LOG CONTINUITY OF SOLUTIONS OF COMPLEX MONGE-AMPERE EQUATIONS
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ABSTRACT. Let X be a compact Kéhler manifold with semipositive anticanonical line bundle.
Let L be a big and semi-ample line bundle on X and « be the Chern class of L. We give
a sufficient condition ensuring that the solution of the complex Monge-Ampere equations
in o with L? right-hand side (p > 1) is log™-continuous for every constant M > 0. As an
application, we show that every singular Ricci-flat metric in a semi-ample class in a projective
Calabi-Yau surface X is globally log™ -continuous with respect to a smooth metric on X.
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1. INTRODUCTION

Let (X,w) be a compact Kéhler manifold. A cohomology (1, 1)-class « is said to be semi-
positive if o contains a semi-positive smooth form. Let 6§ be a smooth closed (1, 1)-form in a
big and semi-positive cohomology class. We consider the following complex Monge-Ampere
equation

(1.1 (dd°u+0)" = fw", supu=0,
X

where f € L? (p > 1) is a nonnegative function so that [, fw" = [ 6". The regularity of
solutions of (1.1) is well-known if # is Kahler thanks to pioneering works by Yau [45] and
Kotodziej [30], and many subsequent papers. We refer to [17, 19, 20, 32, 31, 36, 37, 38,
41, 42, 43] and references therein for details on Holder continuity of solutions when 6 is
Kahler.

The focus of our work is the case where 6 belongs to a semi-positive and big cohomology
class. In this general setting, it is well-known by [8] that the solution u is smooth outside
the non-Kahler locus of the cohomology class of 6. By [22, 9] or [18], we know that the
equation (1.1) admits a unique continuous solution v on X if the cohomology class of § is
integral (see [24] for more information). The aim of this paper is to quantify this continuity
property of solutions. The methods in [22, 9] or [18] seem to be only qualitative. To state
our results, we need to introduce some notions.

Let M > 0 be a constant. We fix a smooth Riemannian metric dist(-,-) on X. A function
won X is said to be logM-continuous if there exists a constant C'; > 0 such that

Cu
< - -
= Togdist( 17"
for every z,y € X. Let K x be the canonical line bundle of X. Recall that X is Calabi-Yau if
c1(Kx) =0, and X is Fano if Kx < 0. A line bundle L on X is said to be semi-ample if L*

u(z) = u(y)
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is base-point free for some large enough integer & > 1. It is a well-known fact that (see [39,
Section 2] for a summary), L is automatically semi-ample if X is a projective Calabi-Yau
manifold and L is big and nef.

Let L be a big and semi-ample line bundle on X (hence X is forced to be projective by
Moishezon’s theorem). Let dj, := dim H°(X, L¥) and {s1, ..., sq, } be a basis of HO(X, L*¥).
We define ®;, : X — CP%~! by putting

Oy (x) = [s1(x) : -+ : sq,(x)].
Observe that ¢y, is a well-defined map outside B(kL) := Ny pox,1r){s = 0}

We recall dd® := i/md0. Since L is semi-ample, there is ¥’ > 0 sufficiently large so
that B(k'L) = @. Hence ®;, : X — CP% is a holomorphic map. Since L is big, we
can find ¥” > 0 so that ®;~ is of maximal rank. Let k := K'k”. It follows that @y, is
a holomorphic map of maximal rank. Let X’ := &, (X) which is an irreducible analytic
subset of dimension n in CP%. ™!, By increasing k, if necessary, we also have that @y, is
an algebraic fibre space, i.e, the fibers of ®;, are connected, and X’ is a normal variety
(see [33, Theorem 2.1.27]), moreover &, is bihomorphic outside the non-Kahler locus N
of ¢1(L), see [7, Theorem A].

Here is our main result in this work giving a partial answer to the above question.

Theorem 1.1. Assume that K% is semi-positive (where K% is the dual of the canonical line
bundle Kx) and X' has only isolated singularities. Let § € c¢1(L) be a smooth form. Then the
unique solution v of (1.1) is log™ -continuous for every constant M > 0.

Since X’ is normal, if n = 2, then X’ always has isolated singularities. Theorem 1.1 is
probably the first known quantitative (global) regularity for solutions of complex Monge-
Ampere equations in a semi-positive class. We would like to notice that it was proved in
[28] that the solution of the equation (dd°u + w)” = efw” for e’ € L'(log L)? is log" -
continuous for M := min{%, nLjrl} ; see also [25] for a recent development. As far as we
can see, the method in [28] or [25] uses crucially the fact that w is Kdhler and it is not clear
if this can be extended to semi-positive classes to obtain a log" -continuity for solutions of
(1.1).

Assume that X, L, w are as in the statement of Theorem 1.1. Hence the non-Kéhler locus
N of ¢1(L) is a proper analytic subset in X; see [6]. Let F' be a smooth function on X such
that [, efw™ = [ (c1(L))™ and denote by wp the (singular) positive (1,1)-form on X such
that w? = ef'w". Recall that wy is a genuine Kéhler metric on X \N.

Corollary 1.2. Let X, L,w, N and F be as above and the hypothesis in Theorem 1.1 holds.
Then for every constant M > 0, there exists a constant Cp; > 0 such that

dup (2, y) < Cyr|log dist(z, y)| ™,
for every x,y € X\N, where d,,, is the distance induced by wr on X\ N.

In the case where 6 is in a Kihler class, one has better estimates; see [25, 34, 44] for
details. We are not aware of any previous result similar to Corollary 1.2 for merely semi-
ample and big classes. As an immediate consequence of Corollary 1.2, we get the following.

Corollary 1.3. Let X, L,w and F be as above and the hypothesis in Theorem 1.1 holds. Assume
wo is a (singular) Kdhler-Einstein metric in c¢1(L). Then wy has a logM -continuous potential.
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Moreover; if d,, denotes the distance induced by wy on X\N then for every constant M > 0
there is a constant Cy; > 0 so that

duy (2, y) < O] log dist (z, y)| =,
for every z,y € X\N.

One can apply Corollary 1.3 to the case where X is a Calabi-Yau surface for which the
hypothesis of Corollary 1.3 is automatically satisfied. In this case wy is the Ricci-flat metric
in ¢; (L) which always exists uniquely (see [22]).

We now explain main ideas in the proof of Theorem 1.1. We will need to approximate our
smooth solution u by smooth quasi-psh function (u.).. Using [15] or [16, Theorem 4.12]
(analytic approximation for general closed positive (1, 1)-currents), one obtains (6 + ew)-
psh functions u, so that u. converges to v in a quantitative way in L'. However ||Vuc||
grows like e!/¢. The fact that w, is only (6 + ew)-psh and a bad control on || V||~ is not
usable in our approach. For this reason, we have to restrict ourselves to the line bundle
setting for which a more precise approximation procedure is available. Precisely we will
need a modified version of Demailly’s analytic approximation of singular (not necessarily
Kahler) Hermitian metrics for a line bundle (Theorem 5.8), this is the place where we need
to use the hypothesis that X’ has only isolated singularities. This regularisation together
with Kotodziej’s capacity technique will give us a weak Log continuity property for u (see
Lemma 6.2). Our second ingredient (Sections 2 and 3) is to say that a function satisfying
this weak Log continuity property is indeed Log continuous as desired.

The paper is organized as follows. In Sections 2 and 3, we present important facts about
log continuity of functions. In Section 4, we recall some facts about Holder continuous
measures. In Section 5, we present a modified version of Demailly’s analytic approxima-
tion. The rest of the paper is devoted to the proof of main results.
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2. LOG CONTINUITY OF PSEUDOMETRICS

Let Z be a topological space and d : Z2 — Rx( be a function. Let B > 1 be a constant.
We say that d is a B-pseudometric on Z if the following holds:

(i) d is symmetric, i.e, d(z,y) = d(y, z),

(ii) d is continuous on Z2,

(iii) for every x1,...,2,, € Z, one has

m—1

d(l’l,ﬂ?m) S B Z d(l’j, l‘j-l-l)-
7=1
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Lemma 2.1. Let U C R™ be a bounded convex domain (m > 2). Let B > 1 be a constant.
Let d : U x U — [0,00) be a B-pseudometric satisfying the following condition: there exist
constants o > 0, D > 1 and Cy > 0 such that

Co
2.1 d(z,y) < 77—,
(9) < Tiog e — gl

for every x,y € U with |z — y|P < min{dist(z, 0U), dist(y, OU)}, where
dist(w,0U) = inf{|lw — | : £ € OU }.
Then, there exists a constant C' > 0 depending only on B, Cy,«, D and U such that
C
d 'CB, y S T1 - - 1o’
9= Tlog Tyl
for every x,y € U.
Proof. Without loss of generality, we can assume that diam(U) < 1. In particular, |z —y|” <
|x — y| for every z,y € U.
Fix a € U and denote r = dist(a,0U). The desired assertion is clear if we have either
|z —y| >r/2or
min{dist(x,9U), dist(y, 0U)} > r/2 > |z — y|
(by (2.1)). Consider now the case where
|z —y| <r/2 and min{dist(x,0U),dist(y,0U)} < r/2.
Thus, we have max{|z — al,|y — a|} > |x — y|. Without loss of generality, we can assume
that |z —a| > |z —y| :== 6 > 0. Set
(lx —a| =)z da

|z — al |z —al

g =

In other words, ¢ is a point in [z, a] satisfying | — x¢| = 0. Since U is convex, we have
(|lx — a] — d)dist(z, 0U) n d dist(a, 0U)

| — al |z — al

(2.2) dist(zg,0U) > > ro.

For every k € Z™, we denote by x; the point in [z, 2] satisfying |z — z| = §P* . Then, we
have
dist(zg, OU) |z — x|

> 6" and |xp — xp—1| < s
|z — o

dist(zy, 0U) >

1

Put M = |-| + 1, where [-] is the greatest integer function. For every ! = 0,..., M and
T

k € Z+, we denote

lxg — zK—1)

Tpl = Tp—1+
’ M

Dk—l

Then |z4; — k41| < . Moreover, since dist(.,0U) is a concave function on U, we
have

e oD

dist (2, OU) > min{dist(zy, dU), dist(zy_1, 0U)} > ré?" > SR
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Therefore, by the condition (2.1), we get

Co Co
d(zp, < = '
(@h1 Th 1) < [log [k — 2xai1|]® — DEDallog s

Thus, we have

M-
BCyM
d(@k, Tp-1) EZ: (Thds Tpit1) < D(’f Da|log o[’
Hence
k BQC()M b (j-1) Cl
d <B dlxi,ziq) < D™V L
($k7$0) >~ ]_Zl (l’j;m] 1) > |10g5’a ]_Zl = |10g5‘a>
where ¢ — B*CoM D™ _ B2CoM
""" 1-Dwe D1’
Since d is continuous on U x U, one gets
. Ch

. = < —.
2.3) d(x,x0) kll}ralo d(xg,x0) < Togd°
Since |y — xo| < |z —y| + |z — x| < 26, by using the same argument as above, we also have
2. d < 2
( 4) (yvx(]) = HOg(S’ON

where C5 > 0 depends only on B, Cy, M, D and «.
Combining (2.3) and (2.4), we get
B(C1+Cy)  B(C1+ (o)

d(z,y) < B(d(x,z9) + d(y,zg)) < = .
() = Bldle,a) o 20) = = og s = Togla — e

The proof is completed. O

Lemma 2.2. Let U C R™ be a bounded convex domain (m > 2). Let B > 1 be a constant.
Assume d : U x U — [0,00) is a B-pseudometric satisfying the following condition: there exist
constants « > 1 and Cy > 0 such that

Co
(2.5) d(z _—
9 = gl — g
for every x,y € U with |z — y| < min{dist(z, 0U), dist(y, 9U)}, where
dist(w,0U) = inf{|lw — | : £ € OU }.

Then, there exists a constant C' > 0 depending only on B, Cy,«, D and U such that

C
U@, 9) < Tiog o — gl

forevery x,y € U.

Proof. We will use the same method as in the proof of Lemma 2.1. Without loss of generality,
we can assume that there exists a € U such that r = dist(a,0U) > 1. We only need to
consider the case where [z —y| < r/2 and min{dist(z,U),dist(y,0U)} < r/2. In this
case, we have max{|r —al, |y —a|} > |x —y|. We can assume that |z —a| > |z —y| :=J > 0.

Set
(lx —a| —9d)x da
xro = + .
| — al | — al
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In other words, zy is a point in [z, a] satisfying |x — x| = J. Since U is convex, we have

|z — a| — ¢) dist(x, 0U) n d dist(a, 0U)

| — al |z — al

(2.6) dist(zg,0U) > ( > ro.

For every k € Z*, we denote by z;, the point in [z, z¢) satisfying |z — x| = 27%4. Then, we

have

dist(xg, OU)|zk — x|
|z — x|

dist(zg, 0U) > >7r27%5 and |z — x| < 2786

By the condition (2.5), we have

Co Co
< < s
|log |z — xk—1]|* ~ (|logd| + klog2)

d(xg, Tp—1)

for every k € Z*. Hence

k k
BCy BCy [ dt Ch
d(l’k,[ﬂo) <B d({L",.’IJ‘_l) < . a S / Py
jz::l 2 = (|log d| + jlog2) 10g2 Jiog|s) t* ~ [logdlo—!

where Ci = %.

Since d is continuous on U x U, one has
@2.7) d(w,20) = Tim d(zg, z0) < — 1

' BT0) = e N T0) = |log §|e—1"

Since |y — xg| < | —y| + |x — 20| < 26, by using the same argument as above, we also have

Co

2.8 d < —
( ) (y7330) = |1Og6|a71’

where C5 > 0 depends only on B, Cy and «. Combining (2.7) and (2.8), we get

B(Ci+Cy)  B(Ci+ ()
< < = ‘
d(z,y) < B(d(z,z0) + d(y, x0)) < | Tog &[T [log |z — y|[o1

The proof is completed. O

Proposition 2.3. Let Ny, N»..., N, be affine subspaces of R™ such that codim (N;) > 2 for
every j = 1,...,p. Denote N = U§:1Nj- Let B > 1 be a constant. Let o« > 0, D > 1 and
Cop > 0 be constants. Let d be a B-pseudometric on B"™ \ N satisfying one of the following
conditions

(i) D> 1and

Co
2.9 dz,y) < ———————,
(@9) < Tiog e — gl

forevery x,y € B™\ N with |z — y|P < min{dist(x, N), dist(y, N)}.
(i) D =1and

Co
(2.10) d(z,y) < )
(@9) < (g o = yjo

for every x,y € B™ \ N with |z — y| < min{dist(z, N), dist(y, N)}.
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Then, there exists C' > 0 depending only on B, Cy,«, D, N and m such that

C

d x7y) S —7
@9) < gl =gl

for every x,y € B™\ N.

Proof. We will give the proof for the first case where (i) is satisfied. The second case is
similar (use Lemma 2.2 in place of Lemma 2.1). Recall that d is a continuous functionon
(B™\ N) x (B™\ N). Let H; be a hyperplane containing N; for j = 1,..., p, and denote
H = U‘Zj):lHj. Observe that the connected components of B™ \ H are bounded convex
subsets of R™. Moreover, if U is a connected component of B™ \ H then by (2.9), u satisfies
the condition (2.1) in Lemma 2.1.

Let z,y € B"™ \ N. We distinguish into three cases.

Case 1: there exists a connected component U of B™ \ H such that x,y € U \ N.
In this case, by Lemma 2.1 and by the continuity of d, we have

Cu

d‘r7y §—7
@9 < fog e =yl

where Cy; > 0 is a constant depending only on B, Cy, «, D and U.

Case 2: [z,y] N H # () but [z,y] N N = 0.
In this case, there exist connected components Uy, Uy, ..., U, of B™\ H and xg, x1, 2, ..., T} €
[z,y] such that xg = 2 € Uy, a4, = y € U and z; € 0U; N OU, 44 for every j = 1,...,k — 1.
Using the result in Case 1, we have

k b BOy.
d(z,y) < BY» d(xzj,zj—1) < J
; Y ;lloglfﬂj—lella
kBC1
S - -
| log |z — y||*
(p—|— 1)BC’1
= |log |z —yl|*’

where C1 = sup{Cy : U is a connected component of B"™ \ N}.
Case 3: [z,y] N N # 0.
Denote f(t) =tz + (1 —t)y, 0 <t < 1. Then, there exist 0 < k <pand 0 < t; < tg < ... <
tr < 1 such that
[z, y) "N ={f(t;) :5=1,....k}.
By Lemma 2.4 below, for every j = 1, ..., k and for every 0 < € < 1, there exists a pieceweise
linear curve | = agpay...asr with ag = f(t; + €) and asr = f(t; — €) such that [ does not
intersect N and
L(l) < Colf(tj +€) = f(tj — €)| = 2Cae|w — ],

where Cy > 1 is a constant depending only on p. Therefore, by the result in Case 2, we
have

(2.11) d(f(t; + ). 1 (t; — ) = O(e).
Denote ¢ty = 0 and t;1; = 1. By Case 2 and by (2.11), we have
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d(,y) = lim d(f(to+€), f(trs1 - ©))

e—0+
k k
<hmsupBZd (tj +e), f( ]+1—6))+11mSUPBZd (tj +e), f(tj —¢))
e—0+ =0 e—0+ j=1

< limsupz B*Ci(p+1)
T 0+ iz [log [ f(tj +€) — f(tj+1 —€)[|*

- B*Ci(p +1)?
= |loglz —yl|*
The proof is completed. O

The following lemma plays also an important role in our proof later.

Lemma 2.4. Let Ny, No, ..., N}, be affine subspaces of R such that codim (N;) > 2 for every
j =1,..,k. Denote N = UFlN. Then, there is a constant C' > 1 depending only on k
(and m) satisfying the following property: for every x,y € R™ \ N, there is a polygonal chain
l = apay...ag with ag = x and ag = y such that

Cdist(¢§, N) > min{dist(z, N), dist(y, N)},
for every ¢ € Ut ay, a1, and
L(l) < Clz —yl,
where L(l) = |ap — a1| + |a1 — a2| + ... + |age_1 — ayx| is the length of I.

In order to prove Lemma 2.4, we need the following elementary lemma:

Lemma 2.5. Let N be an affine subspace of R™ with codim N > 2. Let r > 1 be a constant.
Then, for every x,y € R™ \ N, there exists w € R™ \ N such that

[z —w|+ |w—y| <3z —yl,
and
2r dist(§, N) > min{dist(z, N), dist(y, N)} > rdist(&, [z, y]),
for every £ € [z, w] U [w, y].
Proof. Observe that the function dist(-, N) is convex on R™. Indeed, for every a,b € R™,
there exist ag, by € N such that |a — ag| = dist(a, N) and |b — bg| = dist(b, N). Hence, if
n = aa+ (1 — «)b for some « € [0, 1] then
adist(a, N) + (1 — a)dist(b, N) = ala — ap| + (1 — a)|b — bo|
> afa —ao) + (1 — @) (b — bo)|
= [n = (aap + (1 — a)bo)| = dist(n, N).
Let R := min{dist(z, N),dist(y, N)}. If dist(n, N) > R/(2r) for every n € [z,y], then

w := x satisfies the desired property. Assume, from now on, that there is a point n € [z, ]
such that dist(n, N) < R/(2r) < R/2. We deduce that

(2.12) |z —y| = |z — 9|+ |n — y| > dist(z, N) — dist(n, N) + dist(y, N) — dist(n, N) > R.
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We distinguish into three cases

Case 1: Either [z,y] is parallel to N or the line passing through z,y intersects N but
[,y NN = @.
In this case, we can take w := z.

Case 2: [z,y| NN # @.
Since codim N > 2, t}~1ere exists a hyperplane N containing x,y, N. Let wy = [z,y] N N. Let
w be a point in R™\ N so that |w — wyp| = % and [w, wy] is orthogonal to N. We have

lw—z[+[w—y| < |z —wol +2lw—wo| + |y — wo| < |z —y|+ 2R < 3|z —yl,
where the last estimate holds due to (2.12).
Moreover, if £ € [z, w] U [y, w] then

dist (¢, [z, y]) < dist(w, [z,y]) = [w — wo| =

e

Let 29 € N such that [z — xo| = dist(z, N). If § € [z, w] then { = ax + (1 — a)w for some
a € [0,1]. Since z —z9 L N and w — wy L. N, we have

dist(€, N) = |€ — azo — (1 — a)wo| = v/a2lz — 20l + (1 — @)2|w — wo® > ;.
Similarly, if ¢ € [y, w] then we also have dist(¢, N) > £. Then, w satisfies the desired
properties.

Case 3: [z,y] is not parallel to NV and the line d passing through z,y does not intersect

N.
In this case, there exist w; € N, wy € d such that [wy, ws] is orthogonal to N and d, and
|lwi — we| = min{|]z — 2| : z € d,2’ € N}. Using the convexity of d(-, N) and the fact
that there exists n € [z,y] with d(n, N) < R/2, we deduce that d({, N) > R/2 for every
¢ € d\[z,y]. Consequently ws € [z,y].

Let w be the point in the line passing through w;, w, such that w lies between w; and
w, and |w — wy| = R/r. We check that w satisfies the required properties. Let { € [w, z].
Write £ = ax + (1 — a)w for some constant « € [0,1]. Let &y, z¢ be points in N such that
[, z0] and [¢, ] are orthogonal to N. We have

& =axp+ (1 — a)w;.
Compute
€ = &ol* = |z — @) + (1 — @) (w — wy)[”
= ?|lz — 2o + (1 — @)} |w — w1 |* + 2a(1 — a){z — 20, w — wy).
Recall that w — w; is both orthogonal to N and d. It follows that
(x — 20, w —w1) = (T — wo, w —wy) + (w2 —wy,w —wi) + (w1 — xg,w — wy)
which is equal to (ws — w1, w — wy) > 0. Hence we obtain

€ —&)? > o —zo]? + (1 — a)?|w — wi)?
R2
> a’R? + (1 —a)?R?*/r? > 5
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Since dist(&, N) = [€ — &o|, we infer
2dist(¢,N) > R/r.
On the other hand, we have
dist(€, [, 9]) < dist(w, [z, ]) < [ — wa| = R/r.
We obtain a similar inequalities if £ € [w, y]. Finally, observe
jw =z +[w—y| <|w—ws| + | — wo| + |w —wa| + w2 —y| = 2R + & —y| < 3R < 3|z —y],

because wy € [z, y] and we used here (2.12). Thus w satisfies the desired properties.
This finishes the proof. O

Proof of Lemma 2.4. We will use induction in k. The case k£ = 1 is an immediate corollary
of Lemma 2.5. Assume that Lemma 2.4 is true for k = ky. We will show that it is also true
fork = ko + 1.

Denote N’ = NjUNaU...UNy, and N = Ny UNaU...UNg 41. Letz,y € R™\ N, = # .
By the induction assumption, there exists a polygonal chain [y = apa;...aux, wWith ag = «
and a,r, = y such that

(2.13) L(lp) < Colz -y,
and
(2.14) Co dist(¢, N') > min{dist(x, N'), dist(y, N')},

for every ¢ € U;lkzol [as—1,as], where Cy > 1 is a constant depending only on ky and m.
We will construct a polygonal chain [ = bgb; ...bx,+1 satisfying the conditions as in Lemma
2.4. Denote
A := min{dist(x, N), dist(y, N)}.
If 2Cy dist(¢, N) > A for every £ € U;@l [as—1,as] then we can choose | = [y and C = 2.
It remains to consider the case where 2C) dist(§, N) < A for some &, € U;‘Z [as—1,as]. In
this case, we have

(2.15) L(lp) > |z—Eo|+|y—E&o| > (dist(x, N)—dist(&o, N))+(dist(y, N)—dist(&p, N)) > A.
For every s = 0, ..., 4%, we define by, as follows

o If 2Cy dist(as, N) > A then we put bys = as;
e If 2C) dist(as, N) < A then we choose bys € R™ such that the vector bys — as is
perpendicular to Nj,11 and

A
(2.16) diSt(b48, Nk0+1) = ]as — b48| + dist(as, Nko-l-l) = f
0
Thus we have
A

(217) ’b4s - b4s+4| < ‘as - (154,-1‘ + ’as - b4s| + |a5+1 - b4s+4‘ < ‘as - as—i-l’ + 607
and

. A
(2.18) dist(&, [as, as+1]) < max{|bss — asl, |basta — ast1]} < 2Cy

for each ¢ € [bys, bysy4] and for every s = 0,1, ..., 4k — 1.
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Combining (2.14) and (2.18), we get

(2.19) dist(¢, N') > inf  dist(n, N') — dist(¢, [as, ast1]) > =,
nElas,as+1] 200

for each & € [bys, bysy4] and for every s = 0,1, ..., 4k — 1.
We will find by 1, bysto and bysy 3 such that
@ S50 1y — bj| < Blas — asr| + 2
(i) dist(¢, N) > ga- for every & € U2 [bs, bjya].
We distinguish into three cases.

Case 1: dist(¢, Ny 1) > 5o for all £ € [bys, bagya].
In this case, we put bysy1 = bysi2 = bgsis = bysrq. It follows from (2.17) and (2.19) that
the conditions () and (i7) are satisfied.

Case 2: dist(&o, Ngy+1) < 4‘%0 for some &) € [bys, bys+4] and either ag # bys OF asy1 # bysta-
In this case, we have

NP . A
min{dist(bss, Ngy+1), dist(bas+a, Nkg+1)} = 200
By Lemma 2.5, we can choose ¢ € R" such that
(2.20) |bas — q| + |bas+a — q| < 3[bas — basial
and
: A .
(221) 4dlst(£, Nk0+1) Z f Z 2dlst(§, [b43, b4s+4]),
0
for every & € [bas, q] U [q, bas4]-
By (2.19) and (2.21), we have
A
(2.22) dist(¢, N') > inf  dist(n, N') — dist(&, [bas, bassa]) > —-.
NE[bas,bast4] 4CO

for every & € [bas, g U [q, bas+4].
Put byst1 = bast2 = basys = ¢. It follows from (2.17) and (2.20) that (7) is satisfied. By
(2.21) and (2.22), we also get (i7).

Case 3: dist(&y, Ny 41) < ﬁ for some & € [bys, basia] and a; = byj for j = 5,5+ 1.
In this case, we choose bss12 € R™ such that the vector bss — a5 is perpendicular to Ny, 41
and

; . A
(2.23) dist(bas+2, Nkg+1) = [bast2 — bas| + dist(€o, Ny 41) = T

Similar to (2.17) and (2.18) (and note that a; = by; for j = 5,5+ 1), we have

A A
2.2 bs_bs bs _bs Sbs_bs o — |0s — Qs YR
(2.24) |ba as+2| + |bast2 — basya| < |ba 4+4|-l-2cO la a+1|+2cO
and
. . A
(2.25) dlSt(fv [asa a8+1]) - dlSt(f, [b487 b4s+4]) <

iCy’
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for every £ € [bys, basy2] U [bast2, bastal.
Combining (2.14) and (2.25), we get

3A
2.26 dist(&, N') > —
for every £ € [bus, basta] U [bast2, bas+a]-
By using Lemma 2.5 for [bys, bys+2] and [basy2, basta], we can choose bys11 and by, 3 such

that

4543
(2.27) Z 1b; — bjt1] < 3(|bas — basya| + [basto — bastal),

j=4s
and

. A .
(2.28) 2dist(&, Ngor1) = icy > dist(&, [bas, bas+2] U [bas+2, bastal),
for every ¢ € U?S:if;’ [bj,bjt1]-
By (2.26) and (2.28), we have
A
(2.29) dist(&, N') > inf dist(n, N) — dist(&, I) > —,
nel 200

for every ¢ € U?fﬁ [bj,bj+1], where I = [bag, basi2] U [bast2, basya]. It follows from (2.28)

and (2.29) that (i7) is satisfied. By (2.24) and (2.27), we also obtain (7).
Now, let [y = bgb;...byko+1. By (i7), we have

dist(&, N) > L min{dist(z, N), dist(y, N)}.

8Co
By (2.13), (2.15) and (i), we have
gko+1 1 4k0 —1 A
URED SRURIRIED S Cnpe-
=0 s=0 0
= 3L(ly) + 4’“023

+7k0 L(l
< 1
3< Co) (0)

<3 (Co —|—4k°> |z — yl.

Choosing C' = 8 (Cy + 4%), we see that [ and C satisfy the desired conditions. Thus,
Lemma 2.4 is true in the case k = kg + 1. This completes the proof. O

3. LOG CONTINUITY PRESERVED UNDER BLOWUPS

Let f : X — Y be a smooth surjective map between compact differentiable manifolds.
Let gx, gy be Riemannian metrics on X, Y respectively. Let dg,,d,, denote the distances
induced by gx, gy on X,Y respectively. For £ C X, let dx(a,E) := infycp dx(a,b). For
every a,b € Y, we define

ng“f(a/, b) = alef—l(aiglf/effl(b) ng (a/7 b/)
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We note the last function is in general not a metric on Y. Observe
(3.1) dgy < Cdgy g
for some constant C' > 0 because the differential D f is bounded uniformly on X.

Lemma 3.1. Let Xy,...,X,, be compact complex manifolds and f : X; — X,_1 be the blow
up along a smooth submanifold V;_1 C X;_1in X;_q for1 <j <m. Let f := fi,0---0 fp:
Xm — Xo. Let g; be a Riemannian metric on X; for 1 < j < m. Let A > 0,5 € (0,1]
be constants. Let u be a function on Xg and M > 0 be a constant. Then if v o f,, is a
logM -continuous function, then so is w.

We note that a similar property for Holder continuity was proved in [27]. The following
proof is more or less similar.

Proof. This is indeed implicitly in the proof of Lemma 3.4 in [27] if m = 1. The general case
follows from an immediate induction on m. For readers’ convenience, we reprove below
the case where m = 1.

Let f1 : X1 — X( be the blow up along a smooth submanifold V' in Xj. Let n := dim X
and [ :=dimV. Leta € V and let (U,z = (21,...,2,)) be a local chart around a such that
V is given by {x; = 0,1 < j < n —I}. Thus f; }(U) is biholomorphic to the submanifold
of U x CP"~!~1 defined by the equations zjvs = vjxs for 1 < j,s < n—1I, where v := [v; :
.- : v,_] are the homogeneous coordinates on CP"~'~!, One can cover f;*(U) by (n — 1)
open subsets

Uj = {(z,v) € fFHU) vy # 0}.
In U;, we have

fi(z,v) = (vizj/vj, vaxj/vj, . .. VT [Vf, Tp—41s - - -, Tny)-

Now let a,b € Xy. It suffices to consider a,b close to each other and both close to V'
(because f; is biholomorphic outside V). We split the proof into several cases. Firstly
observe that if a,b € V, then since f; : ffl(V) — V is a submersion, one gets

Cdgo (a> b) > d917f1 (av b)’
for some constant C' > 0 independent of a and b. Hence
(3.2) lu(a) — u(b)| = _inf luo fi(a") —wuo f1(b)]
a'cfy M a) b efi(b)
< Nogdy, 7, (a,b)| ™ < [log dgq (a, b)| ™.

Note that in the last inequality, we only consider a and b close to each other, hence log dy, (a, b) <
0.

Case 1. Consider now b € V and a ¢ V but close to b. Then there is a local chart (U, x)
on Xy containing b, a such that V' is given by {z; = 0,1 < j < n —[}. We use now the
Euclidean distance on that local chart.

Without loss of generality, we can assume that b = 0, a = (2,...,2},) with 2 # 0 and
h(t) := (ta],...,tz)) € U for every t € [0,1]. We see that

h(t) = filoh(t) = (tah, ... tal, [z} ... 2l)),

) no
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for t > 0. Letting ¢t — 0 gives

h(0) :=lim f o h(t) = (0,...,0,[z} ... . 2\]) € f7 (D).

t—0
We infer that
dg, (h(1), 1(0)) S |24] + -+ + Jar,| S Ja—bl.
It follows that
dgy (h(1), f71(0)) S la = b S dgy(a,b).
Hence dg, ,(a,b) < dg,(a,b). Thus we get an estimate similar to (3.2).

Case 2. Consider now a,b ¢ V but close to V. Direct computations show that |D f; *(a)| <
|dg, (@, V)| 2. Thus we get
dg,.f:(a,b) S max{dg,(a, V)727 dg, (b, V)72}d90 (a,b).
Hence if min{d,,(a, V)?, dg, (b, V)?} > dy,(a,b)'/?, then
dgl,fl (a’7 b) 5 dgo (av b)l/Q'
We treat now the case where min{dy,(a,V)?,dy, (b, V)?} < dy,(a,b)"/?. Without loss of
generality, we can assume that dg, (b, V) < dy,(a,b)'/*. Then
d!]o (a7 V) S dgo (av b) + dgo (bv V) S dgo (a7 b>1/4'
Now we consider a local chart (U, z) containing a, b. We use now the Euclidean metric. Let
ay, by be the projection of a,b to V' respectively.
lay —by| < la— bl
and
ja—av| S la—b"* |b—by| < la—b""
Now applying Case 1 to (a,ay), (b,by) and (ay, by ), one obtains
(3.3)
dgy 1 (ayav) + dg, 1, (av, bv) + dg, 1, (v, b) S la = av| + |ay = by| + b = by| S [a — b]'/*.
Put z; := |u(a) — u(ay)|, z2 := |u(ay) — u(by)| and x3 := |u(by) — u(b)|. By previous parts
of the proof, we see that

1 1
. M . M
dgo (a’aV) Ze ", dgo (aV’ bV) 2e "z
and )
dgo (bv,b) Z 7% "

This combined with (3.1) and (3.3) gives

3 1 -1/M
) + T9 + 23
_p|l/A > PR Y s S T ] _
| ;21 e 2 exp 3

It follows that

log < |log la —bf| ="

o —b|| M
T+ w2+ a3 S —
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for some constant C' > 0 independent of a and b. The left-hand side of the last inequality is
> |u(a) — u(b)|. Hence |u(a) — u(b)| < |log|a — b||~™. This finishes the proof. O

4. HOLDER CONTINUOUS MEASURES

Let 1 be a closed smooth semi-positive (1, 1)-form in a big (semi-positive) cohomology
class. Let K be a Borel subset of X. The capacity of K is given by

cap, (K) := sup{/Kn; :0 <@ <1, npsh}.

The above notion was introduced in [22] generalizing those in [2, 30]; see [12, 35] and
references therein for various generalizations of capacity.
Let A, 8 > 0. We say that a Borel measure p on X satisfies the condition H (3, A, n) if

u(EK) < A (cap, (K))'7

for every Borel set K C X.

Fix a Kéhler form w on X. Let i be a measure on X. Recall that p is said to be a Holder
continuous measure with the Holder constant A and the Holder exponent v € (0, 1] if for
every w-psh function ¢y, g2 with [ ¢;w" = 0 for j = 1,2 there holds

/X(<P1 —p2)du < Aller — 2|11 wn)-

Let M(A,~) be the set of Holder continuous measures with the Holder constant A and
the Holder exponent v € (0, 1]. By [20, Lemma 3.3], a measure pu € M(A,~) if there is a
constant C' > 0 depending only on A such that for every w-psh function ¢, p2, we have

(4.1) | et = aldu < Cmax {ller = el ey or = alrc)

Note that if i is a Holder continuous measure then it follows from [20, Proposition 2.4 and
Proposition 4.4] that for every constant § > 0, there exists a constant Ag > 0 such that
e satisfies the condition # (3, Az, w). Therefore, by the comparison of capacities (see [21,
Theorem 3.17]), for every 8 > 0, there exists Ag > 0 such that p satisfies the condition
H(B, Ag,n). Alternatively, one can prove the last property by using results in [12].

The following proposition is a special case of [26, Proposition 5.3] (replace ¢ and ) by
w; and we, respectively):

Proposition 4.1. Let 1 be a big semi-positive closed smooth (1,1)-form and let wi,wy be
negative n-psh functions such that w is of full Monge-Ampére mass (i.e, [y ny, = [xn™).
Denote p11 = (n + ddwy)™. Assume that the following conditions hold

(i) there exists a constant M > 0 such that
—M < max{w;,ws} <0;

(ii) there exist constants A, 3 > 0 such that yu, satisfies the condition H(53, A, n).

Then, for every constant r > 0, there exists a constant C' > 0 depending on w,n, M, A, 8 and
r such that

Br
n+pB(n+r)

wy —wy 2 —=Cllwr —wall /7,7
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In particular, if p; € M(B,«) for some B > 0 and 0 < o < 1 then for every r,~y > 0, there

exists a constant C' > 0 depending on w,n, B, a,vy and r such that

~yr
n+y(n+r)

L (p1)
We will apply Proposition 4.1 to the case where 7 is large enough, this means the expo-

nent % is close to be 1.

wy — wy > —C'|Jwy — ws|

Corollary 4.2. Let n be a big semi-positive closed smooth (1, 1)-form and let w be a negative
n-psh function of full Monge-Ampére mass with supy w = 0. Assume that (n + dd“w)" €
M(B, ) for some B > 0and 0 < o < 1. Then |w|/z~ < C, where C > 0 is a constant
depending on w,n, B and a.

By [20], a measure p of mass [, w" is Holder continuous if and only if y = (dd°u + w)"
for some Holder continuous w-psh function u on X. The following will be important for us.

Corollary 4.3. Let X,...,X,, be compact complex manifolds and f; : X; — X;_1 be the
blow up along a smooth submanifold V;_1 C X;_; in X;_1 for 1 < j < m. Let f :=
fmo---ofo: Xy — Xo. Let u be a Holder continuous measures on X,,. Then f.u is also
Holder continuous.

Proof. By induction, it suffices to prove the desired assertion for m = 1. Let uy, us be wg-psh
functions on X for j = 1,2, where wy is a Kihler form on Xj. Put ug = fiu;. Let wy be a
Kahler form on X;. Using Holder continuity of ;, we obtain
/ !/ / !/ !/ /
lus = uallpr (g = iy = udllzrgy S wd = w2l pany + iy — udllop).

Standard computations using local coordinates for blowups show that there exists a func-
tion g € LP(wg) for some constant p > 1 satisfying (f1)«w] = gw(. Hence

o =l = [ o = unlg < s = vl
0

where 1/¢ + 1/p = 1. By [20, Lemma 2.2], one has

1/(2
w1 — uollLaqup) < llur — UQHL/l((wqéz)‘

Hence (f1).u is Holder continuous. O
5. REGULARIZATION OF PSH FUNCTIONS
5.1. L2-estimates. We recall first the I2-estimates for 0 and discuss some of its variants.

Theorem 5.1. (see [16, Corollary 5.3]) Let (X,w) be a compact Kdhler manifold. Let ¢ > 0
be a constant. Let L be a holomorphic line bundle on X together with a singular Hermitian
metric h satisfying

c1(L,h) > ew.
Then for every g € L2 (X, L) with g = 0, there exists u € L (X, L) such that du = g, and

/X fuf? o < €1 /X 92",

where |g(x)|n,, denotes the norm of g with respect to the norm induced by the Hermitian metric
h on L and the Riemannian metric on X associated to w.
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We deduce from the above result the following more or less standard consequence.

Theorem 5.2. Let (X,w) be a compact Kdhler manifold. Let ¢ > 0 be a constant. Let K% be
the dual of the canonical line bundle, and let hy, denote the metric induced by w on K. Let
L be a holomorphic line bundle on X together with a singular Hermitian metric h. Assume
that there exists a singular metric h K3 on K so that

Cl(L, h) + Cl(K}'}, BK}) Z EWw.
Then for every g € L§ (X, L) with Og = 0, there exists u € L§ 4(X, L) such that du = g, and

[ e <t [ g et

where 9 is a quasi-psh function defined by h Ky = e 20, K-
Proof. Set L' := L ® K%. Thus L = L' ® Kx. Let b/ be the singular Hermitian metric on L’
givenby ' =h®h K- For every 0 < ¢ < n, we have a natural isometry

T, AYT*X)@ L — AT X))o L,

e.g., see the proof of [10, Corollary 4.3]), where we use the metric & on L, and h ® hgs on
L'. The map ¥ commutes with 9, d operators. Thus ¥,(g) € L2 (X, L') with 9%, (g) = 0.
Since W, is an isometry, one gets

Wy (9)l7 = I‘I’l(g)!i@@h% e =|glhe’.
The desired assertion now follows from Theorem 5.1. O
In particular we obtain the following.

Corollary 5.3. Let (X, w) be a compact Kihler manifold so that the Chern class of K% contains
a closed positive (1, 1)-current of bounded potentials, i.e, there exists a bounded 1,,-psh function
v on X, where 1, is the Chern form of the metric on K% induced by w. Let L be a holomorphic
line bundle on X together with a singular Hermitian metric h such that

c1(L,h) > ew.
Then for every g € L§ (X, L) with dg = 0, there exists u € L§ (X, L) such that du = g, and

49| Lo
/IM%M”SQ /!g
X € X

We recall now a special case of the Ohsawa-Takegoshi extension theorem (see [16,
Theroem 13.6]).

2 n
h7ww .

Theorem 5.4. Let X be a weakly pseudoconvex n-dimensional manifold with a Kdhler metric
w. Let y be a point in X. Let (L, h) be a line bundle with a smooth positively curved Hermitian
metric h on X and let E be the trivial holomorphic vector bundle of rank n equipped with the
trivial Hermitian metric such that there exists a global section s of E with y = {s = 0} so that
A"ds(y) # 0 and |s| < e~!. Then for every (n,0)-form f with values in L at y, there exist a
O-closed (n,0)-form F with values in L on X such that F(y) = f(y) and

F 2 2
/ 5 | |h,w 2wn S Cn |f|h,w =,
x [s[**(=log|s|) |Ards(y)|Z,
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where C,, is a numerical constant depending only on n.

We note that since E and its Hermitian metric are trivial, the curvature of the metric of
E vanishes everywhere, and s is nothing but a tuple of n holomorphic functions on X.

Corollary 5.5. Let X,w, L, h, E,y, s be as in Theorem 5.4. Assume furthermore that A"ds(y) #
0 for every y € X\N, where N is an analytic set in X. Then for every section f of L at y, there
exists ' € H°(X\N, L) such that F(y) = f(y) and

[ IPRIAds) e < ol
X
where C,, is a numerical constant depending only on n.

Proof. Applying Theorem 5.4 to f; := fA"ds, we find a d-closed (n,0)-form F; with values

in L such that )
¥ sl (= log|s])2 — T

Put F' := F;/A"ds. By the hypothesis on s we see that F' is holomorphic on X\N and
satisfies the desired inequality. O

5.2. Analytic regularisation of psh functions. Let (X,w) be a compact Kéhler manifold.
Let L be a big and semi-ample line bundle on X (hence X is forced to be projective by
Moishezon’s theorem). Let p, @), , X’ be as in Introduction. From now on we assume the
following hypothesis:

(H) The Chern class of K% contains a closed positive (1, 1)-current of bounded poten-
tials, i.e, there exists a bounded 7,,-psh function ¥ on X, where 7, is the Chern form of the
Hermitian metric on K% induced by w. Furthermore, X’ has only isolated singularities.

In particular, this assumption is fulfilled if K% is semi-positive and n = 2. Let

di;,

0 .= —ddc logz |52

which is smooth closed form in ¢;(L). Hence 6 is the pull-back of the Fubini-Study form in
CP%:~! under &, .- Let hy be a smooth Hermitian metric on L with ¢; (L, hg) = 6.

Fix a smooth Riemannian metric on X and let B(x, r) be the ball of radius r with respect
to this metric. Let rx > 0 be a constant so that for every z € X the closure of the ball
B(x,rx) is contained in a local chart of X which is biholomorphic to a ball in C".

Lemma 5.6. There exist constants Cy > 0, ro > 0 small enough such that for every y € X,
there exist global negative §-psh functions u, on X so that

uy(z) <logly — x|+ Co
on <I>,;L1 (B(y',70)) where ' := @y, (y) and by abuse of notation, for every r > 0, we denote by

B(y',r) the ball of radius r centered at y' € CP%. =1 with respect to a fixed smooth metric on
CP%. L. Furthermore, for every constant ¢ > 0, we have

(5.1) uy > loge —C
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outside <I>,;L1 (IB%(y’, e)) for some constant C' independent of vy, e.

Proof Lety' := &y, (y) and let v,(2) be a wrg-psh function on CP%: ! given by

vy(2) = log |z — ¥/
where we use homogeneous coordinates for z,%/, and wpg is the Fubini-Study form on
CP%. 7L, Thus, for every e > 0, there holds vy > C'loge outside B(y/, €) for some constant
C independent of y, €.
Since ®; wrg = 0, we infer u, := ®} v, and u, := @} v, are §-psh and satisfies that

uy(z) = log P, (y) — Pr, ()] < logly — x| + Co

on (I)ELl (IB(y' , ro)). Moreover one also has (5.1) because of the smoothness of v, outside
Y. O

We denote by Sing(X’) the singular locus of X’. By the hypothesis, the set Sing(X’) is
finite. Let B,(y) be the ball of radius r centered at y in C*.~!. If y = 0, then we write B,
for B, (y). Put N’ := &, (N) which is an analytic subset in X’. Since Sing(X’) is finite, we
can find open subsets U7, ..., U] in CP%r~! such that the following properties hold:

() U] € U} which is biholomorphic to the ball B3 in C%:~! under a map ¥, for every
1 < j <l and Uj is biholomorphic to By under ¥;. Furthermore, if U]’- N Sing(X’) is non
empty, then U} N Sing(X’) is contained in By € U7,

(i) X' C Ué-:lU’»,

(iii) There is a hyperplane H; on CP%.~! such that H ; does not intersect U}’ for every
1<1<j.

By our choice of U J’», we see that UJ/- is hyperconvex (hence weakly pseudoconvex), i.e,
there is a smooth psh function w; on Uj such that {w; < c} is relatively compact in U} for
every constant ¢ < 0 and every j. Let

Uj =@, 1 (U}).

Note that Uj is also hyperconvex and L is trivial over U; because L = ®; O(1) and O(1) is
trivial over X'\ H;.

Lemma 5.7. Let h := hoe~?? be a singular positively curved metric on L such that ¢ is smooth
outside N. Fix 1 < j < [. Let y € U;\N. Let e be a local holomorphic frame of L over Uj.
Then for every a € C, there exists a section f € H°(U;, L) such that f(y) = ae(y) and

/U F2,e72007 < Claple(y) 3,200,
J

where C' > 0 is a constant independent of y and a.

Proof. We treat first the case where ¢ is smooth. Let L\UJ. be the restriction of L to U;, and
E = Lly, ®--- @ L|y, (n times). Since L is trivial on Uj, so is E. Equip E with the trivial
Hermitian metric. Hence a section of F is simply a collection of n holomnorphic functions
on Uj. Let z = (z1,...,2;,—1) be the local coordinates on Uj{’ ~ B3. We can assume that
y' is the origin in these local coordinates. Let s/;(z) := z. Observe that sg := s/ o <I>,;L1
is a section of ' on U; and vanishes only at y. Recall that § = P}, wrs, where wrg is the
Fubini-Study form on CP*2 1,
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Let N’ := ®;, (N). Then X"\ N’ is smooth and ®, is a biholomoprhism from U;\N to
U]’»\N’. Let X" := X’ N By, we have a natural inclusion ¢ : X" — U; ~ By. Let ¥ be
an orthogonal change of coordinates on C*-~1 so that W,.£, T, X" is given by the subspace
{z1,...,21,0,...,0} at 0 in C*~L. Write ¥ = (¥y,..., ¥y, ). Let

spi=(Uy,...,0,)0&
regarded as a section of Py E.LetY := X" N{sy =0,det JS/E #0:1 <k < n} contains
0 as an isolated point, where &,(z) := (zj,,...,2;,) for = € X" (note that Y may not be

connected). Note that wy is preserved under ¥. By the choice of s, there is a constant
€0 > 0 independent of y such that

(5.2) |And8%(y/)‘g*wl,s = €0

Indeed, by the choice of ¥, the norm |A"ds;(y')|¢+w, (Which is the norm of det Iy with
respect to £*wy) is equal to the absolute value of the determinant of the (n,n)-submatrix
of the Jacobian of (¥y,...,¥,) given by the first n rows. Hence |[A"ds’;(y)|e+w, = 1. Since
wrg and wy are equivalent on U’, we get (5.2).

Let s := s’ o @, . Observe that the expression |[A"dsg|2w™ is independent of w and we
have

A"dsp|2w" = |N"dsg|§ 0" = [A"ds [z, 0" > €b"
by (5.2).
Applying Corollary 5.5 to U;, sg, N implies that there exists a section f € H(U;\N, L)
such that f(y) = ae(y) and

/U FR.e7220m < Clal|e(y)[2,e~20W)
J

where C' > 0 is a constant independent of y and a. Since ¢y, is biholomorphic on U;\N,
we see that f o (I),;Ll is holomorphic on U; N (X"\Sing(X')) (which is a normal variety).
Hence f o <I>,;L1 extends to be a holomorphic function on U; N X’ (see [23]). We infer that
f e H U, L).

It remains to treat the case where ¢ is not necessarily smooth. Put ¢’ := ¢ o <I>,;L1 which
is well-defined on X"\ Sing(X’). Since X’ is normal, ¢’ extends to a wrg-psh function on
X'. By [9] we can extends ¢’ to an wpg-function on CP%. 1. Standard regularisation
(see [4]) gives us a decreasing sequence of smooth wgg-functions to ¢’. Hence we obtain a
decreasing sequence of smooth #-psh functions (¢;); to ¢. Applying the first part to each ¢;
we get f; € H°(U;, L) with f;(y) = ae(y) and

/U |filh,e 200" < C‘a|2‘6(y)‘%0672¢l(y)'
i

Let V € U;\N be an open set. We infer that f; € L?(V,6"). Extracting a subsequence if
necessary, we can assume that f; converges uniformly to f in V. This combined with the
fact that ¢; is bounded uniformly on V' (by the hypothesis on ¢) gives

/ |fI7,e"2%0™ < lilminf/ filz.,e7210™ < Clal?[e(y) |3, e 2.
\% — Jv

Letting V increasing to U;\N gives to the desired estimate for f (and again f € H°(U;, L)
as in the end of the first part of the proof). The proof is complete. O
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Since L is big, by Demailly [16], there exists a negative §-psh function p such that locally

p=log (D_Ifil) +O(1),

j=1
for some local holomorphic functions f1, ..., f., and
ddp + 0 > dpw,

where §p > 0 is a constant. We can choose p so that N := {p = —oo} is equal to the
non-Kéhler locus of ¢; (L), see [6]. Recall that the non-Kéhler locus of ¢; (L) is equal to the
augmented base locus of L (see [40, Theorem 2.3] or [5]).

Let h be a positive Hermitian metric on L. Let ey, is a local holomorphic frame for L (i.e.,
ey, is a local holomorphic section of L and e;, # 0 everywhere). Write h = hge~2%. Thus by
hypothesis one gets

0 <ci(L,h) = —ddlog ler|n = dd°p + 0.
In other words, ¢ is #-psh function. By multiplying a large constant with hg, without loss
of generality we can assume that ¢ < 0. We assume from now on that ¢ is bounded.

For every constant ¢ € (0,1), define

@5 = (1= 08)p+0dp, hs:=hoe 2%,

We have ddps+60 > §6ow. Let m € N and d,, := dim H°(X, L™) which is &~ m™ as m — oc.
Let mg := 2n + 3. Let ag € (0,1/2) be a constant such that

/ e 20PN < o,
X

For m > my, d € (0,a9/m) and s,s' € H°(X, L™), we put

(5,8 )12 = (8,8") 2 m 5 = /X<s, S,>hgme_2(m_m0)%wn

which is finite because the boundedness of ¢ and the choice of ag. To give readers a hint
what we do with §, we remark that we will choose later 6 := m 2P for some constant D > 1
(see the proof of Lemma 6.2 below), thus the condition ¢ < ag/m is automatically satisfied
for m > ay L

Let {o1,...,04,, } be an orthonormal basis of H"(X, L™) with respect to L?-product, and
let
1 dm 1
Y5 = =— log < ’O’"im) =— sup log |s|2m.
" 2m ]Z; 7o 2m sego(x,Lm):|s|| 2=1 0

Since log |aj\h0m is m#-psh, we infer that 1, is 6-psh.
The following result is a variant from [16, Theorem 14.21]. Recall N = {p = —o0}.

Theorem 5.8. There exists a constant C' > 0 such that for every § € (0,a9/m) and every
m > mg + 1 there holds:

)
. C + |log | m — mg | log r|

< P < sup  p5(2) + Or + O ——,
m 2m M weB(ar) m

forevery x € X and r > 0.
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(i)
C

; e (M =m0) (5uPg(y 1) 95— @5 (%)) +C(m—mo)r
mol/2pn+1

Vi s(@)] < € +
for every x € X\N and r > 0.

Proof. We check the second inequality in (i). Let U be a small local chart around x. We
trivialize L over U and let ey ;; be a nowhere vanishing holomorhic section of L over U.
Hence we can identify hy = e 2% for some smooth function ¢, and sections of L™ are
identified with holomorphic functions on U.

Let s € L™ with ||s||;2 = 1. By abuse of notation we still denote by s the holomorphic
function corresponding to a section s of L™. Thus \s\%gb = |s|2e=?m%0, By the submean
inequality, one gets

sta)? s [

|s|?d Leben < 720 PG q/ |s]2e™ W™ < r 2SN PEEn 1|52,
B(z,r)

B(z,r)
where g = 2(m — mg)ps + 2meo. Then

|5(x)‘i6n = \s(x)|2e_2m¢0(m) < r—2n2(m=mo)(supp (s ) (#s+d0) —¢o(z))
By this and the fact that ¢y € C' we infer that

|S(ZC) ’}216" 5 r—2n€2(m—m0) SUPB(z,r) <p5+2(m—mo)C1r’

for some constant C; > 0 independent of §,m, ¢, s, for s € H°(X, L™) with |s|;2 = 1. It
follows that

(5.3) e2m¢m,6 — sup S($)|;2lm < €C2r—2n€2(m—m0) SUPR(g,r) <p5+2(m—m0)01r’
SEHO(X,Lm):s]| L2=1 0

where C1, Cy > 0 are constants independent of §, m, , s. Hence we obtain

m—c¢ 2n|logr| + C m—m

0 sup s(z")+Crr+ [ log] 2 < 0 sup  s(z)+Csr+

wm,é < 9 >
m yeB(z,r) m m ' eB(x,r)

Cs| log r|
m )

for every x € X and r > 0, where C3 = Cy + Cse + n.

The remaining inequality of (i) requires the L?-estimate. It suffices to consider z ¢ N.
Let Uy, ...,U; be the open cover of X defined above. Without loss of generality we can
assume that x € U;. Choose U := U;. We can modify the coordinates on U] ~ B; so that
Py, (x) is the center of Uj. By Lemma 5.7, there are a constant B; > 0 independent of x
such that for every a € C, thereis a f € H°(Uy, L™) so that f(z) = aey'y; and

/ [l 250" < Bilallepu(a)ffyre>0m o),
Ui

Fix a cut-off function x’ supported on U] and equal to 1 on B, (recall that U] ~ By and
Py, (z) = 0 is the origin). By our choice of U}, we see that Sing(X') N U} is contained in
the interior of {x’ = 1}.

Put y := x' o <I>,;L1. By Lemma 5.6, there exist a constant C; > 0 independent of = and
a negative ¢-psh function w, satisfying u,(z) < log|z — z| + C4, and uy(z) > —Cy for
2 & @;j(El/Q(x,)) (2’ := Py, (x)). Let

w = (m - m0)<p5 + MoUy.
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Observe that
dd“w 4+ mb > (m — mo)ééow.
Let
hu, = hoe 2=, b := hle 2
which is a singular Hermitian metric on L. Thanks to the hypothesis about the semi-

positivity of K%, we can apply Corollary 5.3 to h and g := d(x f) which is smooth. Hence
we find a smooth section v of L over X so that v = ¢g and

1
(5.49) / V|Zme 2" < / fl2me 20wn
X | |h° (m —mg)ddo Ui\®; ! (Bi (")) | ’ho
because 0y’ vanishes on Bj(z’). This combined with the fact that u,(z') > C4 outside
<I>,;L1 (By1(2)) yields
1
(5.5) / [v[2me” 20w < / |f|2me_2(m_m°)%w”
x (m —mg)ddo U\®; ! (Bi(2")) "
1 / 2 —2(m—mg) n
SR — [fRge>0mmolesg
(m —mo)ddo Junap @iy
(because 6" and w" are comparable on U1\<I>,:L1 (B ("))
< Jaf?ler o (@)fe 205,

Note that since ¢ vanishes near x, one gets that v = 0 near . Thus v is holomorphic near
x. By properties of u,, observe that

2wy > L
~ ‘l’/ _ x|2n+2
which in turn implies that v(z) = 0 because [ |v|,2lgle_2w9" is finite and 6 is Kadhler near x
(recall that = ¢ N). This together with (5.5) gives
2 —2w, n |CL’2
(5.6) [vlpme “Yw™ <
x ° (

—2(m—mo)ps(x)—2mdeo(z)
m —mg)d

Let o := xf —v € H(X, L™). Since u, < 0, using (5.6) and the choice of f, we obtain

By |a|2|€L,U(:U) |%£1 e—Z(m—mo)

#s(z)
(m —mg)d ’

[ 1ofgesinmossn <
X 0

for some constant By > 0 independent of z, a, m, §. Choose
a =By Plesu (@) (m — mo)!/Pelmmoles(e),
We see that
[l 2m o <1
X 0 -

and
v(z) = f(z) —v(z) = f(z) = aefy(@).
It follows that
o(m — myg) 2

(5.7) ) 2 [o(w)j 2 =g e,
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Thus
m — mg 1 d(m —my)
> — Jog 2N 0)
— log 8| + log B
> ™ mngg(a:)—’Og | +1log By
m 2m

This finishes the proof for (i).

We now check (ii). We work in a small local chart (U, z) and write hy = e~2% as above.
We identify sections with holomorphic functions on a trivialization of L over this local chart.
We have

d
1 - 9
Ym,s = o 10%2 |oj1” — ¢o.
J=1
Direct computations give

dk 5-.60-.
Oy = =1 90%
2m Z]‘il ’Uj’2
Hence
1/2
L (S5 )™ o
> 2m (Z 1|O'j|2)1/2 0]-
J:

(5-8) ’awm 5’
By (5.7), we have

- (5(m—m )
5.9 E . 2 2m(Ym, s+ O\t — 11%0) 2(m—m z)+2maoo (z
(5.9) |0]($)| =e ( s5+¢o) > 5 e ( 0)ps(T) do( )_

On the other hand, since o; is homomorphic, it follows from Cauchy’s integral formula that

Z]@aj )2 < 22/ a o |2d€y . dép <1 Sup Z|UJ| 2 qup 2™M¥m,st60)
—1 Jx+00 A}

AR j=1 z+AR
for every 0 < r < dist(z, 0U), where A, denotes the disk of radius r with center at 0 in C,
and OpAY := (8A,,)”. Therefore, by (5.3) and the fact ¢y € C', we get

(5.10) ngj |2 < pm2n—2 2(m mo) (SUPB(s,r) Ps+¢0)+Cs5(m— mo)

Combining (5.8), (5.9) and (5.10), we get

1

_ _ Cr (m—
0ms] S 1+ We(m mo)(SUPs () P5—Ps (%)) +Cs(m—mo)r

O

The new point here is that we approximate ¢ through the analytic approximation se-
quence for p; with § depending on m. We will choose § to be very small compared to
m.



LOG CONTINUITY OF SOLUTIONS OF COMPLEX MONGE-AMPERE EQUATIONS 25

Lemma 5.9. Let u be a bounded negative psh function on the open unit ball B of C™ and let
K € B. Let v be a Hélder continuous plurisubharmonic function on B and denote p = (dd“v)".
Then there exist constants o« = a(u, K) and C' = C(n, K, p, ||u||=) > 0 such that

/ ’ sup u(m')—u(x)‘d,unga,
K a'eB(zx,s)

forevery 0 < s < rg’, where rg 1= iinfweK dist(w, OB).

Proof. Denote M = ||u||f, U = (1 — 3rg)B and V = (1 — 2r()B. First, we prove that

(5.11) / ‘ sup  u(y) —u(z:)}dLebS CoMs*/3,
V  yeB(z,s)

for every 0 < s < r3, where Cj > 0 is a constant depending only on n and 7.
For every 0 < r < rg and z € U, we denote

o )
() = T /IB o),

and

W)= swp ule)
£eB(z,r)

2

Let 25 € V and vy, := z — z|> — 1). We have vy; < u on Bm(ZQ) (which contains

V 4 roB because ry < 1). By the comparison principle for Laplace operator, one has

/ Auﬁ/ Avyr < M.
{vn <u} {vpm<u}

It follows that there exists C; > 0 depending only on n such that
/ Au < ClM.
V4roB ]

Then, by Jensen formula (see, for example, [1, 17]), one has

(5.12) / |G (2) — u(z)|dLeb < CoM7r?,
Vv

for every 0 < r < ro, where C5 > 0 depends only on n and .
For every z € V and for every 0 < s < r, there exists Z € B(z, s) such that

Ts(2) = u(2) < 4y (2).

Since u is negative, it follows that

(5.13) s(2) < (T_S>2nar_s<z>-

”
Combining (5.12) and (5.13), we get

/]us ) — u(z )|dLeb<< >2n/ (y—o(2) — u(z) dLeb 4 (T S)Qn/ lu(z)|d Leb

<C3 (M(T—S) +MS>7
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forevery 0 < s < r < rg, where C'3s > 0 is a constant depending only on n and . Choosing
s = 13, we obtain (5.11) (with Cy = 2C5).

Fix s € (0,73). For every z € V, we denote ¢(2) = 22 (|2 — (1 — 2r¢)?), v’ := max{u, ¢}
and v’ := max{us,1}. We have u = v/’ on K, 45 = v on K and v/ = v = ¢ on V \ U.
Let ¢ € 65°(V) suchthat 0 < ¢ < 1and ¢ =1 onU. Put a = ¢u’ and © = ¢v'. By using
the standard embedding C™ — CP", one can extend @ and ¢ to Awpg-plurisubharmonic
functions on CP", where A > 1 is a constant depending only on n, M and ry. Since
w = (ddv)", we have fi := 1yp is a Holder continuous measure on CP". Therefore, there
exist constants 3 = (i) > 0 and Cy = C4(fz, M, A) > 0 such that

(5.14) /K [ts — uldp < (1@ = 0 1y < Call@ = D171 gy < Calltls = ull7ayr)-
Combining (5.11) and (5.14), we get
/ |ty — uldp < Css?8/3,
K
where C5 > 0 is a constant depending on n, r, i and M. The proof is completed. O

Recall that N = {p = —oo}. By the choice of p, and Lojasiewicz’s inequality (e.g., see
[3]), there exist constants Ay, A1 > 1 such that

1
(5.15) Aplogdist(z, N) — A1 < p(x) < A—log dist(z, N) + Aj,
0

for every x € X.

Theorem 5.10. Let i be a Holder continuous measure on X and p > 1 be a constant. Assume
that ¢ is bounded on X and B := ||¢||p~. Then there exist a constant C' > 0 and a family of
6-psh functions iy, s with § € (0,a0/m), m € Z* satisfying the following three properties:

Q)

|log d| + logm
m

[tbm,s — ellze < C + C,

)

(@) > pla) — D0

+ Ao(d + mfl)IOgdist(x,N) - C <5 + |10g5|>
m
forevery x € X,
(iii)
\Vlbm 6(-75)’ < 05_1/26(3+1)m6—z40m5 log dist(z,N)
for every x € X.

Proof. We note that the assumption that ¢ is bounded implies that the Chern class of L is
nef by Demailly’s regularisation theorems. The property (i) follows from Theorem 5.8 (i)
and from (5.15). The property (iii) follows from Theorem 5.8 (ii) applied to » = 1 and
from (5.15). It remains to prove ().

Since p5 = (1 — ) + dp, we have

(5.16)  sup w5 —@s(z) < (1= 6)(sup ¢ —p(x)) +dlp(x)| < sup ¢ — @(x) + 8|p(x)],

B(z,r) B(x,r) B(x,r)
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and

m — myo

(5.17) ‘

—T05(@) — ()| < (22 + ) lp(@)] + o),

foreveryz € X, m >mgand 0 < 6 < 1.
Using (5.16), (5.17) and Theorem 5.8 (i), we get

m — My m — mo

[Ym,s — @] < ‘%Z)m,a %90’

Y +'
m

logr|+ |logd| +1
< sup cp5—<p5(m)+01r+01| gr|+ |log o] +

< (2 +0) le(@)| + dlo(a)|
B(z,r) m

m

< sup ¢ — p(x) + 20|p(z)| + Cir + Bé + Co

|log 7| +[logd]
B(z,r) m ’

for every m > mg,r > 0and 0 < 6 < 1/2, where C,Cs > 0 are constants. Then we have

(5.18)
logd| + |logr
1¥m,s = lloguy < Il sup @ — (@)l Lo + Cs <’g|m|g‘

(zr)

+d+r+ 5HPHLP(M)> -

It follows from [20, Proposition 4.4] that there exist constants ¢, M > 0 depending only
on X, w,d and p satisfying
/ e”Ydu < M,
X

for every w € PSH(X, ) with supy w = 0. Then, by Holder inequality, we have
1 2p—1 1

| sup o=p(@)llrg < Il sup o=@}l 5y | sup o=@l 251,y < Call sup o=p(@)l 75,

B(x,r) B(x,r) x,r) B(x,r)

where Cy > 0 is a constant depending only on M, ¢, x and p. This combined with Lemma
5.9 gives
(5.19) | sup ¢ — () Logu) < C5r™/?,
B(x,r)
for every 0 < r < 1, where ro = ro(X,w), a0 = a(X,w, ) and C5 = C5(n, X,w, 0, u, B, p)
are positive constants.
Combining (5.18) and (5.19), we get

|log d| + |log |
m

[$ms = @llzem = Co (7“"‘/” + 6+ r> :

for every m > mp, 0 < r < rgpand 0 < 6 < 1/2. Choosing r = —%—, we obtain (7). The

mp/e?
proof is completed. O

6. GOING UP TO THE DESINGULARISATION OF N

In this section we will prove Theorem 1.1. Let 7 : X — X be the composition of sequence
of blowups along smooth centers over N such that N := 7—!(NN) is a simple normal crossing
hypersurface in X’. By Lojasiewicz’s inequality, one has

(6.1) dist(m(z), N) < dist(z, N) < dist’ (n(z), N),
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for some constant 3 > 0 independent of z € X. Let $ := m*¢ which is f-psh, where
0 := 7.

Theorem 6.1. Let yu be a Hélder continuous measure on X and p > 1 be a constant. Assume
that ¢ is bounded and let B := ||¢||e. Then there exist constants A,C' > 0 and a family of
0-psh functions wm s with 6 € (0,a0/m), m € Z* satisfying the following three properties:
®
| log §| + logm
m

s — Bll oy < C + C',

(i)

Bmo

Vms(w) > ) —

~ 1
+ A log dist(z, N) — C <5 n Og5|> ,
m
for every x € X,
(iii)
’v&;m 5($)| < 0571/2€(B+1)m6714m5 logdist(x,]?/))
for every x € X.

Proof. Let 1, 5 be functions in Theorem 5.10. Let {b\mﬁ = 7", 5. The desired assertions
(ii) and (iii) follow directly from (6.1) and Theorem 5.10. To see why (i) holds, we recall
that 7 is a composition of successive blowups along smooth centers. Thus the desired

inequality (i) is deduced by Theorem 5.10 and Corollary 4.3 applied to p. The proof is
complete. O

Lemma 6.2. Assume that ¢ is bounded on X and (ddp + 0)™ = p is a Hélder continuous
measure. Let v be an arbitrary constant in (0,1). Then for every constant D > 1, there is a
constant cp > 0 so that

CD,y
~ |logdist(z,y)|7’

for every x,y € )A(\]V with
(dist(z,y))? < min{dist(z, N), dist(y, N)}.

Proof. Without loss of generality, we can assume that 0 < dist(z,y) < 1/2. Letp > 1 be a

constant. Denote 7y := p/(p+2n + 1) and v = p/(p + 2n + 2). Note that if p — oo, then
v — 1. Let § := m—2P. By Lemma 4.1 (we choose the constant v = 1 in Lemma 4.1) and
Theorem 6.1(i), one get

m

~ . ~ logm\ "
Bns(0) = 1) S0 1ms = B3 Soo (22)

for every x € X , m > mg. This combined with Theorem 6.1 (ii) yields

62) mate) = G| < ()2 ogdise(z, )

for every z € X, m > my. Here (—logdist(z, N)); = max{— log dist(z, N), 0}.
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Let [, , be the curve chosen as in Lemma 2.4 (for N in place of N). Now using (6.2) and
Theorem 6.1 (iii), and Lemma 2.4, we estimate

13(2) — ()| < 18(@) — Y5 ()] + 1Y) — D6 (W)] + [ 5(2) — Yins(y)]

logm\ " _9D . . —2D . N
S +m~ 7 (—logdist(x, N))1 +m™ =" (—logdist(y, N))+
m

+ dist(z, y)mDem(B+1)e—Am—2D+1 log dist(lx,y(t),ﬁ)7
for some point ¢ € [0, 1]. Since dist(l; (1), N) > C~' min{dist(z, N), dist(y, N)}, we obtain
I |log d\ ™ o
B() = )| S (22 )+ 67 + 5(~ log min{dist(z, V), dist(y, N)})4
+ dist(z, y)(;*l/?em(BH)efAm*?D“ log min{dist(x,N),dist(y,N)}

Hence, if (dist(z,y))” < min{dist(z, N), dist(y, N)} then we have
B(2) — §(y)| S m™" — Dm~*P log dist(x, y)

+ dist(x, y)mDem(BH)e‘ADm_m+1 log dist(x.y)

By choosing

loe di
o A {mo+1,7’ Ogdlst(:v,y)l}’

3(B+1)
we get
CD

<
< Mog dist(@ )P

|P(x) — ¢(y)
for every z,y € )A(\N with
(dist(z, y))” < min{dist(z, N), dist(y, N)}.
This finishes the proof. O

Proposition 6.3. Assume that ¢ is bounded on X and 07 is a Holder continuous Monge-
Ampére measure. Then for every constant v € (0,1), there exists a constant C-, > 0 such
that

C
~ o) < .
le(@) =Wl < o Tt 7

for every z,y € X\N.

Proof. By Lemma 6.2, we can apply Proposition 2.3 to @, and we see that ¢ is log”-
continuous on X. This combined with Lemma 3.1 yields that ¢ is log”-continuous. O

Proof of Theorem 1.1. Throughout this proof, C; (j = 1,2, 3...) is a constant independent of
m,0,x,T.
Let v € (0,1). By Proposition 6.3, we have

sup  5(2) = ps(z) < (1= 9)( sup ¢(z') — p(x)) - dp(z)
o' EB(z,7) x' €B(x,r)

< Ci (|logr|™7 + d|log dist(z, N)|),
forevery x € X and 0 < r,0 < 1/2. This combined with Theorem 5.8 (ii) yields

‘vwm,(i (Z‘)’ < 02571/27477171602171(\ log r|~7+4]|log dist(a:,N)\Jrr)’
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for every m > mgy. Now choose

We obtain that
6.3) |Vihms(x)] < 035—1/2603mﬁ+03m5|1ogdist(a:,N)|7

forevery:ceX 0<d< 1/2andm>mo
Let 7 : X — X and N be as above. Let ¢m5 := m*¢pms. Thanks to (6.3) one gets
immedlately the following property (which is a stronger version of Theorem 6.1 (iii)):

(6.4) |v$m,6($) ‘ < 045—1/2€C4mﬁ +Cymé|log dist(z,N)| ’

for every z € X.
Now arguing exactly as in the proofs of Lemma 6.2 (use (6.4) in place of Theorem 6.1
(iii)) with 6 := m 2P, we get

|B(x) = 2(y)| S m™7 — Dm~?Plog dist(z, y)

1
. I+ —2D+1 3
dlSt(.%’, y)mD€C4m v e—C5m log dlst(x,y)’

for every z,y € X\N with (dist(z, y))? < min{dist(z, N), dist(y, N)}. Now letting

1 : 14~
m = max 4 mg + 1, ( Y108 dist(@, )| 7
3Cy

we obtain
|o(x) — @(y)| < |log |z — yH—W(H-W)’

for every z,y € X\N with (dist(z,y))” < min{dist(z, N),dist(y, N)}. We note that if
~v — 1, then (1 + v) — 2. Using again arguments from the proof of Proposition 6.3 we
infer that Proposition 6.3 holds for (1 + «) in place of v. Applying now Proposition 2.3
to ¢, we see that $ is log?*7)_continuous on X. This combined with Lemma 3.1 yields
that ¢ is log? -continuous for every v € (0,2). Repeating this procedure gives the desired
assertion. O

7. LOG CONTINUITY OF MONGE-AMPERE METRICS

In this section we prove Corollary 1.2. We start with some auxiliary results. We fix a
smooth Kéhler form w on X which induces a distance on X.

Lemma 7.1. Let v be a bounded w-psh function. Then there exists a constant C' > 0 such that
for every v € X and € € (0, 1] one has

Mo,z €) := 6_2"+2/ (ddv 4+ w) AWt < C/|logel.
B(x,€)

Proof. Fix zy € X. Let ¢ be a negative w-psh function on X such that ) = clog |z — z¢| on
an open neighborhood of z( in X for some constant ¢ > 0, and ¢ is smooth outside z(. For
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e small enough, we see that ¢(x) = clog |z — x| on B(x,¢). Hence ¢ < cloge on B(xy,¢).
Recall also that

6—2n+2/ (dch+W) /\wn—l 5/ (ddCU+W) A (ddcw_i_w)n—l’
B(x,€) B(z,€)
see [13, Page 159]. Hence we get

Mv,z,€) < |loge| ™! / —tp(ddv + w) A (ddy + w)" !
B(x,€)

<|loge|™* / —1p(ddv + w) A (dd + w)" !
X

= |loge|™* / —pw A (ddp + w)™
X

+ |[loge| ™ / —vdd“) Aw A (dd + w)" !
X
< Nlog e[~ ([[ol|z +1).
This finishes the proof. O

Lemma 7.2. Let u be a logM-continuous 6-psh function on X such that u is smooth outside
N. Let § € (0,1] be a constant. Then there exist a constant C' > 0 independent of ¢ and a
sequence of smooth (8 + dw)-psh function (uc). so that u. converges uniformly to u and u.
converges to u locally in the C*°-topology on X\ N.

Proof. This follows essentially from Demailly’s regularisation of psh functions ([14, Section
81). Let exp, be the exponential map at z € X of (X,w). Let x be a cut-off function as in
[14, Page 492]. We define
1
ule) = g [ ulexp N CP/A)ANC),
€ ceT. X

where d\ denotes the Lebesgue measure on the Hermitian space 7. X and

C = X' (ICPP)dA(C).

CeT, X

One sees immediately that u, is log™ -continuous uniformly in e because u is already log™ -
continuous.

By [14, Proposition 8.5 and Lemma 8.6], we know that there is a constant 4; > 0 such
that

dd®uc(z) + 0(z) > (— Ai\(u, z,€) — Are/|loge|)w,
where

Mu, z,€) = 62’”2/ (dd°u + w) Aw™ 1 < Ag/|log el
B(x,€)

for some constant A, independent of x by Lemma 7.1. Hence we infer that
dduc +w > —As|loge|lw

for some constant As > 0 independent of e. This finishes the proof. O
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Lemma 7.3. Let 0 € (0,1], M > 1 and Cy > 0 be constants. Let u be a smooth (6 + dw)-psh
functions such that
[u(x) —u(y)| < Collog dist(x,y)| >
for every x,y € X. Denote by d the distance induced by ddu + 0 + dw. Then
d(z,y) < C|logdist(x,y)| "
for every x,y € X, where C > 0 is a constant independent of u and 4.

Proof. Let Q(r) be the modulus of continuity of u. By hypothesis, one has
(7.1) Q(r) < Collogr| ™"

for every 0 < r < 1. We cover X by finitely many local charts (which are relatively compact
in bigger local charts) and since the Kéhler form w is equivalent to the standard Kahler form
on C" in these local charts, we can assume that w is equal to the standard form on C" on
these local charts.

Let B(x,r) denotes the ball of radius r with center at x € C". Fix z* € X and a local
chart U around z* biholomorphic to B(0,2) such that z* = 0 in these local coordinates.
Define d(x) := d(z,0). Recall that d is the Riemannian metric induced by dd“u + 6 + dw.
For x € B(0,1), let

dy(z) = vol(B(z, 7))~ / d(a) .
' eB(x,r)
Arguing as in the proof of [28, Lemma 5] (see also [34] or [27]) and using (7.1), for every
xo € B(0, 1), one obtains

/ IVd]2w™ < O™ + C’l/ lu(z) — u(zg)|w"™ < Cor?™ 2| logr|2M.
B(zo,7) B(x0,37/2)
Therefore, by Poincaré inequality, we infer
2 / ld(z) — do (o) 2w < O log r| =M,
B(xo,r)

where C3 > 0 is a uniform constant independent of x, § and r. This combined with Holder
inequality gives

7.2) / d(z) — dy (0)|w" < C3)log |,
B, (zo,r)

We now use some arguments similar to the proof of Campanato’s lemma. We follow the
presentation in [29, Chapter 3]. Assume 0 < 7 < 79 < 1 and z1,22 € B(0,1) with
B(x1,71) C B(z2,r2). Observe that

|dry (w0) — dyy (20)| < |dyy (20) — d(2)| + |dry (20) — d(2)]
for every x € B(z1,r1) C B(x2,72). It follows that

|dry (21) = dry(2)] <

vol(By (21, 71))"" </Bw(m7n) |dy, (z1) — d(x)|w" +/

B (z2,2)

iy (22) — d(az)rw“)

By (7.2), it follows that
(7.3) |dp, (1) — dpy(22)] < r1_2” (r%n\ log rl\fM + 7“%"\ log 7“2|7M).
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Applying the last inequality to r; = r/28T1 7y = r/2F and 1 = 29 = x yields
Cydt
|logr| + tlog2)—M’

for some uniform constant C; > 0 independent of xg, 7, k, ¢, 6. Summing over k = 0,1,2,...
yields

k41
|dy—r,(20) — do—r-1,(20)| < Cy4(|logr| + (k +1)log 2)_M < / (
k

S % Cydt Y
do-1 —dyi- < < Cs1 +
D ldyet ) = s (2] < | sz < Callosr
Since d, converges uniformly to d on B(0, 1) as r \, 0, it follows that
(7.4) |d(x0) — dy(20)| < Cs|logr|~M+1

for every zyp € B(z*,1) (recall z* = 0), and 0 < r < 1. Let z € B(z* 1/8) and r :=
dist(z, 2*) < 1/8. Using (7.4) and then applying (7.3) for 1 = =, zo = z* and ry = 3r; =
3r, we get
d(x) = d(z) — d(z*)

< |d(z) — dr(2)[ + |d(z") — dsr(2")| + |dr(2) — d3r(27)]

< Nogr[~MH 4 |d, () — dy, ()]

< logr[~*1 | log 7|~

< |log |~ M+,
This finishes the proof. O
Proof of Corollary 1.2. Write wy = ddu + 6, where u is log™ -continuous -psh function for

every constant M/ > 1 by Theorem 1.1. Fix 6 € (0,1]. Let u. be as in Lemma 7.2 for w.
Since dd“ue + 6 + dw converges to dd“u + 6 + dw > dd°u + 6 locally in the C*°-topology in

X\N, one sees that the desired assertion follows from Lemma 7.3 by letting ¢ — 0. O
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