easyto prove when X is itself a Besov space,by using (63). A much
more elaborate result is that it is also true for spacessuch as L p and W m;p

for 1 < p < + 1 , and for the Hardy spacesH p when p � 1 (see[21]).

Connexions with other t yp es of nonlinear appro ximation. In the
univariate setting, the smoothnessspacesY which govern a certain rate of
nonlinear approximation in X are essentially the sameif we replaceN -term
combinations of wavelets by splineswith N free knots or by rational func-
tions of degreeN . The similarity between wavelets and free knot splines
is intuitiv e sinceboth methods allow the samekind of adaptive re�nement,
either by inserting knots or by adding wavelet components at �ner scales.
The similarities between free knot splinesand rational approximation were
elucidatedby Petrushev in [19]. However, the equivalencebetweenwavelets
and theseother typesof approximation is no more valid in the multiv ariate
context (seex7). Also closely related to N -term approximations are adap-
tive splitting procedures, which are generalizationsof the splitting procedure
proposedin x2 to higher order piecewisepolynomial approximation (seee.g.
[15] and [13]). In the caseof the exampleof x2, we remark that the piecewise
constant approximation resulting from the adaptive splitting procedurecan
always be viewed asan N -term approximation in the Haar system,in which
the involved coe�cien ts have a certain tree structure: if � = (j; k) is usedin
the approximation, then (j � 1; [k=2]) is alsousedat the previouscoarserlevel.
Thereforethe performancesof adaptive splitting approximation is essentially
equivalent to thoseof N -term approximation with the additional tree struc-
ture restriction. These performanceshave been studied in [7] where it is
shown that the tree structure restriction doesnot a�ect the order N � s=d of
N -term approximation in X � (1=p;r ) if the spaceY � (1=� ; r + s) is re-
placedby ~Y � (1=~� ; r + s) with any ~� such that 1=~� < 1=� = 1=p+ s=d.
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Figure 11. Pictorial interpretation of linear and nonlinear approximation

9. Data compression

There exists many interesting applications of wavelets to signal processing
and we refer to [16] for a detailed overview. In this section and in the fol-
lowing one, we would like to discusstwo applications which exploit the fact
that certain signals- in particular images- have a sparserepresentation into
wavelet bases.Nonlinear approximation theory allows to \quantify" the level
of sparsity in terms of the decay of the error of N -term approximation.

On a mathematical point of view, the N -term approximation of a signal
f can already be viewed asa \compression" algorithm sincewe are reducing
the number of degreesof freedom which represent f . However, practical
compressionmeansthat the approximation of f is represented by a �nite
number of bits. Wavelet-basedcompressionalgorithms are a particular case
of transform coding algorithms which have the following generalstructure:

� Transformation: the original signal f is transformed into its represen-
tation d (in our caseof interest, the wavelet coe�cien ts d = (d� )) by
an invertible transform R.

� Quantization: the representation d is replacedby an approximation ~d
which can only take a �nite number of values. This approximation can
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be encoded with a �nite number of bits.

� Reconstruction: from the encoded signal, one can reconstruct ~d and
thereforean approximation ~f = R � 1~d of the original signal f .

Therefore,a key issueis the development of appropriate quantization strate-
gies for the wavelet representation and the analysis of the error produced
by quantizing the wavelet coe�cien ts. Such strategiesshould in somesense
minimize the distorsionkf � ~f kX for a prescribed number of bits N and error
metric X .

Of coursethis program only makes senseif we refer to a certain mod-
elization of the signal: in a deterministic context, one considersthe error
supf 2 Y kf � ~f kX for a given classY, while in a stochastic context, onecon-
sidersthe error E(kf � ~f kX ) where the expectation is over the realizations
f of a stochastic process. In the following we shall indicate someresults in
the deterministic context.

Weshall discussherethe simplecaseof scalar quantizationwhich amounts
in quantizing independently the coe�cien ts d� into approximations ~d� in or-
der to produce ~d. Similarly to the distinction betweenlinear and nonlinear
approximation, we can distinguish betweentwo typesof quantization strat-
egy:

� Non-adaptive quantization: the map d� 7! ~d� and the number of bits
which is usedto represent d� depend only on the index � . In practice
they typically depend on the scalelevel j� j: lessbits are allocated to
the �ne scale coe�cien ts which have smaller values than the coarse
scalecoe�cien ts in an averaged sense.

� Adaptive quantization: the map d� 7! ~d� and the number of bits which
is usedto represent d� dependboth of � and of the amplitude valuejd� j.
In practice they typically depend on jd� j only: more bits are allocated
to the large coe�cien ts which correspond to di�erent indicesfrom one
signal to another.

The secondstrategy is clearly more appropriate in order to exploit the spar-
sity of the wavelet representation, sincea large number of bits will be used
only for a small number of numerically signi�cant coe�cien ts.

In order to analyzethis idea more precisely, let us considerthe following
speci�c strategy: for a �xed " > 0, we a�ect no bits to the details such that
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jd� j � " by setting ~d� = 0, which amount in thresholdingthem, and we a�ect
j bits to a detail such that 2j � 1" < jd� j � 2j " . By choosing the 2j valuesof
~d� uniformly in the range ] � 2j "; � 2j � 1" [[ ]2j � 1"; 2j " [, we thus ensurethat
for all �

jd� � ~d� j � ": (72)

If we measurethe error in X = L 2, assumingthe  � are an Rieszbasis,we
�nd that

kf � ~f k2 =
X

� 2r

jd� � ~d� j2 = "2# f � s:t: jd� j � "g +
X

� � "

jd� j2: (73)

Note that the secondterm is simply the error of nonlinear approximation by
thresholding at the level " , while the �rst term corresponds to the e�ect of
quantizing the signi�cant coe�cien ts.

Let us now assumethat the classof signalsY has a sparsewavelet rep-
resentation in the sensethat there exists � � 2 and C > 0 such that for all
f 2 Y we have d = (d� )� 2r 2 ` �

w(r ), with kdk` �
w

� C, i.e.

sup
f 2 Y

# f � s:t : jd� j > � g � C� � � : (74)

We have seenin the previous section that this property is satis�ed when
kf kB s

� ;�
� C for all f 2 Y with 1=� = 1=2 + s=d and that it is equivalent

to the nonlinear approximation property � N � CN � s=d. Using (74), we can
estimateboth terms in (73) as follows: for the quantization term, we simply
obtain

"2# f � s:t: jd� j � "g � C"2� � ; (75)

while for the thresholding term we have
X

� � "

jd� j2 �
X

j � 0

2� 2j "2# f � s:t: jd� j � "2� j � 1g � C"2� � : (76)

Therefore we �nd that the compressionerror is estimated by C" 1� � =2. We
can also estimate the number of bits Nq which are usedto quantize the d�

accordingto

Nq =
X

j > 0

j # f � s:t : 2j � 1" < jd� j � 2j "g � C" � �
X

j > 0

j 2� � j � C" � � : (77)

Comparing Nq and the compressionerror, we �nd the striking result that

kf � ~f kL 2 � CN (1� � =2)=�
q = CN � s=d

q : (78)
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At the �rst sight, it seemsthat we obtain with only N bits the samerate as
for nonlinear approximation which requiresN real coe�cien ts.

However, a speci�c additional di�cult y of adaptive quantization is that
we alsoneedto encode the addresses� such that 2j � 1" < jd� j � 2j " . The bit
cost Na of this addressingcan be signi�cantly closeto Nq or even higher. If
the classof signalsis modelizedby (74), we actually �nd that Na is in�nite
since the large coe�cien ts could be located anywhere. In order to have
Na � C" � � aswell, and thusobtain the desiredestimatekf � ~f kL 2 � CN � s=d

with N = Nq + Na, it is necessaryto make somelittle additional assumption
on Y that restricts the location of the large coe�cien ts and to develop a
suitable addressingstrategy.

Thesestrategiestypically exploit the correlation betweenthe locationsof
the large coe�cien ts in order to minimize the cost of the addressing. For
example, the EmbeddedZero-Tree algorithm developed in [20] is basedon
the interscalecorrelation betweenthe largecoe�cien ts. Other coding strate-
giesalsoexploit the correlationswithin the samescales.Thesesimple ideas
turn out to be at the origin of someof the most e�cien t imagecompression
algorithms which have recently been incorporated in the standard JPEG
2000. Figure 12 illustrate the e�ciency of such algorithms by displaying th
reconstructionwith compressionratio 1=30. The good visual quality is both
dueto the underlying biorthogonal wavelet systemwhich consitsof smoother
functions than the Haar system,and to the useof an adaptive strategy for
encoding the coe�cien ts.

We alsorefer to [7] whereit is proved that such strategy allow to recover
optimal rate/distorsion bounds - i.e. optimal behaviour of the compression
error whith respect to the number of bits N - for variousdeterministic classes
Y modelizing the signals.

In practice such results can only be observed for a certain range of N ,
since the original itself is most often given by a �nite number of bits No,
e.g. a digital image. Thereforemodelizing the signal by a function classand
deriving rate/distorsion bounds from this modelization is usually relevant
only for low bit rate N << No, i.e. high compressionratio. One should
then of courseaddressthe questionsof \what are the natural deterministic
classeswhich model real signals" and \what can onesay about the sparsity
of wavelet representations for theseclasses".An interesting exampleis given
by real imageswhich are often modelizedby the spaceBV of functions with
boundedvariation. This function spacerepresents functions which have one
order of smoothnessin L 1 in the sensethat their gradient is a �nite measure.
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Figure 12. Adaptive compressionof ratio 1=30

This includes in particular functions of the type � 
 for domains 
 with
boundariesof �nite length. In [8] it is proved that the wavelet coe�cien ts
of a function f 2 BV are sparsein the sensethat they are in `1

w. This
allows to expect a nonlinear approximation error in N � 1=2 for images,and a
similar rate for compressionprovided that we canhandlethe addressingwith
a reasonablenumber of bits. This last task turns out to be feasible,thanks
to someadditional properties, such as the L 1 -boundednessof images.

10. Statistical estimation

In recent years, wavelet-basedthresholding methods have been widely ap-
plied a large rangeof problemsin statistics - density estimation, white noise
removal, nonparametric regression,di�usion estimation - sincethe pioneer-
ing work of Donoho, Johnstone, Kerkyacharian and Picard [14]. In some
sensethe growing interest for thresholdingstrategiesrepresent an signi�cant
\switch" from linear to nonlinear/adaptive methods.

Herewe shall considerthe simplewhite noisemodel, i.e. given a function
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f (t) we observe on [0; 1]

dg(t) = f (t)dt + "dw(t); (79)

wherew(t) is a Brownian motion. In other words, we observe the function f
with an additivewhite gaussiannoiseof variance" 2. This model canof course
begeneralizedto higher dimension. Wearenow interestedin constructing an
estimator ~f from the data g. The most commonmeasureof the estimation
error is in the mean squaresense:assumingthat f 2 L 2 we are interested
in the quantit y E(k ~f � f k2

L 2 ). Similarly to data compression,the designof
an optimal estimation procedurein order to minimize the meansquareerror
is relative to a speci�c modelization of the signal f either by a deterministic
classY or by a stochastic process.

Linear estimation methodsde�ne f̂ by applying a linear operator to g. In
many practical situations this operator is translation invariant and amounts
to a �ltering procedure, i.e. ~f = h � g. For example, in the caseof a
secondorder stationary process,the Wiener �lter givesan optimal solution
in terms of ĥ(! ) := r̂ (! )=(r̂ (! ) + " 2) where r̂ (! ) is the power spectrum of
f , i.e. the Fourier transform of r (u) := E(f (t)f (t + u)). Another frequently
usedlinear method is by projection on some�nite dimensionalsubspaceV,
i.e. ~f = Pg =

P N
n=1 hg; ~en i en , where (en ; ~en )n=1 ;��� ;N are a biorthogonal basis

systemfor V and N := dim(V). In this case,using the fact that E( ~f ) = Pf
we can estimate the error as follows:

E(k ~f � f k2
L 2 ) = E(kPf � f k2) + E(kP(g � f )k2)

� E(kPf � f k2) + CN "2:

If P is an orthonormal projection, we can assumethat en = ~en is an or-
thonormal basis so that E(kP(g � f )k2) =

P
n E(jhf � g; en ij 2) =

P
n "2,

and therefore the above constant C is equal to 1. Otherwise this constant
depends on the \angle" of the projection P. In the above estimation, the
�rst term E(kPf � f k2) is the biasof the estimator. It re
ects the approxi-
mation property of the spaceV for the model, and typically decreasesas N
grows. Note that in the caseof a deterministic classY, it is simply given
by kPf � f k2. The secondterm CN " 2 represents the variance of the esti-
mator which increasesasN grows. A good estimator should �nd an optimal
balancebetweenthesetwo terms.

Consider for instancethe projection on the multiresolution spaceVj i.e.
~f :=

P
j � j� j hg; ~ � i  � , together with a deterministic model: the functions f
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satisfy
kf kH s � C; (80)

whereH s is the Sobolev spaceof smoothnesss. Then we can estimate the
bias by the linear approximation estimate in C2� 2sj and the variance by
C2j "2 since the dimensionof Vj adapted to [0; 1] is of order 2j . Assuming
an a-priori knowledgeon the level " of the noise,we �nd that the scalelevel
balancing the bias and varianceterm is j (" ) such that 2j (" )(1+2 s) � " � 2. We
thus selectas our estimator

~f := Pj (" )g: (81)

With such a choice, the resulting estimation error is then boundedby

E(k ~f � f k2
L 2 ) � C"

4s
1+2 s : (82)

Let us make a few comments on this simple result:

� The convergencerate 4s=(1 + 2s) of the estimator, as the noise level
tends to zero, improves with the smoothnessof the model. It can be
shown that this is actually the optimal or minimax rate, in the sense
that for any estimation procedure,there always exist an f in the class
(80) for which we have E(k ~f � f k2

L 2 ) � c"
4s

1+2 s .

� One of the main limitation of the above estimator is in that it depends
not only on the noiselevel (which in practice can often be evaluated),
but alsoon the modelizing classitself sincej (" ) dependsof s. A better
estimator should give an optimal rate for a large variety of function
classes.

� The projection Pj (" ) is essentially equivalent to low pass�ltering which
eliminates the frequencieslarger than 2j (" ). The drawbacks of such
denoisingstrategiesare well known in practice: while they remove the
noise,low-pass�lters tend to blur the singularities of the signals,such
as the edgein an image. This problem is implicitely re
ected in the
fact that signalswith edgescorrespond to a value of s which cannot
exceed1=2 and thereforethe convergencerate is at most O(").

Let usnow turn to nonlinearestimation methodsbasedon wavelet thresh-
olding. The simplest thresholding estimator is de�ned by

~f :=
X

jhg; ~ � ij� �

hg; ~ � i  � ; (83)
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i.e. discarding the coe�cien ts of the data of sizelessthan some� > 0. Let
us remark that the wavelet coe�cien ts of the observed data canbe expressed
as

hg; ~ � i = hf ; ~ � i + "b� (84)

where the b� are gaussianvariables. Thesevariables have variance 1 if we
assume(which is always possibleup to a renormalization) that k ~ � k2

L 2 = 1.
In the caseof an orthonormal basesthe b� are independent. Therefore the
observed coe�cien ts appear as those of the real signal perturbated by an
additive noiseof level " . It thus seemsat the �rst sight that a natural choice
for a threshold is to simply �x � := " : we can hope to remove most of the
noise,while preservingthe most signi�cant coe�cien ts of the signal, which
is particularly appropriate if the wavelet decomposition of f is sparse.

In order to understand the rate that we could expect from such a pro-
cedure,we shall again consider the classof signalsdescribed by (74). For
a moment, let us assumethat we disposeof an oracle which gives us the
knowledgeof those� such that the wavelet coe�cien ts of the real signal are
larger than ", so that we could build the modi�ed estimator

~f :=
X

jhf ; ~ � ij� "

hg; ~ � i  � : (85)

In this case,~f canbe viewed asthe projection Pg of g onto the spaceV(f ; " )
spannedby the  � such that jhf ; ~ � ij � " , so that we can estimate the error
by a sum of bias and varianceterms accordingto

E(k ~f � f k2
L 2 ) = kf � Pf k2 + E(kP(f � g)k2)

� C[
P

jhf ; ~ � ij� " jhf ; ~ � ij 2 + "2# f � s:t : jhf ; ~ � ij � "g]:

For bias term, we recognizethe nonlinear approximation error which is
boundedby C"2� � accordingto (76). From the de�nition of the class(74) we
�nd that the varianceterm is alsoboundedby C" 2� � . In turn, we obtain for
the oracleestimator the convergencerate " 2� � . In particular, is we consider
the model

kf kB s
� ;�

� C; (86)

with 1=� = 1=2 + s, we obtain that

E(k ~f � f k2
L 2 ) � C"2� � = C"

4s
1+2 s : (87)

Let us again make a few comments:
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� In a similar way to approximation rates,nonlinearmethodsachieve the
sameestimation rate as linear methods but for much weaker models:
the exponent 4s=(1 + 2s) was achieved by the linear estimator for the
class(80) which is more restrictive than (74).

� In contrast with the linear estimator, we seethat the nonlinear estima-
tor doesnot needto be tuned accordingto the value of � or s. In this
sense,it is very robust.

� Unfortunately, (85) is unrealistic since it is basedon the \oracle as-
sumption". In practice, we are thresholding accordingto the valuesof
the observedcoe�cien ts hg; ~ � i = hf ; ~ � i + "2b� , andweneedto facethe
possibleevent that the noise" 2b� . Another unrealistic aspect, also in
(83), is that onecannot evaluate the full set of coe�cien ts (hg; ~ � i )� 2r

which is in�nite.

The strategy proposedin [14] solves these last di�culties as follows: a
realistic estimator is built by (i) a systematic truncation the estimator (83)
above a scalej (" ) such that 2� 2�j (" ) � "2 for some�xed � > 0, and (ii) a
choiceof threshold slightly above the noiselevel accordingto

� (" ) := C(� )" j log(")j1=2: (88)

It is then possibleto prove that the resulting more realistic estimator

~f :=
X

j � j� j (" );jhg; ~ � ij� � (" )

hg; ~ � i  � ; (89)

has the rate [" j log(")j1=2]
4s

1+2 s (i.e. almost the sameasymptotic performance
as the oracle estimator) for the functions which are in both the class(74)
and in the Sobolev classH � . The \minimal" Sobolev smoothness� - which
is neededto allow the truncation of the estimator - can be taken arbitrarily
closeto zero up to a change of the constants in the threshold and in the
convergenceestimate.

As a practical example,Figure 13 and 14 show the e�ect of an additive
noise of variance � 2 = 0:1 (the image is normalized between 0 and 1) on
the imageand its multiscale representation. Figure 15 displays the denoising
procedurein the caseof the Haar system,which hasthe e�ect of an adaptive
low-pass�ltering: the averaging e�ect is more pronouncedin the homoge-
neousregionswhile preservingmore precisionaround the edges,in contrast
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Figure 13. Noisy image

Figure 14. Noisy multiscale decomposition
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Figure 15. Denoisingby Haar thresholding

Figure 16. Translation invariant denoising
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to classicalmethods of low-passlinear �ltering. As in the caseof data com-
pression,the use of the Haar system introducesvisual artefacts. Another
drawback is that the denoisingoperator D is not translation invariant : if � k

denotesthe shift by a pixel vector k, we do not have D = � � kD� k . For these
reasons,Coifman and Donoho have proposeda new operator by averaging
over a set of shifts K

~D =
1

#( K )

X

k2 K

� � kD� k : (90)

In practice, one typically choosesK = f 0; � � � ; 7g2. Figure 16 illustrates the
signi�cant improvements which can be obtained by this simplemodi�cation.

11. The curse of dimensionalit y

The threeapplicationsthat werediscussedin the previoussectionsexploit the
sparsity propertiesof wavelet decompositions for certain classesof functions,
or equivalently the convergenceproperties of nonlinear wavelet approxima-
tions of these functions. Nonlinear adaptive methods in such applications
are typically relevant if these functions have isolated singularities in which
casethere might be a substantial gain of convergencerate when switching
from linear to nonlinear wavelet approximation.

However, a closerlook at somesimpleexamplesshow that this gain tends
to decreasefor multiv ariate functions. Consider the L 2-approximation of
the characteristic function f = � 
 of a smooth domain 
 � [0; 1]d. Due
to the singularity on the boundary @
, one can easily check that the linear
approximation cannot behave better than

� N (f ) = kf � Pj f kL 2 � O(2� j =2) � O(N � 1=2d); (91)

where N = dim(Vj ) � 2dj . Turning to nonlinear approximation, we notice
that since

R ~ � = 0, all the coe�cien ts d� are zeroexceptthosesuch that the
support of ~ � overlaps the boundary. At scalelevel j there is thus at most
K 2d� 1j non-zerocoe�cien ts, whereK dependson the support of the  � and
on the d � 1 dimensionalmeasureof @
. For such coe�cien ts, we have the
estimate

jd� j � k ~ � kL 1 � C2� dj =2: (92)

In the univariate case,i.e. when 
 is a simple interval, the number of non-
zerocoe�cien ts up to scalej is boundedby j K . Therefore,usingN non-zero
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coe�cien ts at the coarsestlevels gives an error estimate with exponential
decay

� N (f ) � [
X

j � N=K

K jC2� dj =2j2]1=2 � ~C2� dN=2K ; (93)

which is a spectacular improvement on the linear rate. In the multiv ariate
case,the number of non-zerocoe�cien ts up to scaleis bounded

P j
l=0 K 2(d� 1)l

and thusby ~K 2(d� 1)j . Therefore,usingN non-zerocoe�cien ts at the coarsest
levels givesan error estimate

� N (f ) � [
X

~K 2( d� 1) j � N

K 2(d� 1)j jC2� dj =2j2]1=2 � ~CN � 1=(2d� 2) ; (94)

which is much lessof an improvement. For example,in the 2D case,we only
go from N � 1=4 to N � 1=2 by switching to nonlinear wavelet approximation.

This simpleexampleillustrates the curseof dimensionality in the context
of nonlinear wavelet approximation. The main reasonfor the degradationof
the approximation rate is the large number K 2(d� 1)j of wavelets which are
neededto re�ne the boundary from level j to level j + 1. On the other hand,
if we view the boundary itself as the graph of a smooth function, it is clear
that approximating this graph with accuracy2� j should require much less
parametersthan K 2(d� 1)j . This revealsthe fundamental limitation of wavelet
bases:they fail to exploit the smoothnessof the boundary and thereforecan-
not capture the simplicity of f in a small number of parameters. Another
way of describingthis limitation is by remarking that nonlinear wavelet ap-
proximation allows local re�nement of the approximation, but imposessome
isotropy in this re�nement process. In order to capture the boundary with
a small number of parameters,one would typically need to re�ne more in
the normal direction than in the tangential directions, i.e. apply anisotropic
local re�nement.

In this context, other approximation tools outperform wavelet bases: it
is easyto check that the useof piecewiseconstant functions on an adaptive
partition of N triangles in 2D will produce the rate � N (f ) � O(N � 1), pre-
ciselybecauseoneis allowed to usearbitrarily anisotropic triangles to match
the boundary. In the caseof rational functions it is conjecturedan even more
spectacular result: if @
 is C1 , then � N (f ) � Cr N � r for any r > 0. These
remarks reveal that, in contrast to the 1D case,free triangulations or ratio-
nal approximation outperform N -term approximation, and could be thought
as a better tool in view of applications such as those which were discussed
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throughout this paper. This is not really true in practice: both methods are
not being usedin statistical estimation or data compression,principally due
to the absenceof fast and robust algorithms which would producean optimal
adaptive approximation in a similar manner as wavelet thresholding.

The development of new approximation and representation tools, which
could both capture anisotropic featuressuch asedgeswith a very small num-
ber of parametersand be implemented by fast and robust procedures,is cur-
rently the object of active research. In recent years,signi�cant breakthrough
have beenachieved in this direction by several approaches:

� Donohoand Candesdeveloped representations into ridglet bases[3] and
curvelet frames which possessthe scale-spacelocalization of wavelets
together with somedirectional selection.Such systemsallow for exam-
ple to recover with simple thresholding procedurethe rate O(N � 1) for
a bivariate function which is smooth except along a smooth curve of
discontinuity.

� Mallat and Le Pennecproposedsparserepresentation basedon ban-
dlets, which arewavelet-type basesadaptedto the presenceof edgesfor
a particular image. This meansthat the edgesshould be detectedand
encoded independently as1D curves. This approach allows to obtain a
rate O(N � r ) with arbitrarily large r depending on the smoothnessof
the edge.

� Arandiga, Cohen, Donat and Matei developed sparserepresentations
basedon nonlinear multiscale decompositions, which have basically the
samestructure as wavelet algorithms combined with shock capturing
techniques introduced by Harten and Osher [1, 9]. Also closely re-
lated to this approach is the work of Baraniuk, Claypoole, Davis and
Sweldensbasedon a nonlinear version of the so-calledlifting scheme
[2].

At we write thesenotes, thesetechniquesare at their infancy and it is dif-
�cult to evaluate their potential. It seemsneverthelessclear that in the
comingyear, the proper treatment of geometricaledgeinformation will be a
major issuein computational harmonic analysisand approximation theory
approachesto imageprocessing.
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