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Abstract

Harmonic analysis has recerlly found computational applications sud as
data compressionand statistical estimation which have proved to be quite
successfuin the context of imageprocessinggespecially through the dewelop-
mert of wavelet-basedmethods. A particular feature in this line of researt
is the pivotal role of appraximation theory and the signi cant ewlution to-
ward nonlinear methods. The goal of thesenotesis to provide with a short
survey on theseissues,aswell asto stresssomenew directions of researab.

1. Intro duction

In recen years,mathematical analysishasplayed an increasingrole in image
processingapplications. The main reasonfor this is certainly the digital revo-
lution : from a mathematical point of view, an imageis typically represered
by a function | (x; y) which descrikesthe light intensity at the point (x;y) of
the screen,and oncein digital format this function can be easily stored and
processedy fairly generalmathematical operationsin orderto solwve certain
speci ¢ taskson the image. Two of thesetaskswill more speci cally attract
our attention, namely :

Data compression given animagein digital form, oneis interestedin
reducing the number of bits which are neededfor its storage,without
deteriorating its quality.

Statistical estimation : from a distorted versionof the image,e.g. pro-
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ducedby additive noiseor blurring, oneis interestedin estimating the
true image.

In thesenoteswe shall try to bring out somemathematical ideaswhich have
emergedin recen yearsfor theseapplications. We shall insist on the pivotal
role played by computational harmonic analysisand appraximation theory,
aswell ason the signi cant ewlution toward nonlinear methods.

Thesenotes are organizedas follows. We start in x2 with somegeneral
remarks on the represetations of functions, with the example of Fourier
analysisas a guideline. We introducein x3 the framework of approximation
theory, which is illustrated in x4 by a simple onedimensionalexample,based
on piecewiseconstart functions, which illustrate the di erences betweenlin-
ear and nonlinear approximation, and we discussa rst algorithm which
producesnonlinear piecewiseconstart appraximations. In x5, we show that
sud appraoximations canalsobe producedby thresholdingthe coe cien ts in
the Haar wavelet systemand we apply theseideasto imagesin x6. In X7,
we give the generalresults on linear uniform approximation of nite elemen
or wavelet types. Generalresults on nonlinear adaptive appraximations by
wavelet thresholding or adaptive partitions are given in x8. Applications to
signal and image compressionand estimation are discussedin x9 and x10.
Finally, we concludein x11 by someremarksand open problemsarising nat-
urally in the multiv ariate setting.

2. Representing fonctions

Modern mathematics o er a variety of techniques to analyze synthetize
and representarbitrary functions in terms of elememary \building blocks".
Sud harmonic analysistechniquesare sometimesimplemenable by fast al-
gorithms, which make them additionally attractive from a computational
perspective.

The most fundamertal exampleis certainly the Fourier transform which
iswell known sincel9th certury: this transform allowsto performa frequency
analysisof a fonction f (t), t 2 IR through the formula

Z +1

1) = . f(ve " tdt: (1)

Under appropriate assumptionson f , the fonction (! ) is well de ned and



allows the synthesisof f by the inversionformula
z

fity=(@2)* :1 £(1)e tdl ; )

In sudh an example,the \building blocks" are given by the functions g (t) =

e't, 1 2 R. Ead of these functions is a plane wave of pure frequency
I, and the linear conbination of these blocks with weights (! ) allows to

reconstruct the initial object, i.e. function f . Theseblocks alsosene in the
analysissinceone can formally write f\(! ) asan inner product

(1) ="H;ei; 3)

usingthe notation hf ; gi = R’il f (t)g(t)dt. In that sensd’ is a representation
of f : its data cortains the sameinformation asthe data of f .

Similar remarksapply to Fourier serieswhich are adaptedfor the analysis
of functions de ned on a boundedinterval: if f is de ned on [0; 1], we obtain
its represemation asa discreteseriesof 1-periodic functions,

X .
f()= c(f)e? ™ (4)

n2zZ

The Fourier coe cients c,(f) are nothing but the coordinates of f in the
orthonormal basisof the spacelL ?([0; 1]) constituted by the functions e, (t) =
€2 ™ n 2 Z, and they can be computedby the frequencyanalysisformula

Z, _
&= f(t)e 2 "dt: (5)

At this stage,let us recall that if is a domainof R® andp 1, the set
LP() ofall functionsf sud that jf j° isintegrable(in the senseof Lebesgue)
constitutesa Banad space(i.e. acompletenormedspace)whenequipedwith
its natural norm Z

kf ko= [ jf (X)jPdx]*": (6)

For p= 1, we de ne the spaceL! () asthe setof all functions which are
uniformly boundedon  except perhapson someset E of zero Lebesgue
measuregjEj = 0. It is alsoa Banad spacewhen equiped with the uniform
norm

kf k; = inf sup jf (X)j; (7)

JEj=0 x2 nE
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which we simply note kf k; = sup,, jf (x)j. For p= 2, the spaceL?() is
a Hilbert space,i.e. the L? norm is asseiated to an inner product: kf k3 =
H;fi with 7

Higi=  f()g(x)dx: (8)

This allowsto extendto sud a spacegeometricalnotions sud asorthogonal-
ity and orthonormal bases.Just as for the Fourier integral, the corvergence
(4) canbe studied in various sensesand requiresspeci ¢ restrictions on the
function f .

When he introducedsud represetations, Fourier was already motivated
by numerical computing since the corvergenceof the series(4) allows the
Bpprommatlon of the arbitrary function f by the partial sum Syf (t) =

Ny G(f)€2 ™, Sud approximations can then be used for numerically
evaluating the solutions of di erential or partial di erential equations. Ap-
plications of Fourier represetations have intensi ed with the dewlopmen
of modern computersand the invertion by Cooley and Tuckey of the Fast
Fourier Transform (FFT) algorithm which allows to computein O(N logN)
operationsthe discreteversionof Fourier transformswhich connectsthe vec-
tors (X[KDk=o: v 1 @and (R[k])k=o: .~ 1 by the formulae

X 1 . Ny 1 _
R[k] = plﬁ x[n]e i2 nk=N" 9nd x[k] = ]g:l'ﬁ k[n]eIZ nk=N . 9)

n=0 n=0

A generalremark (which validity goesbeyond the framework of harmonic
analysis,if not mathematics)is that somerepresetations of the sameobject
are better adapted than others in order to perform specic tasks on this
object.

Fourier transform is quite e cient to detect the dominant frequenciesn
a signal f (t), sincethey appear as \p eaks" in the modulus of f'(! ). For
instance, the Fourier transform of a combination of N pure oscillationsis a
combination of Dirac distributions at correspnding frequencies:

X X
fity=" aéd" ) )= a (I ! (10)

n=1 n=1

This property of \concenrating the information” is also encountered when
we apply Fourier transform to a uniformly smooth functions: if f isintegrable
over R aswell asits derivativesf (™, m = 1; :;n, onecanapply n times



the integration by part in (1) to obtain the estimate

) Rt oo (e
€ " dt] 11 Jf ( )(t)Jdt
(it)n jtn '

A similar computation shavs that if f is a 1-periodic functions sud that its
derivativesf (M m= 1; ;n 2larecortinuousover R andf (" isintegrable
over [0; 1], its Fourier coe cien ts ful Il the estimatejc(f)j Cjkj ". In this
sense,more smaothnesson f ensuresfaster corvergenceof (4) and more
accurateapproximations by the partial sumsSyf.

In contrast, these properties fall apart when dealing with a function f
which is smaooth everywhereexceptat someisolated point of discortinuity:
sud a function will be perceiwed as globally non-smath by Fourier analy-
sis, and one cannot expect a much better estimatethan jf'(! )j Cj!j * or
ja(f)j Cjkj . The mediccre quality of the appraximation of f by its low
frequenciess also expressedy the well known Gibbsphenomenoni.e. per-
sistanceof an overshating in the vincinity of the jump point asthe number
of coe cients N (or acut-o frequencyF in the integral represetation (2))
goesto +1 .

Fourier transform is also defeatedwhen dealing with a signal which con-
tains di erent dominating frequenciesoccurring at di erent period of time
- typically a music score- and that we try to identify theseefrequencies
together with their time localization. This last information is of coursecon-
tained in the Fourier transform (since it fully characterizesthe signal ac-
cording to the reconstructionformula (2)), but it doesnot appear explicitely
when examining the amplitude jf'(! )j which only allows to detect the domi-
nant frequencies.

Theselimitations are basically due to the intrisically global nature of (1)
and (2): all valuesof f* are in uenced by all valuesof f. They have led
mathematicians, physicists and engineersto the dewlopmen of alternate
represemation tools, sud astime-frequencyanalysiswhich consistslocalizing
the function f prior to its Fourier analysis,or multiscale and waveletanalysis
which be discussedater in thesenotes.

z +1
i) =] . F (1) (11)

3. Appro ximating functions

Approximation theory is the branch of mathematicswhich studiesthe process
of approximating generalfunctions by simple functions sud as polynomials,
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nite elemeits or Fourier series.It plays thereforea certral role in the accu-
racy analysisof numerical methods. Numerous problems of approximation
theory have in commonthe following generalsetting : we are given a family
of subspacegSy )n o Of a normedspaceX, and for f 2 X, we considerthe
best approximation error

n(F) = inf kf  gky: (22)
923N

Typically, N represets the number of parametersneededto descrile an ele-
mert in Sy, and in most casesf interest, \ (f) goesto zeroasthis number
tendsto in nit y.

For a givenf , we canthen study the rate of approximation, i.e. the range of
r 0 for which there exists C > 0 sud that

v(f) CN ' (13)

Note that in order to sudy sud an asymptotic behaviour, we can use a
sequenceof near bestapproximation, i.e. fy 2 Sy sud that

kP fnkx  C n(f); (14)

with C > 1 independert of N. Sud a sequencealways exists even when the
inm um is not attained in (12), and clearly (13) is equivalert to the same
estimatewith kf  fyky in placeof y(f).

Linear appro ximation dealswith the situation when the Sy are linear
subspaces.Classicalinstancesof linear appraximation families are the fol-
lowing:

1) Polynomial appraximation: Sy := n, the spaceof algebraicpolynomials
of degreeN .

2) Splineappraximation with uniform knots: someintegersO k < m being
xed, Sy is the spline spaceon [0; 1], consistingof CX piecewisepolynomial
functions of degreem on the intervals [ =N; (j + 1)=N],j = 0; ;N 1.
3) Finite elemen approximation on xed triangulations : Sy are nite ele-
mert spacesassaiatedto triangulations Ty whereN isthe number of triangle
Tn -

4) Linear approximation in a basis: given a basis(ex)x o in a Banad space,
Sy = Spanes;  ;en).



In all theseinstances,N is typically the dimension of Sy, possibly up to
somemultiplicativ e constan.

Nonlinear appro ximation addressesn cortrast the situation where the

Sy are not linear spaces,but are still typically characterizedby O(N) pa-
rameters. Instancesof nonlinear approximation families are the following:

1) Rational appraximation: Sy = fg ; P;q2 n~O, the setrational functions
of degreeN .

2) Free knot spline appraximation: someintegersO k < m being xed,

Sk is the spline spaceon [0; 1] with N free knots, consistingof CX piecewise
polynomial functions of degreem on intervals [x;; x;+1], for all partitions

0= Xo< X1 < Xy 1< Xy = 1

3) Adaptive nite elemen appraximation : Sy are the union of nite ele-
mert spacesof a xed type constructed on arbitrary triangulations T with

the constraint #(T) N.

4) N -term approximation in a basis: giverba basis(ex)x o in a Banad space,
Sy is the setof all possibleconbinations |, Xkex with #(E) N.

Note that these examplesare in somesensenonlinear courterparts to the

previouslinear examples.Also note that in all of theseexamples(exceptfor

the splineswith uniform knots), we have the natural property Sy Sy+1,

which expresseshat the appraximation is \re ned" asN grows.

On a theoretical level, a basic problem, both for linear and nonlinear ap-
proximation can be stated asfollows :

Problem 1: Given a family (Sy)n o, What are the analytic properties of
a function f which ensue a prescrited rate n(f) CN " ?

By \analytic properties”, we typically have in mind smaothness, since we
know that in many cortext a prescribed rate r canbe adchieved provided that
f belongsto somesmoothnessclassX,  X. ldeally, one might hope to
identify the maximal class X, sud that the rate r is ensured,i.e. have a
sharp result of the type

f2X,, n(f) CN ' (15)

Another basicproblem, perhapson a slightly more applied level, is the e ec-
tive construction of near best appraximants.



Problem 2: Given a family (Sy)n o, nd a simple implementableproce-
duref 7! fy 2 Sy suchthat kf  fyky C y(f) forallN 0.

In the caseof linear appraximation, this question is usually solved if we
can nd a sequenceof projectors Py : X 7! Sy sudh that kPykx: x K
with K independent of N (in this case,simply take f = Pyf and remark
that kf  fykx (1+ K) n(f)). It isin generala moredicult problem
in the caseof nonlinear approximation. Sincethe 1960's, researb in ap-
proximation theory hasewlved signi cantly toward nonlinear methods, and
the two above problemshave beenaddressedor various nonlinear spacesSy .

More recerly, nonlinear approximation becameattractive on a more ap-
plied level, asa tool to understandand analyzethe performanceof adaptive
methalsin signal and image processing statistics and numerical simulation.
This isin part dueto the emergencef waveletbasesfor which simpleN -term
approximations (derived by thresholdingthe coe cien ts) yield in somesense
optimal adaptive approximations. In sud applications, the problems that
arise are typically the following.

Problem 3 (data compression): How can we exploit the reduction of
parametersin the approximation of f by fy 2 Sy in the perpective of opti-
mally enaoding f by a smal numter of bits ? This raisesthe questionof a
proper quantization of theseparameters.

Problem 4 (statistical estimation): Can we use nonlinear approxima-
tion as a denoisingscheme? In this perspective, we need to understandthe
interplay between the approximation processand the presene of noise.

We shall thereforesurvey the subject of nonlinearappraximation, with a par-

ticular focus on thesefour problems, and someemphasison wavelet-based
methods. We would like to point out that thesequestionsare alsoaddressed
in the survey paper [13] which cortains a more substartial dewvelopmern on

the theoretical aspects.



4. A simple example

Let us considerthe approximation of functions de ned on the unit interval
| = [0;1] by piecewiseconstart functions. More precisely given a disjoint
partition of | into N intervals lo; ;Iy 1 and a function f_in L(l), we
shall approximate f on ead I by its averageay, (f) = jl«j * | f(t)dt. The
resulting approximant canthus be written as

X
fN = a|k(f) Iy - (16)

k=1
If the Iy are xed independerly of f, then fy is simply the orthogonal
projection of f onto the spaceof piecewiseconstart functions on the partition
Ik, i.e. alinear approximation of f . A natural choiceis the uniform partition
Ik ;= [kK=N;(k + 1)=N]. With sud a choice, let us now considerthe error
betweenf and fy, for examplein the L' metric. For this, we shall assume
that f isin C(I) the spaceof cortinuousfunctionson|. It is then clearthat
on ead | we have

T Tn@i= 01 afi - supjf ) T (17)

We thus have the error estimate
kf fnker  supsupijf(t) f(u)j: (18)
k tu2lyg
This can be converted into an estimatein terms of n, under someadditional

smaothnessassumptionson f . In particular, if f hasa bounded rst deriva-
tive, we have sup,,,,, jf (t) f(u)j jlkjkf % = N *kf %1, and thus

kP fykie N kf%.: (19)

Similarly, if f is in the Helder spaceC for some 2]0; 1], i.e. if for all
X,y 2 [0;1],

i)ty Cix yj; (20)

we obtain the estimate
kf fyki: CN (21)
By consideringsimple examplessud asf (x) = x for 0 < 1, one can

easily ched that this rate is actually sharp. In fact it is an easyexerciseto
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ched that a corverseresult holds: if a function f 2 C([0; 1]) satis es (21)
for some 2]0; 1[ then necessarilyf isin C , and f%isin L! in the case
where = 1. Finally note that we cannot hope for a better rate than N *:
this re ects the fact that piecewiseconstart functions are only rst order
accurate.

If we now consideran adaptive partition wherethe I depend on the func-
tion f itself, we enter the topic of nonlinear approximation. In order to
understand the potertial gain in switching from uniform to adaptive par-
titions, let us considera function f sud that f % is integrable, i.e. f isin
the spaceW ™. Sincewe have sup,,,,, jf (t) f(u)] JFAD)idt, we see

at a natural chqice of the Iy can be made by equalizing the quartities
LFAidt= N 1 Jjf qt)jdt, sothat, in view of the basicestimate (18), we
obtain the error estimate

kf  fakee N OTkf %1 (22)

In comparisonwith the uniform/linear situation, we thus have obtained the
samerate asin (19) for a larger classof functions, sincef °is not assumedo
be boundedbut only integrable. On a slightly di erent angle,the nonlinear
appraximation rate might be signi cantly better than the linear rate for a
xed function f . For instance,the function f (x) = x , 0< 1, hasthe
linear rate N and the nonlinearrate N ! sincef {x) = x tisin L(I).
Similarly to the linear case,it can be cheded that a corverseresult holds :
if f 2 C([0; 1]) is such that

n(f) CN % (23)

where (f) is the L! error of best appraximation by adaptive piecewise
constart functions on N intervals, then f is necessarilyin W1,

The above construction of an adaptive partition basedon balancingthe L1
norm of f % is somehav theoretical, in the sensethat it pre-assumesa cer-
tain amourt of smaoothnessfor f. A more realistic adaptive appraximation
algorithm should also operate on functions which are not in W1, We shall
describe two natural algorithms for building an adaptive partition. The rst

algorithm is sometimesknown as adaptive splitting and was studied e.g. in
[15. In this algorithm, the partition is determinedby a prescribed tolerance
" > 0 which represets the accuracythat one wishesto achieve. Given a
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partition of [0; 1], and any interval I of this partition, we split 1 into two
sub-irtervals of equal sizeif kf &, (f)k.» ¢,y " or leave it assud oth-
erwise. Starting this procedureon the singlel = [0;1] and using a xed
tolerance" > 0 at eadh step, we end with an adaptive partition (I11; ;Iy)
with N (") and a correponding piecewiseconstart approximation fy with
N = N(") piecessuch that kf  fyk.: . Note that we now have the re-
striction that the 1, aredyadicintervals, i.e. intervalsofthe type 2 1[n; n+1].

We now want to understand how the adaptive splitting algorithm behaves
in comparisonto the optimal partition. In particular, do we also have that
kf  fykie  CN fwhenf®2 L! ? The answer to this questionturns out
to be negatiwe, but a slight strengtheningof the smaothnessassumptionwill
be su cient to ensurethis corvergencerate : we shall instead assumethat
the maximal function of f %is in L. We recall that the maximal function of

a locally integrable function g is de ned by
z

Mg(x) := suplvol(B(x;r)] * , )ig(t)jdt; (24)
r>0 B (x;r

It is known that Mg 2 LP if and only iEg 2 LRIO for 1< p< 1 and that
Mg2 Ltifandonlyif g2 LlogL, i.e. jgj+ jglogjgj < 1 . Therefore,
the assumptionthat M f is integrableis only slightly strongerthanf 2 W11,

If (I;; ;1n)isthe nal partition, considerfor eat k the interval J, which
is the parent of I, in the splitting process,i.e. sud that Iy Jx and
jJk] = 2jlkj. We therefore have

kf ay (f)k.: ZJk it qb)jdt: (25)
For all x 2 Iy, the ball B(x; 2jlj) cortains Jix and it follows thereforethat
z
MET)  volBOG 2] * | i T0idt [4ild] T (26)
which implies in turn 7
. MfYt)dt "=4 (27)
If MfCis integrable, this yields the estimate
N(") 4" 1201 M f Yt)dt: (28)

11



It follows that
kf fyki:e CN? (29)

. R . . . . .
with C = 4 ;M {2 Note that in this casethis is only a su cient condition
for the rate N ! (A simple smoothnesscondition which characterizesthis
rate is still unknown).

5. The Haar system and thresholding

The secondalgorithm is basedon thresholdingthe decompsition of f in the
simplest wavelet basis, namely the Haar system. The decompsition of a
function f de ned on [0; 1] into this systemis illustrated on Figure 1. The
rst componert in this decompsition is the averageof f , i.e. the projection
onto the constart function' = o), i.€.

Pof = H:'i" (30)

The approximation is then recursiwely re ned by taking the averagesof f on
the intervals I;x = [2 'k;2 I(k+ ) k=0; ;2 1, ie.

A1
ij = H;Ij;kilj;k; (31)

k=0

where' jx = 272 (20 k). Clearly P;f is the L2?-orthogonal projection
of f onto the spaceV, of piecewiseconstart functions on the intervals I,
k=0, ;2 1. Thedierential information Q;f = P;..f P;f canbe
expressedn terms of the basisfunctions of the othogonal complemen of V,
into V41,

k=272 (@ k; k=0 ;2 1 (32)

where is1on[0;1=2[, 1 on[1=2;1] and O elswhere. By letting j go to
+1 , we therefore obtain the expansionof f into an orthonormal system of
L2([0; 1])

X %1 X

f=H;"1"+ H ; j;ki ik = d . (33)

i 0k=0
Here we usethe notation andd = H; i in orderto concatenatethe
scaleand spaceparametersj and k into oneindex = (j; k) and to include
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the very rst function ' into the samenotation. We shall keeptrack of the
scaleby using the notation

NN (34)
whenewer the basis function has resolution 2 /. This simple example
is known as the Haar systemsinceits introduction by Haar in 1909. Its
main limitation is that it is basedon piecewiseconstart functions which
are discortinuous and only allow for approximation of low order accuracy

We shall remedyto this defectby using smaother wavelet basesin the next
sections.

Pf //\ /\ 1 H 1 H
0 \/ f:<f,J>J J

Pf Q@QQT r<fy>y y
sz w +<f,y1‘0> y1‘0+<f,yl’l> y1,1

0 1

=<f,i>] + JSkS<f’yj,k>yj'k

Figure 1. Decomposition into the Haar system

In the practice of nhumerical computation, general functions can only
be stored and manipulated in a discretized format, which involvesa nite
amourt of information, and the exact computation of all its wavelet coe -
cierts in the above descriked Haar systemis thereforeunrealistic. In certain
applications, sud asin digital signal processingthe data are directly given
to the userin sud a discretized form, i.e. a sequence(Cyk)k=o0: :20 1. IN
other applications, whereone seekso decompsea function f having an ex-
plicit mathematical expressionwe can compute (exactly or appraximately)
the coe cien ts c;« asthe inner product of this function with * ;.. In both
cases,the starting point of the decompsition algorithm in the Haar basis
will bethe sequence; = (Cyk)k=0: :22 1, Or equivalertly the functionf 2 V,
represeted in the standard basisasf = ﬁioch;k' Jk-
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Sud a function has a multiscale represeration in the wavelet basisre-
stricted to V;, i.e.
X 1% 1
fi=cCoo + G i (35)
j=0 k=0
The wavelet decompsition algorithm, which allows to compute the multi-
scalerepresemation from the standard represetation, performsthis opera-
tion in a hierarchical fashion, basedon the following remark : the sequences
of approximation coe cients ¢ = (G )k=o: 2 1= (Nf;" jki)k=0: .2 1 andof
waveletcoe cients d; = (dik )k=0: 2 1 = (If; jki)k=0; .2 1 areconnected
betweensuccessig scalesby the relations of averagingand di erencing

p_ P
G 1k = (Gt Gaw)= 2 and d 1x = (Gx  Gaks1)= 2 (36)

Sud relations are simply obtained by writing

oo N p_
G =21 Y2 1, =20 D@5+ a8 x1)=2= (G + Gos)= 2

and

oo o p_
d k=2 G 1)_2(] 1k = 2 U l)_2(6'1';2k A ok+1)=2= (Giok G ok+1)= 2

Starting from the sequencec;, we can thus obtain ¢; ; and d; ;, and
by iteration of this procedurewe accessthe full multiscale represetation
(Co;do;di;  ;d; 1). It is alsopossibleto invert the above relations accord-
ing to

P P
Giak= (G 1kt di )= 2 and Gas1 = (G 1k 0 %)= 2 (37)

which allows to hierarchically reconstruct c; from (cy;do;dy;  ;dy 7). In
practice, oneis often led to limitate the decomposition level from below by a
minimal scalelevel L > 0 and the multiscale represetation is thereforegiven
by (c.;d.;di+1; ;dj 1). Onealsofrequertly chooseﬁliernate normaliza-
tions in the decompsition, e.g. replacingthe factor 1= 2 by 1=2 in (36) in
order to compute the real averagesof the signal. One should then supress
the factor 1= 2 in (37).

Sud decomposition and reconstruction algorithms areillustrated on gure
2, and are nothing but changeof basesinside the spaceV;. Note that the
number of basic operationsin the stepj $ j 1 is of order 2, sothat the
global complexity of thesealgorithms is dominated by the stepJ $ J 1
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Figure 2. The Haar algorithm

and is thereforeessetially proportional to the dimensionof V;, i.e. evenless
than the FFT algorithm which has complexity O(N logN) if N is the size
of the data.

We can usewaveletsin a trivial way to build linear approximations of a
function f sincethe projections of f onto V; are given by

X X
Pf = d (38)

NN

Sud appraximations simply correspnd to the caseN = 21 usingthe linear
projection onto piecewiseconstart function on a uniform partition of N in-
tervals, as studied in the previoussection.

On the other hand, one canthink of using only a restricted set of wavelet at
ead scalej in order to build nonlinear adaptive appraximations. A natural
way to obtain sud adaptive appraximation is by thresholding i.e. keeping
only the largest cortributions d in the wavelet expansionof f. Sud a
strategy will leadto an adaptive discretization of f dueto the fact that the
sizeof wavelet coe cients d is in uenced by the local smoothnessof f . In-
deed,if f is simply boundedon the support S of , we have the obvious

estimate
z

jdj=jnf; i supif (i j j=2" 7 supjf (1)i: (39)
t2S t2S

On the other hand, if f is cortinuously di erentiable on S , we can usethe
fact that = 0 to write

jdj =inf,pi<f ¢ i
21 12inf , g sup,s if () ¢
20 P sup,s Jf (1) f ()]
2 3172 sup,s jf q)j:
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Note that if f was not di erentiable on S but simply Helder continuous
of exponert  2]0; 1[, a similar computation would yield the intermediate
estimatejd j C2 (*1=i i As in the caseof Fourier coe cients, more
smaothnessimplies a faster deca, yet a fundamenal di erence is that only
local smaothnessis involved in the wavelet estimates. Therefore, if f is C?!
everywhereexceptat someisolatedpoint x , the estimation of jd j by 2 3 12
will only be lost for those sud that x 2 S . In that sense,multiscale
represemations are better adapted than Fourier represetations to concen-
trate the information contained in functions which are not uniformly smaooth.

This is iIIustrate&i by the following example. We display on Figure 3 the
function f (x) = jcos(2 x)j, which hasa cuspsingularity at points x = 1=4
and x = 3=4, and which is discretizedat resolution2 3, in orderto compute
its coe cien ts in the Haar basisfor j j < 13. In order to visualizethe e ect
of local smaothnesson thesecoe cien ts, we display on Figure 4 the set of
indices = (j; k) sud that jd j is larger than the threshold” = 5 10 3,
measuringthe spatial position of the wavelet 2 'k in the x axis and its scale
level j in the y axis. We obsene that for j > 4, the coe cien ts above the
threshold are only concertrated in the vincinity of the singularities. This
is explained by the fact that the deca of the coe cients is governed by
jdj 2 3172sup,s jf {t)j in the regionsof smaothness,while the estimate

jdj €2 (#1221 with = 1=2 will prevail near the singularities. Figure
5 displays the result of the reconstruction of f using only this restricted set
of wavelet coe cien ts, X
f.= d ; (40)
jd j>"

and it revealsthe smatial adaptivity of the thresholdingoperator: the approx-
imation is automatically re ned in the neighbourhood of the singularities
where wavelet coe cien ts have beenkept up to the resolution level j = 8.
In this example,we have kept the largestcomponerts d measuredin the
L2 norm. This strategy is ideal to minimize the L? error of approximation
for a prescribed number N of presened coe cients. If we are interestedin
the L! error, we shall rather choosekeepthe largest componerts measured
in the L' norm, i.e. the largestnormalizedcoe cien ts jd j2 172,

Just asin the caseof the adaptive splitting algorithm, we might want to
understand how the partition obtained by wavelet thresholding behavesin
comparisonto the optimal partition. The answer is againthat it is nearly op-
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Figure 3. The function f (x) = jcos(2 x)j
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Figure 5. Reconstructionfrom coe cien ts above threshold

timal, howewer we leave this questionasidesincewe shall provide with much
more generalresults on the performanceof wavelet thresholdingin x8. The
wavelet approad to nonlinear approximation is particularly attractiv e for
the following reason:in this approad, the nonlinearity is reducedto a very
simple operation (thresholding accordingto the size of the coe cien ts), re-
sulting in simpleand e cien t algorithms for dealingwith many applications,
aswell asa relatively simple analysisof theseapplications.

6. Multiscale decomp ositions of images

A particularly far reading idea in digital image processingis that visual
information is hierarchically organizel accordingto scales: Starting from a
discretizedimageason gure 6, we canconsiderits appraximations obtained
by recursive averagingof the light intensity on blocksof 2 2 pixelsthen4 4,
8 8, etc, asdisplayed on gure 7. Sud appraximations are \hierarchical"
in the sensethat the approximate image at someresolution can be derived
from the previousone at twice ner resolution. The di erence betweentwo
successi@ appraximations can be viewed as uctiations or \details" of the
imageat correspnding resolution. An intuitiv e point of view, deweloped in
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the pioneeringwork of Marr [17]is that there exists some\independence"
betweendetails at various resolutions,ead of them re ecting di erent phe-
nomenonsin the construction processof the image. It is thereforetempting
to represen the imagein terms of a multiscale decomposition, consisting of
its approximation at a very coarseresolution and of all the details at inter-
mediate scalewhich allow to reconstruct the image at the resolution of the
initial pixel, just aswe did for 1D functions with the Haar system.

Figure 6. 512 512digital image

In orderto extendthe previousideasto 2D images,it is natural to replace
the dyadicintervals|, by dyadicsquaresSyx = ljx, ik, With k = (Ky; ky).
The successiomf imageson gure 7 canthereforebe viewed asthe sequence
of projections (P;f)j-;5 1 of f on the spacesV, of piecewiseconstarn
functions on dyadic squareof level |, the nest level J = 9 correspnding to
the pixel resolution. As in the 1D case,a natural orthonormal basisof V,
is given by the L? normalized characteristic functions of the dyadic squares,
ie.

ik OGY) =" () i, () = 2 (2 (y) k) (41)
with k = (ke ky) 2 0, ;2 1g2and (X;y) = " (X)' (Y) = (o1 In
algebraicterms, the spaceV; is the tensor product of the spacesV, in 1D for
the x and y coordinates.
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Figure 7. Multiscale hierarchical appraximations
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Figure 8. 2D multiscale decomposition
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In orderto characterizethe uctuation Q;f = (P;.1 P;)f, weintroduce

three wavelets 3(x;y) = ' (X) (), °(xy) = (x)' (y) and °(x;y) =

(X) (y). One easily chek that an orthonormal basis of the orthogonal
complemen W; of V, into V;.; is given by the functions

p6y) =2 (2(xy) ko = abi (42)

for k = (kg ky) 2 fO; ;2 1g% By the sameargumerts asin the 1D
case this yields the multiscale decomposition of an arbitrary function f (X;y)
accordingto
X X Xi1x1
f=H; I + H; J-;ki ik - (43)
j 0 =ab;cky=0 kx=0

A patrticular interest of this approad is in its algorithmic simplicity. As in
the 1D case,the starting point to the decomposition algorithm is the image
discretizedat the pixel resolution2 7 Ji.e. a2D array ¢; = (Cyx)karo; 29 1g2»
that we identify to the function f = |, ¢« j« in the spaceV;. The multi-
scalerepresetation of f

X X X
f=coo + Ak ks (44)
j 0 =abc k

is then computed from ne to coarsescales,observingthat the four arrays
(G 1, d? 1;djb 1;d” ;) are obtained from ¢ by applying successiely the 1D
decompsition formula (36) alongthe lines and alongthe columns. Iterating
this procedureJ L times, asin the 1D case,we accessthe multiscale

represetation (c_;dd;dP;dS; ;d? ,;db ;;dS$ ;), and we can reconstruct
c; by inverting theseoperations. This tensor product algorithm is illustrated
on gure 8.

We can therefore represen the multiscale decompsition as a composite
image, which cortains a summary of the image at coarsescale2 ‘ together
with the successiorof uctuations at intermediate scales. Figure 9 repre-
seris the amplitudes of the wavelet coe cients of a 4 level decompsition
applied to the imageof gure 6 (we displaypherethe renormalizeddecomyo-
sition, obtained by replacing the factor 1= 2 by 1=2 in (36)). We obsene
the samephenomenorasfor the decompsition of 1D functions : most of the
information contained in the imageis carried by a small number of numer-
ically signi cant coe cients. These coe cients are typically conceirated
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Figure 9. Decompsition of an image

Figure 10. Reconstructionwith 4096largest coe cien ts
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near edgeswhich constitute the natural disconiinuities of the light inten-
sity f (x;y). As in 1D, we can reconstruct the image from the coe cien ts
above somethreshold. Here we selectthis threshold in order to presene the
4096largest coe cien ts. The reconstruction of the imageon gure 10 again
revealsthe adaptive nature of sut appraximations, sincethe resolution is
automatically re ned near the edges. This should be comparedwith the
third imageof gure 7 which represets the linear projection at level L = 6,
which cortains exactly the samenumber of coe cien ts but much lessrele-
vant information. As we shall see,theseremarks are the starting points to
spectacularapplications of multiscale represetation in image processing.

7. Linear uniform appro ximation

We now addresslinear uniform approximation in more generalterms. In
orderto improve onthe rate N ! obtainedwith piecewiseconstart functions,
oneneeddo introduceapproximants with a higherdegreeof accuracy sud as
splinesor nite elememn spaces.In the caseof linear uniform appraximation,
thesespacesonsistsof piecewisgolynomial functions onto regular partitions
Ty with uniform meshsizeh. If V, is sud a spacediscretizing a regular
domain IRY, its dimensionis therefore of the sameorder as the number
of balls of radius h which are neededto cover , namely

N = dim(V,) h ¢ (45)

The approximation theory for sud spacess quite classical,seee.qg. [4], and
canbe summarizedin the following way. If W*P denotesthe classicalSololev
space,consistingof thosefunctionsin LP sudhthat D f 2 LPforj j s, we
typically have the error estimate
inf kf gkws;p Ch'kf kWS+r;p (46)
92V
provided that V; is cortained in W*sP and that V}, has approximation order
larger than s + r, i.e. cortains all polynomials of degreestrictly lessthan
s+ r. In the particular cases = 0, this gives
inf kf gk Ch'kf kyri: 47
92Vh
Sud classicalresults alsohold for fractional smaoothness. If we expressthem
in terms of the deca of the bestappraximation error in terms of the number
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of parameters,we therefore obtain that if X = W*SP, we have
n(f) CN ™ (48)

provided that f hasr additional derivativesin the metric LP comparedto the
generalfunctions in X . Therefore,the compromisebetweenthe LP or WSP
appraximation error and the number of parametersis governedby the approx-
imation order of the V; spacesthe dimensiond and the level of smoothness
of f measuredin LP. Sud approximation results can be understood at a
very basicand intuitiv e level : if \}, cortains polynomialsof degreer 1, we
canthink of the approximation of f asa closesubstitute to its Taylor expan-
sionfy at this order on eat elememn K 2 T, which hasaccuracyh"|D'f j,
and (47) canbethought asthe integrated versionof this local error estimate.

At this stageit is interesting to look at linear approximation from the angle
of multiscale decompsitions into wavelet bases. Sud basesare generaliza-
tions of the Haar systemwhich wasdiscussedn the previoussection,and we
shall rst recall their main features(see[12] and [5] for more details). They
are asseiated with multiresolution approximation spaces(V,); o sud that
V, Vi1 andV is generatedby a local basis(* ); j=j. By local we mean
that the supports are cortrolled by

diam(supp(’ )) C2! (49)
if 2 ; andare\almost disjoint" in the sensethat
#f 2 ;st:supp(" )\ supp(' )6, C (50)

with C independert of andj. Sud spacescan be built in particular as
nested nite elemen spacesV, = Vi with meshsizeh; 21 in which
case(' ) j=; is the classicalnodal basis. Just as in the caseof the Haar
system,a complemen spaceW; of V, into V, ; is generatedby a similar local
basis( ); j=;. The full multiscale wavelet basis( ), allows to expandan
arbitrary function f with the corvertion that we incorporate the functions
(" )jj=o into the rst Mlayer" () j=o. In the standard constructions of
wavelets on the euclidean spacelRY, the scaling functions have the form
‘o= = 292 (2 k), k2 Z% and similarly for the wavelets, so that

= (j; k). In the caseof ageneraldomain IRY, specialadaptationsof the
basisfunctions are required near the boundary @, which are accouried in
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the generalnotation . In the particular caseof = [0; 1] which correspnds
to images,one can start from a univariate wavelet basison [0; 1] and apply
the tensor product construction which was descrited for the Haar system
in x6. Wavelets neednot be orthonormal, but one often require that they
constitute a Riesz basisof L?(), i.e. their nite linear conbinations are
densein L? and for all sequencdd ) we have the norm equivalence

X X
k d k& jd j2: (51)

In sudh a case,the coe cients d in the expansionof f are obtained by an
inner product d = Hf; ~ i, wherethe dual wavelet is an L?-function. In
the standard biorthogonal constructions,the dual wavelet system( ~ ) is also
built from nestedspacesV; and has similar local support properties as the
primal wavelets . The practical advantage of suc a setting is the possiblity
of \switching" betweenthe \standard" (or \nodal") discretization of f 2V,

in the basis(" ); j-; andits \multiscale" represetaion in the basis( ); j

by meansof fast O(N) decomposition and reconstruction algorithms, where
N 29 denotesthe dimensionof V; in the casewhere is bounded.

Multiscale approximations and decompositions into wavelet baseswill pro-
vide with a slightly stronger statemert of the linear approximation results,
due to the the possibility of characterizing the smoothnessof a function f
through the numerical properties of its multiscale decomposition. In the case
of hilbertian Soholev spacesH® = WS2, this characterization has the form
of the following norm equivalence

X :
kfkis KPof kZ.+  2°9kQ;f kZ:; (52)
j o
P P
whereP;f = ;4 d andQ;f = Puf Pf= ,5d arerespec-
tively the biorthogonal projectors onto V; and W;. Sud a norm equivalence
should at least be understood at the intuitiv e level as a closesubstitute to

the Fourier characterization
z

kf k2 s @+ ®)if (1)j2d! ; (53)

where the weight (1 + j! j%) plays an analogousrole as 2> in (52) . Note
that in the particular casewhereV, is the spaceof functions sud that f*is
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supported in [ 2;2] and P; the orthogonal projector, we directly obtain

R
kf k2 @+ j )i )j2d!
_R syt iz PR 1Sy )2
= gict@F RO+ 0 acjjean (T JHENT())
it j<1j§\(! )jP2 + j 0 2% 2<jtjc2 i (1)j?
kPOf kL2+ J OZSJkQJkaZ

We next remark that Q; canbereplacedby |  P; in (52) in the sensethat

we also have o

kfkis KPof kZ.+  229kf  Pjfk?;; (54)
i o

In order to prove this, we needto comparethe right hand side of (52) and

(54) . In onedirection we obviously have

kQifk ki Pifk+ki Pjfk (55)

which is su cient to cortrol the r.h.s. of (52) by the r.h.s. of (54) . In the
other direction we use

X
ki Pk kQif k (56)
I j

and concludeby the discrets Hardy inequality which statesthat if (g;) is a
positive sequenceand by := | ; &, thenforalls>O0andp> 0

k(29h)ks  C(s;p)k(2% & )kes: (57)

The norm equivalence(54) show that f 2 H*® is exactly equivalert to the
property that

S 5): ~2.
(2 erl\ljj ki gkz)j 0275 (58)
which is a slight improvemen over the appraximation rate
H , Sj .
g|2n\1;J kf gk, C2%,; (59)

which would be are-expressiorof . In orderto provide with similar statemen
for more generalLP appraximation, oneneedsto introducethe Besw spaces
Bp.q that measuresmoothnessof order s > 0 in LP accordingto

Kfkes, = Kfkip + k(291 (F;2 1)) okea; (60)
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where! (f;t)p := supy; (k p'fkie = supy, tkP Kso km ( DF( kh)kpo
is the m-th order L? modulus of smoothnessand m is any integer strictly
larger than s. Recallthat we have H® B3, foralls> 0,C® B, and
wsP - Bg, for all nonintegers > 0 and p & 2. For sudh classesthe norm
equivalenceswhich generalize(52) and (54) have the form

kf kgs,, kPof ks + k(29 kQ;f kip)j okea

kPof k. » + k(251 kf ij kLp)j oK-a: (61)

Sud norm equivalencesre ect the intuitiv e idea that the linear appraxima-
tion error kf  Pjf k., decas like O(2 ) or O(N %) provided that f has
\'s derivativesin LP". Their are essehally valid under the restriction that
the wavelet  itself hasslightly more than s derivative in LP. We refer to
[5] for the generalmedanism which allows to prove theseresults, basedon
direct and inverseestimatesas well asinterpolation theory.

Finally, we canre-expresgshesenorm equivalencesn terms of wavelet coe -
cierts : usingthe local properties of wavelet baseswe have at ead level the
norm equivalence

X X o
KQf kP, kd kP, 29(p=2 1) I jP; (62)
=i =i

which in combination with (61) yields

kf kBﬁ';q k(2(S+ d=2 d=p)j k(d )j i=j k‘p)j oK-a: (63)

8. Nonlinear adaptiv e appro ximation

Let us now turn to nonlinear adaptive approximation, with a special focus
on N -term approximation in a wavelet basis: denoting by

X
Sy =f C  #(E) Ng; (64)
2E

the set of all possibleN -terms conmbinations of wavelets, we are interested
in the behaviour of (f) asde ned in (12) for somegiven error norm X.
We rst considerthe caseX = L? and assumefor simplicity that the
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constitute an orthonormal basis. In this case,it is a straightforward compu-

tation that the best N -term approximation of a function f is achieved by its

truncated expansion X

fn = d ; (65)
2En (f)

where Ey (f) contains the indices correspnding to the N largestjf j. The

appraximation error is thus given by

X X
n(F) = kb ke = ( = d) (66)

2Ey (f) n N

where (d,), o is de ned asthe decreasing rearangementof the jd j, 2 r
(i.e. d, 1 isthe n-th largestjd j).

Consider now the Besw spacesB®. wheres > 0 and are linked by
1= = 1=2+ s=d Accordingto the norm equivalence(63) we note that these
spaceare simply characterizedby

Kfkgs  k(d) o k (67)

Thusif f 2 B® , we nd that the decreasingearrangemen (d,), o satis es

K 1 X X
nd, d, = d, = d Ckfkgs <+1; (68)
k=0 k 0 2r ’
and therefore
dn Cn 1= kf kBs; . (69)

It follows that the appraximation error is boundedby

X 21— 101 -
N(f) Ckf kBs;( n _)1_2 CNz2 “kf kBs; = CN s_dkf kBs; . (70)

n N
At this stagelet us make someremarks:

As it was previously noticed, the rate N 379 can be achieved by linear
approximation for functions having s derivative in L2, i.e. functions
in H3. Just asin the simple exampleof x2, the gain in switching to
nonlinear approximation is in that the classB*®. is largerthan H®. In
particular B®. cortains discortinuous functions for arbitraritly large
valuesof s while functions in H* are necessarilycortinuousif s > d=2.

28



The rate (70) is implied by f 2 B® . On the other hand it is easy
to chedk that (70) is equivalent to the property (69), which is itself
equivalert to the property that the sequenceg(d ) ,, is in the weak
space’,,, i.e.

#f st;jdj "g C" (71)

This shaws that the property f 2 B® is almost equivalert to the rate

(70). One can alsoched that the exact characterization of B®. is by
P s=d 1 Y

the strongerproperty 5 o(N n(F) N < +1.

The spaceB*. iscritically emtedded in L2 in the sensehat the injection
is not compact. This can be viewed as an instance of the Sololev
embedding theorem, or directly cheded in terms of the non-compact
enmbeddingof * into "2 when 2. In particular B®, is not cortained
in any Sololev spaceH ® for s > 0. Therefore,no convergencerate can
be expectedfor linear appraximation of functions in B®. .

The generaltheory of nonlinearwavelet approximation dewelopped by De-
Vore and its collaborators extendstheseresults to various error norms, for
which the analysisis by far moredi cult than for the L? norm. This theory
is fully detailed in [13], and we would like to summarizeit by stressingon
three main type of results, the two rst answering respectively to problems
1 and 2 descriked in the introduction.

Appro ximation and smoothness spaces. Given an error norm k ky
correspnding to some smoothness spacein d-dimension, the spaceY of
those functions sud that  (f) = distx (f;Sy) CN 7@ hasa typical de-
scription in terms of another smoothnessspace. Typically, if X represets r
order of smoothnessin LP, Y will represen r + s order of smaothnessin L
with 1= = 1=p+ s=dand its injection in X is not compact. This generic
result has a graphical interpretation displayed on Figure 11. On this gure,
a point (r; 1=p) represets function spaceswith smaothnessr in LP, and the
point Y sits s level of smoothnessabove X on the critical embedding line
of slope d emanatingfrom X . Of coursein order to obtain rigorous results,
oneneedsto specify for ead casethe exact meaningof \ s derivative in LP"
and sometimesslightly modify the property y(f) CN s¥9. For instance,
if X = LP f%r somep 2]1;1 [, thenf 2 B =Y with 1= = 1=p+ s=dif
andonly if ~ oINS y(f)] N < +1 . One alsoneedsto assumethat
the wavelets enoughsmoothness: they should at leastbein Y.
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Realization of a near-b est appro ximation.  For varioug error metric
X, anearbestapproximation of f in Sy is achievedby fy =, | r)d
whered = h; 7 i arethe wavelet coe cients of f and (f) is the set of
indices correspnding to the N largest contributions kd  kyx. This fact is
rather easyto prove when X is itself a Besw space,by using (63). A much
more elaborate result is that it is alsotrue for spacessud asLP and W™P
for 1< p< +1 , and for the Hardy spacesH? whenp 1 (see[21]).

Connexions with other types of nonlinear approximation. In the
univariate setting, the smoothnessspacesY which govern a certain rate of
nonlinear appraximation in X are essetially the sameif we replaceN -term
combinations of wavelets by splineswith N free knots or by rational func-
tions of degreeN. The similarity between wavelets and free knot splines
is intuitiv e sinceboth methods allow the samekind of adaptive re nemert,
either by inserting knots or by adding wavelet componerts at ner scales.
The similarities between free knot splinesand rational approximation were
elucidated by Petrushevin [19]. Howeer, the equivalencebetweenwavelets
and theseother typesof appraximation is no more valid in the multiv ariate
corntext (seex7). Also closelyrelated to N-term approximations are adap-
tive splitting procedures which are generalizationsof the splitting procedure
proposedin x2 to higher order piecewisepolynomial approximation (seee.g.
[19 and [13). In the caseof the exampleof x2, we remark that the piecewise
constart approximation resulting from the adaptive splitting procedurecan
always be viewed asan N -term approximation in the Haar system,in which
the involved coe cien ts have a certain tree structure: if = (j; k) is usedin
the appraximation, then (j 1; [k=2]) is alsousedat the previouscoarserevel.
Thereforethe performancesof adaptive splitting approximation is essetially
equivalent to thoseof N -term approximation with the additional tree struc-
ture restriction. These performanceshave been studied in [7] where it is
shown that the tree structure restriction doesnot a ect the order N 79 of
N -term approximation in X  (1=p;r) if the spaceY (1= ;r + s) isre-
placedby ¥ (1=~r + s) with any ~sud that 1=~< 1= = 1=p+ s=d
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Figure 11. Pictorial mterpretatlon of linear and nonlinear approximation

9. Data compression

There exists many interesting applications of wavelets to signal processing
and we referto [16] for a detailed overview. In this sectionand in the fol-
lowing one, we would like to discusstwo applications which exploit the fact
that certain signals- in particular images- have a sparserepresetation into
wavelet bases.Nonlinear approximation theory allowsto \quantify" the level
of sparsity in terms of the deca of the error of N -term approximation.

On a mathematical point of view, the N -term approximation of a signal
f canalready be viewed asa \compression"algorithm sincewe are reducing
the number of degreesof freedom which represemh f. Howewer, practical
compressionmeansthat the approximation of f is represeted by a nite
numker of bits. Wavelet-basedcompressiomalgorithms are a particular case
of transform coding algorithms which have the following generalstructure:

Transformation: the original signalf is transformedinto its represen-
tation d (in our caseof interest, the wavelet coe cients d = (d )) by
an invertible transform R.

Quartization: the represetation d is replacedby an approximation
which canonly take a nite number of values. This appraximation can
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be encaled with a nite number of bits.

Reconstruction: from the encaled signal, one can reconstruct @ and
thereforean appraximation f~= R 1@ of the original signalf .

Therefore,a key issueis the dewelopmen of appropriate quartization strate-
gies for the wavelet represetation and the analysis of the error produced
by quartizing the wavelet coe cients. Sud strategiesshouldin somesense
minimize the distorsionkf fky for a prescribed number of bits N and error
metric X .
Of coursethis program only makes senseif we refer to a certain mod-

elization of the signal: in a deterministic cortext, one considersthe error
sup .,y kf fkx for a given classY, while in a stochastic cortext, one con-

sidersthe error E(kf  fkx) wherethe expectation is over the realizations
f of a stochastic process.In the following we shall indicate someresultsin
the deterministic cortext.

We shall discussherethe simple caseof sa@lar quantizationwhich amourts
in quartizing independerily the coe cients d into appraximations d in or-
der to produced. Similarly to the distinction betweenlinear and nonlinear
appraximation, we can distinguish betweentwo types of quartization strat-

egy.

Non-adaptive quartization: the map d 7! & and the number of bits
which is usedto represeh d depend only on the index . In practice
they typically depend on the scalelevel j j: lessbits are allocated to
the ne scalecoe cients which have smaller valuesthan the coarse
scalecoe cien ts in an averagal sense

Adaptive quartization: the mapd 7! & andthe number of bits which
is usedto represeh d dependboth of and of the amplitude valuejd j.
In practice they typically dependon jd j only: more bits are allocated
to the large coe cien ts which correspnd to di erent indicesfrom one
signalto another.

The secondstrategy is clearly more appropriate in order to exploit the spar-
sity of the wavelet represetation, sincea large number of bits will be used
only for a small number of numerically signi cant coe cien ts.

In order to analyzethis idea more precisely let us considerthe following
speci ¢ strategy: for a xed " > 0, we a ect no bits to the details sud that
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jdj " bysettingd = 0, which amourt in thresholdingthem, and we a ect
j bits to a detail sudthat 2 " < jdj 2". By choosingthe 2 valuesof
d uniformly in the range] 2"; 2 ™[]2 *;2"[, we thus ensurethat
for all

id aj " (72)

If we measurethe error in X = L2, assumingthe  are an Rieszbasis, we
nd that

X - . . . X . -
kf fk?= jd dj?="#f stjdj "g+ jdj= (73)
2r "
Note that the secondterm is simply the error of nonlinear appraximation by
thresholding at the level ", while the rst term correspndsto the e ect of
guartizing the signi cant coe cien ts.

Let us now assumethat the classof signalsY hasa sparsewavelet rep-
resenation in the sensethat there exists 2 and C > 0 sud that for all
f2Y wehaved=(d) o 2 ,(r), with kdk:,  C,i.e.

sup#f st:jdj> g C (74)
f2y
We have seenin the previous section that this property is satis ed when
kf Kgs. Cforall f 2 Y with 1= = 1=2+ s=dand that it is equivalent
to the nonlinear approximation property y CN 79, Using (74), we can

estimate both terms in (73) asfollows: for the quartization term, we simply
obtain

"2#f stjdj "g C"? ; (75)
while for the thresholding term we have
X . X . o :
jd j? 23"#f stjdj "2) g c"? (76)

i 0

Thereforewe nd that the compressionerror is estimated by C"* =2, We
can also estimate the number of bits Ny which are usedto quartize the d
accordingto

X e X i}
Ng = j#f st:2 "<jdj 2"g C j2 v c" o (77)

i>0 j>0
Comparing Ny and the compressiorerror, we nd the striking result that

kP fk. CN§{ 7 =CN,>* (78)
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At the rst sigh, it seemghat we obtain with only N bits the samerate as
for nonlinear appraximation which requiresN real coe cien ts.

Howewer, a speci ¢ additional di cult y of adaptive quartization is that
we alsoneedto encale the addresses sudithat 2 " < jdj 2". The bit
cost N, of this addressingcan be signi cantly closeto N4 or even higher. If
the classof signalsis modelizedby (74), we actually nd that N, is in nite
since the large coe cients could be located anywhere. In order to have
N, C" aswell, andthusobtain the desiredestimatekf fk,. CN s
with N = Ng+ Nj, it is necessaryo make somelittle additional assumption
on Y that restricts the location of the large coe cients and to dewlop a
suitable addressingstrategy.

Thesestrategiestypically exploit the correlation betweenthe locations of
the large coe cients in order to minimize the cost of the addressing. For
example,the Embedded Zero-Tree algorithm deweloped in [20] is basedon
the interscalecorrelation betweenthe large coe cien ts. Other coding strate-
giesalso exploit the correlationswithin the samescales.Thesesimple ideas
turn out to be at the origin of someof the most e cien t image compression
algorithms which have recenly beenincorporated in the standard JPEG
2000. Figure 12 illustrate the e ciency of sud algorithms by displaying th
reconstructionwith compressiorratio 1=30. The good visual quality is both
dueto the underlying biorthogonal wavelet systemwhich consitsof smoother
functions than the Haar system,and to the use of an adaptive strategy for
encaling the coe cien ts.

We alsorefer to [7] whereit is proved that sud strategy allow to recover
optimal rate/distorsion bounds- i.e. optimal behaviour of the compression
error whith respectto the number of bits N - for various deterministic classes
Y modelizing the signals.

In practice sud results can only be obsened for a certain range of N,
since the original itself is most often given by a nite number of bits N,
e.g. adigital image. Thereforemodelizing the signal by a function classand
deriving rate/distorsion bounds from this modelization is usually relevant
only for low bit rate N << N,, i.e. high compressionratio. One should
then of courseaddressthe questionsof \what are the natural deterministic
classeswvhich model real signals" and \what can one say about the sparsity
of wavelet represetations for theseclasses".An interesting exampleis given
by real imageswhich are often modelizedby the spaceBV of functions with
boundedvariation. This function spacerepresets functions which have one
order of smoothnessin L?! in the sensehat their gradiert is a nite measure.
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Figure 12. Adaptive compressiorof ratio 1=30

This includes in particular functions of the type for domains  with
boundariesof nite length. In [8] it is proved that the wavelet coe cien ts
of a function f 2 BV are sparsein the sensethat they arein “}. This
allows to expect a nonlinear appraximation error in N *2 for images,and a
similar rate for compressiorprovided that we canhandlethe addressingwith
a reasonablenumber of bits. This last task turns out to be feasible,thanks

to someadditional properties, su asthe L -boundednes®f images.

10. Statistical estimation

In recen years, wavelet-basedthresholding methods have been widely ap-
plied a large range of problemsin statistics - density estimation, white noise
removal, nonparametric regression,di usion estimation - sincethe pioneer-
ing work of Donoho, Johnstone, Kerkyacharian and Picard [14]. In some
sensdhe growing interest for thresholding strategiesrepresem an signi cant
\switch" from linear to nonlinear/adaptive methods.

Here we shall considerthe simple white noisemodel, i.e. given a function
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f (t) we obsene on [0; 1]
dg(t) = f (t)dt + "dw(t); (79)

wherew(t) is a Brownian motion. In other words, we obsene the function f
with an additive white gaussiamoiseof variance"?. This model canof course
be generalizedo higherdimension. We are now interestedin constructing an
estimator f~ from the data g. The most commonmeasureof the estimation
error is in the mean squaresense:assumingthat f 2 L? we are interested
in the quartity E(kf~ fk?2,). Similarly to data compressionthe designof
an optimal estimation procedurein order to minimize the meansquareerror
is relative to a speci ¢ modelization of the signalf either by a deterministic
classY or by a stochastic process.

Linear estimation methods de ne f* by applying a linear operator to g. In
many practical situations this operator is translation invariant and amourts
to a ltering procedure,i.e. = h g. For example,in the caseof a
secondorder stationary process,the Wiener lIter givesan optimal solution
in terms of A(1 ) := A1 )=(A(! ) + "2) where (! ) is the power spectrum of
f, i.e. the Fourier transform of r(u) := E(f (t)f (t + u)). Another frequerily
usedlinear meg;od is by projection on some nite dimensionalsubspaceV,
ie. /= Pg= Ezlhg;enien, where (e,; €,)n=1: .n are a biorthogonal basis
systemfor V and N := dim(V). In this case,usingthe fact that E(f") = Pf
we can estimate the error as follows:

E(ki- k) = E(kPf fk®)+E(kP(g f)k?)
E(kPf k%) + CN"2:

If P is an orthonormal projection, we can aésumethat e, = €, Is an or-
thonormal basisso that E(kP(g f)k?) = LE(hf gei? = ,"%
and therefore the above constart C is equalto 1. Otherwise this constart
dependson the \angle" of the projection P. In the above estimation, the
rst term E(kPf f k?) is the biasof the estimator. It re ects the approxi-
mation property of the spaceV for the model, and typically decreasess N
grows. Note that in the caseof a deterministic classY, it is simply given
by kPf fk2. The secondterm CN"? represets the variance of the esti-
mator which increasesasN grows. A good estimator should nd an optimal
balancebetweenthesetwo terms.

C(E)nsiderfor instancethe projection on the multiresolution spaceV; i.e.
==, ;hg; 71 , together with a deterministic model: the functions f
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satisfy

where H?® is the Sohlolev spaceof smaothnesss. Then we can estimate the
bias by the linear approximation estimate in C2 28 and the variance by
C2 "2 sincethe dimensionof V; adapted to [0;1] is of order 2. Assuming
an a-priori knowledgeon the level " of the noise,we nd that the scalelevel
balancingthe bias and varianceterm is j (") sud that 21 ()1+2s) " 2 e
thus selectas our estimator

== Pime: (81)
With sud a choice, the resulting estimation error is then boundedby

E(kf~ fk2,) C"mes: (82)
Let us make a few commerts on this simple result:

The corvergencerate 4s<1 + 2s) of the estimator, as the noiselevel

tends to zero, improveswith the smoothnessof the model. It can be

shown that this is actually the optimal or minimax rate, in the sense
that for any estimation procedure,there always exist an f in the class
(80) for which we have E (kf~ fk?,) TS,

One of the main limitation of the above estimator is in that it depends
not only on the noiselevel (which in practice can often be evaluated),
but alsoon the modelizing classitself sincej (") dependsof s. A better
estimator should give an optimal rate for a large variety of function
classes.

The projection P; ) is essetally equivalert to low pass Itering which
eliminates the frequencieslarger than 2(). The drawbads of sud
denoisingstrategiesare well known in practice: while they remove the
noise,low-pass lters tend to blur the singularities of the signals,sud
asthe edgein an image. This problem is implicitely re ected in the
fact that signalswith edgescorrespnd to a value of s which cannot
exceedl=2 and thereforethe cornvergencerate is at most O(").

Let usnow turn to nonlinearestimation methods basedon wavelet thresh-
olding. The simplestthresholding estimator is de ned by

X
= hg, 7i (83)
jhg; = ij
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i.e. discardingthe coe cien ts of the data of sizelessthan some > 0. Let
usremark that the wavelet coe cien ts of the obsened data can be expressed
as

hg, “i=H;"i+"b (84)
wherethe b are gaussianvariables. Thesevariables have variance 1 if we
assume(which is always possibleup to a renormalization) that k ~ k?, = 1.
In the caseof an orthonormal basesthe b are independent. Thereforethe
obsened coe cien ts appear as those of the real signal perturbated by an
additive noiseof level ". It thus seemsat the rst sight that a natural choice
for a threshold is to simply x := ": we can hope to remove most of the
noise, while preservingthe most signi cant coe cien ts of the signal, which
is particularly appropriate if the wavelet decompsition of f is sparse.

In order to understand the rate that we could expect from sud a pro-
cedure, we shall again considerthe classof signalsdescriked by (74). For
a momert, let us assumethat we dispose of an oracle which gives us the
knowledgeof those sud that the wavelet coe cien ts of the real signal are
larger than ", sothat we could build the modi ed estimator

= X hg, 71 (85)

it~

In this case,f~canbe viewed asthe projection P g of g onto the spaceV (f ;")
spannedby the  sud that jhf; ~ij ", sothat we can estimatethe error
by a sum of bias and varianceterms accordingto

E(k™ k) = ki PFk2+ E(KP(f  g)k?)
C[ jg.-y -ibf; Tij2+ "2#f st:jbf; ~ij gl

For bias term, we recognizethe nonlinear appraximation error which is
boundedby C"? accordingto (76). From the de nition of the class(74) we
nd that the varianceterm is alsoboundedby C"2 . In turn, we obtain for
the oracle estimator the corvergencerate "2 . In particular, is we consider
the model

with 1= = 1=2+ s, we obtain that
E(kf~ fk%,) C"2 =C"mes; (87)

Let us again make a few commerts:
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In a similar way to appraximation rates, nonlinear methods achieve the
sameestimation rate as linear methods but for much wealer models:
the exponert 4s<1 + 2s) was adchieved by the linear estimator for the
class(80) which is more restrictive than (74).

In cortrast with the linear estimator, we seethat the nonlinear estima-
tor doesnot needto be tuned accordingto the valueof or s. In this
sensejt is very robust.

Unfortunately, (85) is unrealistic sinceit is basedon the \oracle as-
sumption”. In practice, we are thresholding accordingto the valuesof
the obsenedcoe cientshg; ~i = hf; ~i+"?b , and we needto facethe
possibleeert that the noise"?b . Another unrealistic aspect, alsoin
(83), is that one cannot evaluate the full setof coe cients (hg; ~ i)
which is in nite.

The strategy proposedin [14] solves these last di culties as follows: a
realistic estimator is built by (i) a systematictruncation the estimator (83)

above a scalej (") sudh that 2 21 () "2 for some xed > 0, and (i) a
choice of threshold slightly above the noiselevel accordingto
(") = C( )"jlog(")j*: (88)
It is then possibleto prove that the resulting more realistic estimator
X
fri= hg, ~i (89)
JiaCyhg T i ()

hasthe rate ["] Iog(")j1=2]1fTss (i.e. almost the sameasymptotic performance
as the oracle estimator) for the functions which are in both the class(74)
and in the Sololev classH . The \minimal" Sololev smoothness - which
is neededto allow the truncation of the estimator - can be taken arbitrarily

closeto zeroup to a change of the constarts in the threshold and in the
corvergenceestimate.

As a practical example, Figure 13 and 14 show the e ect of an additive
noise of variance 2 = 0:1 (the image is normalized between 0 and 1) on
the imageand its multiscale represetation. Figure 15displays the denoising
procedurein the caseof the Haar system,which hasthe e ect of an adaptive
low-pass ltering: the averaging e ect is more pronouncedin the homoge-
neousregionswhile preservingmore precisionaround the edges,in cortrast
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Figure 13. Noisy image

Figure 14. Noisy multiscale decompsition
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Figure 15. Denoisingby Haar thresholding

Figure 16. Translation invariant denoising
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to classicalmethods of low-passlinear Itering. As in the caseof data com-
pression,the use of the Haar system introducesvisual artefacts. Another
drawbad is that the denoisingoperator D is not translation invariant : if
denotesthe shift by a pixel vector k, we do not have D = (D . For these
reasons,Coifman and Donoho have proposeda new operator by averaging

over a set of shifts K
1 X

D=~
#(K) ok

kD «: (90)
In practice, onetypically choosesK = f0; ;7g> Figure 16 illustrates the
signi cant improvemeris which can be obtained by this simple modi cation.

11. The curse of dimensionalit y

The three applicationsthat werediscussedn the previoussectionsexploit the
sparsity properties of wavelet decompsitionsfor certain classef functions,
or equivalertly the corvergenceproperties of nonlinear wavelet appraxima-
tions of these functions. Nonlinear adaptive methods in sud applications
are typically relevant if these functions have isolated singularities in which
casethere might be a substartial gain of cornvergencerate when switching
from linear to nonlinear wavelet appraximation.

Howe\er, a closerlook at somesimple examplesshaw that this gaintends
to decreasefor multivariate functions. Consider the L?2-approximation of
the characteristic function f = of a smooth domain [0;1]9. Due
to the singularity on the boundary @, one can easily ched that the linear
appraximation cannot behave better than

n(f)=kf  Pfk: O@21%) O(N =29, (91)

whereN = dim(V;) 29. Turning to nonlinear approximation, we notice
that since ~ = 0, all the coe cients d are zeroexceptthosesud that the
support of =~ overlapsthe boundary. At scalelevel j there is thus at most
K 29 1j non-zerocoe cien ts, whereK dependson the support of the  and
onthe d 1 dimensionalmeasureof @ For sud coe cien ts, we have the
estimate

jdj k™ ko C29% (92)

In the univariate case,i.e. when is a simple interval, the number of non-
zerocoe cien ts up to scalej is boundedby j K. Therefore,usingN non-zero
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coe cients at the coarsestlevels gives an error estimate with exponertial
decy X
N (f ) [ K jCZ d =2j2]1=2 C2 dN=2K : (93)
j N=K

which is a spectacularimprovemert on the linear rate. In the multiv ariate
case the number of non-zerocoe cien ts up to scaleis bounded 1_, K 2@ V!
andthusby K24 Y Therefore,usingN non-zerocoe cien ts at the coarsest
levels givesan error estimate

X .
N (f ) [ K 2(d 1)j ]CZ d =2j2]1=2 CN 1=(2d 2)’ (94)

K2(d Di N

which is much lessof an improvemen. For example,in the 2D case,we only
gofrom N ¥ to N 2 py switching to nonlinear wavelet appraximation.

This simple exampleillustrates the curse of dimensionality in the context
of nonlinear wavelet approximation. The main reasonfor the degradation of
the approximation rate is the large number K 2(¢ Ui of wavelets which are
neededto re ne the boundary from level j to levelj + 1. On the other hand,
if we view the boundary itself asthe graph of a smooth function, it is clear
that approximating this graph with accuracy?2 ! should require much less
parametersthan K 2@ i | This revealsthe fundamertal limitation of wavelet
bases:they fail to exploit the smoothnessof the boundary and thereforecan-
not capture the simplicity of f in a small number of parameters. Another
way of describingthis limitation is by remarking that nonlinear wavelet ap-
proximation allows local re nement of the appraximation, but imposessome
isotropy in this re nement process.In order to capture the boundary with
a small number of parameters, one would typically needto re ne more in
the normal direction than in the tangertial directions,i.e. apply anisotropic
local re nement.

In this cortext, other approximation tools outperform wavelet bases:it
is easyto ched that the useof piecewiseconstart functions on an adaptive
partition of N trianglesin 2D will producethe rate y(f) O(N 1), pre-
ciselybecauseoneis allowed to usearbitrarily anisotropictrianglesto match
the boundary. In the caseof rational functionsit is conjecturedan even more
spectacularresult: if @ isC!,then y(f) C/N ' forany r > 0. These
remarksreveal that, in cortrast to the 1D case,free triangulations or ratio-
nal appraximation outperform N -term appraximation, and could be thought
as a better tool in view of applications sud as those which were discussed
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throughout this paper. This is not really true in practice: both methods are
not being usedin statistical estimation or data compressionprincipally due
to the absenceof fast and robust algorithms which would producean optimal
adaptive appraximation in a similar manner as wavelet thresholding.

The dewelopmen of new approximation and represetation tools, which
could both capture anisotropic featuressud asedgeswith a very small num-
ber of parametersand be implemerted by fast and robust procedures,is cur-
rently the object of active researb. In recen years,signi cant breakthrough
have beenadieved in this direction by seeral approadies:

Donohoand Candesdeeloped represerations into ridglet baseq3]and
curvelet frameswhich possesshe scale-spacdocalization of wavelets
togetherwith somedirectional selection. Sut systemsallow for exam-
ple to recover with simple thresholding procedurethe rate O(N 1) for
a bivariate function which is smaooth exceptalong a smaoth curve of
discortinuity.

Mallat and Le Pennecproposedsparserepresetation basedon ban-
dlets, which are wavelet-type basesadaptedto the presenceof edgedor
a particular image. This meansthat the edgesshould be detectedand
encaledindependerly as1D curves. This approad allowsto obtain a
rate O(N ") with arbitrarily large r depending on the smoothnessof
the edge.

Arandiga, Cohen, Donat and Matei dewloped sparserepresetations
basedon nonlinear multiscale decompositions, which have basically the
samestructure as wavelet algorithms combined with shock capturing
techniques introduced by Harten and Osher [1, 9]. Also closely re-
lated to this approad is the work of Baraniuk, Claypoole, Davis and
Sweldensbasedon a nonlinear version of the so-calledlifting stheme

2].

At we write thesenotes, thesetechniquesare at their infancy and it is dif-
cult to ewaluate their potertial. It seemsnewerthelessclear that in the
comingyear, the proper treatment of geometricaledgeinformation will be a
major issuein computational harmonic analysisand appraximation theory
approatesto image processing.
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