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The world of digital images: Multimedia, digital photography and
video, HDTV,astronomy, medical imaging, etc.

Mathematical represenation of an image:
= Light intensity at point (X;Yy)
Black = 0 1I(x;y) 1= White

Digital image processing:mathematical operations applied to
| (X; y) through algorithms, aiming to perform speci c tasks
concerningthe image, sud as

- Restauration, denoising: reconstruct a good approximation of the
Image from a distorted or noisy obsenation.

- Compression,encaling : reducethe memory spaceneededfor the
storage of the image, while preservingits visual quality.
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Signi cant ewolution since80-90's
Methods
Linear ) Nonlinear
Uniform ) Adaptive
Models
Smoothness) Piecewisesmoothness

Gaussian) Non Gaussian

Strongly connectedto the developmen of appropriate
mathematical represertations and of the approximation theory
assaiated to theserepresenations.
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Imp ortance of the concept of represenation in image processing:
David Marr (\Vision", Freeman,1982).

\A represenation is a formal systemfor making explicit certain
entities or typesof information, together with a speci cation of
how the systemdoesthis... For example,the Arabic, Roman and
binary numerical systemsare all formal systemsfor represering
numbers. The Arabic represenation consistsin a string of symbols
drawn from the set 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 and the rule for
constructing the description of a particular integer n is that one
decomposesn into a sum of multiple of powers of 10...the alphabet
allows the construction of a written represenation of words... A
represenation, thereforeis not a foreign idea at all, we all use
represenations all the time. Howewer, the notion that one can
capture someaspects of reality by making a description of it using
a symbol and that to do so can be useful seemsto me a fascinating
and powerful idea...
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...This issueis important, becausehow information is preseried can
greatly a ect how easyit is to do dierent things with it. This is
evidernt even from our number example: it is easyto add, to
substract and even to multiply if the Arabic or binary
represenation are used,but it is not at all easyto do thesethings -
especially multiplication - with Roman numerals. This is a key
reasonwhy the Roman culture failed to develop mathematics in the
way the Arabic culture had."

The choice of an appropriate represernation of the image can be
fundamenal to solve a speci ¢ task.
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Basic notations

R
- Lebesguespaces:LP() = ff; jfjP< Hm for p 1. Banadh

spacewhen equiped with the norm kf k, := [ jf jP]*=P.

- LY () (almost everywhere uniformly bounded functions) and
C() (continuousfunctions): Banad spaceswhen equiped with the
norm kf k; = sup,, |f (X)].

- Hilb ert spacein the casep = 2: kf k, = [If;f i]+=2 with
;g .= fQ.

- Characteristic functions: (x)=1if x 2 , O otherwise.
- Changeof variable: f(a +b) : x 7! f (ax + b).

- Estimations: F(p1;p2; ) < G(p1;p2; ) if there existsC > 0
suh that F(p1;p2; ) CG(p1;pz; ) for all pg;ps;

- Equivalences:F Gifandonlyif F < GandG < F.
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Fourier represermations

fi(1) = _JH f(t)e " tdt.

f(t)=(2) H_JH (1 )e tdr .

Represemation of f in terms of the pure wavese (t) = €' {, 1 2 R.

For 1-periodic functions:
R, |
cn(f)= ,f(t)e 12 ntdt,
P |
f(t)= . ,pci(f)e? M.

Discrete Fourier transform: (X[K])k=o:

N 1 and (R[K])k=o:
connectedby

‘N 1

1 X! S 1 X4t
R[K] = P x[n]e '2 ™=N and x[k] = P R[n]e'?2 "k=N -
n=0

Implemented in O(N logN) operations by FFT.

n=0
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Fourier represerations and computation

>c§ox_3mm_o: of a (1-periodic) function by its partial sum
Snf(t)= n= nCn(f)E® ™.

Problem: fast corvergence?

If £:£% ;f (M are continuous over IR, we can apply n times the
integration by part to obtain

jcn()i =J(i2 n) *ea(f9)
= J@z :vmsoiiév_.
ji2 njm Jjfmj < nm
) Fastdecyy if f

Howewer, if f is smooth everywhere exceptat somediscortin uity
point x 2 [0; 1], we cannot hope better than jc,(f)j < n * (also
Gibbs phenomenonfor Sy f near the singularity).

Better represenations are neededfor sud functions.
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Central problemsin approximation theory
- X normed space.

-( N)N o X approximation subspaceqg2 n described by N
or O(N) parameteds).

- Best approximation error (f) := infg, | kf gkx.

Problem 1: characterisethose functions in f 2 X having a certain
rate of approximation

f2X", N(f) CN T
Problem 2: practical realization of f 7! g2 y sud that
ki  gkx < n(F).
Applications to compression:quantize parameters?

Applications to estimation: in uence of noise?
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Examples
Linear approximation : y spaceof dimension O(N)
- N = N polynomials of degreeN in dimensionl
- N =ff2C([0;1]); fik ki 2 m; k=0 ;N 1gwith

iR 5

O r m xed, splineswith uniform knots.

- N .= Vect(ey; ;en ) with (ex)ks o a functional basis.
Nonlinear approximation : N+ N 6 N
- N S dﬂm“ P;g2 g rational fractions

- N = ff NOﬂA_”O“”_.”_v“ﬂ:x_ix_ip_N m., 0= Xg < < Xy = 19
with O r m xed, free knots splines.

_U
- v =f  ,gd , #( E) Ng setof all N -terms combination
of a basis( ).

10
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A basicexample

Approximation of f 2 C([0O; 1]) by piecewiseconstart functions on a

partition 11; ;Iln, dening
Z

1

fn(X) = Jlk] f; si x2lg:

I k

Linear case:ly = [-; %] uniform partition.

fO2 LY, ki fnki: CN 1 (C= supjfY):

Nonlinear gase: | free _om:_:o: If 92 L*, choosethe partition
such that | jfJ=N * O_E

NH
fo2 LY, K fyki: CN ! (C= o:e“

Approximation rate goverde by di erents smoothnessspaces!

11
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Multiscale approximation : basic 1D example

Approximation of a function f (t), t 2 [0; 1] by piecewiseconstart
functions on dyadic intervals I« = [2 Tk;2 1 (k+ 1),
k=0 ;2 1,
Z
Pif(t)=ay =2 f()dt; t2 1y

__.“_A

Remark 1: P; is the L?-orthogonal projection onto the spaceV; of

piecewiseconstart functions on the intervals | , k = 0; 2 1.

Indeed an orthonormal basisfor this spaceis provided by

‘=272 =27 @2 k); k=0 ;2 1
with ' = dclearly P f = 2 I g
|8“:msomm3\_|_ﬂo__“_A__“x.

Remark 2: the spacesV, are nestedi.e. V, Vj+1 and
p
_<,_r = LP([0;1]), i.e. limyy +1 kI P3fky, = 0if f 2 LP([O; 1]).

12
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Multiscale decomposition into the Haar basis

We decomposeP;f into P;f = Pof + i =0 Q;f with

Q; = Pj+1  P; the orthogonal projection onto W, the orthogonal
complemert of V; into V, 41 .

W; is spannedby x = 272 (22 k), __HM =0 ;2 1, where
j . :
= [0:1=2] n=2:1]- rherefore Q;f = muof“ ik I jk . Letting
J! +1 , weobtain the decomposition of f In the
pf b AN o .
0 N f=<f,l>] j

P crysy y
_Umﬁ % +Adﬂ_<pov<po+Adﬂ.<§V v\:

0 1

o= <f,]>]) + _m_Mn\.Adﬂ.v\_.__Avv\_.,x

13
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Fast algorithms

mE:_wzo,H point. discretized function at someresolution level J,

f = MHOHOE_A_ Ik 2 V.

Two possiblesituations: (i) data are directly provided in discrete
format ¢; := (Cyk)k=0: :20 1 (€.9.In digital signal or image
processing)or (i) data is a function f with an explicit
mathematical expression) compute c;.x = Hf;' ;.1 exactly or

approximately.

Problem: fast computation m_ﬂ the mom cien ts in the multiscale

represenation f := cp.o' + _.u =0 n__.“x ik -

processhierarchically, using the interscalerelations
2 U D=2 140 =2 0 D=2(q 5 + & k41 )=2

P _
(G 2k + Cj; 2k+1 )=

O_. 1k

and similarly d; 1x = (G;2k G 2k+1)=

14
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This allows the iteration

c;! (¢ 1;dy 1)! ' (Co;do;dy;  5dy ).
| | O,u
! m © Gy Oy
| . . - Cyp, Oy, dyy
— | i Cyg Udy5 d,, dyy
Reconstruction: by inverseformulae
P_ pD_

Ciok = (G 1k +dj 1x)= 2 and Gok+1 = (G 1x o 1x)= 2

Remark: complexity of stepj $ j 1in O(2))) global
complexity in O(2”), i.e. O(N) where N is the sizeof the data.

15
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Compact notations

- Scaling functions and wavelets: ' jx =

- Scalelevel: j j=.

jik

-Coecients:c =H;" 1,d =H; |

. P P
- Projectors: Pjf =, ,_;¢" = ;4 d
coarselayer of functions' ,j j= 0)and Q;f =

@:oo:o

i 1=

= (J; k).

orates the

d

16
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Wavelet analysis of local smoothness

- If f is boundedon |, , an obvious estimate is

Z
jdi j = jhf; i sup if (O] J i =2 77 sup jf (1)j;
t21; t21; «
-If f isCt onljx, a ner estimateis
jdikj =2 1@k @jan ke [ 2

2 1225f (1 k) F (t 2ke1 )j=2
2 3=z SUp g, , if AL

- If f is Helder cortinuous of exponert  on Iy , i.e.

f(x) f(y)] Cjx vy ,forsome 2]0;1[, we havethe
intermediate estimate jdi j C2 1( *1=2),

Decay of wavelet coe cien ts in uenced by

17
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Example
. P . - . .
The function f (x) = jcoq2 Xx)j discretized at resolution level
J = 13 and its coe cien ts above threshold =5 10 3.
1 T T T T T T T T T 8
09 r
7+ © ®
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0.7 N 6 r o0 S
0.6 5 L o000 6000
0.5 r
04 4 ¢+ o o o © o o o
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0.2
2 ¢ ° o °
0.1
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At ne scales,numerically signi cant coe cien ts concerirate near

the singularities.

18
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Approximating functions by wavelet bases

P

sumf 7! Pjf =

at resolution level j by taking the truncated

i j<

- Nonlinear (adaptive) approximation obtained by thresholding

f7'TT =

X
d ; = ( )=1f st:jd] 0.

1
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0.8 r
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0.6 r
05 r
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03 r
0.2 r
0.1 r

0

0O 01 02 03 04 05 06 07 08 09 1
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Hierarchical structure of visual information

>

INFORMATION

e o @@

20
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Multiscale decomposition

HQ+O+O+®+O

[
+
+
+
+

Fine scaleimage represener by coarsescaleapproximation +
uctuations at intermediate scales

21
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Decomposition of 2D images
- Vj . piecewiseconstart on dyadic squaresSjx = ljk, ljk, -
- Orthogonal complemen spannedby the functions
ey =2 @xy) k); = abic
for k = (ke;ky) 2 f0; ;2 1g?, where 2(x;y) ="' (x) (y),
"y) = (x) (y)and °S(xy) = (x) (V).

Tensorproduct algorithm:

Image | (k;l) ) processlines) processcolumns) Iterate ...

22
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Thresholding applied to an image

Decomposition and reconstruction with 4096 largest coe cien ts.

Sparserepreserations (signi cant coe cien ts concerirated near
the edges)) adaptive approximation by thresholding. Results in
Important applications in image processing(compression,
denoising).

23

%



Summary

Important features of the Haar system:

Multiresolution nestedapproximation spacesV,

Local bases  spanningthe complemert spacesW,

Fast O(N) algorithms

Decay in uenced by local smoothness

Adaptiv e approximation by thresholding

Limitations: discortinuous basisfunctions with poor approximation
properties.

24
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A generalframework

Mallat and Meyer (1986): a multiresolution approximation (MRA)
IS a sequenceof nestedspacesV; V1 of L%(IR), such that:

-[V; = L% ie. limj, .1 ki Pjfky= 0forall f 2 L% whereP; is
the L2-orthogonal projector.

- There exists a scaling function ' 2 Vy sud that
"k () =272 2t k), k2 2Z;

constitute a Riesz basis of <v (Riesz basisin Hilb ert spaces:basis
(e,) sud that k(xn)k:2 Kk Xnenkp).

Remarks:
- We now work on the whole of IR therefore k runs over Z.

- For piecewiseconstart functionswe had' = [o.9;.

25
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Accuracy of MRA spaces
Rate of corvergenceof kf  Pjfkasj ! +1 ?
For piecewiseconstart functions,
ki Pifk, 2 Tkf%p;
but cannot hope for a better rate such as2 ™ kf (Mk,: piecewise
constart approximation is rst order accurate

Raising the accuracy and smoothness:V, spaceof
functions on the |, which are globally C°. Natural generator: hat
function ' = (1 jx))+.

More generally: of degreeN, i.e. piecewisepolynomials of
degreeN on the I, which are globally CN 1:

Generator: B-spline of degreeN

(X)) = (o o=V o

26
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New di culties

Remark: exceptfor N = 0O, the functions ' ;x are not orthogonal.
In turn the orthogonal projector P; is not local.

Two basic guestions:
- How to de ne numerically simple projectors P; onto V, ?

- How to construct wavelet baseswhich characterize the di erence
betweentwo successie levels of projection ?

Seweral approades(by order of generality): orthogonal wavelets,
biorthogonal wavelets, generalizedwavelets.

27
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A fundamenal remark

Scalingfunction ' 2 Vy Vi should satisfy a two scaleequation

X
(1) = hy' (2t n)

n22Z

- mxcqmmmmmﬁ:mﬁ V, V41 sinceby changeof variable we obtain
._.“_A = tH|M smN_._:__.+H“N_A+3.
- _mxm.g_u_m” b= [0:1] —  [0;1=2] + [1=2;1] — _ AN v + AN Hv. l.e.
ho = hy = 1, h, = 0 otherwise.

- B-splinesof order N: h, = 2 N L forn=0; ;N + 1,
and h, = 0 otherwise.

- Support of ' and discrete support of (h,) have samelength.

28

%



0.8

Example: quadratic B-spline

0.7

0.6 r

05

04

03

0.2

0.1 r

0
0

C(x) = 3 (2x

0.5 1 1.5 2 2.5 3

1)+'(2x 2))+ WA_ (2x) + ' (2x

3))
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Orthonormal wavelets

Assumingthat ' is w:% that the (' j«x )k2z are an orthonormal
basissothat P;f = |, ;" k1" jx,onebuilds the wavelet by

X
(1) = o' (2t n)
n22Z

with g, = ( 1)"hy n. Then ( x )k2z are an orthonormal basis of

the orthogonal complement W; of V; into V,.+; sothat

X
Qf = (Ps1 P)f = Wi i
k2Z

We thus can decomposef in the orthonormal basisof L ?(IR)

) P
f= Pof + | ,Q;f
- xNNI"_

N P P o
okl ok ¥ j o 2zMs gkl gk

30
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Constructing orthonormal scaling functions
Idea: de ne ' implicitely as a solution of the two scaleequation.

Problem: designcoe cien ts h, sud that ' has prescribed
properties, e.g orthnormalit y., compact support, smoothness, high

order approximation properties of the corresponding V, spaces.

_U
Orthonormality : | hphh2k = 2 if k= 0; O otherwise.

P P
Order N : hh,=2et _( 1)"n"h, =0 m=20; ;N.

n

for eah N > 0, a sequence
(hp) supported onf0; ;2N  1g, such that solution ' y
compactly supported in [0; 2N 1] has orthonormal translates, and
resulting V; spaceshave approximation order N. Also' y 2 Cs(N)
with s(N) N=5asN ! 1. Except' 1= [p.15, noexplicit
expression.

31
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Example

Orthonormal scaling function and wavelet in the caseN = 2
(smoothnesss(2) 0:55).

H.h. T T T T T N
12+ 1.5 -
H L
“_. L
0.8 r
0.6 05
0.4 0
0.2 ///\
-05
0
0.2 1T
|Oh. L L L L L |“_.m L L L L
0 0.5 1 15 2 2.5 3 0 0.5 1 1.5 2
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Biorthogonal wavelets

Idea_replace orthogonality assumption by a dual scaling function

P
~= _,zMh~(2 n) sud that
H jik “_J“_ |1=1if k=1; O otherwise.

P
- Non-orthogonal projector P;f = |, ;"5 1" jk .
P P
- Dual wavelets = _,,0,"(2 n)and "= 5,62 n),
- Satisfy h i ; 501 =11f k=1, 0 otherwiseand
Mok Tl = Hgks a1 = 0.
ko] koo P i
y ._,_A_ ._._A O:._”o

-_uqo_.moﬁoﬁo_._nueu_i_u_inxNN
non-orthogonal complement W; = V41 \

Results in a decomposition of f in a biorthogonal basisof L ?(IR)

_U
fo=Pof+ | Q)
P 0 P P o
= ezfti~okl okt o kezft Tkl gk

33
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Constructing dual scaling functions

Similar approad asin the orthogonal case:usethe re nement

equation with proper designof the coe cien ts h, and h,.

_U
Duality:  Anhhe2k = 2 if k= 0; O otherwise.

one can prescribe the h, and therefore the function
', and look for coe cien ts N, solutions of the resulting linear
equations (not unique). In particular, one can obtain dual
functions for the B-splines of degreeN . Example: '~, ~“and for

linear splines(N = 1) with hp =34, ;=14 andh ,= 1=8.

1.6

14
12

1L
0.8 -
0.6

\> A A Il A >/ 041

A b N B O kB N W S O O
.
— —

-0.6

0.2 g
i 0
] 02t g
1 04 | g

1 -0.5 0 0.5 1 15
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The fast wavelet transform algorithm

Connect standard and multiscale represenations

X X X 1X
Cik' Jk = Cok' ok + ik ik s
k2 Z k22Z =0 k2Z

—h
I

by the samehierarchical procedureas for the Haar system.
Basicstepci+1 $ (¢ ;dj) in the biorthogonal case:

use dual two scaleequation
_U

—_ 1 N i 1 .
Gk I_)_ﬂ_m“x_l_)_ﬂ_tw smN_J:JmH“N_?:_
— Al — Al .
= P55 2z MG+ ;oken = PS5 n2z M 2kG+1in:
and similarly for djx . Therefore
1 X 1 X

Cik = BP= M 2kG+1;n and dix = _@IM B 2kG+1:n:

N:NN n2z2Z

35
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use primal scaleequation

_U
_U_+“_.._" w _U _ANNO._+”_._“_A ._+”_.._WAV
T p n2Z Gin _.5_”.9_. n2z Gin jn
= 27 Cisn T@HIM UxNN:x 2n" j+1 k]
+_U 3NNQ_.“:_UTQH|M k2 7z Gk N:. WH “_L

- k2Z _oplmﬁ n2z Gin Nic 2n + n2z Q_.us Ok N:H_ j+1 k-
By identi cation of the coordinates in the rst and last expression,
we obtain
1 X 1 X
G+1k = _®|M Cin Nk 2n + P= din Ok 2n:

n2z2Z N:NN

Remark: these algorithms only usethe coe cien ts (h,; Ny ; On; 6h),
not the functions (*; ;'- 7).

36
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Signal processinginterpretation

Two channel Iter bank (low passand high pass).

* han b2 ¢ —{l2] *hn

C
j+1,k 2C

j+1,k
* gin éa? — 2 s

Remark: In practice, discretized data have nite support
C; = (Cik)k=0: 23 1) adaptation of the Itering processis
needednear the boundary.

Simplest solutions: extensionby periodization or symmetrization of
the signal, or boundary adapted MRA and wavelets.

37
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Wavelet characterizations of functions spaces

P .
Let f = d d =K "I,
P P

- L? characterized by kf k5  kPof ks +  (kQ;fk5 jd j2.

- Soholev spaceH S = WS? characterized by
X X X

kfkZs KkPofk3+ — 2°9kQ;fk3 2281 Jjd j? kd  Kk&s:

j o
- Besor-Sobolev spaceB ., characterized by

P . P .
K K5 s KPof KB+~ o 2P9kQ;fkp = 2% ikd KB
p;p _U _U
2ps] Jgpd(1=2 1=p)j Jjq P kd _Amm
p:p

Remark: Bp., = WP if sZINorp=2andB} ., = C°if sZIN.

All this holds provided that has enough smoothness

38
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Four equivalent measuremen of sparsity
(i) weak spaces:Cardf st:jdj> g C Pie.(d)2w?P,

(i) decreasingrearrangemer: d, Cn P where(d,), o is the
decreasingpermutation of (jd j).

(i) bestN -term nonlinear approximation: if p< 2,s= 1=p 1=2,

X X ) X o
kf d ko=[ & Cc[ n *PP2 CN S

N largest jd | n N n N

(iv) approximation by thresholding algorithms: if p< 2,

x -
kf d ke C1P2

jd |

39
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Linear approximation results

- Vh,: nite elemen spacediscretizing a domain RY.
-N := dim(V,) wvol() h ¢
-W>3P = ff 2LP() st: D f2LP() ;)] sg

Classical nite elemen approximation theory (Bramble-Hilbert,
Ciarlet-Raviart, Strang-Fix): provides with the classicalestimate

f 2WS*% ) inf kf gkwse Cht CN ¥9:
92 Vi

assumingthat V,, hasenoughpolynomial reproduction and is
contained in Wy

40
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Nonlinear approximation results
_U
N -terms approximations: y =f , d ; #() N g.
- Rate of decay governed by weaker smoothnessconditions
(DeVore): with 1=q= 1=p+ t=d

f 2 wsttd) inf ki gkws CN t=d.
gz N

- For most error norm X (e.g. LP, W>P B5.), a near optimal
mccqox_w:mgo: IS obtained by Ciff = d ,and
fN = Noagest ka  kx 4 5 wethen have
kf fnkx C W:dﬂ kKf  gkx
gz nN
with C independert of f and N.

- Remark: a similar theory for piecewisepolynomial approximation
on N adaptive triangles is still to be completed.

41
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Pictorial interpretation of approximation results
. .mBUmao_Em \\\Aw_ovm 9
C “spaces in X
No embedding
in X

S+ \ O(NVd )

Nonlinear

ST X : measurement of the error
(s derivatives in P )
1/p 1/q=1/p+t/d LP spaces

42
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A naive encading algorithm

Quantization of the coe cientsf encadedon N (jf j) bits:
f 71

- Fix a threshold > O.

- If jf . discard f~ = 0, i.e. useO bits.

-If2 1 <jfj 2 withj 1:encadef onj bits.
Accuracy |f ]

ANTn

8h

4h |—
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Performancefor the model (f ) 2 P with p< 2

Distorsion: LZ2-error after reconstruction

P
E2 = jf f]?

*Cardf ;jf j> g+
C 2P

Rate: number of bits usedto encade the coe cien ts

P . _— o |
N HU_. ) Cardf ; 2 <jfj 2 g
_w:Om:n: 2 1 < f m.um
C j H_.AN_. lyp=cCc P j 12 PO D = C

2 p

E CN 2 = CN ° with
1=p= s+ 1=2.

P

44
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Adressing: exploits the hierarchical structure of multiscale
represenations

e Ve Ve ve

O : coefficients |f [>, h

Cost of addressing:Npiis  Card(Tree).
Progressive encading: 17! 1=27! 14

2 hits 2 hits

3 hits

45
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Modeling real imagesby functions of bounded variation
| 2BV ifandonlyif | 2 Lt andr | isa nite measure
Prototype: where @ has nite length.

Imagesare \piecewise smooth” and their singularities
(edges)have nite total length.

Theorem (1998)f 2 BV([0;1]%)) (f )2 w'lie. f, C=n.

- BV is\almost characterized" since(f )2 ') f 2 BV ([0;1]%).

- Optimal estimate for wavelets: if f = thenf, c=n.
- Optimal estimate among all bases

46
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Application to denoising
Bridge betweenvariational methods and

The BV + noisemodel: f = g+ h, with jgjgv small and khk, -
small.

Lions-Osher-Rudin minimization problem: given the imagef (X;Yy),
solve

@B_P;:_Aml _.@_.3@”3@_:5 @_Aml_.@_.mé”

Minimizer g = denoisedimage. Not strictly corvex)

computationally intensive.

_U
Theorem: If f~:= . f . then

it j>
kf k2, + jflsv C minfkf gkiz + jdisv;

with C independert of f and

a7
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Optimalit y of adaptive encading on BV

We expect rate/distorsion performancesE  CN 12 when
applying wavelet adaptive encading to BV functions.

Kolmogorov "-entropy: if K a compact setof L2, we let N (") be
the minimal number of balls of radius " which is neededto cover K
and de ne the entropy H (") := logN (")=log 2.

Theorem: if K = U(BV \ L1), theninffs; H(") Cs" Sg= 2.

Therefore, we cannot expect better than E~ CN =2 for any
encading strategy applied to BV functions.
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What did we prove ?

In a world where imagesare BV functions and the eye measures
the error in L2, wavelets are the besttool !

Model for images Error measure

The set of \real images" | Sensitivity of human eye

Toward better models: Image = geometry +

Geometry (objects): take into accourt the smoothnessof edges
(ignored in BV modeling).

Introduce modeling, and a di erent
error measurethan for geometry.
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Wavelets and edges

Image: f = . with @ smooth.

fn = approximation by N largest
wavelet coe cien ts
) kf  fykz N 172

Problem : imposesisotropic re nement

fn = plecewiselinear interpolation
on N optimaly selectedtriangles
) ki fynkize N1

Problem : non-supervisedalgorithm ?
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Greedy algorithms for adaptive triangulations
Optimal triangulation : NP hard problem.

Adaptiv e re nement algorithms : from an initial coarse
triangulation Ty, add points iterativ ely, e.g. at the location where
the interpolation error is the largest.

Adaptiv e coarseningalgorithms : from a very ne triangulation Ty,
remove points iterativ ely. Criterion for point removal : minimize
the anticipated approximation error when retriangulating (using
e.g. Delaunay triangulation).

Algorithms stop when readiing the minimal number of triangles N
for which a prescribed error D is ensured.

Open problem: do greedy algorithm allow to obtain the rate
D CN ! for piecewisesmooth functions sud as ?

51

%



Digital color image

Example

Triangulation by thinning
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Sparsegeometric represenations

- Donoho and Candes: sparserepreserations basedon curvelets
framesallow usto recover kf  fyk.,2 N logN]¥=2 with a
thresholding algorithm for piecewiseC? functions with C? edges
(curvelet coe cien ts are - roughly - in w 273). Closely related :
contourlets (Do and Vetterli).

- Mallat and Le Pennec: sparserepresenation basedon bandlets
(selection of a basisadapted to the edgesof the image). Higher
cornvergencerates for smoother edges.

- Arandiga, Donat, A.C.: sparserepresenations basedon nonlinear
multiscale decompositions (initially introduced by Harten) which
Include a local edge tting procedure. Closely related : wedgelets
(Donoho), wedgeprirts (Baraniuk, Romberg, Wakin), nonlinear
lifting sdheme (Baraniuk, Claypoole, Davis and Sweldens).
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New models
What are the good function classesto represert geometricimages?
- Horizon models:
C:=Cm):=ff(xy)= :;y h(x)g khkcm Maqg.
- C"=C™ models: C:= C(n; m) piecewiseC" functions with
piecewiseC™ edgediscortin uities.

New problems for approximation / compressionmethodsf 7! fy
(N parameters/ N bits) :

Behaviour onamodel class: f 2 C) kf fykx < N " with

r = r(C) optimal rate ? Example : for X = LP then

r(C(m;n)) := B_Eﬂ“ 50.

Universality : method achievesoptimal rate for various classes.
Inverseresults: kf  fykx < N ') f 2 ??or at leastwhat is

the minimal amount of piecewisesmoothnessand edgesmoothness
which ensuresthe rate r ?
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Texture : classicalerror norms are inappropriate

(|

_"H dﬂNH _"H _"wHO

for any norm kf,; fok kf; fzk!
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Measuring error for piecewisesmooth functions

| —|
F\ﬁ\ &ﬁ\

L' large LP low LP low

du (f;9) = d(Gs;Gg); d(A;B) = supinf jx yj+ supinf jx i
y2 A x2B y2B X2 A

Open perspective : dewvelop approximation and compression

strategieswhich are adapted to this error metric with optimal rates

r(C(m; n)) := minfm; 5g (probably not with basesor frames: dy

doesnot tolerate Gibbs phenomenon).
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Harten's discrete multiresolution framework

-ul = (U) , , discretedata at resolution 2 1.

- Restriction operator (linear): ul = P/ Tyt

- Prediction o_omqm:Q (possibly nonlinear): o *! = J._.$ u
approximation of ul ™t .

Consistancy assumption: Py =P/, =1 ;.

Prediction error € ** = ul*!  ol*! belongsto the null spaceof
_u_._ *1and can be expressedas a non-redundart vector d using a
basis of this null space.

Therefore: v’ , (v’ L Y, W % 2d b

;o o%d% sd )
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The cell-averagecontext in 1D

| . R
= (U)kez Whereu = jljj *  u(t)dt and
lik = 2 _._”_A“_A+ 1].
) xes the restriction operator
. 1 1 1 1 1
= S(ubt + ubty) = S(aht + o,

by consistancyassumption. Therefore the error oscillates
| +1 |+l _ : | .— 41
Nﬂ+Nﬂﬁ|omsgom:cmm:oamam.@._u<o_m:_:@Q__A.lNﬂ

Problem: choice of an appropriate prediction operator. Should be
accurate for the classsignal of interest sothat the resulting
multiscale represenation is as sparseas possible.

Example 1: linear and \lazy" prediction
Take 0);' = o)1 := ul. Equivalert to the decomposition in the

Haar cmm_m. Problem: low order accuracy
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Example 2 : linear and higher order accurate prediction

e.g. third order wmoca:m De ne pk(Xx) asthe gquadratic polynomial
j 1
s.t. up = jlji ] __”N_u_f_lx 1;k;k+ 1. Take R

j+1 _ o | J+l o . :
DN_A - ___+H_N_A_ __.+H 2k _U_A mjﬁ_ DN_A+“_. - .___+“_.“N_A+H_.._ __.+H 2k +1 _U_A

Equivalent to biorthogonal wavelet (BW) decompositions with

T [0;1]

Problem: an isolated jump discortinuity at somepoint X a ects the
BW prediction error (and thus the size of details) on more intervals
than in the lazy case.
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Example 3: nonlinear essetially non oscillatory (ENO) prediction

Idea: replacepyk in the previous construction by px selectedas the
least oscillatory polynomial amongfpx 1;Pk; Pk+1 G-

Seeral _oomm__u____ﬁ%m criterion have beenproposedto measurethe
oscillation: jp%, o ip%2, nite dierences

JUpik 1 2Ujk  Ujk+1]) OF jUjx 1 Upk ]+ JUjk  Ujk +1]-
Nonlinearly data dependern : the resulting multiscale
decomposition is not a change of basis

Advantage: reducesthe number of intervals with bad prediction.

|
X
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Example 4: ENO with subcell resolution (ENO-SR) prediction

- Step 1. detect the intervals which might contain a discortinuity.

- Step 2: In sud intervals, de ne the reconstructed function asa
piecewisepolynomial, e.g.px = a 11 yj+ b y.+1 [, Where

a=u ., _u.n c_W; where the estimated jump point y is chosen
such that u, = Bx

__.“_A

- For other intervals (or if y 2 |, ), useENO prediction.

Advantage: improved accuracy near the singularity which is
resolved by coarsescales.

61

%



()

0.6 |-

04

02

02 b

04 F

Numerical example
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Original function and Qmﬁm__m_.o__:. > 10 2 for BW and ENO-SR

06 | 4 06 |
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g g
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. . . . . . . . . .
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Reconstruction from coarseaveragesu?® for BW and ENO-SR

62




Intuition

Piecewisesmooth functions can be well approximated from their
coarsescalecomponernts, sothat all details are small.

Similar ideas: Gottlieb-T admor (reconstruction of piecewise
smooth functions from spectral data), Vetterli (sampling theorems
for signalswith nite rate of innovation).

The reconstruction operator is basedon an underlying model

Prediction | Model (accuracy) | Simplied model (exactness)

BW Smooth functions Polynomials

ENO-SR | Piecewisesmooth Piecewisepolynomials

Edge-Adapted (ENO-EA) nonlinear reconstruction (Matei, AC)
underlying model is piecewisesmooth functions separatedby
piecewisesmooth edges,simpli ed model is piecewisepolynomial
separatedby straight line (more generally algebraic curves)
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Accurate reconstruction of piecewisesmooth images

Piecewisesmooth image

Coarsescaleaverages

Linear ENO-SR TensorProduct ENO-EA
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Edge-Adapted prediction (ENO-EA)

First step: edgedetection basedon the 1D technique: acell S is
singular if the stencils assaiated to adjacert cellstend to avoid it,
In the horizontal or vertical direction

Secondstep : edgeselectionbasedon simpli ed model.

Image pepyers ;. beforeand after selection

\\

Admissible and non-admissiblecon gurations
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Third step: reconstruction

- On cellswhich are far from singular cells: use bi-quadratic
polynomial reconstruction basedon the cerntered 3 3 stencil.

- On cellswhich are adjacert to a singular cell: useENO
reconstruction, i.e. bi-quadratic polynomial basedon a stencil
which will tend to avoid the singular cell.

- On singular cell: generalizethe ENO-SR strategy by
() identi cation of aline edgefpx+ qy = 1g

(i) recortruction of a piecewisepolynomial function
UxAX“ <v = _u._m AX“ <v fpx+qy 1g + _u_A AX“ <v f px+ qy< 1g

Remark : the information of which stencil is usedand which cells
are singular doesnot needto be encaded sinceit is contained in the
numerical valuesof the represenation. Overall transform
complexity is O(N) asin standard wavelet transforms.
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How doesit work ?

- Identi cation of the parameters: apply the 1D strategy applied
on the three rows + construct least squareline from the mid-points
of eadh segmerts.

A
A

- Compute polynomials p, and p, using3 3 stencils from both
side of the singular con guration.
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Exactnessfor the simplied model

Theorem (Matei, AC) : this reconstruction is exact for functions
which are piecewiseconstart separatedby straight edges.

Original image Coarsescaleaverages Reconstruction

It Is also exact for bi-quadratic polynomials. It should therefore
treat properly piecewisesmooth functions.
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Accurate reconstruction for piecewisesmooth images

Coarsescale BW ENO-EA
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Questions

- For piecewisesmooth functions, do we obtain represenations
which are sparserthan classicalwavelet decompositions ?

- Do they behave similar for classicalfunction spaces(Heolder,
Soholev, Besor and BV) ?

- Doessparsity imply approximation power, i.e. can we cortrol the
thresholding error ? Amounts in understanding the stability
properties of the reconstruction

kM Y(Mu+p) uks < kpky

for kK ks and k k, someprescribed norms.

- How do these methods behave on real images?
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Improved sparsity for piecewisesmooth functions

If f is piecewiseC? with jumps acrossa nite union of nite length
C? curves,we expect at scale2 ! in the ENO-EA represenation

-0(2%) coe cien ts estimated by O(2 3) (smooth regions)
-0(2!) coe cien ts estimated by O(2 3 72) (edges)

-O(1) coe cien ts estimated by O(2 !) (T-junctions and corners)

)

) Conjecture : coe cien t sequencebelongsto w*%=3 (would imply
ki fnke2 < N 1 for adecomposition in a Rieszbasis).

71

%



Conjecture obsened in practice

Decay of the decreasinglyrearrangeddetail coe cien ts of the
geometric picture with BW and ENO-EA.

Coefficients multiechelles ranges par ordre decroissant image graphe

10000 | bW .
1000 |
100 b

10 |

o—o-EEEEBessmmmpx |
100000

In the central regime, regressiongivesslopes 1:12and 1:47.
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L 2-stability is obsened for thresholding algorithms

Let fy .= M Rg, M f with Rg, restriction to Ey setof N
largest coe cien ts.

. P . . .
- Wavelet decompositions kf ~ f kZ, 2e, 1d j° (Riesz basis)
2
- ENO-EA represertation : the obsenred ratio pk! :_”Am N_.N remains
2E

bounded.

14 - ea —x—

12 -

1+

2 08

06 [

04 -

02 -

1 1 1
1000 10000 100000

Ratio betweenerror and residual (a) BW (b) ENO-EA
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Characterization of function spacesand stability

Theorem (Matei, AC) : nonlinear multiscale represertations based
on ENO, ENO-SR, ENO-EA behave similar as wavelet
decompositions with respect to Helder, Sobolev, Besor spaces.In
particular

kvkgs  kv®kep + k(2° PV kd kp); okea:
for0< s< s.

Key ingredients in the wavelet setting: direct estimate

inf ki gkie < 2 "KkD"fk»;
92V

forn m+ 1if V; contain polynomials of degreem and inverse
estimate
_Amu:@_A_._o < 2 kgk_» for g2 <_

forn r wherer is the level of LP smoothnessavailable in V.
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Dicult y : in the nonlinear setting, the spacesV; have no meaning.

Theseestimatesare replacedby speci ¢ properties of the prediction
operator.

Direct estimate 7! prediction _u_._.+H IS exact for polynomials up to
degreem.

Inverseestimate 7! corvergenceof the subdivision process

ut Pu®!l PIPRUC! I u whereu hasr derivative in LP.
Stability : ENO, ENO-SR and ENO-EA are unstable due to stencill
selection. Can be stabilized by using a stable stencil selection.
Example: weighted ENO prediction (WENO)

De ne px asa corvex conbination px = kPk 1+ kPx + «kPk+1
where ( k; «k; k) depend (possibly smoothly) on the data (least
oscillatory polynomial getsthe largest weight).

75

%



Thresholding algorithms applied to geometricimages

Reconstruction using 1% largest coe cien ts

Original BW ENO-EA
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Thresholding algorithms applied to weakly textured real images

Reconstruction using 3% largest coe cien ts

Original BW ENO-EA
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Thresholding algorithms applied to strongly textured real images

Reconstruction using 3% largest coe cien ts

Original BW ENO-EA
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A closerlook at edgereconstruction

Original

BW

ENO-EA
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Decorvolution e ect of ENO-EA reconstruction

Original

Original

Blurred edge ENO-EA reconstruction

BW reconstruction
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EZW compressionapplied to geometric image

(a) BW PSNR 32.55(b) ENO-EA PSNR 35.24
Compressionratio 0.08 bpp
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EBCOT compressionapplied to geometric images

(a) BW PSNR 34.93(b) ENO-EA PSNR 39.51
Compressionratio 0.08 bpp
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EZW compressionapplied to poorly textured real images

(a) BW PSNR 24.17(b) ENO-EA PSNR 23.97
Compressionratio 0.25 bpp
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EBCOT compressionapplied to poorly textured real images

(a) BW PSNR 27.19(b) ENO-EA PSNR 26.21
Compressionratio 0.25bpp
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EZW compressionapplied to strongly textured real images

(a) BW PSNR 26.09(b) ENO-EA PSNR 25.33
Compressionratio 0.25 bpp
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EBCOT compressionapplied to strongly textured real images

(a) BW PSNR 26.84(b) ENO-EA PSNR 24.18
Compressionratio 0.25 bpp
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Approximation results for ENO-SR in the 1D case

if f is piecewiseC™
with a jump discortinuity at someisolated point x, then for

JIF )
h< h.:=C : -,
mc_uﬁmm:ﬂ oA_“v_

the discortinuity is detected with accuracyjx yj Ch™*1. The
reconstruction satis es the error bound

kf  Rpfk,e Ch™P CN ™F;

and
dqy(f;Rhf) Ch™ CN ™M:

Remark : no convergenceestimate in the Hausdor distance for
nonlinear wavelet approximation.
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Approximation results for ENO-EA in the 2D case
if f is piecewiseC™
with a jump discortinuity acrossa C? curve E, then for
infeoe J[f (V)]
supe jDF (1))
the edgeis detected with accuracy O(h?). The reconstruction from
coarseresolution satis es the error bounds

h< h.:=C

ki Rpfk.» Ch®® CN ;
and
dy (f:Rhf) Ch? CN

The multiscale coe cien ts are in w 2= and the reconstruction from
an adaptive partition (coarsersquaresaway from the edges)with N
sguaresatis es the optimal rate

kf fnkie CN %P and dy(f:fy) CN 2
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Summary
- Multiscale represerations similar to wavelet decompositions
- Key idea : incorporate a model within the transform
- Improvemert on classicalwavelets for geometricimages(L? and
visual) and poorly textured images(visual)
Perspectives

- Compressionstrategy basedon splitting geometry and texture in
real images(rst results showv both L2 and visual improvemerts).

- Developmen and analysis of stable edgeadapted methods.
- Incorporate texture and blurring within the prediction model.

- Applications to other problems, 3D extensions...
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Splitting geometry and texture : u+ v models

ldea : imagef = u+ v, with u piecewisesmooth (geometry) and v
oscillatory (texture and noise).

Problem : How to extract u and v from f ?

Osherand Rudin : solve the minimization problem (with some
> 0)
inf jujsy + kvk?,
f=u+v
Meyer, Osherand Vese: replacethe secondterm by by kvkg with
G=BV orhy _A<_Am , (texture should be very oscillatory).

A possiblevariant (Aujol and Matei): solve the minimization

problem

. . 1
inf juisy + —kf u  VkZ,:
f=u+v;kvkg

Implementable by an iterativ e algorithm.
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Example on a test image with texture

(a) Barbara (b) The u part ( = 0:02, = 60)
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A U+ v approximation/compression algorithm

1. f is splitted into u+ v

2. U is approximated/encoded with EA using N coe cien ts/bits

3. v is approximated/encoded with BW using N, coe cien ts/bits
4. The reconstruction is by summing both reconstruction f = v+ v
5. The total budgetis N = N, + N, bits

Remarks:

1. The e ciency of this approadh might vary with (i) the choice of
the parameters and in the splitting procedureand (ii) the
choice of the parametersN, and N, for a xed budget N.

2. These parameterscan be optimized for a given coe cien t/bit
budget N. Howewver only (ii) can be optimized under the constraint
of progressiwe bitstream.

3. There would be no gain by using the samebasison u and v.
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Approximation by the samenumber of coe cien ts

The u + v method usesof 1=3 and 2=3 the coe cien ts for u and v.

BW (24.23db) EA (22.13db) UVEA (24.79db)
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Approximation by the samenumber of coe cien ts

The u+ v method usesof 1=2 and 1=2 the coe cien ts for u and v.

Original BW (28.19db) UVEA (28.88db)
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Conclusion

Emerging eld : geometrical image processing

Connexionswith numerical techniquesfor PDE's

Many other possibleapproades

Many open problems

Papers: www.ann.jussieu.fr/~cohen
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