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Abstract

Considering supercritical Bernoulli percolation on Z¢. Garet and Marchand
[GMO09] proved a diffusive concentration for the graph distance. In this paper,
we sharpen this result by establishing the subdiffusive concentration inequality
in sublinear scale. As consequence, we revisit a recent result by Dembin [Dem22]
on the sublinear variance of the distance. The main results also extend the
study of the concentration of passage time in first passage percolation by Dam-
ron, Hanson, and Sosoe [DHS14] without moment conditions on the edge-weight
distribution.

1 Introduction

1.1 Model and main result

Bernoulli percolation is a simple but well-known probabilistic model for porous
material introduced by Broadbent and Hammersley [BH57]. Let d > 2 and £(Z%) be
the set of the edges e = (z,y) of endpoints z = (z1,...,24),y = (y1,---,Yd) € Zg
such that ||z —y|l; := Zle |z; — yi| = 1. Given the parameter p € (0,1), we let each
edge e € £(Z%) be open with probability p and closed otherwise, independently of the
state of other edges. The phase transition of model has been well-known since 1960s.
There exists a critical parameter p, € (0, 1), such that there is almost surely a unique
infinite open cluster Co if p > p., whereas all open clusters are finite if p < p,, see
[Gri89]. Let x € Z¢, we denote by z* the closest point to  in Cs (in ||.|ls distance),
called regularized point of . We define the graph distance as

Vo, y € 29, D*(x,y) = D(z*,y*) = inf #-~,

vyt —=y*
where infimum is taken over the set of lattice open paths
y=(uo =" u1,...,y" =un), |luipr —ulr = 1.

Notice that if these points z,y are not in Co, then D(z,y) might be co. Hence, Garet
and Marchand [GMO09] introduced the definition of graph distance using regularized
points, which guarantees that D*(x,y) = D(z*,y*) < oo almost surely for all x and

*Institute of Mathematics, Vietnam Academy of Science and Technology, 18 Hoang Quoc Viet,
Cau Giay, Hanoi, Vietnam. Email: cvhao@math.ac.vn

fInstitute of Mathematics, Vietnam Academy of Science and Technology, 18 Hoang Quoc Viet,
Cau Giay, Hanoi, Vietnam. Email: nvquyet@math.ac.vn



y. Let e = (1,0, ...,0) be the first standard basis vector. We aim to study the graph
distance from the original 0 to nej:

D; = D*(0,ney).

n

First passage percolation. We recall a generalization percolation, known as
the first passage percolation. For each edge e € £(Z%), we assign a random weight ¢,
taking values in [0, oo] such that the family (fe).cg(zqy is independent and identically
distributed with distribution (. We interpret t. as the time needed to cross the edge
e. Similarly, the quantity we are interested in is the passage time:

T(z,y) = W}xngy;te,
e€y

where infimum is taken over the set of lattice paths. We will assume throughout that

¢([0,00)) > pe,  ¢({0}) <po, (1.1)

where p, is the critical probability for Bernoulli percolation on Z?. Under the condi-
tion (1.1), the supercritical Bernoulli Percolation is indeed a particular case of first
passage percolation with the distribution

¢= Cp = po1 + (1 - p)6007 P > De. (1'2)

More precisely, each edge e with weight t. = 1 corresponds to an open edge.

Time constant. The first order of growth of D} was described by Cerf and
Théret [CT16]: under the assumption (1.1), there exists a constant u(e;) € [0,00)
such that,

*

. n_ ol
77,h—>r<(>lo —— u(er) a.eandin L.

The function p is the so-called time constant. Moreover, we also obtain lower tail
large deviations by Kesten [Kes86]: for any € > 0 small enough,

i 108 PIT(0,ne1) < (u(e1) — €)n]

n—00 n

=r(e) <0, (1.3)

In [BSG21], Basu, Sly and Ganguly have just shown that for any bounded distribution
¢ € [0, b] with continuity densities and d = 2,

Ve € (0,b— p(ey)), lim log P[T(0,ne1) > (u(er) +¢)n)

n—o0 n2

= 7“(5, C) < 0, (14)

and some further results for unbounded distribution was done by Cosco and Naka-
jima [CN21] (the speed of large deviation and rate function now depend on the tail
assumption of t.). In the Bernoulli percolation case, Garet and Marchand [GMO07]
showed that:

logP nﬁgl) ¢(l—g 1+ 5)]

Ve >0 limsup

n—00 n

<0,

Fluctuation and concentration. It is expected in the physics literature that
the variance T'(0,ne;) should have the order n® for some a € (0,«) depending on



the dimension d for general distribution (. However, these predictions are far from
being proved in the first-passage percolation model. In particular, the best known
upper bound of variance obtained in [DHS15] by Damron, Hanson and Sosoe for the
general distribution ¢: if (0) < p. and

E[t?log, t.] < oo, (1.5)

then there exists a constant C' > 0 such that

n

Var[T'(0,ne;)] < C (1.6)

logn
Recently, Dembin [Dem?22] extend this result to supercritical Bernoulli percolation
(note that the moment condition (1.5) is failed). The sublinearity of variance is also
called the superconcentration, see e.g. (1.6). Chatterjee [Chal4] discovers the deep
connection among properties of superconcentration, chaos and multiplevaleys in, for
example, the Gaussian polymer and mixed p-spin model.

Under stronger assumptions on the moments, this phenomenon can be supple-
mented with concentration results by Damron, Hanson and Sosoe [DHS14]: if E[e2%%] <
0o, then there exist c¢i,co > 0 such that

P <|T(O,ne1) —E[T(0,ne1)]| > 4/ o )\> < cre 2 for A > 0.
logn

either E[t?log, t.] < oo, there exist c1,cp > 0 such that

n

P (T(O,nel) —E[T(0,ne1)] < — )\> < e for A > 0.

logn
To our best knowledge, the moderate deviation of D} (or concentration with diffu-
sive scale) was established in the supercritical Bernoulli percolation by Garet and
Marchand [GMO09]: for each c3 > 0, there exist some constants ¢y, c2 such that for all

A € [es(1 +logn), v/n],
P[| D} — E[DX]| > v/n)] < cre™¢,

The main result of our paper is to prove a sub-diffusive concentration of D for
supercritical Bernoulli percolation as follows.

Theorem 1.1. Let p > p.. There exist some constant c1,co > 0 depending on p and
d such that

n

P | |D; —E[D}]| >
(107 - B0z > [

H) < cre” " for all k > 0. (1.7)

Consequently, we recover the sub-linear bound for the variance:

n

Var[D;] < Cy (1.8)

logn’
where Cy is a positive constant depending on p and d.

Remark 1. If k < 1 then we can take ¢; = e®? such that (1.7) holds trivially. From
now on, we focus on the case k > 1 throughout this paper.



1.2 Method of the proof and relevant techniques

In this subsection, we will address the main challenge in extending the previous
results of Damron, Hanson and Sosoe [DHS14] to Bernoulli percolation and we will
outline our strategy to overcome this issue. In [DHS14], Damron et al. use the ideas
of Benaim-Rossignol, to prove the subdiffusive concentration, it suffices to estimate
the variance of exponential function of D). The remaining step can be derived by
combining the geometric averaging trick of Benjamini, Kalai, Schramm [BKS11] with
the entropy inequalities, following the same sub-linear variance strategy for general
distribution [DHS15].

In both [DHS14] and [DHS15], we emphasize the importance of imposing moment
conditions on the edge-weight distribution. This is crucial for obtaining good control
over the impact of resampling an edge. Specifically, when the distribution is bounded,
resampling an edge on the geodesic results in a constant upper bound in the change
of the first passage time between two points. However, in the context of the graph
distance in Bernoulli percolation, closing an edge on the geodesic can have a significant
impact on the graph distance due to the possibility of infinite edge-weight values. To
solve this issue, Dembin [Dem22| developed a technique based on the work of Cerf
and Dembin [CD22]. Roughly speaking, Dembin prove that, on average, closing an
edge on the geodesic modifies the graph distance by at most a constant. The key
idea is to construct a detour that bypasses one edge on the geodesic when its status
change to closed. Through a complex multiple-scale renormalization process ', they
ensure each an edge e on geodesic can be bypassed by an open path of well-controlled
length. In the final step, to prove the sublinear property of variance, Dembin use
the concentration inequalities in a similar manner as in [DHS15] with some technical
difficulties specific to the graph distance.

In Bernoulli percolation, the general framework presented in [DHS14] does not
directly apply to prove subdiffusive concentration for the graph distance due to tech-
nical reasons, which will be explained later. To over this issue, we introduced T,
a modified graph distance, which is derived from a Bernoulli first passage percola-
tion with truncated edge-weights as defined in (3.1). Now our main strategy goes as
follows: first, we show that the discrepancy between D} and 7, is small; then, we
focus on proving subdiffusive concentration for 7}, utilizing entropy inequalities. The
key point here lies in controlling the impact of resampling edge e on geodesic of T,
through the construction of the effective radius (refer to Section 4 for more details).
In Section 6, we estimate the discrepancy between D) and T, through a selection
process of the suitable family of such detours. Our construction of the effective ra-
dius is induced from the good geometrical properties of infinite cluster, which behaves
(in a sense made precise) like that of Z¢. This simplifies the approach compared to
the work of Cerf and Dembin [CD22]. Lastly, we note that the entropy method re-
quires a large deviation result for lattice animals with dependent weights (Lemma 4.3
(iv)). However, this condition does not hold true in cases where the distributions of
edge-weights can take infinite values, such as in Bernoulli percolation.

!'Renormalization argument was initially developed by [AP9Y6] to understand the basis geometrical
structure of cluster. Recently, it has many applications in the study of both supercritical percolation
and random conductance models on the infinite cluster for supercritical percolation (refer to [Bar04]
[AD18] [BRCD23] for more details)



1.3

1.4

Notations and terminologies
Metric. We denote by || - ||1, || - [|ocs || - [|2 correspondence to the [, /s, l2 norms.

Boz and annulus. Let x € Z? and R € N, we will denote by B,(R) = x +
[~ R, R]? the box with the center at z = (x1,...,24) € Z? and radius R. For
convenience, we shortly write B(R) for Bo(R). Let Ry > R; > 1, we introduce
an annulus A, (Rga, R1) by

Ay (R, Ry) = By(R2) \ By(R1).

Nearest path and none-nearest path. A sequence v = (g, Z1,...,Zy) C Z% is a
none-nearest path if x; # x; for all 0 < i # j < n. We say that the none-nearest
path ~ is nearest path if for all 1 < i < n, ||x; —x;—1|1 = 1. Let L > 1, we
define

=1 = {7 : 7 is non-nearest neighbor path in B(L); #v < L}.
From now on, we shortly write path for nearest path.

Crossing path and cluster. A path T' C A, (Rga, Ry) is called a crossing path of
Az (Rg, Ry) if 0B, (Ry) link to 0B, (R2) by I'. We say that C is a cluster if for
all z,y € C, = links to y by a path in Z%, i.e C is a connected component in
graph (Z%,£(Z4)).

Open path, open crossing path and open cluster. We say that a path or crossing
path or cluster is open path or open crossing path or open cluster, respectively
if all of its edges is open (1-weight).

Diameter. For A C Z% and 1 < i < d, let us define
diam;(A) = max |z; — y;l,
T,yeA

and we thus denote diam(A) the diameter of A by
diam(A) = max diam;(A).

1<i<d

Crossing cluster and open crossing cluster. Let My(R), My(R2, R1) be the
clusters in B,(R), Az(Rs2, R1), respectively. We say that M, (R), M,(Rz, Ry)
cross By (R), Ay(R2, R1)) in the i*" direction if M,(R), M,(Rz, R1) contain a
path v = (y',...,y") satisfying yzl = z; — R and y; = x; + R. In addition,
clusters M, (R), M (Rz2, R1) are called crossing clusters of B;(R), Az(R2, Ry) if
M, (R), M, (R, R1) cross By(R), Az(R2, R1) in all directions, respectively. We
say that crossing cluster is open if all of its edges is open (1-weight).

Organization of this paper

In Section 2, we present some standard results of the supercritical percolation and
recall the concentration inequalities. Next, we prove Theorem 1.1 by using Theorem
3.2 in Section 3. In Section 4, we prove two key components of the proof. We prove
the subdiffusive concentration of the modified graph distance in Section 5. Finally, we
remain estimate the discrepancy between the graph distance and its modified version
in Section 6.



2 Preliminaries

2.1 Background on Bernoulli Percolation
Let us define for some constants a, b, c > 0,
Crb(z, R) = {there exists a open crossing cluster in B,(R)},
Cra(z, R) = {there exists a open crossing cluster in A,(aR,bR)},
D(z, R) = {there exist two disjoint open clusters in B (R)
having diameter at least cR}.

The following lemmas show that there exists a unique large crossing cluster in each
box with radius R.

Lemma 2.1. [Gri89] Let p > p. and d > 2. There exist positive constants 31 =
B1(p), Ba = B2(p), B3 = Bs(p,a,b) such that for all z € Z% and R € N,

(1)

P[D(z, R)] < e 2. (2.1)

(i)
P[Crb(z, R)] > 1 — Bre 2R, (2.2)

(iii)
P[Cra(z, R)] > 1 — fre 1, (2.3)

The following lemma controls the probability of having a big hole in the infinite
cluster.

Lemma 2.2 ([Gri89], Theorem 7). There exist positive constants 1 and B2 depending
on p such that for all € Z* and R € N,

]P[Coo N Bx(R) = @] <h eXp(—,BgR).

The following lemma show some large deviation estimates for the graph distance
that will be used frequently in this paper.

Lemma 2.3 ([GMO09], Lemma 2.3). Let p > p.. There exist positive constants
P, P1, P2, B >0, such that for any x,y € Z¢

(1)

Vt > plle —ylloo, PD*(x,y) > t] < pre”. (2.4)

(ii)
Yt > pllz — ylloo, P[D(x,y) >t,x links to y] < pre P2 (2.5)

(ii)
E[e®P" (@] < eflle—vlleo (2.6)



2.2 Entropy inequalities

Let us enumerate the edges £(Z?) as ey, es,... Let a,b € RU {+00}. Assume that
(te;)i>1 be a family of i.i.d. random variables with the same distribution as

¢ =pda+ (1 —p)dp.
Let g : {a,b}¥@) — R be a function of (t,,)i>1. Fix A € R, define
G=Gr=¢eY.

We can write
G = G(teiatef)

to emphasize G is the function of the random variables t., and tec = (tej )j+i- We
denote a sequence of o-algebra by

.FO:@, fi:U(tel,...,tei),
for ¢ > 0. Now we consider the martingale increments
A; =E[G | Fi] - E[G | Fi1] = E[G(te,, tes) — G(te,, tes) | Fial,

where ¢, is an independent copy of t., and G(t;,, tec) is obtained from G = G(t.,, tec)
by replacing the variable t., by t’ei. It is clear that

o0

G-E[G] =) A,

i=1

Combining this with the orthogonality of the (A;)$2,, we have

Var[G] = Z E[AZ]. (2.7)

We will bound the variance of G based on the following entropy inequality by Falik
and Samorodnitsky.

Lemma 2.4. [FS07]

S EntIAZ] > VarlClloe . Y2XCL
2 ButlA] 2 VarlGllog s (Eiin o

where Ent denotes the entropy operator:

Ent|[f] :E[flog{ﬂ}.

We will need the following lemma to control the entropy:

Lemma 2.5. There exists a constant C' > 0 depending on p such that
D Ent[A7] < C ) E[(G(b,ter) — Gla,tee))?). (2.9)
i=1 i=1

7



This lemma is a direct consquence of the two following results.

Lemma 2.6 (Bernoulli log-Sobolev inequalities,[DHS15]). Assume that f : {a,b} —
R and X be a random variable with the distribution ( = pdq + (1 — p)dy. There exist
a constant C' > 0 depending on p such that

Entc[f*(X)] < C|f(b) — f(a)P?,
where Ent¢ is the entropy respect to the distribution .

Proposition 2 (Tensorization property, [DHS15]). Assume that h : {a, b}g(Zd) —R
be a function of (te,)i>1. Then

Ent[h] < f: E[Ent;[h], (2.10)

where Ent; is the entropy of h respect to the distribution of t.,, all other coordinates
remain fized.

3 The modified graph distance and proof of Theorem 1.1

Consider a Bernoulli first passage percolation as follows. Let (fe)ocg(zey be i.i.d ran-
dom weights such that

L 1 with probability p,
°c log?n with probability 1 — p.

Now we define a modified graph distance T by

T(x,y) = inf te, 3.1
(2,9) Wlxnﬁy; e (3.1)
and set
Tn = T(O,nel).

Let us couple this first passage percolation with Bernoulli percolation. In this model,
we call the open edge by 1-weight edge and closed edge by log? n-weight edge. We
denote also infinite cluster of 1-weight edges (open) by Cuo. For each z € Z% we
denote z* for the nearest point of x in Cr. Our aim is to show the subdiffusive
concentration D) through the modified graph distance 7;,. The proof is essentially
based on two key components. First, our next theorem, proved in Section 6, controls
the discrepancy between D} and T'(0*, (nep)*).

Theorem 3.1. There exist positive constants ci,co such that such that for all L >
log?n,

P||D; —T(0*, (ne1)*)| > L| <1 exp(—czﬁ). (3.2)
As consequence, we have

E[|D;, - T(0, (ne1)")|] < O(log?n), (3-3)



Second, we establish the subdiffusive concentration for T;, as follow.

Theorem 3.2. There exist positive constants c1,co such that

P <|Tn — E[T,]| > - IQ) < cr1e” " for all k > 0. (3.4)

logn

We postpone its proof to Section 5 and give the proof of Theorem 1.1.
Proof of Theorem 1.1. It is straightforward that

Dy, = E[Dy]| < |D;, = Tl + | T — E[T]| + [E[T%] — E[D7]]. (3.5)
Notice also that
| T, — T(0%, (ne1)*)| < log? n([|07]|oc + [|(ne1)" — nei o) (3.6)
Therefore,
|D;, — Tl < |D;, = T(0% (ne1)")| + [T'(0%, (ne1)*) — T
< |Dj, = T(0%, (ne1)*)| +log? n([|0%|o + [[(ne1)” —neifloc)  (3.7)
Combining this with triangle inequality, we have
E[|D;;, — Tyl < E[|D;, — T(0%, (ne1)*)[] + log” nE[[|0* ]| + || (ne1)” — nei|oc]
= E[|D;, — T(0%, (ne1)*)[] + 21og nE[]|0*] o], (3.8)

here for the last line we used the translation invariance. By Lemma 2.2, there exist
positive constants 31, 82 such that for ¢ > 0,

P[[[0%]|oc > 1] < P[Coo N [=t,8]? = 0] < S1 exp(—fat), (3.9)

and thus
E[l07][oc] = O(1).
Combining this with (3.8), (3.3) and (3.9), we get
[E[D;] — E[T,]| < O(log® n).
It follows from the above estimate and (3.5) that for all k > 1 and n large enough,
B[|D; —EID} > \[e2n] <PIT0— BT > 5 /2| +B[1D; - Tl > 5 /2.
(3.10)

By Theorem 3.2,

P[\Tn ~E[T)| > 8 /1] < erexp(—ean/4), (3.11)

for some ¢1,c2 > 0. It now remains to estimate the second term in (3.10). Again,
using (3.7), (3.9) and Theorem 3.1,

PID; ~ Tl > 5\ /it | <B[IDG = T0", (ner)")] > 5y /]
* * K n1/2
+ P|(10%]loc + l[(ne1)” = neilloo) > & giisers]|

* * * K n * k  nl/2
<P[|D; — T(0", (ne1)")| = & /s | + 2P 1071100 > 5 e |

1/2
< v exp(—eartim) + 26150 ( = Pt

< ¢} exp ( — Céﬁﬁ), (3.12)

9



for some ¢}, ¢, > 0. Finally, combining (3.10), (3.11) with (3.12), we get Theorem
1.1. O

In the remainder of this paper, we will prove Theorem 3.1 and Theorem 3.2. To
do this, we require relevant information about the model, which will be covered in
the following section.

4 The effect of resampling

In the first passage percolation models with a general bounded distribution (, we
define for any z € Z,

T, :=T(z,z+ ney).

We aim to study how the random variable T, changes when resampling the value of
each single edge e. In particular, the change can be estimated as: for b > a,

0 <T,(b,tec) — Ti(a,tee) < (b—a)l(e € vz),

where ~, is the geodesic of T'(a, t.c) from z to z + ne;. However, this bound becomes
less effective when b is much larger than a. To address this issue, in our modified
model with ¢ = pd; + (1 — p)élOan, we will construct a bypass of 1-weight edges
avoiding the edge e. The cost of resampling t. can be bounded by the length of
the bypass. Furthermore, we can control this length by a random radius defined in

Panyia ||

(z+ney

Figure 1: A bypass of 1-weight edges (blue) around one singe edge e (red)

Subsection 4.1. The next question is to estimate the total cost of resampling all the
edges in £(Z%). We shall see that this problem leads to an investigation of total
weight in a dependent percolation for which we use greedy lattice animal theory to
deal with, see more in Subsection 4.2.

4.1 The effective radius

For each e = (z¢,y.) € £(Z%), we fix a rule to write an edge e with two endpoints
Te,Ye aS € = (¢, Ye) (for example, ||Zelloo < ||¥elloo). Now for any R € N\ {0}, we
define an annulus A, (2R, R) by

A,.(2R, R) = B,,(2R) \ B.,(R). (4.1)

10



For convenience, we shortly write Be(R), Be(2R), Ac(2R, R) for B, (R), Bs,(2R),
A;. (2R, R), respectively. Let us denote by ¢ (A.) the set of all crossing paths of
Ac(2R,R). Here we remark that a path is simply a sequence of edges. For any
', Ty € €(A.), we define the distance between I'y and T’y by

d(I'1,T2) = inf{#~ : v is a path of 1-weight edges that joins I'; with I's in A.(2R, R)}.
For all C' > 0 and R > 1, let us define some events as

VHR) = {VT1,I's € €(A.) : d(T'1,T'3) < CR},
and

VE(R) = {Vz,y € B.(2R) : if = links to y by 1-weight path in B.(2R)
then D(z,y) < CR}.

We denote R, the effective radius of the edge e by
R. = R.(C) = inf{R > C : V}(R) n V*(R) occurs }.
We summarize the properties of the effective radius in the following.

Proposition 3. Let p > p.. Then there exists a constant Cy > 1 such that the
following holds for all z € Z¢.

(i) For all z € Z% and e € £(Z9),
0 < T.(log? n,tee) — To(1, tee) < (log? nl(Us ) + Re)l(e € 7.), (4.2)
where v, is the geodesic path of T.(1,tec), and

Use = {Re > L(|le — z]loo Alle — (2 + 1€1)||lo0})s  Re = CxRe Alog?n.

(i) There exist positive constants « and [ depending on p such that for all t € N
and e € E(Z%),

P[R. > t] < avexp(—pt). (4.3)

(i4i) For allt € N and e € E(Z%), the event {R. < t} depends only on the status of
edges in Be(3t).

Proof. We first prove the statement (i). Since T, is increasing, the first inequality in
(4.2) is trivial. By the definition of the first passage time, if e ¢ «y, then

T.(log? n,tee) < To(1, tec).
Thus,
(T.(log% n, tee) — To(1,tec)) = 0. (4.4)
If e € 7., we can estimate this discrepancy by

T.(log? n,tec) — To(1, tec) < log?nl(e € vs). (4.5)

11



In the case where e € v, and either z or z 4+ nej is in B¢(2R,) (i.e. e is near to z or
z 4+ ney), it is clear that

T.((logn)?, tee) — T, < (log? nl(z € B.(2R.) U (2 + ne1) € B.(2R.)))l(e € 7.)
= log? nl(Us.¢)I(e € 7,). (4.6)

On the other hand, if e € 7, and both z and z + ne; are not in B.(2R.), then -,
crosses the annulus A.(2R., R.) at least twice. We call the first and last crossing
paths (in the order from 0 to ne;) by I'y, and I'g, respectively. Notice that both on
I';, and I'g are in €(A.). Hence, by the definition of R, the event V}(R.) N VZ(R.)
occurs. Thus,

T.(10g? n, tee) — T:(1,tee) < d(Tz,Tr)I(e € 72) < CRel(e € 7).
Combining this with (4.5) gives us
T.(log? n, tee) — Ty(1,tee) < (CRe Alog?n)I(e € 7.). (4.7)
By using (4.6) and (4.7), we claim that
T.(log® n, tec) — To(1,tec) < (log® nl(U,.) + (CRe Alog?n))I(e € ,). (4.8)

The statement (i) follows from (4.4) and (4.8).
We start the proof of (ii) by noting that for all ¢ > 2,

PlR.>t] <P | () (VH(R)NVI(Re))| <P[Vi(t—1)NV(t—1))]
R<t—1

= 1PVt —1) NVt —1)].

Thus, we only need to prove that there exists positive constants «, 8 depending on p
satisfy for all t > 1,

PV, (t) N VE(t)] > 1 — aexp(—pt). (4.9)
Let € > 0 be a small sufficiently constant. We define
Ac(et) := Ae((% + e)t, (% —e)t) = Be((% +e)t)\ Be((% —e)t).

In addition, we divide A.(et) into a family of consecutive small boxes of radius et
(see Figure 2). Let us denote N for the number of these small boxes. Note that
N < (16/¢)? = C(e,d). We enumerate these boxes by By, ..., By.

By Lemma 2.1 (iii), there exist positive constants 1, 83 = [3(p,€) such that

P[there exists a crossing cluster of 1-weight edges in A.(et)] > 1 — 51 exp(—/st).

On this event, let Cl(A.) be the open crossing cluster of 1-weight edges in A.(et).
Now we define an event

L ={VI' € €(Ae) : T links to Cl(A.) by 1-weight paths}.

It is clear that £ holds for d = 2. To estimate the probability of this event for
d > 3, we adapt the argument in [[Gri89], Lemma 7.104] (see more detail in Appendix)
to obtain the following result.

12



Figure 2: Illustration of the construction of consecutive small boxes control the length
of bypass (blue)

Lemma 4.1. Let d > 3,p > p.,0 < ¢ < 2 and £ be the event that there exist two
connected sets D1 and Dy in B(R) that have diameter at least cR such that Dy does
not link to Dy by 1-weight paths in B(R). Then there exists 1 = 1(d), f2 = P2(p) >
0 such that for all R > 1,

P[£] < B1 exp(—BaR). (4.10)

We note that there exist ¢ < N,c¢ > 0 such that: (i) Dy = I' N By(et) and
diam(D1) > cetfor all ' € € (Ae), and (ii) Dy = Cl(Ac)NBy(et) and diam(D3) > cet.
Hence, using Lemma 4.1, it follows that there exist positive constants 81, 2 = Sa(p)
such that for all d > 2,

P[L] =PI € ¥(Ae) : I does not link to Cl(A.) by 1-weight paths]
< P[3Dy, Dy : diam(Dy),diam(D3y) > cet, D1 does not link to Dy
by 1-weight paths]
< B1 exp(—Paet), (4.11)

which implies that
P[L] =1—P[L] > 1 — By exp(—Pact).
We now can take N’ < N such that

ro el N B()(E-Zt) N Cl(Ae),
xn € TrN Byi(et) N Cl(A),
z; € Cl(A.) N Bi(et), V1<i<N' —1.

Moreover, on the event L, these points x; links to x; by the path of 1-weight edges

for all 1 < 4,5 < N’. Then using Lemma 2.3 (ii) and union bound, taking ¢ < %p

(with p as in Lemma 2.3) such that there exist positive constants p1, ps satisfying

PV] > 1 — pre "2,

13



where

Y = D < t/4+. 4.12
{max, . max  Diey)<t/a) (4.12)

On V, we can take C, > C(e,d) such that

N/
d(I'1,T'2) < Zd(xi7$i+l) < Cit.
i—1

Therefore,

PVI(t)] > PV] > 1 — pre 2, (4.13)

€

Figure 3: Tllustration of the construction of a path of 1-weight edges (blue) that links
between two disjoint points

Now by an argument similar to that as in (4.13) (see Figure 3), we also have
PIV2(t)] > 1 — B exp(—fat), (4.14)

for some positive constants /1, 32. Hence, (4.9) follows by combining (4.13) and
(4.14). We completed the proof of (ii).

Finally, we observe that the event V!(R) N V2(R) only depends on the status of
edges inside B(3R). Thanks to the definition of R, it follows that the event { R, < t}
occurs if and only if there exists R < t such that the event V!(R) N V2(R) occurs.
Therefore, the event { R, < t} only depends on the status of edges inside B (3t). This
concludes the proof of (iii).

O]

4.2 Lattice animals of dependent weight

We first revisit a result that controls the maximal weight of paths, which is derived
from the theory of greedy lattice animals.

Given an integer M > 1 and positive constants a, A, suppose that {I. a,e €
E(Z%)} is a collection of Bernoulli random variables satisfying

14



(E1) {I.a,e € E(ZY)} is aM —dependent, i.e. for all e € £(Z?), the variable I, is
independent of all variables {I. ps : ||€/ — €|loc > aM}.
(E2)
gu = sup < AM™ %
ec&(Z9)

For any path -, we define

N(y) =) Iem, Npw = maxN(y),

ecy VEEL
where we recall that
Er = {7 : 7 is non-nearest neighbor path in B(L); #v < L}.

Lemma 4.2. [ON19, Lemma 2.6] Let M > 1,c > 1 and {I. : e € E(Z)} be
a collection of random wvariables satisfying (E1) and (E2). Then there is a positive
constant C = C(a, A,d) such that

(i) For all L € N

E[N1 ]

d
qul\é

(ii) if t > CM% max (1 Mqu/d) then
P[NLar > t] < 2%exp(—t/(16M)%).

We aim to extend this result to a family of general distributions. Let a, A be
positive constants. Suppose that {X.,e € £(Z%)} is a collection of random variables
satisfying the following for all M > 1

(P1) there exists a positive constant a such that for all e € £(Z%), the event {X, <
M} is independent of status of all edges {e’ : ¢/ ¢ Be(aM)}.

(P2) there exist a function ¢ : R, — R, such that ¢(M) < AM~? and

qu = sup P[X. > M] < ¢(M).
ecE(Z%)

Let f: Ry — R4 and consider the following condition:
Z FAOMTH (M) < oo. (H)

Lemma 4.3. Let {X.,e € £(ZY)} be a family of random variables such that (P1)
and (P2) and f : Ry — Ry. The following holds for all L > 1 large enough.

(i) If the function f? satisfies (H) then

(s X 0] - 00

YEEL

15



(ii) Suppose that v is a random nearest-neighbor path starting from 0 and the func-
tions 2 and f* satisfy (H). If there evists € > 0 such that P(#y = () =

O(L=6=¢) then
=[(Zr0) ] <o

(iii) Suppose that v is a random path such that v C B(m) almost surely for some
m > 1 and the functions f? and f* satisfy (H). If there exists € > 0 such that
P(#y =) = O(~57¢) then

E[(X£(x0) ] = 0(L +mp).

ecy

(iv) Let us define X, = X A log? L. Suppose that ~ is a random nearest-neighbor
path starting from 0 and the function f satisfies (H). If L(¢(log? L))V > 1
then there exist some constants «, B > 0 such that,

P| Y f(X.) > aL] < log® Lexp(~BL(¢(log? L))'/*) + Bl#y > L.
ey

Proof. We first prove (i). By Cauchy-Schwarz inequality,

[(mafo )2} <E[max#72f2 ] <LE[maXZf2 }, (4.15)

YEEL

since #v < L for all v € Z;. For any self-avoiding path v, we define
Al ={eevy:X.=M}.

Thus we can express

Y OP(X) =D M)(#A). (4.16)

ecy M=>1

Notice that it follows from the definition of A},

#AY = WX =M)= I, (4.17)

ecy ecy
where
Loy = 1(X, = M).
Plugging this into (4.16), we obtain
max Z Ie v

# |y ) <3| 52

ecy M>1 ee'y

=Y fA(ME[NLu], (4.18)

M>1

16



where

NLM max E IeM
V€ HLSG’}’

By (P1), {I..n, e € £(Z%)} is a collection of M-dependent Bernoulli random variables.
Moreover, thanks to (P2), there exists ¢ : Ry — R such that

qu = sup E[l.y]= sup P[X.>M]<¢(M)=0M19).
ec&(2%) ec&(Z4)

Therefore, the conditions (E1) and (E2) are satisfied for all M > 1. Now using
Lemma 4.2 (i), we obtain that for all M > 1,

E[Npv] < CLM* (MY, (4.19)
By using (4.18) and (4.19), we get that

<CL Y fAMM™ (g(M)V! = O(L),
M>1

here for the last equation holds since f? satisfies (H). Finally, combining this with
(4.15), we obtain (i). Next, to prove (ii), we decompose

E[(;ﬂxe))z] [(Zf )#v<L}+E[(Zf J) Ty > )]
[(maxzf )+ZE[#vzf2 I(#y = 1)]

€=
YEEL pr=sd

O(L?) + Z ZE[max 3 PAXHy = z)} (4.20)

€= ecy
Here for the last line we used (i). Moreover, since f* satisfies (H),

1/2

E [I(#y = )"/

€=
TS ecy

2
E[ma_XZf ( e)ﬂ(#VIZ)} <E |:<maXZf2 )

< O()(P[(#y = D)V

Combining this with (4.20), we obtain

e[(S 1) ] <o) +om S PE s =) @)

ecry =L

Moreover, if P(#7 = £) = O(£~57¢) for some € > 0 then the second term of right-hand
side is bounded by O(1). As consequence, we have

[(Zf )] =ow). (4:22)

17



We prove the statement (iii) by the same manner. First, we have

E[(;ﬂxe))} [(Zf )#v<L}+E[(;f ) 16y > 1)].
(4.23)

According to the hypothesis that v is a random path such that v C B(m) almost
surely, it follows that if #v < ¢ then v € E4,, for all ¢ > 1. Hence, applying (i), we
have

(3 000) 1 < 1] < B e (30 s000) ] =E[( s 35060

(SIS €=
e€ry Y L+4+m e€y il L+m e€y

= O((L +m)?).

To estimate the second term of (4.23), we note that

E( X s s> 1] = ] (S 000) e =)

pr=st

<§:E[#vze:f2 #’Y—l)]
=
< Z IE [wg?fm ; FHX)I(#y = l)]
szz@mmzfz >J>“<w<#v:m>w
iz (L +m)(P[(#y = D])V2. (4.24)
Here the last line thanks to (i). Comll)?:ing this with (4.23), it follows that
[(;f )2} O((L +m)?) 2ll+m [(#y =D))>.
= -

Moreover, if P(#y = ¢) = O(£757¢) for some € > 0 then the second term of right-hand
side is bounded by O((L + m)?). As consequence, we have

[(Zf ) } O((L +m)?). (4.25)

Finally, we show (iv). For any o > 0,

P[Zf(f(e) > aL} < P[Zf(f(e) > al,#y < L} n P[#fy > L] (4.26)

ecy ecy

Notice that X, is bounded by log? L. Using the representation as in (4.16), we have

[Zf )> al, #7<L] <P[1§Lf(M)NL,M2aL},
eery M=1

18



where we recall that

Npa = %@xZIe,M, Toar = 1(X, = M).
=L ecry
Furthermore, the conditions (E1) and (E2) are satisfied for all M > 1. Since f satisfies

(H), we can choose o such that o > S°39_; f(M)(¢(M))/4M9+!. By Lemma 4.2
(if),

log? L log? L log? L
[ " SOONLu > aL] <P 30 FMNa = 3 F(M)(@(M)) /L™
M=1 M=1 M=1
log? L
< D7 B[Near > (o(M)) L
M=1

< (log L)* exp(~L(6((log L)*))"/*/167).

Combining this with (4.26), it follows that there exists a constant 5 > 0 such that

P| Y £(Xe) 2 aL] < log? Lexp(~BL(¢(log? L))'/*) + Pl#y > LI,
ecy

as stated in (iv). ]

5 Subdiffusive concentration of 7,

5.1 Proof of Theorem 3.2

In order to show the subdiffusive concentration of T,,, we will use the strategy of
Benjamini, Kalai and Schramm [BKS11] (called BKS trick). First of all, we define a
spatial average version of T,,,

1 1
Fp = Y T(zz4) = Y T, (5.1)
#B(m) z€B(m) #B(m) z€B(m)
where T(z,z + x) =T, and
1/4

B(m) ={z: [[z]loc <m}, m=mn

The main point behind this technique is to help us get around the difficulty: proving
that each individual edge has a small probability of having any effect on the first
passage time, known as small influence. This phenomenon does not hold true for
edges near the origin or ne; on the first passage time T,,, but it is effective when
considering spatial averaging F,.

To prove Theorem 3.2, it now suffices to show the following variance bound:

Theorem 5.1. There exists a constant ¢ > 0 such that

1
Var[eM™/2] < KN?E[eM™] < 0o for |\ < —_— 5.2
(P < KV < oo for | < S (5:2)

cn

where K = .
logn
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The following result is a direct consequence of Theorem 5.1. We refer the reader
to [BROS] for a proof.

Corollary 5.2. There exist positive constants cy,cy such that

P||F, — E[Fy]| > /lognn] < e, Yk > 0. (5.3)

Since E[F,,] = E[T,,],

T, — B[Ty]| = | Fon — BT + T — Fon| = |Fon — E[Fpn] + Ty — Fi
< |Fm — E[Fp]| + |Tn — Fil. (5.4)

Thus, for all M > 1, using the union bound, we have
P[|T, — E[T,]| > 4M] < P||F,, — E[F,,,)]| > 2M] + P[|T,, — F,,| > 2M]. (5.5)

By subadditivity property,

1
T = Fl = |Tn = 55— > T
#B(m) z€B(m

zeEB(m
1
< Z (T(0, z) + T'(ne1,ney + 2)).
(5.6)
Observe that if the event {#%W > eeBm)(T(0,2) + T (ney,ne1+2)) > QM} occurs,

max 7(0,z) > M or max T(nej,ne; +z) > M. (5.7)
z€B(m) zEB(m)

Combining this with union bound, it yields that

|
P[#T(m) ZG%(:m)(T(o, 2) + T(ner, ney + 2)) > 2M]

< P[ max T(0,z) > M]+P[ max T(nei,ne; + z) > M]
z€B(m) z€B(m)

= 2P[ max T(0,z) > M]
z€B(m)

< 2(#B(m)) Zg;g;)P[T(O,Z) > M], (5.8)

where for the equation we used the translation invariant.
To estimate the probability in (5.8), we need the following lemma.

Lemma 5.3. Let z,y € Z¢ and Ye,y be a geodesic of T'(x,y). Then there exist positive
constants p, p1, p2 such that for all t > p||x — yl|co,

Pl#y2,y = 1] <P[T(2,y) = t] < p1exp(—pat/logn). (5.9)
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Proof. By triangle inequality,
Pl#y2,y = t] <P[T(z,y) > t] <P[T(z,2") + T(y,y") + T(z", y") > ]
< PD*(z,y) > /2] + Pl — 2|00 > grogn) + PUlY = ¥ lloo > 1057
By using similar argument as in (3.9), the two last terms are bounded by (1 exp( i)’gif),
for some positive constants 51, B2. Hence, there exist constants p, p1, p2 > 0 such that
for all ¢ > pl|lz — yl|co,

P[#'Yamy > t]

[Tey > t] <P[T(2,2%) + T(y,y") + T(z",y") > 1]
[D*(x,y) > t/2] + 281 exp(—[at/logn)
p1exp(—pat/logn),

<P
<P
<

where for the last line we used Lemma 2.3 (i). O

Taking M = 1, /Tognti- Since m = o(M), using Lemma 5.3, there exist some
positive constants p1, p2 such that for any 2Z¢,
P[T(0,2) > M] < e 2M/log’n, (5.10)

Using this estimate and (5.6), (5.8) gives

B[ITs — Ful = 5\ | < O exp (= poy ).

Combining this with (5.3) and (5.5), it follows that there exist some constants ¢y, ca >

0 such that
P (Tn R >, — n) <cre R Yk >0, (5.11)
logn

as desired. O

In the rest of Section 5, we will estimate Var[e*™] by utilizing Falik-Samorodnitsky
inequality (Lemma 2.4) with G = G = e*". This approach involves controlling two
crucial ingredients: the influence and entropy on the right and left sides of this in-

equality, respectively.

5.2 Bound on influences

Proposition 4. Let d > 2. There exists a constant C; > 0,

o0
> (EIA)? < CLNE[Anl0mD/8 vy e R,
i=1
The above proposition is a direct consequence of the following propositions with
the notice that m = nl/4.

Proposition 5. Let d > 2. There exists a constant Cy > 0 such that

sup E[|A;]] < ColA\m D2 (B[] 2 vA e R. (5.12)
i>1
Proposition 6. Let d > 2. There exists a constant Cs > 0 such that
Y E[JA] < C3AIn(E[2 )%, VAR, (5.13)
=1
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5.2.1 Proof of Proposition 5

First, we note that for all 7 > 1,

A; = E[G|Fi] - E[G|Fi—1] = E[G(t,,, tes) — Gte,, tee) | Fi-l. (5.14)

€e;?

Thus,

AP t/e_,teg AF tei,tec
E(|Ad]] < E[G(t],, tee) — Glte,, tes)|] = 2B[ (N erter) — Amllenter)y

where ¢, is the independent copy of t.,. Furthermore, using the inequality that

(X — M) < N[ + ) (a — b+, we get

A t’e_,tec AFp, teiutp,C
E[A]] < 2AE[(M et 4 MrCated)) (B (1] tee) — Fnlte, tee))]

K3

— AAE [N (B (£ tee) — Fonltes, tec))+]. (5.15)

e;0 le

Recall that v, is the geodesic of T} (1, te¢) for each 2 € Z%. By Proposition 3 (i), there
exists a positive constant C, and random variable R, such that

Ty(te, tes) = Toltes ter) < (Tulte, tes) — Talte; tes)) | = T.(log® n, tee) — Tx(1, tee)
< (log® nl(Us¢,) + Rei)]l(ei €7),

where
Use, ={Re; > 120}y Toer = 3llei — 2lloo A lles — (2 + n€1) [0
and
Re, = CiRe, N log2 n.
Therefore,

F(te, tee) = Fn(tegstes) < (Fn(te, tee) — Finlte; tes)) . = Fn(log?n,tee) — Fin (1, tee)

e;r bes m e;) = e;?

= ZHmy > (Te(log® nytee) — To(1, tes)) < Si, (5.16)
z€B(m)

where

We decompose S; as

og?n P
Si = > (log? nl(Us,e, )U(rze, > B2) + Re,)(e; € 72)
z€B(m)

O, 2n
+ 7#31(7%) Z log? nl(Us ;) (726, < ! g* (e € 72).
z€B(m)

If the event Uy ¢, N {7, ¢; > log? n/Cy} occurs, then Cy R,, > log? n. Therefore, thanks
to the definition of R., and (5.16), we can assert that

(F(te,stee) = Fm(tegstee)), < 8i < Aj,

e;r bes
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Ai = #BQ(m) Z Reiﬂ(ei S ’)/z)
z€B(m)

(0} 2TL
+ #%W Z log? nl({rse < ! a }n{ei €9.}). (5.17)
z€B(m)

Combining this with (5.15) and Cauchy-Schwarz inequality yields
E[|A] < 41AE[Mr 4] (5.18)
< 4B [P ] PR 422 (5.19)

Here for the first line, we remark that Fy,(te;, tec) = Fin.
Next we will estimate for E[A?]. Note that

3 Irae, < %5 = O(log? n). (5.20)
2€7Z4

Thus, by Cauchy-Schwarz inequality,

T > R2I(e € ) + Q0BT (5.21)

zEB (m)

By the translation invariant, we have

n)3d+4
E[A%] [ Z Rezfz —z € '70) + O((i;gB(gn)Jr )
z€B(m
= [ZRﬂ %3;”4)7 (5.22)
ecy

where

7 =300 {ei — B(m)}, {e; — Bm)} = {(we, — 2.ye, — 2) : 2 € Bm)}.

Let us now estimate the first term in (5.22). For any pair z,y € Z¢, we call 7, a
geodesic from x to y. By the union bound,

Pl#y > 1] <P[3z,y € ¢; — B(m) : #y0y > 1] < (2m +1)% max P#y,y > 1.
RIS
(5.23)

Notice that ||z — y|lecc < 2m for all z,y € e; — B(m). Then by using Lemma 5.3
and (5.23), we have for all [ > 2pm,

Pl#y > 1] < p1(2m 4 1)*d exp(—pal/log? n) < O(1) exp(—zkp);én). (5.24)

It can be seen that the functions f2, 4 satisfy (H) with f(z) = 2% and X, = R,
satisfies the conditions (P1) and (P2) in Proposition 3. Therefore, thanks to (5.24),
applying Lemma 4.3 (iii) to f(z) = 22, X, = Re, v =y N{e;i — B(m)}, L = 2pm, we
obtain that

5[ ) <[ S <r(e () ]) Y o). 629

ecry ecy ecy
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Combining (5.22) and (5.25), it yields that for all i > 1,
E[A%] = O(m!~%). (5.26)

Finally, we conclude from (5.19) and (5.26) that there exists a positive constant
(5 such that

S E[JA] < Co|A| (B[ ]) !/ 2m(0-)/2, (5.27)
and the result follows. O

5.2.2 Proof of Proposition 6

Using (5.18) and Cauchy-Schwarz inequality, we obtain that

iEHAiH < 4y>\yE{eAFm iAi]
< a2 ) 2 (23 4) ) o

=1

where A; is defined as in (5.17). By Cauchy-Schwarz inequality,

E[(iAZY} < #Bg(m) Zm E[(iio;REiH(ei € %))2}

i=1 2€B(m)

2 S E[(Y M < 20 2]

2€B(m) i=1
- #Bg<m> Z £ (Z )2]
2€B(m) e€y
+ 2 E[( I(rs,e < %))2}- (5.29)
ze B(m) €€z

The second term of (5.29) can be bounded by

210g n Z ( Z Tze < log n)>2 < O((logn)6d+4)- (5_30)

zGB(m) ec&(Z4)

We next estimate the first term. It follows from Lemma 5.3 that

Pl#7. > pn] < p1exp(—pan/log?n).

Then applying Lemma 4.3 (ii) to f(z) = x, Xe = Re,y = 72, L = pn, we have

E[( 3 Re)z} < C’fE[( 3 RE)Q] Fem LW 5 p2), (5.31)
€€y e

Yz

Combining (5.29) and (5.30) with (5.31) yields
e 2
E[(ZAi) } = O(n?). (5.32)
i=1
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Plugging this into (5.28), it follows that
o
S E[A] < OWAn(E[2F])",
i=1
as desired. 0

5.3 Entropy bound
The goal of this subsection is to prove the following upper bound for entropy.

Proposition 7. Let d > 2. There exist constants Cy > 0 such that

ZEnt[A?] < CyN*nE [62’\Fm], VA <

=1

W- (5.33)

Proof. First, we get the upper bound of the entropy by using Lemma 2.5.
Y Eut[a?] <Y E [(Gaog? n,tee) — G(1, tef))ﬂ
i=1 i=1
e 2
—C Z E [(ez\Fm(logZ mtee) ez\Fm(l,telq)) }
i=1

)
2
< 2C|)\|2 Z E [(eZAFm(log n,tezg) n 62)\Fm(1,t€lg)>
=1

% (Fn(log? n, tee) — Fm(1,te§))2] (5.34)

Here for the last line we used the inequality that [e* — e**| < |A[(e?® + ) (a — b)
for all a > b. Notice that

B[ 08 ) (B, (1og2 n, tee) — Fn(1, teﬁ)ﬂ
_ ﬁE {62/\Fm(log2 ntec) (Fm(log2 n,tee) — Fn(1, tef))2]1(te = log® n)}
Ll ) - ]
and
E [GQAFm(l’te?) (Fm(log2 nytee) — Fn(1, te?))z}

_ %E[e%Fm(l’tef)(Fm(logQ n,tee) = Fn(1,tee)) T(t, = 1)]

IN

LE |2 (B (log? n, ter) = Fin(1, )]

Combining these inequalities with (5.34), we get

Y Ent[AZ] < O()A* Y E [e”Fm (Fn(log?n, tee) — Fin(1, telq))ﬂ
=1 i=1
< O()A*) E[e*m A7, (5.35)
i=1
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where for the last line we used (5.16) and (5.17). Now we recall that

~ 2
b= ey & @ ol £ B s ).
z€B(m)

Thanks to Cauchy-Schwarz inequality,

SB[ ) < gy 3 B[ Y (@R o, < B € 5.
i=1 2€B(m) =1

_ . 2,01\ 2
= #Bl(m) Z DIC Z (2R€ +10g2 nH(TZ,e < log*n)) }
2€B(m) - ecyz
- . R log2
< gt 3 B[ X (4R gt < )
z€B(m) €€z
- shm T B[Py 030
2€B(m)
where
Y, = Z (4}?3 +log* nl(r, . < lo(g;in))}-
ecy;

Next, we consider large deviation estimates for Y, . Using (5.30) gives us

Y, <4 R+ O((logn)**). (5.37)
ecyz

It is easy to check that f(z) = 22, ¢(z) = 1/2% 54 satisfy (H). Additionally, there
exists a positive constant Lo depending on d such that L(¢(log? L))'/¢ > 1 for all L >
Lo. Then, applying Lemma 4.3 (iv) to f(z) = 22, X, = C.R., X, = X.Alog?L > R,
o(x) =1/ xd2+5d, v = 7., it yields that there exist positive constants «, 3 satisfying
for all L > Ly,

P[ZRQ > OéL} < P[ZX? > aL} §log2Lexp(—ﬁ$wL) + Pl#7y. > L]

log
ecyz ecyz

Furthermore, thanks to Lemma 5.3, taking L = pn,

P[#~. > pn] < p1 exp(—papn/log® n).

The above inequalities gives

]P’[Z R? > apn} < O(l)log2nexp(—ﬂl%2d%on), (5.38)
ecyz
which together with (5.37) implies
P[Y,, > 8apn] < O(1)log”nexp (— Bm). (5.39)
On the other hand,
E {ezAF’"Y%} < 8apnE [e”‘Fm] + E[eQ’\FmY%H(Y% > 804,071)} (5.40)
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It follows from the Cauchy-Schwarz inequality that

E [, (Y, = Sapn)| < (Bl ) V4 (PY;, > sapn)) /AE[Y2Z)Y2. (5.41)

By using transition invariance and Lemma 5.3, there exist some positive constants
0, p1, p2 such that for all A < W’

1 00
E[BS)\Fm] < Z E[GSATZ] — ]E[68)\Tn] < PRI + Z ]P)[Tn > t]68)\t
#B(m) z€B(m) t=pn
s 2
< o8pAn 4 Z ple—pgt/log n  8AL < O(l) exp (10528‘1#171,). (542)
t=pn

Moreover, it follows from (5.31) and (5.37) that

E[Y2] < 32@[ 3 Rz} + O((logn)5+8) = O(n?). (5.43)
ecy,

Combining this with (5.39), (5.41) and (5.42) gives
E[e**Y, I(Y,, > 8apn)] = O(1).
Plugging this into (5.40) yields
E[ez’\FmY%] < O(1)nE [ezAFm].

Using this estimate, (5.35) and (5.36), we conclude that

iEntg[A?] < O(1)A*nE[e*M™].

i=1
O
5.4 Proof of Theorem 5.1
By Lemma 2.4, Theorem 4, Proposition 7, we have
AFy, Var[e?Mm] BINE 2AF,
Var [e*m] < C4<10g Cl\)\|2n(1—‘i)/8E[ez>‘Fm]> IAPnE[e*M™]. (5.44)
We can assume that
Var[e*Fr] > O A[2n15/16E [eWm} , (5.45)

since otherwise there is nothing left to prove. By (5.44) and (5.45), there exist
constants ¢, C' > 0 such that for any A < —$5—,

log*°n
n
Var [eAFm} < c[A]z@]E[eQ)‘Fm].

This concludes the proof of Theorem 5.1 by substituting A/2 for .
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6 Discrepancy between the graph distance and first pas-
sage time

The difference between D} and T'(0*, (ne1)*) is due to the change of T'(0*, (ne1)*) in

weight distribution of edges from ¢ = pd; +(1 —p)élogz , 10 ¢ =pd1+(1—p)ds. We can

avoid one log? n-weight edge e on the geodesic of T(0*, (ne1)* using the bypass as in

Subsection 4.1. In fact, this bypass can avoid all edges of the geodesic of T'(0*, (ne;)*)

inside B(R.). Therefore, we can construct a new path consisting of 1-weight edges

using a simple procedure to control this discrepancy.
The following lemma is key result to prove Theorem 3.1.

Lemma 6.1. Let v, be a geodesic of T(0*,(ne1)*). Suppose that Re > n/2 for all
e € Yn. There exists a deterministic rule to find a subset v, C ~, such that the
following holds.

(i) If e € 4!, then t, = log®n,

(ii) for all e, f €,
e = flloo > max{Re, Ry},

(iii)
D = T(0%, (ne1)*)| < C Y Re,

ec!,

where (Re)eeg(zd) are the effective radii defined in Subsection 4.1, and C, is the
constant as in Proposition 5.

Proof. For each e € v and t, = log®n, let us recall that A.(R,) = B.(2R.) \ Be(Re)
the annulus with the center e and radius R.. Notice that A.(R.) satisfies the good
connectivity property, i.e. for any two crossing paths, there exists a link of 1-weight
edges with length at most Cy R, between them, and the graph distance between them
two connected points is always smaller than C, R,..

We consider a procedure of detecting bad boxes as follows.
Input:

e 7 a path from 0* to (nep)*,
o v C E(ZY).
Output: an edge e, and 4 a path from 0* — (ne;)* such that
e clo(7) C clo(y) \ {e} where clo(y) = {e € v : t, = log®n},
e FNB.(R) =05 7 =~ U{e}.
Procedure: We always define
e =argmax{Ry: f € v; t; = log®n};
¥ =9"U{e}.
In the case that there several maximize edges, we choose one of them in a deterministic

rule. Next, we construct 7 as follows.

28



Q\>
T o~

O* (ne1)*

Figure 4: Tllustration of the case where e is not close to both 0* and (ne;)*)

Case 1: Both 0* and (nep)* are not in B.(2R,).

It follows that - crosses the annulus A.(2R., R) at least twice. On the event
VH(R.)NV?(R,), there exists a bypass of e in A¢(2R., R.) denoted by ., which links
between these crossing paths. We assume that 7, intersects with the two crossing
paths at H, and Q.. We define a new path,

¥ = (Y \ YH.Q.) U Ves (6.1)

where vp.q,. is the subpath of v starting and ending at H. and Q., respectively.
Thanks to the definition of R, in Subsection 4.1,

#'}/e < C* Re .

Case 2: At least 0* or (neq)* is in B.(2R,).

By assumption that R. < n/2, there is only one 0* or (ne;)* is in B.(2R.).
Suppose that 0* € B.(2R.). The remaining case is similar and omitted. The path ~
crosses the annulus A.(2R., R.) at least once. We call the last crossing path by T.
Furthermore, by the definition of 0*, there is a path of 1-weight edges connecting 0*
to 0o denoted by vs. Obviously, v crosses the annulus A.(R,.) and we call the first
crossing path by I". By the definition of R., there exists a path of 1-weight edges 7.
linking v and /. We call the intersection of 7. and these crossing path by H, and
Q., respectively. Now we define

¥ = Y0%,Q. Uve U (7 \ Y0+,H.)> (6.2)

where o+ g, is the subpath of v starting and ending at 0* and H., respectively
and 7o+ g, is the subpath of 7 starting and ending at 0* and @., respectively.
Furthermore, thanks to the definition of R, again,

max{yo+Q,, #Ve} < CxRe.
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Figure 5: Illustration of the case where e is close to 0*

We iteratively apply this procedure to 7, until there is no log? n-weight edges.
We call the final set of maximizer edges by this procedure by 7/, and the final path
by An. It follows that 4, has no edges with log? n-weight.

Additionally,
0 < D}, = T(0%, (ne1)*) < #9n — T(07, (ne1)*) < 2C, > Re. (6.3)
e€Tn
We now enumerate the path v/, as {e1,...,er}. By construction of ~/,, we note that

Figure 6: Illustration of a path of 1-weight edges 4, avoiding all log? n-weight edges
(red) from 0* to (ne;)*
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(Re,)1<i<r is non-increasing sequence of radii. Moreover,
Be,(Re;) N Be;(Re;) =0, V1<i<j< I
Hence, we have for all 1 < j <k <7',
lej — exlloo > R, = maX(R€j7Rek)7
and thus the statement (ii) follows. O

Proof of Theorem 3.1. For the convenience, we recall the desired statement:
there exist ¢, ¢ > 0 such that for all L > log®n,

P[|D; — T(0%, (ne1)")| = L] < 1 exp(—c2L/log L).

Case 1: L > pn where p is the positive constant in Lemma 2.3.
Thank to Lemma 2.3 (i),

P[|D; ~ T(0", (ne1)")| > L] <B[D; > L] < prexp(-pL). (6.4)

Case 2: L < pn.
By using Lemma 6.1, we have for n large enough,

P[\D;; — (0, (ne1)*)| > L}

< P[3e € 30 : Re > &)+ P[|D} — T(0", (ne1)")| > L; R, < & Ve € ]

l/

<P[E3e € Re > &)+ P[Z 2C.Re, (R, < £) > L], (6.5)
j=1
where 7y, = {€i;, €y, ..., €;,} is the subset of 7, obtained in Lemma 6.1.

For the first term of (6.5), using Propositions 3 and 2.3 (i), we can estimate
P[3e € v, : Re > %]
<P[Fe € vn : Re > 55, #yn < pn] + Pl#y > pn)

< a1 (2pn)? exp(—%E) + p1exp(—pan) < O(1) exp(—245). (6.6)

To compute the second term of (6.5), we first set My = log?n, M, = My2¢ and
M,, = L with a,, = [logy L — 2log,logn]. It is clear that

v an
S ReI(Re, < £) <" 2M,N,,
i=1 9=0
where
Nq = #{1 <i<l: R, € [Mq’QMq]}'

Therefore, by using union bound we obtain

P[i2C*R€iH(Rei <L)> L} < %}P’[Nq > bq}, (6.7)
i=1 q=0
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where
L
by == L—J
4C M, logs L
Note that if R.; and Re, are in [M,,2M,] for some 1 < j,k <1’ then
||e.7 - ekHOO Z ma’X(RejaRek) Z Mq- (68)

Moreover, since t, € {1, log? n}, we get a brutal bound for the length of geodesic 7,
of T(0*, (ney)*)

#m < T(0%, (ne1)*) < (logn)*n, (6.9)
which implies that for all 1 <7 <7/,
leilloe < (logn)?n. (6.10)
Using (6.8), (6.10) and the definition of N, we have
IP’[NQ > bq} <, (6.11)
where
Sq =P [there exist by edges fi,..., fp, C [—(log n)?n, (logn)?n]? such that
Ry, € [My 2M]¥1 < j < by and [1f; — filloo = My V1< j £k < o). (612)
The following claim is straightforward.

Claim 8. There exists a constant ¢ = c¢(d) > 0 such that the following holds: for any
M €N and A C Z¢ satisfying

lu—v|oo > M, Vu,v €A,
we can find A" C A such that |N'| > c|A| and ||u — v||oo > 14M for all u,v € A'.

By this claim, there exists a positive constant ¢ depending on d such that for any
1 < q < ay if the event in (6.12) occurs then we can find A" C {f1,..., fy,} such that
|A'] > |cby) and ||e — flloo > 14M, for all e, f € A’. As a result, we have

Sq < P[there exist |cby] edges f1,..., f{cqu such that
1} = frlloo = 14MgV1 < j # k < |cby] and Ry € [Mg,2My] V1<

IN
—
o
S

=)
-
[

< Z PRy € [Mg, 2My] V1 < j < [cbg]], (6.13)
(Ffooof o )ET

where
T=A{(fl, - fla,) € [=(ogn)?n, (logn)®n)? : | f; = filloo > 14M V1 < jik < [cby]}.

It is clear that |7 < (2(logn)?n)°®s. We remark that the event R, € [My, 2M,] only
depends on the status of edges in B.(6M,). Therefore, given (f7,..., f[cbqﬂ € T, the
family of the events ({Rfj’.)lgjg\_cbq | are independent. Hence,

Lebq ]
PRy € [Mg,2M,] V1< j < |cby]] = 11 P[Ry; € [Mg, 2My]] < exp(—azcMyby),
j=1

(6.14)
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where for the inequality we used Lemma 3 (ii) with as > 0 a positive constant.
Combining this estimate and (6.13), we obtain that

Sq < |T|exp(—aacMyby) < (C(log n)2n)6db‘1 exp(—aacMyby)
< exp(—aacMyb,/2)
< exp(—asL/logL).

Using this with (6.11), (6.7),(6.6) and (6.5) yields

IF’[|D;'EL —T(0%, (ney)")| > L] <0(1) exp(—%) + O(1)log Lexp ( — agﬁ)
< eXP(—CQﬁ),

for some constants ¢y, cy > 0. O

Appendix

Lemma 6.2. Let d > 3,p > p.,0 < ¢ < 2 and &£ be the event that there exist two
connected sets D1 and Dy in B(R) that have diameter at least cR such that D1 does
not link to Dy by 1-weight paths in B(R). Then there exists 1 = f1(d), B2 = Ba(p) >
0 such that for all R > 1,

P[] < Brexp(—B2R). (6.15)
Proof. Let us define
Crb(R) = {there exists a crossing cluster in B(R)}.
By Lemma 2.1 (ii), there exist positive constants 1, 82 = [2(p) such that
P[Crb(R)] > 1 — B exp(—B2R).

On the above event, we suppose that Cl(B) is the crossing cluster in B(R). We note
that if the event € occurs, then either Dy or Dy does not link to Cl(B) by 1-weight
paths. Therefore,

PE] < P[ET], (6.16)
where

E* ={there exist a connected set D C B(R) : Diam(D) > cR;
D does not link to CI(B) by 1-weight paths}.

Now we only need prove that P[£*] decreasing exponentially by R. For —R < ¢ < R,
let
Hq = {l’ = (.7317 v ,l’d) € B(R) X = q} = {q} X [_R7R]d*1‘

and for —R <1 < j < R, define

Kz’,j = [Zvj) X [_R7 R]d_l‘
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Now for two distinct points x,y of B(R) with the first coordinate z1 = y; = a, we
define
Qr(z,y) = {y link to Hyyx by 1-weight paths in B(R)}
N {z does not link to y in K, 44k by 1-weight paths}.

Without loss of generalization, we assume that the diameter of D is achieved in the
first coordinate direction, i.e.

there exist u,v € D with v; — u; = diam(D).

It can be seen that if the event £* occurs, there exists an integer a satisfying —R <
a<(l—c¢)R and z,y € H, such that the event Q.r(z,y) occurs. Therefore, by union
bound,

PlE*] <d Z Z PlQcr(z,y)]

—R<a<(l—c¢)Rz,ycH,

<d(2R)* sup P[Qcr(z,y)). (6.17)
r,yeH_R

Let L be a positive integer that we choose later. We can write

Ha Ha+cR
VRESY
, —/\/J

a a+cR

Figure 7: Illustration of the relation between £* and Q.r(z,y)

cR=KL+r, 0<r<IL, (6.18)
where K is a non-negative integer. It is clear that

Qcr(z,y) € Qkr(r,y) C Qrk—1nr(z,y) € - CQL(z,y),
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which implies that

K-1

P[Qer(. )] < B|Qr(z.y)l ) Q¢L<x,y>}P[Iﬁl Quela.y)]

i=1

l_|

P|Qkr(z,y)|Qx-1)L } [ ﬂ Qir(x y]

=1

K
H QzL T,y ‘Q (i—1)L ( )] (619)

For w € H_p and i > 0, let O;(u) denote the set of all vertices z € H_g4;;, which

' L

R H-R+iR

Figure 8: Illustration of O;(x) and O;(y)

link to u by a 1-weight path. Note that for all u € H_p, the set O;(u) only depend
the status of edges having at least one endvertex to the left of H_py;;,. Moreover, on
the event Q;r(z,y), the sets O;(x) and O;(y) are non-empty and disjoint. Given the
event Q(;_1)z(7,y), if the event Q;1(x,y) occurs then u does not link to v by 1-weight
paths in K_g, (;_1yr,—r4ir for all u € O;—1(x) and v € O;—1(y). By [[Gri89], Lemma
7.78], there exist L and 6 = §(p, L) > 0 such that

PlQir(z,y)|Qui-1)r(z,y)] < sup Plu does not link to v in K_gy(i—1)1,—Rr+iLl
uvEH_Ri-1L

= sup Pfu does not link to v in K
u,veHg
<1-4.
Combining this estimates, (6.18) and (6.19), it yields that
PQer(z,y)] < (1-8)% < (1—6)"*, Va,ye H p. (6.20)

The claim of lemma follows from combining (6.16), (6.17) and (6.20). O
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