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T
he

w
orld

of
digital

im
ages:M

ultim
edia,

digital
photography

and
video,H

D
T

V
,astronom

y,
m

edicalim
aging,etc.

M
athem

atical
representation

of
an

im
age:

I(x;y)
=

Ligh
t

in
tensity

at
p

oint(x;y)

B
lack

=
0

�
I(x;y)

�
1

=
W

hite

D
igital

im
age

pro
cessing:m

athem
aticaloperations

applied
to

I(x;y)
through

algorithm
s,

aim
ing

to
p

erform
speci�c

tasks
concerning

the
im

age,such
as

-
R

estauration,denoising
:

reconstructa
good

approxim
ation

ofthe
im

age
from

a
distorted

or
noisy

observation.

-
C

om
pression,encoding

:
reduce

the
m

em
ory

spaceneededfor
the

storage
of

the
im

age,w
hile

preserving
its

visualquality.

2
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S
igni�can

t
evolution

since
80-90's

M
etho

ds

Linear
)

N
onlinear

U
niform

)
A

daptiv
e

M
o

dels

S
m

oothness)
P

iecew
isesm

oothness

G
aussian

)
N

on
G

aussian

S
trongly

connected
to

the
developm

ent
of

appropriate
m

athem
atical representations

and
of

the
approxim

ation
theory

associated
to

these
representations.3
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Im
p

ortance
of

the
conceptof

representation
in

im
age

pro
cessing:

D
avid

M
arr

(\V
ision",

Freem
an,1982).

\A
representation

is
a

form
al

system
for

m
aking

explicit
certain

entities
or

typ
es

of
inform

ation,
together

w
ith

a
speci�cation

of
how

the
system

does
this...

For
exam

ple,the
A

rabic,
R

om
an

and
binary

num
ericalsystem

sare
all

form
al

system
sfor

representing
num

b
ers.T

he
A

rabic
representation

consistsin
a

string
of

sym
b

ols
draw

n
from

the
set

0,1,2,3,4,5,6,7,8,9
and

the
rule

for
constructing

the
description

of
a

particular
in

tegern
is

that
one

decom
posesn

in
to

a
sum

of
m

ultiple
of

p
ow

ers
of

10...the
alphabet

allow
s

the
construction

of
a

w
ritten

representation
of

w
ords...

A
representation,

therefore
is

not
a

foreign
idea

at
all,

w
e

all
use

representations
all

the
tim

e.
H

ow
ever,the

notion
that

one
can

capture
som

e
aspects

of
reality

by
m

aking
a

description
of

it
using

a
sym

b
oland

that
to

do
so

can
b

e
usefulseem

sto
m

e
a

fascinating
and

p
ow

erful
idea...

4
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...T
his

issue
is

im
p

ortan
t,

b
ecausehow

inform
ation

is
presented

can
greatly

a�ect
how

easy
it

is
to

do
di�eren

t
things

w
ith

it.
T

his
is

evident
even

from
our

num
b

er
exam

ple:it
is

easy
to

add,to
substractand

even
to

m
ultiply

if
the

A
rabic

or
binary

representation
are

used,but
it

is
not

at
all

easy
to

do
these

things
-

especially
m

ultiplication
-

w
ith

R
om

an
num

erals.T
his

is
a

key
reason

w
hy

the
R

om
an

culture
failed

to
develop

m
athem

atics
in

the
w

ay
the

A
rabic

culture
had."

T
he

choice
of

an
appropriate

representation
of

the
im

age
can

b
e

fundam
ental

to
solve

a
speci�c

task.

5
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B
asic

notations

-
Lebesguespaces:L

p(
)
:=

ff
;

R



jf
j p

<
1g

for
p

�
1.

B
anach

spacew
hen

equiped
w

ith
the

norm
kf

k
p

:=
[ R



jf

j p] 1=
p.

-
L

1
(
)

(alm
ost

everyw
here

uniform
ly

b
ounded

functions)
and

C
(
)

(contin
uous

functions):
B

anach
spacesw

hen
equiped

w
ith

the
norm

kf
k

1
:=

sup
x

2



jf
(x)j.

-
H

ilb
ert

spacein
the

casep
=

2:
kf

k
2

=
[hf;f

i] 1=
2

w
ith

hf;gi
:=

R



f
g.

-
C

haracteristic
functions:

�



(x)
=

1
if

x
2


,
0

otherw
ise.

-
C

hange
of

variable:
f

(a
�+

b)
:x

7!
f

(ax
+

b).

-
E

stim
ations:

F
(p

1 ;p
2 ;���)

<�
G

(p
1 ;p

2 ;���)
if

there
exists

C
>

0
such

that
F

(p
1 ;p

2 ;���)
�

C
G

(p
1 ;p

2 ;���)
for

all
p

1 ;p
1 ;���.

-
E

quivalences:F
�

G
if

and
only

if
F

<�
G

and
G

<�
F

.

6
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Fourier
representations

-
A

nalysis:
f̂

(!
)

=
R

+
1

�1
f

(t)e
�

i!
tdt.

-
S

ynthesis:f
(t)

=
(2�

) �
1

R
+

1
�1

f̂
(!

)e
i!

td!
.

R
epresentation

off
in

term
s

ofthe
pure

w
aves

e
! (t)

=
e

i!
t,

!
2

IR
.

For
1-periodic

functions:

-
A

nalysis:
c

n (f
)

=
R

10
f

(t)e
�

i2�
ntdt.

-
S

ynthesis:f
(t)

=
P

n
2

ZZ
c

n (f
)e

i2�
nt.

D
iscrete

Fourier
transform

:
(x[k])k

=
0

;���
;N

�
1

and
(x̂[k])k

=
0

;���
;N

�
1

connected
by

x̂[k]=
1

p
N

N
�

1
Xn

=
0

x[n
]e

�
i2�

nk
=N

and
x[k]=

1
p

N

N
�

1
Xn

=
0

x̂[n
]e

i2�
nk

=N
:

Im
plem

ented
in

O
(N

log
N

)
operations

by
F

F
T

.

7
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Fourier
representations

and
com

putation

A
ppro

xim
ation

of
a

(1-p
eriodic)

function
by

its
partial

sum
S

N
f

(t)
=

P
Nn

=
�

N
c

n (f
)e

i2�
nt.

P
roblem

:
fast

convergence?

If
f;f

0;���
;f

(m
)

are
contin

uous
over

IR
,

w
e

can
apply

n
tim

es
the

in
tegration

by
part

to
obtain

jc
n (f

)j
=

j(i2�
n

) �
1c

n (f
0)j

=
���j(i2�

n
) �

m
c

n (f
(m

))j

�
ji2�

n
j �

m
R

10
jf

(m
)j

<�
n

�
m

:

)
Fastdecay

if
f

is
sm

ooth
.

H
ow

ever,if
f

is
sm

ooth
everyw

here
exceptat

som
e

discontin
uity

p
oint

x
2

[0;1],w
e

cannothope
b

etter
than

jc
n (f

)j
<�

n
�

1
(also

G
ibbs

phenom
enonfor

S
N

f
nearthe

singularity).

B
etter

representations
are

neededfor
such

functions.

8
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C
entral

problem
s

in
approxim

ation
theory

-
X

norm
ed

space.

-
(�

N
)N

�
0

�
X

approxim
ation

subspaces(g
2

�
N

described
by

N
or

O
(N

)
param

eteds).

-
B

estapproxim
ation

error
�

N
(f

)
:=

inf
g

2
�

N
kf

�
gk

X
.

P
roblem

1:
characterise

those
functions

in
f

2
X

having
a

certain
rate

of
approxim

ationf
2

X
r

,
�

N
(f

)
�

C
N

�
r

P
roblem

2:
practical

realization
of

f
7!

g
2

�
N

such
that

kf
�

gk
X

<�
�

N
(f

).

A
pplications

to
com

pression:quantize
param

eters
?

A
pplications

to
estim

ation:
in
uence

of
noise

?

9
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E
xam

ples

Linear
approxim

ation
:

�
N

spaceof
dim

ension
O

(N
)

-
�

N
:=

�
N

p
olynom

ials
of

degreeN
in

dim
ension

1

-
�

N
:=

ff
2

C
r([0;1])

;
f

j[
kN

;
k

+
1

N
] 2

�
m

;
k

=
0;���

;N
�

1g
w

ith
0

�
r

�
m

�xed,
splines

w
ith

uniform
knots.

-
�

N
:=

V
ect(e

1 ;���
;e

N
)

w
ith

(e
k )k

>
0

a
functional

basis.

N
onlinear

approxim
ation

:
�

N
+

�
N

6=
�

N

-
�

N
:=

f
pq ;

p;q
2

�
N

g
rational

fractions

-
�

N
:=

ff
2

C
r([0;1])

;
f

j[x
k

;x
k

+
1

] 2
�

m
;

0
=

x
0

<
���<

x
N

=
1g

w
ith

0
�

r
�

m
�xed,

free
knots

splines.

-
�

N
:=

f P
�

2
E

d
�  

�
;

#(
E

)
�

N
g

setof
all

N
-term

s
com

bination
of

a
basis

( 
� ).

10
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A
basic

exam
ple

A
ppro

xim
ation

off
2

C
([0;1])

by
piecew

iseconstant
functions

on
a

partition
I

1 ;���
;I

N
,

de�ning

f
N

(x)
=

jI
k j �

1
Z

I
k

f;
si

x
2

I
k :

Linear
case:I

k
=

[
kN

;
k

+
1

N
]

uniform
partition.

f
02

L
1

,
kf

�
f

N
k

L
1

�
C

N
�

1
(C

=
sup

jf
0j):

N
onlinear

case:I
k

free
partition.

If
f

02
L

1,
choose

the
partition

such
that

R
I

k
jf

0j=
N

�
1

R
10

jf
0j.

f
02

L
1

,
kf

�
f

N
k

L
1

�
C

N
�

1
(C

=
Z

1

0
jf

0j):

A
ppro

xim
ation

rate
goverde

by
di�eren

ts
sm

oothnessspaces!

11
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M
ultiscale

approxim
ation

:
basic

1D
exam

ple

A
ppro

xim
ation

of
a

function
f

(t),
t

2
[0;1]by

piecew
iseconstant

functions
on

dyadic
in

tervals
I

j;k
=

[2
�

jk;2
�

j(k
+

1)[,
k

=
0;���

;2
j

�
1,

P
j f

(t)
:=

a
j;k

=
2

j
Z

I
j

;k

f
(t)dt;

t
2

I
j;k

:

R
em

ark
1:

P
j

is
the

L
2-orthogonalpro

jection
onto

the
spaceV

j
of

piecew
iseconstant

functions
on

the
in

tervals
I

j;k
,

k
=

0;���
;2

j
�

1.
Indeed

an
orthonorm

al
basis

for
this

spaceis
provided

by

'
j;k

=
2

j=
2�

I
j

;k
=

2
j=

2'
(2

j
��

k);
k

=
0;���

;2
j

�
1;

w
ith

'
=

�
[0

;1]
and

clearly
P

j f
=

P
2

j�
1

k
=

0
hf;'

j;k
i'

j;k
.

R
em

ark
2:

the
spacesV

j
are

nested
i.e.

V
j

�
V

j+
1

and

[
V

J
L

p

=
L

p([0;1]),
i.e.

lim
J

!
+

1
kf

�
P

J f
k

p
=

0
if

f
2

L
p([0;1]).

12



'&

$%

M
ultiscale

decom
position

in
to

the
H

aar
basis

W
e

decom
pose

P
J f

in
to

P
J f

=
P

0 f
+

P
J

�
1

j=
0

Q
j f

w
ith

Q
j

=
P

j+
1

�
P

j
the

orthogonalpro
jection

onto
W

j ,
the

orthogonal
com

plem
ent

of
V

j
in

to
V

j+
1

.

W
j

is
spanned

by
 

j;k
=

2
j=

2 
(2

j
��

k),
k

=
0;���

;2
j

�
1,w

here

 
=

�
[0

;1=
2] �

�
[1

=
2;1] .

T
herefore

Q
j f

=
P

2
j�

1
k

=
0

hf; 
j;k

i 
j;k

.
Letting

J
!

+
1

,
w

e
obtain

the
decom

position
of

f
in

the
H

aar
system

0
1

10

-1 1

0
1

0
1

0
1

f

=
 

. . . .

 =
 <

 f ,   >
 

j
j

j

y
y

+
 <

 f ,   >
 

  +
 <

 f ,    >
 

y
y

y

 <
 f ,   >

 
j

j
S

 S
y

y
j,k

+
        <

 f ,     >
 

j,k
+

        <
 f ,    

j
k

+
 <

 f ,    >
 

1,0
1,0

y
1,1

1,1

y

fff

PPP
2 1 0

13
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Fastalgorithm
s

S
tarting

p
oint:

discretized
function

at
som

e
resolution

levelJ
,

i.e.

f
=

P
2

J
�

1
k

=
0

c
J

;k '
J

;k
2

V
J .

T
w

o
p

ossible
situations:

(i)
data

are
directly

provided
in

discrete
form

at
c

J
:=

(c
J

;k )k
=

0
;���

;2
J

�
1

(e.g.
in

digital
signalor

im
age

pro
cessing)or

(ii)
data

is
a

function
f

w
ith

an
explicit

m
athem

aticalexpression)
com

pute
c

J
;k

=
hf;'

J
;k i

exactly
or

approxim
ately.

P
roblem

:
fast

com
putation

of
the

coe�cien
ts

in
the

m
ultiscale

representation
f

:=
c

0;0 '
+

P
J

�
1

j=
0

P
2

j�
1

k
=

0
d

j;k
 

j;k
.

S
olution:

pro
cesshierarchically,

using
the

in
terscale

relations

c
j�

1;k
=

2
�

(j�
1)=

2a
j�

1;k
=

2
�

(j�
1)=

2(a
j;

2k
+

a
j;

2k
+

1
)=2

=
(c

j;
2k

+
c

j;
2k

+
1

)= p
2;

and
sim

ilarly
d

j�
1;k

=
(c

j;
2k

�
c

j;
2k

+
1

)= p
2.

14
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T
his

allow
s

the
iteration

c
J

!
(c

J
�

1 ;d
J

�
1 )

!
���!

(c
0 ;d

0 ;d
1 ;���

;d
J

�
1 ).

cccc
d

d
d

d
d d

J-1

J-3
J-2

J-3

JJ-1

J-2
J-1

J-2

J-1

R
econstruction:

by
in

verse
form

ulae

c
j;

2k
=

(c
j�

1;k
+

d
j�

1;k )= p
2

and
c

j;
2k

+
1

=
(c

j�
1;k

�
d

j�
1;k )= p

2:

R
em

ark:
com

plexity
of

step
j

$
j

�
1

in
O

(2
j)

)
global

com
plexity

in
O

(2
J),

i.e.
O

(N
)

w
here

N
is

the
size

of
the

data.

15
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C
om

pactnotations

-
S

caling
functions

and
w

avelets:'
j;k

=
'

� ,
 

j;k
=

 
� ;

�
=

(j;
k).

-
S

cale
level:

j�
j=

j.

-
C

oe�cien
ts:

c
�

=
hf;'

� i,
d

�
=

hf; 
� i.

-
P

ro
jectors:

P
j f

=
P

j�
j=

j
c

� '
�

=
P

j�
j<

j
d

�  
�

(incorp
orates

the
coarselayer

of
functions

'
� ,

j�
j=

0)
and

Q
j f

=
P

j�
j=

j
d

�  
� .

16
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W
aveletanalysis

of
lo

calsm
oothness

-
If

f
is

b
ounded

on
I

j;k
,

an
obvious

estim
ate

is

jd
j;k

j=
jhf; 

j;k
ij

�
sup

t2
I

j
;k

jf
(t)j Z

j 
j;k

j=
2

�
j=

2
sup

t2
I

j
;k

jf
(t)j:

-
If

f
is

C
1

on
I

j;k
,

a
�ner

estim
ate

is

jd
j;k

j
=

2
�

j=
2ja

j+
1

;2k
�

a
j+

1
;2k

+
1

j=2

=
2

�
j=

2jf
(tj;

2k )
�

f
(tj;

2k
+

1
)j=2

�
2

�
3j=

2
sup

t2
I

j
;k

jf
0(t)j:

-
If

f
is

H
•older

contin
uous

of
exponent

�
on

I
j;k

,
i.e.

jf
(x)

�
f

(y)j�
C

jx
�

yj �,
for

som
e

�
2

]0;1[,w
e

have
the

in
term

ediate
estim

ate
jd

j;k
j�

C
2

�
j(�

+
1

=
2).

D
ecay

of
w

aveletcoe�cien
ts

in
uenced
by

lo
calsm

oothness.

17
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E
xam

ple

T
he

function
f

(x)
=

p
jcos(2�

x)j
discretized

at
resolution

level
J

=
13

and
its

coe�cien
ts

above
threshold

�
=

5
�

10
�

3.

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9 1

0
0.1

0.2
0.3

0.4
0.5

0.6
0.7

0.8
0.9

1
1 2 3 4 5 6 7 8

0
0.1

0.2
0.3

0.4
0.5

0.6
0.7

0.8
0.9

1

A
t

�ne
scales,num

erically
signi�can

t
coe�cien

ts
concentrate

near
the

singularities.

18
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A
ppro

xim
ating

functions
by

w
aveletbases

-
Linear

approxim
ation

at
resolution

levelj
by

taking
the

truncated
sum

f
7!

P
j f

:=
P

j�
j<

j
d

�  
� .

-
N

onlinear
(adaptiv

e)
approxim

ation
obtained

by
thresholding

f
7!

T
� f

:=
X�

2
�

d
�  

� ;
�

=
�(

�)
=

f�
s:t:

jd
� j�

�g:

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9 1

0
0.1

0.2
0.3

0.4
0.5

0.6
0.7

0.8
0.9

1
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H
ierarchicalstructure

of
visualinform

ation

IN
F

O
R

M
A

T
IO

N

20
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M
ultiscale

decom
position

=
+

+
+

+

=
+

+
+

+

F
ine

scale
im

age
representer

by
coarsescale

approxim
ation

+

uctuations

at
in

term
ediate

scales21
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D
ecom

position
of

2D
im

ages

-
V

j :
piecew

iseconstant
on

dyadic
squaresS

j;k
=

I
j;k

x
�

I
j;k

y .

-
O

rthogonalcom
plem

ent
spanned

by
the

functions

 

j;k

(x;y)
=

2
j 


(2
j(x;y)

�
k);



=

a;b;c;

for
k

=
(k

x ;k
y )

2
f0;���

;2
j

�
1g

2,
w

here
 

a(x;y)
=

'
(x) 

(y),
 

b(x;y)
=

 
(x)'

(y)
and

 
c(x;y)

=
 

(x) 
(y).

T
ensorpro

duct
algorithm

:

c
cd

d d
���

�

a

b
c ���

�

���

�

���

�

J

Im
age

I(k;l)
)

pro
cesslines

)
pro

cesscolum
ns

)
Iterate

...

22
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T
hresholding

applied
to

an
im

age

D
ecom

position
and

reconstruction
w

ith
4096

largestcoe�cien
ts.

S
parserepresentations

(signi�can
t

coe�cien
ts

concentrated
near

the
edges))

adaptive
approxim

ation
by

thresholding.
R

esults
in

im
p

ortan
t

applications
in

im
age

pro
cessing(com

pression,
denoising).

23
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S
um

m
ary

Im
p

ortan
t

features
of

the
H

aar
system

:

-
M

ultiresolution
nested

approxim
ation

spacesV
j

-
Lo

calbases 
�

spanning
the

com
plem

ent
spacesW

j

-
FastO

(N
)

algorithm
s

-
D

ecay
in
uenced

by
lo

calsm
oothness

-
A

daptiv
e

approxim
ation

by
thresholding

Lim
itations:

discontin
uous

basis
functions

w
ith

p
oor

approxim
ation

prop
erties.

24
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A
generalfram

ew
ork

M
allat

and
M

eyer
(1986):

a
m

ultiresolution
approxim

ation
(M

R
A

)
is

a
sequenceof

nested
spacesV

j
�

V
j+

1
�

���
of

L
2(IR

),
such

that:

-
[

V
j

=
L

2,
i.e.

lim
j!

+
1

kf
�

P
j f

k
2

=
0

for
all

f
2

L
2

w
here

P
j

is
the

L
2-orthogonalpro

jector.

-
T

here
exists

a
scaling

function
'

2
V

0
such

that

'
j;k

(t)
=

2
j=

2'
(2

jt
�

k);
k

2
ZZ

;

constitute
a

R
iesz

basis
of

V
j

(R
iesz

basis
in

H
ilb

ert
spaces:basis

(e
n )

such
that

k(x
n )k

`
2

�
k

P
x

n e
n k

H
).

R
em

arks:

-
W

e
now

w
ork

on
the

w
hole

of
IR

therefore
k

runs
over

ZZ
.

-
For

piecew
iseconstant

functions
w

e
had

'
=

�
[0

;1] .

25
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A
ccuracy

of
M

R
A

spaces

R
ate

of
convergenceof

kf
�

P
j f

k
as

j
!

+
1

?

For
piecew

iseconstant
functions,

kf
�

P
j f

k
p

�
2

�
jkf

0k
p ;

but
cannothope

for
a

b
etter

rate
such

as
2

�
m

jkf
(m

)k
p :

piecew
ise

constant
approxim

ation
is

�rst
order

accurate.

R
aising

the
accuracy

and
sm

oothness:V
j

spaceof
piecew

isea�ne
functions

on
the

I
j;k

w
hich

are
globally

C
0.

N
atural

generator:hat
function

'
=

(1
�

jxj)+
.

M
ore

generally:
splines

of
degreeN

,
i.e.

piecew
isep

olynom
ials

of
degreeN

on
the

I
j;k

w
hich

are
globally

C
N

�
1:

G
enerator:

B
-spline

of
degreeN

'
(x)

=
�

[0
;1] �

����
�

[0
;1] =

(�) N
+

1�
[0

;1] :

26



'&

$%

N
ew

di�culties

R
em

ark:
exceptfor

N
=

0,the
functions

'
j;k

are
not

orthogonal.
In

turn
the

orthogonalpro
jector

P
j

is
not

lo
cal.

T
w

o
basic

questions:

-
H

ow
to

de�ne
num

erically
sim

ple
pro

jectors
P

j
onto

V
j

?

-
H

ow
to

construct
w

aveletbasesw
hich

characterize
the

di�erence
b

etw
een

tw
o

successive
levels

of
pro

jection
?

S
everalapproaches

(b
y

order
of

generality):
orthogonalw

avelets,
biorthogonalw

avelets,generalizedw
avelets.

27



'&

$%

A
fundam

ental
rem

ark

S
caling

function
'

2
V

0
�

V
1

should
satisfy

a
tw

o
scale

equation

'
(t)

=
Xn
2

ZZ

h
n '

(2t
�

n
)

-
E

xpressesthat
V

j
�

V
j+

1
since

by
change

of
variable

w
e

obtain
'

j;k
=

1p2

P
n

2
ZZ

h
n '

j+
1

;2k
+

n .

-
E

xam
ple:

'
=

�
[0

;1] =
�

[0
;1=

2] +
�

[1
=

2;1] =
'

(2�)
+

'
(2

��
1),

i.e.
h

0
=

h
1

=
1,h

n
=

0
otherw

ise.

-
B

-splines
of

order
N

:
h

n
=

2
�

N
(N

+
1)!

n
!(N

+
1

�
n

)!
for

n
=

0;���
;N

+
1,

and
h

n
=

0
otherw

ise.

-
S

upport
of

'
and

discrete
support

of
(h

n )
have

sam
e

length.

28
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E
xam

ple:
quadratic

B
-spline

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0
0.5

1
1.5

2
2.5

3

'
(x)

=
34 ('

(2x
�

1)+
'

(2x
�

2))
+

14 ('
(2x)

+
'

(2x
�

3))

29
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O
rthonorm

al
w

avelets

A
ssum

ing
that

'
is

such
that

the
('

j;k
)k

2
ZZ

are
an

orthonorm
al

basis
so

that
P

j f
=

P
k

2
ZZ hf;'

j;k
i'

j;k
,

one
builds

the
w

avelet 
by

 
(t)

=
Xn
2

ZZ

g
n '

(2t
�

n
)

w
ith

g
n

=
(�

1) nh
1�

n .
T

hen
( 

j;k
)k

2
ZZ

are
an

orthonorm
al

basis
of

the
orthogonalcom

plem
ent

W
j

of
V

j
in

to
V

j+
1

so
that

Q
j f

=
(P

j+
1

�
P

j )f
=

Xk
2

ZZ hf; 
j;k

i 
j;k

:

W
e

th
us

can
decom

pose
f

in
the

orthonorm
al

basis
of

L
2(IR

)

f
=

P
0 f

+
P

j�
0

Q
j f

=
P

k
2

ZZ hf;'
0;k i'

0;k
+

P
j�

0

P
k

2
ZZ hf; 

j;k
i 

j;k
:
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C
onstructing

orthonorm
al

scaling
functions

Idea:
de�ne

'
im

plicitely
as

a
solution

of
the

tw
o

scale
equation.

P
roblem

:
design

coe�cien
ts

h
n

such
that

'
has

prescribed
prop

erties,e.g
orthnorm

ality.,
com

pactsupport,
sm

oothness,high
order

approxim
ation

prop
erties

of
the

corresponding
V

j
spaces.

O
rthonorm

ality
:

P
n

h
n h

n
+

2
k

=
2

if
k

=
0;

0
otherw

ise.

O
rder

N
:

P
n

h
n

=
2

et
P

n (�
1) nn

m
h

n
=

0;
m

=
0;���

;N
.

T
he

construction
of

D
aubechies

(1988):
for

each
N

>
0,a

sequence
(h

n )
supported

on
f0;���

;2N
�

1g,
such

that
solution

'
N

com
pactly

supported
in

[0;2N
�

1]has
orthonorm

al
translates,and

resulting
V

j
spaceshave

approxim
ation

order
N

.
A

lso
'

N
2

C
s(N

)

w
ith

s(N
)

�
N

=5
as

N
!

1
.

E
xcept

'
1

=
�

[0
;1] ,

no
explicit

expression.
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E
xam

ple

O
rthonorm

al
scaling

function
and

w
aveletin

the
caseN

=
2

(sm
oothnesss(2)

�
0:55).

-0.4

-0.2 0

0.2

0.4

0.6

0.8 1

1.2

1.4

0
0.5

1
1.5

2
2.5

3
-1.5 -1

-0.5 0

0.5 1

1.5 2

0
0.5

1
1.5

2
2.5

3
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B
iorthogonal

w
avelets

Idea:
replace

orthogonality
assum

ption
by

a
dualscaling

function
~'

=
P

n
2

ZZ
~h

n
~'(2

��
n

)
such

that
h'

j;k
;

~'
j;l i

=
1

if
k

=
l;

0
otherw

ise.

-
N

on-orthogonalpro
jector

P
j f

=
P

k
2

ZZ hf;
~'

j;k
i'

j;k
.

-
D

ual
w

avelets
 

=
P

n
2

ZZ
g

n '
(2

��
n

)
and

~ 
=

P
n

2
ZZ

~g
n

~'(2
��

n
),

w
ith

g
n

=
(�

1) n~h
1�

n
and

~g
n

=
(�

1) nh
1�

n .

-
S

atisfy
h 

j;k
;

~ 
j;l i

=
1

if
k

=
l;

0
otherw

ise
and

h'
j;k

;
~ 

j;l i
=

h~'
j;k

; 
j;l i

=
0.

-
P

ro
jector

Q
j f

=
(P

j+
1

�
P

j )f
=

P
k

2
ZZ hf;

~ 
j;k

i 
j;k

onto
non-orthogonalcom

plem
ent

W
j

=
V

j+
1

\
~V

?j

R
esults

in
a

decom
position

of
f

in
a

biorthogonalbasis
of

L
2(IR

)

f
=

P
0 f

+
P

j�
0

Q
j f

=
P

k
2

ZZ hf;
~'

0;k i'
0;k

+
P

j�
0

P
k

2
ZZ hf;

~ 
j;k

i 
j;k

:
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C
onstructing

dualscaling
functions

S
im

ilar
approach

as
in

the
orthogonalcase:use

the
re�nem

ent
equation

w
ith

prop
er

design
of

the
coe�cien

ts
h

n
and

~h
n .

D
uality:

P
n

~h
n h

n
+

2
k

=
2

if
k

=
0;

0
otherw

ise.

M
ore


exible:
one

can
prescribe

the
h

n
and

therefore
the

function
'

,
and

lo
ok

for
coe�cien

ts
~h

n
solutions

of
the

resulting
linear

equations
(not

unique).
In

particular,
one

can
obtain

dual
functions

for
the

B
-splines

of
degreeN

.
E

xam
ple:

~',
~ 

and
 

for
linear

splines
(N

=
1)

w
ith

~h
0

=
3=4, ~h

�
1

=
1=4

and
~h

�
2

=
�

1=8.

-2 -1 0 1 2 3 4 5

-2
-1.5

-1
-0.5

0
0.5

1
1.5

2
-4 -3 -2 -1 0 1 2 3 4 5 6

-1
-0.5

0
0.5

1
1.5

2
-0.6

-0.4

-0.2 0

0.2

0.4

0.6

0.8 1

1.2

1.4

1.6

-1
-0.5

0
0.5

1
1.5

2
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T
he

fast
w

avelettransform
algorithm

C
onnectstandard

and
m

ultiscale
representations

f
=

Xk
2

ZZ

c
J

;k '
J

;k
=

Xk
2

ZZ

c
0;k '

0;k
+

J
�

1
Xj=

0

Xk
2

ZZ

d
j;k

 
j;k

;

by
the

sam
e

hierarchicalpro
cedure

as
for

the
H

aar
system

.

B
asic

step
c

j+
1

$
(c

j ;d
j )

in
the

biorthogonalcase:

D
ecom

position:
use

dualtw
o

scale
equation

c
j;k

=
hf;

~'
j;k

i
=

hf;
1p2

P
n

2
ZZ

~h
n

~'
j+

1
;2k

+
n i

=
1p2

P
n

2
ZZ

~h
n c

j+
1

;2k
+

n
=

1p2

P
n

2
ZZ

~h
n

�
2k c

j+
1

;n
:

and
sim

ilarly
for

d
j;k

.
T

herefore

c
j;k

=
1p
2

Xn
2

ZZ

~h
n

�
2k c

j+
1

;n
and

d
j;k

=
1p
2

Xn
2

ZZ

~g
n

�
2k c

j+
1

;n
:

35



'&

$%

R
econstruction:

use
prim

al
scale

equation

P
j+

1
f

=
P

k
2

ZZ
c

j+
1

;k '
j+

1
;k

=
P

n
2

ZZ
c

j;n
'

j;n
+

P
n

2
ZZ

d
j;n

 
j;n

=
P

n
2

ZZ
c

j;n
[

1p2

P
k

2
ZZ

h
k

�
2n '

j+
1

;k ]

+
P

n
2

ZZ
d

j;n
[

1p2

P
k

2
ZZ

g
k

�
2n '

j+
1

;k ]

=
P

k
2

ZZ
1p2 [ P

n
2

ZZ
c

j;n
h

k
�

2n
+

P
n

2
ZZ

d
j;n

g
k

�
2n ]'

j+
1

;k :

B
y

identi�cation
of

the
coordinates

in
the

�rst
and

last
expression,

w
e

obtain

c
j+

1
;k

=
1p
2

Xn
2

ZZ

c
j;n

h
k

�
2n

+
1p
2

Xn
2

ZZ

d
j;n

g
k

�
2n :

R
em

ark:
these

algorithm
s

only
use

the
coe�cien

ts
(h

n ; ~h
n ;g

n ;~g
n ),

not
the

functions
(';

 
;

~';
~ ).
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S
ignalpro

cessingin
terpretation

T
w

o
channel�lter

bank
(lo

w
passand

high
pass).

2c
**

*

2  2
22

cd

cj+
1,k

j,k

j,k

hg
*  g

~ ~
-n -n

n n
h

j+
1,k

R
em

ark:
In

practice,discretized
data

have
�nite

support
c

J
=

(c
J

;k )k
=

0
;���

;2
J

�
1

)
adaptation

of
the

�ltering
pro

cessis
needednearthe

b
oundary.

S
im

plestsolutions:
extension

by
p

eriodization
or

sym
m

etrization
of

the
signal,or

b
oundary

adapted
M

R
A

and
w

avelets.
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W
aveletcharacterizations

of
functions

spaces

Let
f

=
P

d
�  

� ,
d

�
=

hf;
~ 

� i.

-
L

2
characterized

by
kf

k
22

�
kP

0 f
k

22
+

P
j�

0
kQ

j f
k

22
�

P
jd

� j 2.

-
S

obolev
spaceH

s
=

W
s;2

characterized
by

kf
k

2H
s

�
kP

0 f
k

22 +
Xj�

0

2
2sjkQ

j f
k

22
�

X
2

2sj�
jjd

� j 2
�

X
kd

�  
� k

2H
s :

-
B

esov-S
obolev

spaceB
sp;p

characterized
by

kf
k

pB
sp;p

�
kP

0 f
k

pp
+

P
j�

0
2

psjkQ
j f

k
pp

�
P

2
psj�

jkd
�  

� k
pp

�
P

2
psj�

j2
pd

(1
=

2�
1=

p
)j�

jjd
� j p

�
P

kd
�  

� k
pB

sp;p
:

R
em

ark:
B

sp;p
=

W
s;p

if
s

=2
IN

or
p

=
2

and
B

s1
;1

=
C

s
if

s
=2

IN
.

A
ll

this
holds

provided
that

 
�

has
enough

sm
oothness
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Four
equivalent

m
easurem

ent
of

sparsity

(i)
w

eak
spaces:C

ardf�
s:t:jd

� j>
�g

�
C

�
�

p
i.e.

(d
� )

2
w

`
p.

(ii)
decreasingrearrangem

ent:
d

n
�

C
n

�
1=

p
w

here
(d

n )n
�

0
is

the
decreasingp

erm
utation

of
(jd

� j).

(iii)
b

estN
-term

nonlinear
approxim

ation:
if

p
<

2,s
=

1=
p

�
1=2,

kf
�

X

N
largest

jd
�

j d
�  

� k
L

2
=

[ Xn
�

N

d
2n ] 1=

2
�

C
[ Xn

�
N

n
�

2=
p] 1=

2
�

C
N

�
s

(iv)
approxim

ation
by

thresholding
algorithm

s:
if

p
<

2,

kf
�

Xjd
�

j�
�

d
�  

� k
L

2
�

C
�

1�
p=

2
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Linear
approxim

ation
results

-
V

h :
�nite

elem
ent

spacediscretizing
a

dom
ain



�

IR
d.

-
N

:=
dim

(V
h )

�
vol(
)

h
�

d

-
W

s;p
:=

ff
2

L
p(
)

s:t:
D

�f
2

L
p(
)

;
j�

j�
sg

C
lassical�nite

elem
ent

approxim
ation

theory
(B

ram
ble-H

ilb
ert,

C
iarlet-R

a
viart,

S
trang-F

ix):
provides

w
ith

the
classicalestim

ate

f
2

W
s+

t;p
)

inf
g

2
V

h

kf
�

gk
W

s;p
�

C
h

t
�

C
N

�
t=

d;

assum
ing

that
V

h
has

enough
p

olynom
ialreproduction

and
is

contained
in

W
sp .
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N
onlinear

approxim
ation

results

N
-term

s
approxim

ations:
�

N
:=

f P
�

2
�

d
�  

�
;

#(�)
�

N
g.

-
R

ate
of

decay
governed

by
w

eaker
sm

oothnessconditions
(D

eV
ore):

w
ith

1=
q

=
1=

p
+

t=
d

f
2

W
s+

t;q
)

inf
g

2
�

N

kf
�

gk
W

s;p
�

C
N

�
t=

d;

-
For

m
osterror

norm
X

(e.g.
L

p,
W

s;p,
B

sp;q ),
a

nearoptim
al

approxim
ation

is
obtained

by
thresholding

:
if

f
=

P
�

d
�  

� ,
and

f
N

:=
P

N
largest

k
d

�
 

�
k

X
d

�  
� ;

w
e

then
have

kf
�

f
N

k
X

�
C

inf
g

2
�

N

kf
�

gk
X

w
ith

C
independent

of
f

and
N

.

-
R

em
ark:

a
sim

ilar
theory

for
piecew

isep
olynom

ialapproxim
ation

on
N

adaptive
triangles

is
still

to
b

e
com

pleted.
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P
ictorial

in
terpretation

of
approxim

ation
results

1/p
1/q=

1/p+
t/d

s

s+
t

O
(N

O
(N

-t/d

Linear
N

onlinear

(S
lope d)

p 
L

 spaces

X
 : m

easurem
ent of the error

p
(s derivatives in L  )

s
C

   spaces

E
m

bedding
in X

N
o em

bedding 
in X

  )
  )

-t/d
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A
naive

encoding
algorithm

Q
uantization

of
the

coe�cien
ts

f
�

encoded
on

N
(jf

� j)
bits:

f
�

7!
~f�

-
F

ix
a

threshold
�

>
0.

-
If

jf
� j�

�
:

discard
~f�

=
0,i.e.

use
0

bits.

-
If

2
j�

1�
<

jf
� j�

2
j�

w
ith

j
�

1
:

encode
~f�

on
j

bits.

)
A

ccuracy
jf

�
�

~f� j�
�.

f n

n
3
 b

its
    2

 b
its

          1
 b

it               S
e
u
illé

2
h

8
h

4
hh
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P
erform

ance
for

the
m

odel(f
� )

2
`

pw
w

ith
p

<
2

D
istorsion:

L
2-error

after
reconstruction

E
2

=
P

�
jf

�
�

~f� j 2

�
�

2C
ardf�

;
jf

� j>
�g

+
P

jf
�

j�
�

jf
� j 2

�
C

�
2�

p:

R
ate:

num
b

er
of

bits
used

to
encode

the
coe�cien

ts

N
=

P
j�

1
jC

ardf�
;

2
j�

1�
<

jf
� j�

2
j�g

�
P

j�
1

jC
ardf�

;
2

j�
1�

<
jf

� jg

�
C

P
j�

1
j(2

j�
1�) �

p
=

C
�

�
p

P
j�

1
j2

�
p

(j�
1)

=
~C�

�
p

R
ate/D

istorsion
p

erform
ance:E

�
C

N
�

2
�

p
2

p
=

C
N

�
s

w
ith

1=
p

=
s

+
1=2.

44



'&

$%

A
dressing:exploits

the
hierarchicalstructure

of
m

ultiscale
representations

: coefficients |f   |>
h

l
h

l
: m

inim
al tree including coefficients |f   |>

C
ostof

addressing:N
bits

�
C

ard(T
ree).

P
rogressive

encoding:
�

:1
7!

1=2
7!

1=4
���

1 bit           
2 bits

1 bit           
1 bit           

2 bits
3 bits

45



'&

$%

M
o

deling
realim

agesby
functions

of
b

ounded
variation

I
2

B
V

if
and

only
if

I
2

L
1

and
r

I
is

a
�nite

m
easure

P
rototyp

e: �



w
here

@



has
�nite

length.

In
tuition:

Im
ages

are
\piecew

ise
sm

ooth"
and

their
singularities

(edges)have
�nite

total
length.

T
heorem

(1998):f
2

B
V

([0;1] 2)
)

(f
� )

2
w

`
1

i.e.
f

n
�

C
=

n.

-
B

V
is

\alm
ost

characterized"
since

(f
� )

2
`

1
)

f
2

B
V

([0;1] 2).
-

O
ptim

al
estim

ate
for

w
avelets:if

f
=

�



then
f

n
�

c=
n.

-
O

ptim
al

estim
ate

am
ong

all
bases
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A
pplication

to
denoising

B
ridge

b
etw

een
variational

m
ethods

and
thresholding

algorithm
s.

T
he

B
V

+
noise

m
odel:

f
=

g
+

h,
w

ith
jgjB

V
sm

alland
khk

L
2

sm
all.

Lions-O
sher-R

udin
m

inim
ization

problem
:

given
the

im
age

f
(x;y),

solve

m
in

g
+

h
=

f fk
hk

2L
2

+
�jgjB

V
g

=
m

ing
fk

f
�

gk
2L

2
+

�jgjB
V

g:

M
inim

izer
g

=
denoisedim

age.N
ot

strictly
convex

)
com

putationally
in

tensive.

T
heorem

:
If

~f
:=

P
jf

�
j>

�
f

�  
� ,

then

kf
�

~fk
2L

2
+

�j ~fjB
V

�
C

m
ing

fk
f

�
gk

2L
2

+
�jgjB

V
g;

w
ith

C
independent

of
f

and
�.
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O
ptim

alit
y

of
adaptive

encoding
on

B
V

W
e

expectrate/distorsion
p

erform
ancesE

�
C

N
�

1=
2

w
hen

applying
w

aveletadaptive
encoding

to
B

V
functions.

K
olm

ogorov
"-entrop

y:
if

K
a

com
pactsetof

L
2,

w
e

let
N

(")
b

e
the

m
inim

al
num

b
er

of
balls

of
radius

"
w

hich
is

neededto
cover

K
and

de�ne
the

entrop
y

H
(")

:=
log

N
(")=

log
2.

H
("):

m
inim

al
num

b
er

of
bits

to
encode

the
elem

ents
of

K
w

ith
accuracy

".

T
heorem

:
if

K
=

U
(B

V
\

L
1

),
then

inffs
;

H
(")

�
C

s "
�

sg
=

2.

T
herefore,w

e
cannotexpectb

etter
than

E
�

C
N

�
1=

2
for

any
encoding

strategy
applied

to
B

V
functions.
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W
hat

did
w

e
prove

?

In
a

w
orld

w
here

im
agesare

B
V

functions
and

the
eye

m
easures

the
error

in
L

2,
w

avelets
are

the
b

estto
ol!

M
o

delfor
im

ages
E

rror
m

easure

T
he

setof
\real

im
ages"

S
ensitivity

of
hum

an
eye

B
V

L
2

T
ow

ard
b

etter
m

odels:Im
age

=
geom

etry
+

texture
.

G
eom

etry
(ob

jects):
take

in
to

account
the

sm
oothnessof

edges
(ignored

in
B

V
m

odeling).

T
exture

(or
noise):in

tro
duce

statistical
m

odeling,and
a

di�eren
t

error
m

easurethan
for

geom
etry.49
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W
avelets

and
edges

Im
age:

f
=

�



,
w

ith
@



sm

ooth.

f
N

=
approxim

ation
by

N
largest

w
aveletcoe�cien

ts

)
kf

�
f

N
k

L
2

�
N

�
1=

2

P
roblem

:
im

p
osesisotropic

re�nem
ent

f
N

=
piecew

iselinear
in

terp
olation

on
N

optim
aly

selectedtriangles

)
kf

�
f

N
k

L
2

�
N

�
1

P
roblem

:
non-supervised

algorithm
?

50
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G
reedy

algorithm
s

for
adaptive

triangulations

O
ptim

al
triangulation

:
N

P
hard

problem
.

A
daptiv

e
re�nem

ent
algorithm

s
:

from
an

initial
coarse

triangulation
T

0 ,
add

p
oints

iterativ
ely,

e.g.at
the

lo
cation

w
here

the
in

terp
olation

error
is

the
largest.

A
daptiv

e
coarseningalgorithm

s
:

from
a

very
�ne

triangulation
T

0 ,
rem

ove
p

oints
iterativ

ely.
C

riterion
for

p
oint

rem
oval:

m
inim

ize
the

anticipated
approxim

ation
error

w
hen

retriangulating
(using

e.g.D
elaunay

triangulation).

A
lgorithm

s
stop

w
hen

reaching
the

m
inim

al
num

b
er

of
triangles

N
for

w
hich

a
prescribed

error
D

is
ensured.

O
p

en
problem

:
do

greedy
algorithm

allow
to

obtain
the

rate
D

�
C

N
�

1
for

piecew
isesm

ooth
functions

such
as �



?
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E
xam

ple

D
igital

color
im

age
T

riangulation
by

thinning
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S
parsegeom

etric
representations

-
D

onoho
and

C
andes:sparserepresentations

based
on

curvelets
fram

es
allow

us
to

recover
kf

�
f

N
k

L
2

�
N

�
1[log

N
] 3=

2
w

ith
a

thresholding
algorithm

for
piecew

iseC
2

functions
w

ith
C

2
edges

(curveletcoe�cien
ts

are
-

roughly
-

in
w

`
2=

3).
C

losely
related

:
contourlets

(D
o

and
V

etterli).

-
M

allat
and

Le
P

ennec:sparserepresentation
based

on
bandlets

(selection
of

a
basis

adapted
to

the
edgesof

the
im

age).
H

igher
convergencerates

for
sm

oother
edges.

-
A

randiga,
D

onat,
A

.C
.:

sparserepresentations
based

on
nonlinear

m
ultiscale

decom
positions

(initially
in

tro
duced

by
H

arten)
w

hich
include

a
lo

caledge
�tting

pro
cedure.C

losely
related

:
w

edgelets
(D

onoho),
w

edgeprints
(B

araniuk,
R

om
b

erg,W
akin),

nonlinear
lifting

schem
e

(B
araniuk,

C
layp

oole,D
avis

and
S

w
eldens).
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N
ew

m
odels

W
hat

are
the

good
function

classesto
represent

geom
etric

im
ages?

-
H

orizon
m

odels
:

C
:=

C
(m

)
:=

ff
(x;y)

=
�

f y
�

h(x)g;
khk

C
m

�
M

g.

-
C

n=
C

m
m

odels
:

C
:=

C
(n;m

)
piecew

iseC
n

functions
w

ith
piecew

iseC
m

edge
discontin

uities.

N
ew

problem
s

for
approxim

ation
/

com
pressionm

ethods
f

7!
f

N

(N
param

eters
/

N
bits)

:

B
ehaviour

on
a

m
odelclass:

f
2

C
)

kf
�

f
N

k
X

<�
N

�
r

w
ith

r
=

r(C
)

optim
al

rate
?

E
xam

ple
:

for
X

=
L

p
then

r(C
(m

;n
))

:=
m

in
f

mp
;

n2 g.

U
niv

ersality
:

m
ethod

achieves
optim

al
rate

for
various

classes.

In
verse

results
:

kf
�

f
N

k
X

<�
N

�
r

)
f

2
??

or
at

leastw
hat

is
the

m
inim

al
am

ount
of

piecew
isesm

oothnessand
edge

sm
oothness

w
hich

ensuresthe
rate

r
?
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T
exture

:
classicalerror

norm
s

are
inappropriate

f
1

f
2

=
�

f
1

f
3

=
0

for
any

norm
kf

1
�

f
2 k

�
kf

1
�

f
3 k

!
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M
easuring

error
for

piecew
isesm

ooth
functions

L
1

large
L

p
low

L
p

low

A
geom

etric
solution

:
H

ausdor�
distance

b
etw

een
graphs

d
H

(f;g)
=

d(G
f ;G

g );
d(A

;B
)

=
sup
y

2
A

inf
x

2
B

jx
�

yj+
sup
y

2
B

inf
x

2
A

jx
�

yj:

O
p

en
p

erspective
:

develop
approxim

ation
and

com
pression

strategies
w

hich
are

adapted
to

this
error

m
etric

w
ith

optim
al

rates
r(C

(m
;n

))
:=

m
in

fm
;

n2 g
(probably

not
w

ith
basesor

fram
es

:
d

H

does
not

tolerate
G

ibbs
phenom

enon).
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H
arten's

discrete
m

ultiresolution
fram

ew
ork

-
u

j
=

(u
j
 )


2
�

j
discrete

data
at

resolution
2

�
j.

-
R

estriction
operator

(linear):
u

j
=

P
j+

1
j

u
j+

1
.

-
P

rediction
operator

( p
ossibly

nonlinear):
û

j+
1

=
P

jj+
1

u
j

approxim
ation

of
u

j+
1

.

C
onsistancy

assum
ption:P

j+
1

j
P

jj+
1

=
I

�
j .

P
rediction

error
e

j+
1

=
u

j+
1

�
û

j+
1

b
elongsto

the
null

spaceof
P

j+
1

j
and

can
b

e
expressedas

a
non-redundant

vector
d

j
using

a
basis

of
this

null
space.

T
herefore:

u
J

,
(u

J
�

1;d
J

�
1)

,
(u

J
�

2;d
J

�
2;d

J
�

1)

���,
(u

0;d
0;���

;d
J

�
1)
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T
he

cell-average
context

in
1D

u
j

=
(u

jk )k
2

ZZ
w

here
u

jk
=

jI
j;k

j �
1

R
I

j
;k

u(t)dt
and

I
j;k

:=
2

�
j[k;k

+
1].

)
�xes

the
restriction

operator

u
jk

=
12

(u
j+

1
2k

+
u

j+
1

2k
+

1
)

=
12

(û
j+

1
2k

+
û

j+
1

2k
+

1
);

by
consistancy

assum
ption.T

herefore
the

error
oscillates

e
j+

1
2k

+
e

j+
1

2k
+

1
=

0
and

can
b

e
encoded

e.g.by
de�ning

d
jk

:=
e

j+
1

2k
.

P
roblem

:
choice

of
an

appropriate
prediction

operator.
S

hould
b

e
accurate

for
the

classsignalof
in

terestso
that

the
resulting

m
ultiscale

representation
is

as
sparseas

p
ossible.

E
xam

ple
1:

linear
and

\lazy"
prediction

T
ake

û
j+

1
2k

=
û

j+
1

2k
+

1
:=

u
jk .

E
quivalent

to
the

decom
position

in
the

H
aar

basis. P
roblem

:
low

order
accuracy
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E
xam

ple
2

:
linear

and
higher

order
accurate

prediction

e.g.third
order

accurate:D
e�ne

p
k (x)

as
the

quadratic
p

olynom
ial

s.t.
u

jl
=

jI
j;l j �

1
R

I
j

;l
p

k ,
l

=
k

�
1;k;k

+
1.

T
ake

û
j+

1
2k

=
jI

j+
1

;2k j �
1

R
I

j
+

1
;2

k
p

k
and

û
j+

1
2k

+
1

=
jI

j+
1

;2k
+

1
j �

1
R

I
j

+
1

;2
k

+
1

p
k .

E
quivalent

to
biorthogonalw

avelet(B
W

)
decom

positions
w

ith
~'

=
�

[0
;1] .

P
roblem

:
an

isolated
jum

p
discontin

uity
at

som
e

p
oint

x
a�ects

the
B

W
prediction

error
(and

th
us

the
size

ofdetails)
on

m
ore

in
tervals

than
in

the
lazy

case.

x59
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E
xam

ple
3:

nonlinear
essentially

non
oscillatory

(E
N

O
)

prediction

Idea:
replace

p
k

in
the

previous
construction

by
~p

k
selectedas

the
leastoscillatory

p
olynom

ialam
ong

fp
k

�
1 ;p

k ;p
k

+
1

g.

S
everalp

ossiblilities
criterion

have
b

een
prop

osed
to

m
easurethe

oscillation:
jp

00j,
R

jI
j

;k
j jp

0j 2,
�nite

di�erences

ju
j;k

�
1

�
2u

j;k
�

u
j;k

+
1

j
or

ju
j;k

�
1

�
u

j;k
j+

ju
j;k

�
u

j;k
+

1
j.

N
onlinearly

data
dependent

:
the

resulting
m

ultiscale
decom

position
is

not
a

change
of

basis

A
dvantage:

reducesthe
num

b
er

of
in

tervals
w

ith
bad

prediction.
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E
xam

ple
4:

E
N

O
w

ith
subcellresolution

(E
N

O
-S

R
)

prediction

-
S

tep
1:

detectthe
in

tervals
w

hich
m

ight
contain

a
discontin

uity.
!

-
S

tep
2:

in
such

in
tervals,de�ne

the
reconstructed

function
as

a
piecew

isep
olynom

ial,
e.g.

~p
k

=
a �

]�1
;y

] +
b �

[y
;+

1
[ ,

w
here

a
=

u
jk

�
1 ,

b
=

u
jk

+
1

w
here

the
estim

ated
jum

p
p

oint
y

is
chosen

such
that

u
jk

=
R

I
j

;k
~p

k .y

-
For

other
in

tervals
(or

if
y

=2
I

j;k
),

use
E

N
O

prediction.

A
dvantage:

im
pro

ved
accuracy

nearthe
singularity

w
hich

is
resolved

by
coarsescales.
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N
um

ericalexam
ple

-0.4

-0.2 0

0.2

0.4

0.6

0
200

400
600

800
1000

f(x)

 x

0 1 2 3 4 5 6 7 8 9

0
0.2

0.4
0.6

0.8
1

0 1 2 3 4 5 6 7 8 9

0
0.2

0.4
0.6

0.8
1

O
riginal

function
and

details
jd

jk j>
10

�
2

for
B

W
and

E
N

O
-S

R

-0.4

-0.2 0

0.2

0.4

0.6

0
200

400
600

800
1000

f(x)

 x

-0.4

-0.2 0

0.2

0.4

0.6

0
200

400
600

800
1000

f(x)

 x

R
econstruction

from
coarseaveragesu

3
for

B
W

and
E

N
O

-S
R
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In
tuition

P
iecew

isesm
ooth

functions
can

b
e

w
ellapproxim

ated
from

their
coarsescale

com
ponents,

so
that

all
details

are
sm

all.

S
im

ilar
ideas

:
G

ottlieb-T
adm

or
(reconstruction

of
piecew

ise
sm

ooth
functions

from
spectraldata),

V
etterli

(sam
pling

theorem
s

for
signals

w
ith

�nite
rate

of
innovation).

T
he

reconstruction
operator

is
based

on
an

underlying
m

odel

P
rediction

M
o

del(accuracy)
S

im
pli�ed

m
odel(exactness)

B
W

S
m

ooth
functions

P
olynom

ials

E
N

O
-S

R
P

iecew
isesm

ooth
P

iecew
isep

olynom
ials

E
dge-A

dapted
(E

N
O

-E
A

)
nonlinear

reconstruction
(M

atei,
A

C
)

:
underlying

m
odelis

piecew
isesm

ooth
functions

separated
by

piecew
isesm

ooth
edges,sim

pli�ed
m

odelis
piecew

isep
olynom

ial
separated

by
straight

line
(m

ore
generally

algebraic
curves)
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A
ccurate

reconstruction
of

piecew
isesm

ooth
im

ages

P
iecew

isesm
ooth

im
age

C
oarse

scale
averages

Linear
E

N
O

-S
R

T
ensorP

ro
duct

E
N

O
-E

A
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E
dge-A

dapted
prediction

(E
N

O
-E

A
)

F
irst

step
:

edge
detection

based
on

the
1D

technique
:

a
cellS

is
singular

if
the

stencils
associated

to
adjacent

cells
tend

to
avoid

it,
in

the
horizontal

or
vertical

direction

S
econdstep

:
edge

selection
based

on
sim

pli�ed
m

odel.

Im
age

peppers
:

b
efore

and
after

selection
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�

�

A
dm

issible
and

non-adm
issible

con�gurations
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T
hird

step:
reconstruction

-
O

n
cells

w
hich

are
far

from
singular

cells:use
bi-quadratic

p
olynom

ialreconstruction
based

on
the

centered
3

�
3

stencil.

-
O

n
cells

w
hich

are
adjacent

to
a

singular
cell:

use
E

N
O

reconstruction,i.e.
bi-quadratic

p
olynom

ialbased
on

a
stencil

w
hich

w
ill

tend
to

avoid
the

singular
cell.

-
O

n
singular

cell:
generalizethe

E
N

O
-S

R
strategy

by

(i)
identi�cation

of
a

line
edge

fpx
+

qy
=

1g

(ii)
recontruction

of
a

piecew
isep

olynom
ialfunction

~p
k (x;y)

=
p

+k
(x;y) �

f
px

+
qy

�
1g

+
p

�k
(x;y) �

f
px

+
qy

<
1g

R
em

ark
:

the
inform

ation
of

w
hich

stencilis
used

and
w

hich
cells

are
singular

does
not

need
to

b
e

encoded
since

it
is

contained
in

the
num

ericalvalues
of

the
representation.

O
veralltransform

com
plexity

is
O

(N
)

as
in

standard
w

avelettransform
s.
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H
ow

does
it

w
ork

?

-
Identi�cation

of
the

param
eters

:
apply

the
1D

strategy
applied

on
the

three
row

s
+

construct
leastsquare

line
from

the
m

id-p
oints

of
each

segm
ents.
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-
C

om
pute

p
olynom

ials
p

+k
and

p
�k

using
3

�
3

stencils
from

b
oth

side
of

the
singular

con�guration.67
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E
xactnessfor

the
sim

pli�ed
m

odel

T
heorem

(M
atei,

A
C

)
:

this
reconstruction

is
exactfor

functions
w

hich
are

piecew
iseconstant

separated
by

straight
edges.

O
riginal

im
age

C
oarse

scale
averages

R
econstruction

It
is

also
exactfor

bi-quadratic
p

olynom
ials.

It
should

therefore
treat

prop
erly

piecew
isesm

ooth
functions.
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A
ccurate

reconstruction
for

piecew
isesm

ooth
im

ages

C
oarse

scale
B

W
E

N
O

-E
A
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Q
uestions

-
For

piecew
isesm

ooth
functions,

do
w

e
obtain

representations
w

hich
are

sparserthan
classicalw

aveletdecom
positions

?

-
D

o
they

b
ehave

sim
ilar

for
classicalfunction

spaces(H
•older,

S
obolev,B

esov
and

B
V

)
?

-
D

oes
sparsity

im
ply

approxim
ation

p
ow

er,i.e.
can

w
e

control
the

thresholding
error

?
A

m
ounts

in
understanding

the
stability

prop
erties

of
the

reconstruction

kM
�

1(M
u

+
p)

�
uk

a
<�

kpk
b

for
k

�k
a

and
k

�k
b

som
e

prescribed
norm

s.

-
H

ow
do

these
m

ethods
b

ehave
on

realim
ages?
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Im
pro

ved
sparsity

for
piecew

isesm
ooth

functions

If
f

is
piecew

iseC
2

w
ith

jum
ps

acrossa
�nite

union
of�nite

length
C

2
curves,w

e
expectat

scale
2

�
j

in
the

E
N

O
-E

A
representation

:

-O
(2

2j)
coe�cien

ts
estim

ated
by

O
(2

�
3j)

(sm
ooth

regions)

-O
(2

j)
coe�cien

ts
estim

ated
by

O
(2

�
3j=

2)
(edges)

-O
(1)

coe�cien
ts

estim
ated

by
O

(2
�

j)
(T

-junctions
and

corners)

)
C

onjecture
:

coe�cien
t

sequenceb
elongsto

w
`

2=
3

(w
ould

im
ply

kf
�

f
N

k
L

2
<�

N
�

1
for

a
decom

position
in

a
R

iesz
basis).
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C
onjecture

observed
in

practice

D
ecay

of
the

decreasinglyrearranged
detail

coe�cien
ts

of
the

geom
etric

picture
w

ith
B

W
and

E
N

O
-E

A
.

1 10

100

1000

10000

10
100

1000
10000

100000

N

C
oefficients m

ultiechelles ranges par ordre decroissant im
age graphe

ea
bw

In
the

central
regim

e,regressiongives
slopes

�
1:12

and
�

1:47.
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L
2-stability

is
observed

for
thresholding

algorithm
s

Let
f

N
:=

M
�

1R
E

N
M

f
w

ith
R

E
N

restriction
to

E
N

setof
N

largestcoe�cien
ts.

-
W

aveletdecom
positions

kf
�

f
N

k
2L

2
�

P
�

=2
E

N
jd

� j 2
(R

iesz
basis)

-
E

N
O

-E
A

representation
:

the
observed

ratio
k

f
�

f
N

k
2L

2
P

�
=2

E
N

jd
�

j 2
rem

ains

b
ounded.

0.2

0.4

0.6

0.8 1

1.2

1.4

1000
10000

100000

log 

log n

E
rreur versus residu  pour l'im

age geom
 

lineaire 
ea

R
atio

b
etw

een
error

and
residual(a)

B
W

(b)
E

N
O

-E
A
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C
haracterization

of
function

spacesand
stability

T
heorem

(M
atei,

A
C

)
:

nonlinear
m

ultiscale
representations

based
on

E
N

O
,

E
N

O
-S

R
,E

N
O

-E
A

b
ehave

sim
ilar

as
w

avelet
decom

positions
w

ith
respectto

H
•older,S

obolev,B
esov

spaces.In
particular

kvk
B

sp;q
�

kv
0k

`
p

+
k(2

(s�
d=

p
)jkd

jk
`

p)j�
0 k

`
q:

for
0

<
s

<
s

�.

K
ey

ingredients
in

the
w

aveletsetting:
direct

estim
ate

inf
g

2
V

j kf
�

gk
L

p
<�

2
�

njkD
nf

k
L

p;

for
n

�
m

+
1

if
V

j
contain

p
olynom

ials
of

degreem
and

in
verse

estim
ate

kD
ngk

L
p

<�
2

njkgk
L

p
for

g
2

V
j :

for
n

�
r

w
here

r
is

the
levelof

L
p

sm
oothnessavailable

in
V

j .
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D
i�cult

y
:

in
the

nonlinear
setting,

the
spacesV

j
have

no
m

eaning.
T

hese
estim

ates
are

replaced
by

speci�c
prop

erties
ofthe

prediction
operator.

D
irect

estim
ate

7!
prediction

P
jj+

1
is

exactfor
p

olynom
ials

up
to

degreem
.

In
verse

estim
ate

7!
convergenceof

the
subdivision

pro
cess

u
0

!
P

01
u

0
!

P
12
P

01
u

0
!

���!
u

w
here

u
has

r
derivativ

e
in

L
p.

S
tability

:
E

N
O

,
E

N
O

-S
R

and
E

N
O

-E
A

are
unstable

due
to

stencil
selection.C

an
b

e
stabilized

by
using

a
stable

stencilselection.

E
xam

ple:
w

eighted
E

N
O

prediction
(W

E
N

O
)

D
e�ne

~p
k

as
a

convex
com

bination
~p

k
=

�
k p

k
�

1
+

�
k p

k
+



k p

k
+

1

w
here

(�
k ;�

k ;

k )

depend
(p

ossibly
sm

oothly)
on

the
data

(least
oscillatory

p
olynom

ialgets
the

largestw
eight).
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T
hresholding

algorithm
s

applied
to

geom
etric

im
ages

R
econstruction

using
1%

largestcoe�cien
ts

O
riginal

B
W

E
N

O
-E

A
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T
hresholding

algorithm
s

applied
to

w
eakly

textured
realim

ages

R
econstruction

using
3%

largestcoe�cien
ts

O
riginal

B
W

E
N

O
-E

A
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T
hresholding

algorithm
s

applied
to

strongly
textured

realim
ages

R
econstruction

using
3%

largestcoe�cien
ts

O
riginal

B
W

E
N

O
-E

A
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A
closerlo

ok
at

edge
reconstruction

O
riginal

B
W

E
N

O
-E

A
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D
econvolution

e�ect
of

E
N

O
-E

A
reconstruction

O
riginal

B
lurred

edge
E

N
O

-E
A

reconstruction

O
riginal

B
W

reconstruction
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E
Z

W
com

pressionapplied
to

geom
etric

im
age

(a)
B

W
P

S
N

R
32.55

(b)
E

N
O

-E
A

P
S

N
R

35.24
C

om
pressionratio

0.08
bpp
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E
B

C
O

T
com

pressionapplied
to

geom
etric

im
ages

(a)
B

W
P

S
N

R
34.93

(b)
E

N
O

-E
A

P
S

N
R

39.51
C

om
pressionratio

0.08
bpp
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E
Z

W
com

pressionapplied
to

p
oorly

textured
realim

ages

(a)
B

W
P

S
N

R
24.17

(b)
E

N
O

-E
A

P
S

N
R

23.97
C

om
pressionratio

0.25
bpp
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E
B

C
O

T
com

pressionapplied
to

p
oorly

textured
realim

ages

(a)
B

W
P

S
N

R
27.19

(b)
E

N
O

-E
A

P
S

N
R

26.21
C

om
pressionratio

0.25
bpp
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E
Z

W
com

pressionapplied
to

strongly
textured

realim
ages

(a)
B

W
P

S
N

R
26.09

(b)
E

N
O

-E
A

P
S

N
R

25.33
C

om
pressionratio

0.25
bpp
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E
B

C
O

T
com

pressionapplied
to

strongly
textured

realim
ages

(a)
B

W
P

S
N

R
26.84

(b)
E

N
O

-E
A

P
S

N
R

24.18
C

om
pressionratio

0.25
bpp
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A
ppro

xim
ation

results
for

E
N

O
-S

R
in

the
1D

case

T
heorem

(A
randiga,

D
onat,

D
yn,

A
C

02)
:

if
f

is
piecew

iseC
m

w
ith

a
jum

p
discontin

uity
at

som
e

isolated
p

oint
x,

then
for

h
<

h
c

:=
C

j[f
(x)]j

sup
t6=

a
jf

0(t)j ;

the
discontin

uity
is

detected
w

ith
accuracy

jx
�

yj�
C

h
m

+
1

.
T

he
reconstruction

satis�es
the

error
b

ound

kf
�

R
h f

k
L

p
�

C
h

m
=

p
�

C
N

�
m

=
p

;

and

d
H

(f;R
h f

)
�

C
h

m
�

C
N

�
m

:

R
em

ark
:

no
convergenceestim

ate
in

the
H

ausdor�
distance

for
nonlinear

w
aveletapproxim

ation.87
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A
ppro

xim
ation

results
for

E
N

O
-E

A
in

the
2D

case

T
heorem

(A
randiga,

D
onat,

D
yn,

A
C

04)
:

if
f

is
piecew

iseC
m

w
ith

a
jum

p
discontin

uity
acrossa

C
2

curve
E

,
then

for

h
<

h
c

:=
C

inf
t2E

j[f
(t)]j

sup
t=2E

jD
f

(t)j ;

the
edge

is
detected

w
ith

accuracy
O

(h
2).

T
he

reconstruction
from

coarseresolution
satis�es

the
error

b
ounds

kf
�

R
h f

k
L

p
�

C
h

2=
p

�
C

N
�

1=
p;

and
d

H
(f;R

h f
)

�
C

h
2

�
C

N
�

1:

T
he

m
ultiscale

coe�cien
ts

are
in

w
`

2=
3

and
the

reconstruction
from

an
adaptive

partition
(coarsersquaresaw

ay
from

the
edges)w

ith
N

square
satis�es

the
optim

al
rate

kf
�

f
N

k
L

p
�

C
N

�
2=

p
and

d
H

(f;f
N

)
�

C
N

�
2:
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S
um

m
ary

-
M

ultiscale
representations

sim
ilar

to
w

aveletdecom
positions

-
K

ey
idea

:
incorp

orate
a

m
odelw

ithin
the

transform

-
Im

pro
vem

ent
on

classicalw
avelets

for
geom

etric
im

ages(L
2

and
visual)

and
p

oorly
textured

im
ages(visual)

P
erspectives

-
C

om
pressionstrategy

based
on

splitting
geom

etry
and

texture
in

realim
ages(�rst

results
show

b
oth

L
2

and
visualim

pro
vem

ents).

-
D

evelopm
ent

and
analysis

of
stable

edge
adapted

m
ethods.

-
Incorp

orate
texture

and
blurring

w
ithin

the
prediction

m
odel.

-
A

pplications
to

other
problem

s,3D
extensions...
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S
plitting

geom
etry

and
texture

:
u

+
v

m
odels

Idea
:

im
age

f
=

u
+

v,
w

ith
u

piecew
isesm

ooth
(geom

etry)
and

v
oscillatory

(texture
and

noise).

P
roblem

:
H

ow
to

extract
u

and
v

from
f

?

O
sherand

R
udin

:
solve

the
m

inim
ization

problem
(w

ith
som

e
�

>
0)

inf
f

=
u

+
v

jujB
V

+
�

kvk
2L

2

M
eyer,O

sherand
V

ese:
replace

the
secondterm

by
by

kvk
G

w
ith

G
=

B
V

�
or

by
kvk

2H
�

1
(texture

should
b

e
very

oscillatory).

A
p

ossible
variant

(A
ujol

and
M

atei):
solve

the
m

inim
ization

problem

inf
f

=
u

+
v

;k
v

k
G

�
�

jujB
V

+
1�

kf
�

u
�

vk
2L

2 :

Im
plem

entable
by

an
iterativ

e
algorithm

.
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E
xam

ple
on

a
test

im
age

w
ith

texture

(a)
B

arbara
(b)

T
he

u
part

(�
=

0:02,�
=

60)
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A
u

+
v

approxim
ation/com

pression
algorithm

1.
f

is
splitted

in
to

u
+

v

2.
u

is
approxim

ated/enco
ded

w
ith

E
A

using
N

u
coe�cien

ts/bits

3.
v

is
approxim

ated/enco
ded

w
ith

B
W

using
N

v
coe�cien

ts/bits

4.
T

he
reconstruction

is
by

sum
m

ing
b

oth
reconstruction

~f
=

~u
+

~v

5.
T

he
total

budgetis
N

=
N

u
+

N
v

bits

R
em

arks
:

1.
T

he
e�ciency

of
this

approach
m

ight
vary

w
ith

(i)
the

choice
of

the
param

eters
�

and
�

in
the

splitting
pro

cedure
and

(ii)
the

choice
of

the
param

eters
N

u
and

N
v

for
a

�xed
budgetN

.

2.
T

hese
param

eters
can

b
e

optim
ized

for
a

given
coe�cien

t/bit
budgetN

.
H

ow
ever

only
(ii)

can
b

e
optim

ized
under

the
constraint

of
progressive

bitstream
.

3.
T

here
w

ould
b

e
no

gain
by

using
the

sam
e

basis
on

u
and

v.
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A
ppro

xim
ation

by
the

sam
e

num
b

er
of

coe�cien
ts

T
he

u
+

v
m

ethod
usesof

1=3
and

2=3
the

coe�cien
ts

for
u

and
v.

B
W

(24.23
db)

E
A

(22.13
db)

U
V

E
A

(24.79
db)
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A
ppro

xim
ation

by
the

sam
e

num
b

er
of

coe�cien
ts

T
he

u
+

v
m

ethod
usesof

1=2
and

1=2
the

coe�cien
ts

for
u

and
v.

O
riginal

B
W

(28.19
db)

U
V

E
A

(28.88
db)
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C
onclusion

E
m

erging
�eld

:
geom

etricalim
age

pro
cessing

C
onnexions

w
ith

num
ericaltechniques

for
P

D
E

's

M
any

other
p

ossible
approaches

M
any

open
problem

s

P
apers:w

w
w

.ann.jussieu.fr/~
cohen
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