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Abstract

Functional graphs, where each vertex has out-degree one, model discrete dynamical sys-
tems. The series and parallel operations on these graphs correspond to the addition and
tensor product of the corresponding graphs. Consequently, the decomposition of a dynamical
system translates to factorization, root finding for powers, and root finding for polynomials
on functional graphs.

This paper focuses on a principal class of functional graphs - the class of sums of cycles.
We introduce an algebraic framework that reformulates these graph-theoretic problems as
computations over the semi-ring of multi-variable polynomials with natural number coeffi-
cients. This approach leverages cycle lengths, greatest common divisors, and least common
multiples to develop efficient algorithms. We construct a general algorithm for counting the
divisions of two sums of cycles and present some of its applications. In particular, we propose
a logarithmic-time algorithm that fully resolves the root-of-power and root-of-polynomial
problems.

1 Introduction

In the study of discrete dynamical systems, the state space can be represented as a directed
graph, where each state corresponds to a vertex, and each transition from one state to another
is represented by a directed edge from the first state to the second. If the system is deterministic,
each vertex has an out-degree of exactly one. This directed graph is termed a functional graph.
The set of all functional digraphs is denoted by D.

Two fundamental operations on dynamical systems are of particular interest: the series
operation and the parallel operation which describe how smaller systems combine to form larger
ones.

• The series operation of two systems A and B corresponds to the disjoint union of two
systems, meaning they evolve independently without interaction. In terms of functional
graphs, this operation simply merges the vertex sets while keeping their transitions sepa-
rate.
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• The parallel operation, which models the simultaneous evolution of two systems A and
B, results in a new system C whose state space is the Cartesian product of the state spaces
of A and B. In the corresponding graph, there is a directed edge from state (a, b) to state
(a′, b′) in C (where a, a′ are states of A and b, b′ are states of B) if and only if there exist
directed edges from a to a′ in A and from b to b′ in B.

Mathematically, the state spaces of two systems A and B can be represented as directed
graphs, and these two operations correspond to the addition A+B and the tensor product AB
of graphs A and B, respectively. The tensor product is a well-established concept, originally
introduced in the famous book Principia Mathematica by Alfred North Whitehead and Bertrand
Russell [11], and also known as the Kronecker product [10]. The set of functional graphs,
equipped with these two operations, forms a semi-ring. It was first introduced in [4] and has
since been widely studied [3, 8, 5].

In the study of dynamical systems, a fundamental question is whether a system can be
constructed from smaller subsystems. This leads to the following key problems:

1. Division Problem (or factorization problem): Given a system B, can it be constructed
via the parallel operation from smaller systems? Equivalently, do there exist two functional
graphs A and X such that AX = B? A simpler variant of this question is: Given two
functional graphs A and B, does there exist a functional graph X such that AX = B?
(see for example [5]).

2. Root of a Power: Can we find a smaller system whose multi-parallel composition results
in a given system? In graph-theoretic terms, given a functional graph B and a natural
number m, does there exist a functional graph A such that Am = B? (see for example
[12]).

3. Root of a Polynomial: More generally, given a scheme involving both series and parallel
compositions represented by a polynomial P with natural number coefficients, does there
exist a functional graph A such that P (A) = B? (see for example [4]).

These problems have been widely studied for general graphs. For example, the factorization
problem for the tensor product of undirected graphs has been shown to be solvable in poly-
nomial time [7]. In contrast, the same problem for directed graphs is still open. Since then,
various studies have explored the problem for special classes of directed graphs, yielding different
complexity results [5, 2].

In our case, functional graphs have a specific structure, which enables the development of
tailored algorithms for these problems. A functional digraph consists of two distinct components:
the cyclic part, which comprises a set of disjoint directed cycles, and the transient part, which
consists of disjoint directed rooted trees obtained by removing the cycles.

The factorization of functional graphs has been explored from various perspectives. Precise
results have been obtained for functional graphs containing only a transient part [12, 6], and
the problem of root-finding for polynomials on the transient part was recently studied in [9].
Meanwhile, factorization results for functional graphs consisting solely of a cyclic part have
also been established [1]. It is expected that by analyzing these two types of functional graphs
separately, one can combine the results to derive conclusions for general functional graphs.

In this paper, we focus on the second type, which we refer to as the sum of cycles.
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Our main contribution is the construction of algorithms that address the three aforemen-
tioned problems in the general setting of sums of cycles. Until now, this problem has been
discussed in the literature, but existing results are limited to specific cases, and no efficient,
implementable algorithm has yet been proposed to fully resolve them. The novelty of our ap-
proach lies in transforming the problem on graphs into problems in algebra and number theory.
Specifically, the multiplication of sums of cycles depends on the lengths of the cycles, utilizing
the greatest common divisor and the least common multiple. Consequently, the decomposition
of natural numbers (which represent cycle lengths) into prime factors plays a crucial role. The
key idea is to represent a sum of cycles as a polynomial in multiple variables, where each variable
is assigned a prime number. As a result, our computations reduce to operations in the semi-ring
of multi-variable polynomials over the set of natural numbers, N.

In Section 2, we present in detail our theory on the semi-ring of polynomials and describe
the translation from dynamical systems terminology to algebraic language.

In Section 3, we investigate problems related to the divisors of a graph that can be expressed
as a sum of cycles. Initially, we focus on the case where the cycle lengths are powers of the same
prime number. We then generalize the problem using a recurrence method based on the number
of distinct prime factors appearing in the cycles.

Section 4 is devoted to the study of the root of powers and the root of polynomials. We
propose an efficient algorithm with logarithmic complexity and provide a complete solution to
the problem.

2 Functional graphs and Semi-ring of sum of cycles

2.1 Sum of cycles

Let G be a directed graph in which every vertex has out-degree exactly one. It is evident that G
consists of a union of directed trees and directed cycles. The only possible attachments between
them occur when a cycle is connected to the root of a tree.

In this paper, we focus on a particular subclass of such graphs, namely those that are disjoint
unions of directed cycles. We refer to these graphs as sums of cycles and represent a sum X in
the form

X = x1C1 + x2C2 + · · ·+ xmCm,

where each Ci is a directed cycle of i vertices, and the coefficients xi are nonnegative integers
for i = 1, 2, . . . ,m, indicating the multiplicity of each cycle in the decomposition.

We define the types of X, denoted as L(X), to be the set length of cycles in X. The cardinal
of X, denoted as card(X), is the number of distinct length of cycles in X, that is, the number
of nonzero coefficients xi. Equivalently, card(X) = |L(X)|.

Additionally, we define the size of X, denoted as N(X), to be the total number of vertices
in X. This is given by the formula:

N(X) = x1 · 1 + x2 · 2 + · · ·+ xm ·m.

We denote D the set of functional graphs, and Λ the set of sums of cycles.

2.2 Operations over the set of sums of cycles

Recall that the series operation of two dynamical systems consists of running them separately,
meaning that the state space of the resulting system is simply the disjoint union of the state
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spaces of the two component systems. When these systems correspond to sums of cycles, the
series operation translates into the following operation on sums of cycles.

Let X and Y be two sums of cycles

X = x1C1 + x2C2 + · · ·+ xkCk,

Y = y1C1 + y2C2 + · · ·+ ykCl.

Addition: The sum Z = X + Y is defined as

Z =

max(k,l)∑
i=1

ziCi,

where zi = xi+yi for each coefficient i. If an index i is not present in X or Y , the corresponding
coefficient is taken as zero by convention.

On the other hand, if T is obtained by the parallel operation of two systems X and Y ,
then the state space of T is the Cartesian product of the state spaces of X and Y . In the
corresponding graph, there is a directed edge from state (x, y) to state (x′, y′) in T (where x, x′

are states of X and y, y′ are states of Y ) if and only if there exists a directed edge from x to x′

in X and from y to y′ in Y .
It is easy to check that if X = Ck and Y = Cl are simple cycles of lengths k and l, then T

consists of d disjoint cycles of length m, where

d = gcd(k, l), m = lcm(k, l),

with gcd(k, l) and lcm(k, l) denoting the greatest common divisor and least common multiple of
k and l, respectively.

Thus, we define the multiplication of sums of cycles as follows.
Tensor product: The product T = X · Y (or, by sort T = XY ) is defined by

T =
∑
i,j

xiyjCiCj ,

T =
∑
i,j

xiyj gcd(i, j)Clcm(i,j).

Figure 1 and Figure 2 present examples of tensor product.
The set of sums of cycles Λ, equipped with the addition and multiplication, forms a semi-ring

with the zero element 0 and the unit element C1.

2.3 Properties of the semi-ring Λ

Because multiplication in the semi-ring Λ is based on the greatest common divisor and least
common multiple operations, Λ exhibits some properties that differ from those of the usual
semi-ring of natural numbers or the semi-ring of polynomials. We present here some preliminary
properties.

Let X ∈ Λ be a sums of cycle, X = x1C1 + x2C2 + · · ·+ xkCk.
For an integer n, we denote by XD(n) the sum of all cycles whose lengths are divisors of n:

XD(n) =
∑
i|n

xiCi.
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Figure 1: The tensor product C3 · C4 consists of one cycle C12.

Lemma 2.1 Let X and Y be two sums of cycles, and let Z and T denote their sum and product,
respectively. Then, for any integer n, we have

ZD(n) = XD(n) + YD(n), and

TD(n) = XD(n) · YD(n).

The statement for the sum follows directly from the definition. The case of the product is less
immediate, and we leave its proof as an exercise for the reader.

Corollary 2.2 Let X and Y be two sums of cycles, and let Z and T denote their sum and
product, respectively. Then, for any integer n, we have

N(ZD(n)) = N(XD(n)) +N(YD(n)), and

N(TD(n)) = N(XD(n))N(YD(n)).

Note that prime numbers play a crucial role in the study of the multiplication operation. In the
following subsections, we will focus on this aspect in detail.

2.4 Semi-ring of Polynomials

2.4.1 Polynomials over a Single Prime Number

Consider the case where the lengths of all cycles are powers of the same prime number p.
Such a sum of cycles X can be expressed as

X = x1C1 + xpCp + xp2Cp2 + · · ·+ xpmCpm ,

where the coefficients x1, xp, . . . , xpm are natural numbers.
This representation allows us to view X as a polynomial in p.
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Figure 2: The tensor product C4 · C6 consists of two disjoint cycles C12.

For two such sums of cycles,

X = x1C1 + xpCp + xp2Cp2 + · · ·+ xpmCpm ,

Y = y1C1 + ypCp + yp2Cp2 + · · ·+ ypkCpk ,

their product X · Y follows the rule

X · Y =
∑

0≤i≤m, 0≤j≤k

xpiypjp
min(i,j)Cpmax(i,j) .

We define the set of all such sums of cycles as the semi-ring of polynomials in p, denoted
by N[p].

To extend this structure, we introduce Q[p], where coefficients are allowed to be rational
numbers. The set Q[p], equipped addition and multiplication, forms a ring over Q.

2.4.2 Polynomial over multi prime numbers

Let p1, p2, . . . , pk be k different prime numbers. We define N[p1, p2, . . . , pk] (resp. Q[p1, p2, . . . , pk])
as the set of sums of cycles X of the form

X =
∑

0≤i1,i2,...,ik

xi1,i2,...,ikCp
i1
1
C
p
i2
2
. . . C

p
ik
k

,

where the coefficients xi1,i2,...,ik belong to N (resp. Q). The operations of addition and
multiplication are well-defined over these sets.

It is clear that the semi-ring N[p1, p2, . . . , pk, pk+1] can be viewed as N[p1, p2, . . . , pk][pk+1].
Note that N[p1] is a sub-semi-ring of N[p1, p2, . . . , pk], which in turn is a sub-semi-ring of Λ.

Moreover, any element of Λ belongs to some N[p1, p2, . . . , pk] for suitable primes p1, p2, . . . , pk.
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Thus, instead of studying Λ directly, one can restrict the analysis to N[p1, p2, . . . , pk] and, in
particular cases, to N[p].

3 Algorithm for Division Problem

We are interested in the following problem: given a sum of cycles B, what are its divisors? A
specific case of this problem is the following: given two sums of cycles A and B, does A divide
B? If so, what is (are) the quotient(s) of B

A? In other words, we seek the sum of cycles X such
that A ·X = B.

We first provide a precise algorithm with time complexity O(log(N(B))) for the case B ∈
N[p], then present an algorithm for the general case.

3.1 Algorithm for Division with Single prime

Let B be a sum of cycles having length that is a power of the same prime p. For sort, we consider
only the non-zero terms of B and write B as follows.

B = b1C1 + bpα1Cpα1 + bpα2Cpα2 + . . .+ bpαkCpαk ,

with 0 = α0 < α1 < α2 < . . . < αk, and bpα1 , bpα2 , . . . , bpαk being positive integers and b1 non
negative integer.

First of all, we state the form of a divisor A of B.

Lemma 3.1 If B = A ·X then A and X must be of the following form:

A = A∗ + apα1Cpα1 + apα2Cpα2 + . . .+ apαkCpαk ,

X = X∗ + xpα1Cpα1 + xpα2Cpα2 + . . .+ xpαkCpαk ,

where A∗ = a1C1 + apCp + ap2Cp2 + . . . + apα1−1Cpα1−1 with a1, ap, ap2 , . . . , apα1−1 being non-
negative integers; and

X∗ = x1C1+xpCp+xp2Cp2+. . .+xpα1−1Cpα1−1 with x1, xp, xp2 , . . . , xpα1−1 being non-negative
integers.

Moreover, if b1 ̸= 0 then A∗ = a1C1 and X∗ = x1C1 with a1 ̸= 0, x1 = b1
a1
. Otherwise b1 = 0

then A∗ = 0 or X∗ = 0.
We call X a quotient of B

A , and there may exist different quotients X.

We keep the above notation for the remainder of this section.
We now consider the size of the above sums of cycles. Denote by a∗ and x∗ the size of A∗

and X∗ respectively,
a∗ = a1 + pap + p2ap2 + . . .+ pα1−1apα1−1 ,

x∗ = x1 + pxp + p2xp2 + . . .+ pα1−1xpα1−1 .

By using the Lemma 2.1 and the Corollary 2.2, we have:
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Lemma 3.2 If B = A ·X then

A∗X∗ =b1C1

(a∗ + apα1Cpα1 )(x∗ + xpα1Cpα1 ) =b1 + bpα1Cpα1

(a∗ + apα1Cpα1 + apα2Cpα2 )(x∗ + xpα1Cpα1 + xpα2Cpα2 ) =b1 + bpα1Cpα1 + bpα2Cpα2

· · ·
(a∗ + apα1Cpα1 + . . .+ apαkCpαk )(x∗ + xpα1Cpα1 + . . .+ xpαkCpαk ) =b1 + bpα1Cpα1 + . . .+ bpαkCpαk .

If b1 ̸= 0, then it follows that a∗ = a1 and x∗ = x1.
In all cases:

a∗x∗ =b1

(a∗ + pα1apα1 )(x∗ + pα1xpα1 ) =b1 + pα1bpα1

(a∗ + pα1apα1 + pα2apα2 )(x∗ + pα1xpα1 + pα2xpα2 ) =b1 + pα1bpα1 + pα2bpα2

· · ·
(a∗ + pα1apα1 + . . .+ pαkapαk )(x∗ + pα1xpα1 + . . .+ pαkxpαk ) =b1 + pα1bpα1 + . . .+ pαkbpαk .

Or equivalently,

a∗x∗ = b1

xpα1 =
1

pα1

(
b1 + pα1bpα1

a∗ + pα1apα1

− x∗

)
xpα2 =

1

pα2

(
b1 + pα1bpα1 + pα2bpα2

a∗ + pα1apα1 + pα2apα2

− b1 + pα1bpα1

a∗ + pα1apα1

)
· · ·

xpαi =
1

pαi

(
b1 + pα1bpα1 + . . .+ pαibpαi

a∗ + pα1apα1 + . . .+ pαiapαi

−
b1 + pα1bpα1 + . . .+ pαi−1bpαi−1

a∗ + pα1apα1 + . . .+ pαi−1apαi−1

)
· · ·

xpαk =
1

pαk

(
b1 + pα1bpα1 + . . .+ pαkbpαk

a∗ + pα1apα1 + . . .+ pαkapαk

−
b1 + pα1bpα1 + . . .+ pαk−1bpαk−1

a∗ + pα1apα1 + . . .+ pαk−1apαk−1

)
.

Let us define Qi for i = 1, . . . , k,

Qi =
b1 + pα1bpα1 + . . .+ pαibpαi

a∗ + pα1apα1 + . . .+ pαiapαi

.

Then for i = 2, . . . , k,

xpαi =
Qi −Qi−1

pαi
.

Note that Qk = n(B)
n(A) .
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It is clear that for i = 2, . . . , k, xpαi is uniquely determined. Moreover, it is non-negative
if Qi ≥ Qi−1, and it is an integer if Qi ≡ Qi−1 mod pαi . Furthermore, xpα1 is an integer if
x∗ ≡ Q1 mod pα1 .

We can constate that these conditions is equivalent to the following condition, called Con-
dition (*):

∀i = 1, . . . , k : Qi ≡ Qk mod pαi+1, and Qi ≥ Qi−1 (except for i = 1).

The quotient Qi is called suitable if it satisfies condition (*) for i. The list (Q1, Q2, . . . , Qk)
is called suitable if for all i = 1, 2, . . . , k, Qi is suitable.

On the other hand, the variables xpj , for 0 ≤ j ≤ α1, depend on a∗, apα1 , b1, bpα1 . Determining
whether there is no solution, a unique solution, or multiple solutions can be done in O(1) time.

Thus, to determine whether A divides B, it is essential to verify Condition (*), for each
i = 1, . . . , k.

Algorithm for Division with Single prime
Input:

• The coefficients related to the first equation: a∗, b1;

• The other coefficients{apαi , bpαi} and pαi for i = 1, 2, . . . , k.

Output:

• Solution X, if it exists, or a message stating that no solution exists.

• If solutions exist, return the number of solutions and list them.

1. Step 0: Handle the condition of size

• Compute Qk = n(B)
n(A) ;

• If Qk is not integer then no solution.

• Else Continue.

2. Step 1: Compute all xpj for 0 ≤ j ≤ α1

• If b1 ̸= 0: (the solution is UNIQUE, if it exists.)

– If a∗ ̸= a1 or a1 = 0 then no solution.

– If a∗ = a1 ̸= 0 then Compute

x∗ = x1 =
b1
a1

;

Q1 =
b1 + pα1bpα1

a1 + pα1apα1

;

xpα1 =
1

pα1
(Q1 − x1) ;

– If not (x1 ∈ N and xpα1 ∈ N and Q1 ≡ Qk mod pα2) then no solution.
Else Proceed to Step 2.
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• If b1 = 0:

– If a∗ ̸= 0 then x∗ = 0, and Proceed to Step 2.

– If a∗ = 0 and apα1 = 0 then no solution.

– If a∗ = 0 and apα1 ̸= 0 then compute Q1 =
bpα1

apα1
;

– If Q1 ̸≡ Qk mod pα2 then no solution.
Else Continue.

∗ For the first variables xpj for 0 ≤ j ≤ α1, solve the equation:

x1 + pxp + p2xp2 + . . .+ pα1−1xpα1−1 + xpα1pα1 = Q1.

∗ There are s(Q1, p, α1) solutions, where s(n, p, k) is the number of solutions of
the equation: x1 + pxp + p2xp2 + . . .+ pk−1xpk−1 + xpkp

k = n.

∗ For other variables, Proceed to Step 2.

3. Step 2: Compute all xpi for i ≥ 2

• For each i = 2, . . . , k − 1:

– Compute

Qi =
b1 + pα1bpα1 + . . .+ pαibpαi

a∗ + pα1apα1 + . . .+ pαiapαi

.

– Check condition (*): Qi ≡ Qk mod pαi+1 , and Qi ≥ Qi−1.

– If the condition is (*) not satisfied then no solution. Else compute for each
i = 2, . . . , k:

xpαi =
Qi −Qi−1

pαi
.

Theorem 3.3 Let B be a sum of cycles with a single prime number and let A be a sum of
cycles. There exists an algorithm with complexity of O(card(B)) (or equivalently, O(log(N(B)))
to determine if A divides B. This algorithm also describes all quotients X = B

A .

Proof Let us consider Algorithm 3.1 with

B = b1C1 + bpα1Cpα1 + bpα2Cpα2 + . . .+ bpαkCpαk .

• Step 1 take O(1) time.

• Step 2: there are k iterations. At each iteration i, ri and si can be computed from ri−1

and si−1 by one addition, then Qi can be computed in O(1) time.

• Step 3: to describe all solutions, it take O(1) time.

In total, the algorithm takes O(k) time, where k = card(B), and bounded by logpN(B).

Now, if we are interested to lists all solutions. There are s
(

bpα1

apα1
, p, α1

)
solutions, where

s(n, p, k) is the number of solutions of the equation: x1+pxp+p2xp2+. . .+pk−1xpk−1+xpkp
k = n.

The time to lists all solutions are ks(n, p, k) time. □

Let us consider some examples to illustrate the algorithm.
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Example 3.4 Find solutions X for the following equation.

AX = B

A = 2C3 + C9, B = 80C3 + 40C9.

By Lemma 3.2, X is of the form X = x1C1 + x3C3 + x9C9, and satisfies the following system
of equations:

x1 + 3x3 =
80

2
= 40,

x9 =
1

9

(
3× 80 + 9× 40

3× 2 + 9
− 800

2

)
= 0.

So there exist 14 solutions (for x3 be one integer from 0 to 13) satisfying x1 + 3x3 = 40 ,
and X = x1C1 + x3C3.

Example 3.5 Find solutions Y for the following equation.

AY = B

A = 32 + 8C3 + 4C9, B = 576 + 704C3 + 192C9.

By Lemma 3.2, Y is of the form Y = y1C1 + y3C3 + y9C9, and satisfies the following system of
equations:

y1 =
576

32
= 18,

y1 + 3y3 =
576 + 3× 704

32 + 8× 3
= 48,

y9 =
1

9

(
576 + 3× 704 + 9× 192

32 + 8× 3 + 4× 9
− 48

)
= 0.

So there exists a unique solution satisfying y1 = 180 and y3 = 10, and Y = 18C1 + 10C3.

3.2 Algorithm for Division in general case

We now consider the general case where B is an arbitrary sum of cycles. This means that, in
the lengths of the cycles of B, several prime numbers may appear. The main idea is to extend
the results from the previous section by considering a ring with k + 1 variables, and then, by
recursion, treat it as a ring with one variable, where the coefficients are elements of a ring with
k variables.

We state the main result of this section.

Theorem 3.6 Let B be a general sum of cycles. Let A be a sum of cycles. There exists an
algorithm to determine whether A is a divisor of B. In the affirmative case, the algorithm also
describes all quotients X B

A .

Proof We prove this theorem by induction on the number m of prime numbers appearing in
the cycles of B.
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• If m = 0, then B = b1C1, and the only possible solution is A = a1C1 and X = x1C1,
where a1x1 = b1.

• If m = 1, then the problem reduces to the case analyzed in Subsection 3.1, which has
already been proven correct.

• Assume that the theorem holds for m = k ≥ 1. We will prove its validity for m = k + 1.
Let p1, p2, . . . , pk, p be these prime numbers.

We can write any Cp
α1
1 p

α2
2 ...p

αk
k pα as Cp

α1
1 p

α2
2 ...p

αk
k
Cpα .

And we can write B = b0C1+bpα1Cpα1 +bpα2Cpα2 + . . .+bpαkCpαk , with bi ∈ N[p1, . . . , pk].
We return to Lemma 3.1: A and X must be of the following form:

A = A∗ + apα1Cpα1 + apα2Cpα2 + . . .+ apαkCpαk ,

X = X∗ + xpα1Cpα1 + xpα2Cpα2 + . . .+ xpαkCpαk ,

where
A∗ = a1C1 + apCp + ap2Cp2 + . . .+ apα1−1Cpα1−1 ,

X∗ = x1C1 + xpCp + xp2Cp2 + . . .+ xpα1−1Cpα1−1

Here all bi, ai, xi ∈ N[p1, p2, . . . , pk] for all indices i.
By Lemma 3.2, we have the following system:

a∗x∗ = b1

xpα1 =
1

pα1

(
b1 + pα1bpα1

a∗ + pα1apα1

− x∗

)
xpα2 =

1

pα2

(
b1 + pα1bpα1 + pα2bpα2

a∗ + pα1apα1 + pα2apα2

− b1 + pα1bpα1

a∗ + pα1apα1

)
· · ·

xpαi =
1

pαi

(
b1 + pα1bpα1 + . . .+ pαibpαi

a∗ + pα1apα1 + . . .+ pαiapαi

−
b1 + pα1bpα1 + . . .+ pαi−1bpαi−1

a∗ + pα1apα1 + . . .+ pαi−1apαi−1

)
· · ·

xpαk =
1

pαk

(
b1 + pα1bpα1 + . . .+ pαkbpαk

a∗ + pα1apα1 + . . .+ pαkapαk

−
b1 + pα1bpα1 + . . .+ pαk−1bpαk−1

a∗ + pα1apα1 + . . .+ pαk−1apαk−1

)
.

The challenge of the problem lies in the fact that each equation involves a division in
N[p1, p2, . . . , pk], which can yield different solutions.

Our objective is to find all suitable lists Qi in N[p1, p2, . . . , pk].
To verify suitable lists, we use the condition described in Equation 1, which states:

Qi−1 =
b1 + pα1bα1 + . . .+ pαi−1bαi−1

a∗ + pα1aα1 + . . .+ pαi−1aαi−1

≡ n(B)

n(A)
mod pαi , for all i = 2, . . . , k.
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The first step is to use an algorithm for k primes to compute Qk = n(B)
n(A) , with Qk ∈

N[p1, p2, . . . , pk]. If such a Qk does not exist, then the equation has no solution, and we
stop.

Otherwise, we denote by Sk the set of all solutions Qk.

Next, for each i from k − 1 down to 1, we compute

Qi =
b1 + pα1bα1 + . . .+ pαibαi

a∗ + pα1aα1 + . . .+ pαiaαi

.

If such a Qi does not exist, the equation has no solution, and we stop.

If multiple Qi exist, for each Qi, we check the suitability condition. This means that there
exists a Qk in Sk such that Qi ≡ Qk mod pαi+1 and there exists Qi+1 marked by Qk

such that Qi ≤ Qi+1. In this case, we mark Qi by Qk and retain Qk in Sk. If Qk is not
compatible with any Qi, we remove Qk from Sk.

By doing this, each step for i provides us with a suitable solution for Qi marked by Qk.

After iterating through all steps for i down to 1, if Sk remains non-empty, it means that
a suitable list (Q1, Q2, . . . , Qk) exists, and we have a solution.

Furthermore, in this manner, we obtain all Qi marked by Qk as solutions to the system.
Therefore, we find all possible solutions to the equation A×X = B.

□

Example 3.7 Find all X such that A ·X = with
B = 72C8 + 80C12 + 48C24 + 40C36 + 4C72

and A = 4C8 + 2C12 + C36.
We consider p = 3, q = 2, and B ∈ N[3][2].
So we can write B and A as:

B = (80C3 + 40C9)C22 + (72 + 48C3 + 4C9)C23 ,

A = (2C3 + C9)C22 + 4C23 .

Then X must be of the form:

X = y1C1 + y2C2 + y4C22 + y8C23 ,

with y1, y2, y4, y8 ∈ N[3].
Apply the Algorithm in Theorem 3.3, we have:

y1 + 2y2 + 4y4 =
80C3 + 40C9

2C3 + C9
,

y8 =
1

8
(
(80C3 + 40C9) ∗ 4 + (72 + 48C3 + 4C9) ∗ 8

(2C3 + C9) ∗ 4 + 4 ∗ 8
− 80C3 + 4C9

2C3 + C9
)

=
1

8
(
576 + 704C3 + 192C9

32 + 8C3 + 4C9
− 80C3 + 40C9

2C3 + C9
)

13



We first compute Ck = n(B)
n(A) . By using Example 2.6, we have:

576 + 704C3 + 192C9

32 + 8C3 + 4C9
= 18C1 + 10C3,

Then, we treat the first equation. By using Example 2.5, we have:

y1 + 2y2 + 4y4 =
80C3 + 40C9

2C3 + C9
= r1C1 + r3C3 with r1 + 3r3 = 40.

Now, compute y8 by

y8 =
1

8
(18C1 + 10C3 − (r1 + r3C3)) =

18− r1
8

+
10− r3

8
C3 with r1 + 3r3 = 40.

Since all coefficients of y8 are non-negative integers, r3 can only take the value 10. Hence,
r1 = 10 and y8 = 1.

Now, y1 + 2y2 + 4y4 = 10C1 + 10C3.
There are then f(10, 2, 2) solutions for the coefficient of C1, and the same for the coefficient of

C3. The number of solutions for X is equal to f2(10, 2, 2). It is easy to check that f(10, 2, 2) = 12,
so there are 144 solutions.

For example, let us consider y4 = C1 + C3, y2 = C1, then y1 = 4C1 + 6C3. In this case:

X = 4C1 + 6C3 + C2 + C4 + C12 + C8.

A second solution: if y4 = 2C1 + C3, y2 = 2C3, then y1 = 2C1 + 2C3. In this case:

X = 4C1 + 2C3 + 2C6 + 2C4 + C8.

A third solution: if y4 = 2C1, y2 = 5C3, then y1 = 2C1. In this case:

X = 2C1 + 5C6 + 2C4 + C8.

and so on...

Algorithm for Division in the general case
Input: - A and B: Two general sums of cycles.
Output: - Solution X, if it exists, or a message stating that no solution exists. - If solutions

exist, return the number of solutions and list them.
Algorithm for m primes

1. Determine the ring of polynomials.

• Let p1, . . . , pm be the primes appearing in the length of cycles of B.

• Write B and A in N[p1, p2, . . . , pm].

• If m = 0 or m = 1, apply the algorithm for the single case.

• Else, continue to Step 2.

2. If m ≥ 2 and Algorithm for m− 1 primes has already been solved.

• Let k = m− 1, and express B and A in N[p1, p2, . . . , pk][p] with p = pm.

14



• Object: Find the solution X such that: B = A×X, with

B = b0C1 + bpα1Cpα1 + bpα2Cpα2 + · · ·+ bpαkCpαk ,

A = A∗ + apα1Cpα1 + apα2Cpα2 + · · ·+ apαkCpαk ,

X = X∗ + xpα1Cpα1 + xpα2Cpα2 + · · ·+ xpαkCpαk ,

where all bi, ai, xi ∈ N[p1, p2, . . . , pk] for all i.

(a) Step 2.1: Handle the total polynomials.

• Compute the quotient Qk = n(B)
n(A) in N[p1, p2, . . . , pk], using Algorithm for m− 1

primes. Let Sk be the set of all quotients Qk.

Qk =
n(B)

n(A)
=

b1 + pα1bα1 + · · ·+ pαkbαk

a∗ + pα1aα1 + · · ·+ pαkaαk

.

• If Sk = ∅ then No solution. Else Continue

(b) Step 2.2:

• For each i = k − 1, k − 2, . . . , 2, 1, let Si be the set of all quotients Qi.

Qi =
b1 + pα1bpα1 + · · ·+ pαibpαi

a∗ + pα1apα1 + · · ·+ pαiapαi

.

• Check the suitable conditions (*) for each Qi ∈ Si:

– There exists Qk in Sk such that Qi ≡ Qk mod pαi+1 , and

– There exists Qi+1 marked by Qk such that Qi ≤ Qi+1.

• If Qi satisfies these two conditions (*) then mark Qi by Qk; otherwise delete Qi

from Si.

• Delete all elements in Sk that are not used to make any Qi in this step.

• If Sk = ∅ then No solution. Else Continue

(c) Step 2.3: After Step 2.2, we obtain S1, which contains all Q1 that have a suitable
list (Q1, Q2, Q3, . . . , Qk−1, Qk).

• For each suitable list (Q1, Q2, Q3, . . . , Qk−1, Qk), we have a solution:

∀i ∈ {2, . . . , k}, xpαi =
Qi −Qi−1

pαi
,

where these values belong to N[p1, p2, . . . , pk].
• Handle the first equation.

– Check the conditions for a1, a∗, b1 as in the case of a single prime.

– In the case where b1 = 0 and a∗ = 0, there may be multiple solutions for the
first equation.
The solution set S∗ of possible tuples (x1, xp, xp2 , . . . , xpα1 ) contains s(Q1, p, α1)
solutions of the equation:

x1 + pxp + p2xp2 + . . .+ pk−1xpk−1 + xpkp
α1 = Q1.

Thus, using the above theorem, we have an algorithm to determine if a A divides a B for
two given general sums of cycles A and B.
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3.3 Discussion on the Complexity of Algorithms

In the case where B ∈ N[p], Theorem 3.3 shows that the time complexity for determining
whether A divides B is O(log(N(B)). Moreover, the algorithm also provides a description of all
possible quotients X = B

A . However, if one wishes to explicitly list all quotients X, the process
requires linear time with respect to the number of solutions. This number is given by

s

(
bpα1

apα1

, p, α1

)
,

where s(n, p, k) denotes the number of solutions to the equation

x1 + pxp + p2xp2 + · · ·+ pk−1xpk−1 + xpkp
k = n.

In the general case where B ∈ N[p1, . . . , pm], the situation becomes more complex. To determine
whether A divides B, one must compute (not merely describe) the quotients resulting from
multiple divisions of sums of cycles. Therefore, before delving into the number of divisions
required, we first analyze the function s(n, p, k).

3.3.1 Evaluation of the function s(n, p, k)

Let s(n, p, k) be the number of solutions to the equation:

x1 + pxp + p2xp2 + . . .+ pk−1xpk−1 + xpkp
k = n.

Fixing p, we estimate s(n, p, k) by recurrence on k.
First, it is straightforward to observe that this function is monotonically increasing as n

increases. Thus, we can estimate s(n, p, k) for values of n that are multiples of pk and then
derive bounds for other values of n between two consecutive multiples of pk.

Now, consider n = m× pk, and define g(m, k) = s(m · pk, p, k).
Then g(m, k) is the number of solutions to the equation:

x1 + pxp + p2xp2 + . . .+ pk−1xpk−1 + xpkp
k = m · pk.

To find g(m, k), we assign integer values to xpk from m down to 0. If xpk = i, then the
equation becomes:

x1 + pxp + p2xp2 + . . .+ pk−1xpk−1 = n− i · pk = (m− i) · pk,

which has g((m− i)p, k − 1) solutions.
Thus, we obtain the following recurrence formula:

g(m, k) = g(0, k − 1) + g(p, k − 1) + g(2p, k − 1) + . . .+ g(mp, k − 1).

By performing an induction on k for evaluating g and s, we can prove the following

Theorem 3.8 The value s(n, p, k), representing the number of solutions to the equation

x1 + pxp + p2xp2 + . . .+ pk−1xpk−1 + xpkp
k = n,

is bounded by

s(n, p, k) ≤ nk

p
k2

2 k!
.
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3.3.2 Discussion on the Complexity of the Algorithm in the General Case

The most computationally demanding step in Algorithm 3.2 is Step 2.2, where we identify all
suitable tuples (Q1, Q2, . . . , Qi). The primary cost of the algorithm arises from the evaluation
of all possible solutions for each division step in the process.

In certain special cases, where the function s(n, p, k) appears frequently, the number of
possible solutions can increase significantly, leading to a high computational cost. However, this
is an inherent characteristic of the problem, as the solution space itself can be extremely large.
For example, if B = bCn and A = Cn, where n = pk11 pk22 · · · pkmm and b are very large, the number
of solutions corresponds to the number of ways to partition b into powers of pi under certain
conditions, an inherently large number.

However, such special cases are relatively rare. In most practical scenarios, the algorithm
runs efficiently, often with linear or even logarithmic complexity in N(B). This efficiency is
particularly evident when B consists of cycles of varying lengths or when these cycle lengths are
associated with different prime factors.

In the next subsection, we present examples to illustrate how the algorithm performs in
typical cases. More importantly, in the following section on finding roots of polynomials, we
apply a similar idea to solve the problem efficiently.

3.4 Application

Consider the case where A is composed of cycles of prime sizes. For example:

Example 3.9

A = C2 + C3, B = 160C2 + 20C4 + 40C3 + 560C6 + 10C12 + 30C9 + 10C18.

We apply the algorithm 3.2 by writing:

X = X1 +X3C3 +X9C9, where Xi ∈ N[2].

From the coefficients of C2:

X1 =
160C2 + 20C4

C2
= C4 + aC2 + (160− 2a)C1, where 0 ≤ a ≤ 80.

From the coefficients of C3:

X1 + 3X3 =
160C2 + 20C4 + 120C1 + 1680C2 + 30C4

C3 + C2
= 10C4 + 360C2 + 40C1.

From the coefficients of C9:

X1 + 3X3 + 9X9 =
120C1 + 1840C2 + 50C4 + 270C1 + 90C2

C9 + C3 + C2
= 10C4 + 360C2 + 130C1.

From these equations, we deduce:
X9 = 10C1,

X1 = 10C4 + aC2 + (160− 2a)C1, where 60 ≤ a ≤ 80 and a is a multiple of 3,

X3 =
360− a

3
C2 +

2a− 120

3
C1.
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The possible values of a are:

a = 60, 63, 66, 69, 72, 75, 78.

Examples of solutions include:

• For a = 60: X = 40C1 + 60C2 + 10C4 + 100C6 + 10C9.

• For a = 63: X = 34C1 + 63C2 + 10C4 + 2C3 + 99C6 + 10C9.

• For a = 78: X = 4C1 + 78C2 + 10C4 + 12C3 + 94C6 + 10C9.

We observe that for A,B ∈ N[p1, p2, . . . , pk][p] and X1, Xp, . . . , Xpα ∈ N[p1, . . . , pk], all coef-
ficients Xi with i ≥ 2 are uniquely determined. Only X1 and Xp remain undetermined initially.
However, Xp is uniquely determined once X1 is fixed. Hence, the solution depends entirely on
determining X1.

By recursion, X1 ∈ N[p1, . . . , pk−1][pk] is uniquely determined by the first coefficient of the
decomposition.

Moreover, if
(x1C1 + pxp)apCp = bpCp,

then

x1 =
bp
ap

− pxp.

Thus, we have two constraints on x1:

X1 ≤ min

(
bpi
api

)
,

since X1 must be non-negative for all pi.
The modular properties also determine x1 mod (p1p2 . . . pm), as:

x1 ≡
bpi
api

mod pi for each pi.

Combining these constraints, the modular structure determines x1 mod (p1p2 . . . pm). The
total number of possible solutions for x1 (and for X by consequence) is bounded by:

min
(

bpi
api

)
p1p2 . . . pm

.

And the time for calculation is linear on the number of solution, so smaller than

min
(

bpi
api

)
p1p2 . . . pm

+ card(B).
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4 Algorithm for Finding the roots of Polynomial

4.1 Finding the m-root of a sum of cycles

A fundamental problem in the study of the semi-ring of functional digraphs is determining the
roots of its elements. Specifically, given a sum of cycles B and an integer m, we seek to determine
whether there exists a sum of cycles A such that Am = B.

It has been proven in [12] that if such an A exists, it is unique. In this section, we present an
efficient algorithm for computing A. The proposed algorithm achieves optimal time complexity,
as its runtime scales linearly with the number of terms that need to be computed.

We apply the idea of the general algorithm 3.2 to handle it.
First, let us consider the case of elements in N[p]. By applying Lemma 2.1 and Corollary

2.2, we have:

Lemma 4.1 Let p be a prime number. In N[p], let

A = a1C1 + apα1Cpα1 + apα2Cpα2 + . . .+ apαkCpαk .

For a positive integer m, let B = Am. Then

B = b1C1 + bpα1Cpα1 + bpα2Cpα2 + . . .+ bpαkCpαk ,

where bi, for i = 0, . . . , k, are uniquely determined by

b1 =am1 ,

b1 + bpα1pα1 =(a1 + apα1pα1)m,

...

b1 + bpα1pα1 + bpα2pα2 + . . .+ bpαkpαk =(a1 + apα1pα1 + apα2pα2 + . . .+ apαkpαk)m.

Next, for i = 0, 1, . . . , k, we denote ri and si the size prefix sum of A and B respectively:

ri = a1 + apα1pα1 + apα2pα2 + · · ·+ apαipαi .

si = b1 + bpα1pα1 + bpα2pα2 + · · ·+ bpαipαi .

Then, the above lemma can be rewritten as follows:

Lemma 4.2 Keeping the above notation, if B = Am, then

si = r,i for i = 0, 1, . . . , k.

From this lemma, we can construct an algorithm to compute the m-root of B, if it exists.
Algorithm: Finding the m-root of a sum of cycles with a single prime
Input: An element B ∈ N[p] and a positive integer m.
Output: An element A ∈ R[p] such that Am = B. If A ∈ N[p], then A is a sum of cycles m-root
of B.

1. Express B as:
B = b1C1 + bpα1Cpα1 + bpα2Cpα2 + · · ·+ bpαkCpαk .
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2. Initialize α0 = 0; r−1 = 0 and s−1 = 0.

3. For i = 0 to k, do:

(a) Update:
si = si−1 + bpαipαi ;

(b) Compute:

ri = s
1
m
i ;

(c) Compute:

apαi =
ri − ri−1

pαi
.

4. If all ai ∈ N, then A is a sum of cycles m-root of B.

Example 4.3 Let B = 2C2 + 48C4 + 540C16 and m = 2. We apply the above algorithm to find
A = B

1
2 .

1. Initialize: r−1 = 0, s−1 = 0.

2. Compute:
s0 = s−1 + b0 = 0, r0 = 0, a20 = 0 (a1 = 0).

3. Compute:
s1 = s0 + b21 · 21 = 0 + 2 · 2 = 4;

r1 =
√
4 = 2;

a2 = a21 =
r1 − r0

21
=

2− 0

2
= 1.

4. Compute:
s2 = s1 + b22 · 22 = 4 + 48 · 4 = 196;

r2 =
√
196 = 14;

a4 = a22 =
r2 − r1

22
=

14− 2

4
= 3.

5. Compute:
s3 = s2 + b24 · 24 = 196 + 540 · 16 = 8836;

r3 =
√
8836 = 94;

a16 = a24 =
r3 − r2

24
=

94− 14

16
= 5.

6. Conclusion:
A = C2 + 3C4 + 5C16 ∈ N[2],

which is a 2-root of B.
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Let us now consider the general case where there are several primes in B. We can apply
the idea from the previous section and combine it with the single-prime case to construct the
general algorithm.

Let p1, p2, . . . , pk be k different prime numbers. The semiring N[p1, p2, . . . , pk, pk+1] can be
seen as N[p1, p2, . . . , pk][p] with p = pk+1.

We consider the above algorithm to find the root of a sum of cycles, where the coefficients are
elements of N[p1, p2, . . . , pk]. All computations of si and apαi are simple on real numbers; only

the computation ri = s
1
m
i remains to be discussed. However, this is nothing but the problem of

finding the m-root of si in the semiring N[p1, p2, . . . , pk].
Thus, the algorithm for k + 1 primes can be constructed recursively from the algorithm for

k primes.

Example 4.4 Let B = 2C2 + 48C4 + 170C6 + 60C12. Find the 2-root of B if it exists.
There are two primes, 2 and 3 in B, so we write:

B = (2C1 + 170C3)C2 + (48C1 + 60C3)C4.

We seek A such that A2 = B.
Firstly, write A as:

A = y2C2 + y4C4, with y2, y4 ∈ N[3].

By applying the above algorithm, we obtain:

2y2 =
√
2(2C1 + 170C3);

2y2 + 4y4 =
√
2(2C1 + 170C3) + 4(48C1 + 60C3).

To find y2, we apply the algorithm for N[3]. We write:

2y2 = x1C1 + x3C3.

Then:
x1C1 + x3C3 =

√
4C1 + 340C3.

This implies:
x1 =

√
4 = 2;

x1 + 3x3 =
√
4 + 340 · 3 ⇒ x3 = 10.

Similarly, we write:

2y2 + 4y4 = z1C1 + z3C3 =
√

2(2C1 + 170C3) + 4(48C1 + 60C3) =
√
196C1 + 580C3.

This implies:
z1 =

√
196 = 14;

z1 + 3z3 =
√
196 + 3 · 580 = 44 ⇒ z3 = 10.

At the end, we find:
y2 = C1 + 5C3, y4 = 3C1.

Therefore:

A = y2C2 + y4C4 = (C1 + 5C3)C2 + (3C1)C4 = C2 + 5C6 + 3C4,

which is a 2-root of B.
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4.2 Algorithm for Finding the Root of a Polynomial

Now let us consider P a polynomial with coefficients over N:

P (X) = c0 + c1X + c2X
2 + · · ·+ cmXm.

We consider the following problem: given a sum of cycles B, determine whether there exists a
sum of cycles A such that P (A) = B.

One can observe that this is a generalization of the problem in Subsection 4.1, by taking
P (X) = Xm. The algorithm for this problem is systematically similar to that in the previous
section.

Let us first recall the root of P in N.

Lemma 4.5 Let b ∈ N be a natural number. If b > c0, then the equation P (x) = b has a unique
solution in R+. Moreover, if there exists an integer solution x ∈ N, it can be found in time

complexity O
(
log b
m

)
.

Proof The polynomial P (x) is an increasing function over R+ because all its coefficients are
non-negative. Moreover, since P (0) = c0 and P (x) → ∞ as x → ∞, the equation P (x) = b ≥ c0
has a unique solution in R+.

Now, to find a non-negative integer a such that P (a) = b, we can apply a binary search
approach: 1. Choose two values x1 and x2 such that P (x1) < b < P (x2). 2. Compute
x3 =

⌊
x1+x2

2

⌋
, then compare P (x3) with b and continue iterating accordingly. 3. This process

continues until we either find an integer a such that P (a) = b or conclude that such an integer
a does not exist.

Since P (x) is a polynomial of degree m and the algorithm is based on binary search, the

complexity is O(log(b
1
m )) = O

(
log b
m

)
. □

We can now formally state the result for the prefix sum of a polynomial.

Lemma 4.6 Let P be a polynomial with coefficients in N. In N[p], if B = P (A) then si = P (ri),
where ri and si the prefix sums of A and B, respectively.

From this lemma, we can construct an algorithm for finding the Root of a Polynomial.
Algorithm: Finding the Root of a Polynomial with a Single Prime
Input: An element B ∈ N[p] and a polynomial P ∈ N[X].
Output: An element A ∈ N[p] such that P (A) = B, if it exists.

1. Express B as:
B = b1C1 + bpα1Cpα1 + bpα2Cpα2 + · · ·+ bpαkCpαk .

2. Initialize α0 = 0, r−1 = 0, and s−1 = 0.

3. For i = 0 to k, do:

(a) Update:
si = si−1 + bpαipαi .

(b) Find ri, the natural root of the equation P (x) = si. If no such ri exists: Stop. No
solution. Otherwise, continue.
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(c) Compute:

apαi =
ri − ri−1

pαi
.

If apαi /∈ N: Stop. No solution. Otherwise, continue.

4. If all apαi ∈ N, then A is a sum of cycles and a root of P (X) = B.

Next, for the general case of a sum of cycles with multiple primes, we apply the algorithm
recursively. This approach is efficient because, unlike the case of divisors, the root of each
equation is unique if it exists.

Example 4.7 Let P (x) = x2 + 7x, and consider the element

B = 9C2 + 69C4 + 205C6 + 60C12.

We seek a solution to the equation P (A) = B.
Since B involves two primes, 2 and 3, we rewrite it as:

B = (9C1 + 205C3)C2 + (69C1 + 60C3)C4.

We aim to find A such that P (A) = B.
First, express A as:

A = y2C2 + y4C4, where y2, y4 ∈ N[3].

Applying the algorithm, we obtain:

P (2y2) = 2(9C1 + 205C3),

P (2y2 + 4y4) = 2(9C1 + 205C3) + 4(69C1 + 60C3),

To determine y2, y4, we apply the algorithm for N[3]. We write:

2y2 = x1C1 + x3C3.

2y2 + 4y4 = z1C1 + z3C3,

Then:
P (x1C1 + x3C3) = 18C1 + 410C3.

This implies:
P (x1) = 7x1 + x21 = 18.

P (x1 + 3x3) = 18 + 410× 3 = 1248.

Solving this equation, we find x1 = 2;x1 + 3x3 = 32, so x3 = 10.
Similarly,

P (z1C1 + z3C3) = 294C1 + 650C3.

This implies:
P (z1) = 7z1 + z21 = 294.

P (z1 + 3z3) = 294 + 650× 3 = 2244.
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Solving this equation, we find z1 = 14; z1 + 3z3 = 44, so z3 = 10.
Finally, we determine:

y2 = C1 + 5C3, y4 = 3C1.

Therefore,

A = y2C2 + y4C4 = (C1 + 5C3)C2 + (3C1)C4 = C2 + 5C6 + 3C4,

which is a root of P (A) = B.

4.3 Complexity Analysis of Root-Finding Algorithms

Theorem 4.8 The compexity for finding polynomial roots runs in O(card(B) logN(B)) time.

Proof In algorithms for computing the m-th root or solving polynomial root equations, a
fundamental approach is to express A as a sum of cycles, ensuring that the set of cycle lengths
L(A) is a subset of L(B). The primary computational challenge involves finding a non-negative
integer solution for xm = y in the first case or P (x) = y in the second case.

A detailed analysis reveals that the number of equations to be solved corresponds to the
number of terms in B, denoted as card(B).

• Given that computing x = y
1
m requires constant time O(1), the algorithm to calculate the

m -th root runs in O(card(B)) time.

• For solving P (x) = y in N, the complexity is O(log y), as justified by the following obser-
vations:

– The search space for x is approximately [1, y1/n], resulting in at most O(log y1/n) =

O
(
log y
n

)
iterations.

– Each iteration involves evaluating P (x), which requires O(n) time.

Consequently, the overall complexity is:

O

(
n · log y

n

)
= O(log y).

Since y is bounded by the size N(B) of B, the algorithm for finding polynomial roots runs
in O(card(B) logN(B)) time. □

5 Conclusion and Perspectives

In this paper, we investigate the algorithm for the factorization of functional graphs, a key ques-
tion in the study of discrete dynamical systems. This problem is closely related to a fundamental
topic in graph theory: the factorization of tensor product of graphs.

Our main contribution is to place the problem in the context of studying polynomials in
multiple variables, where the variables take values as cycles of prime lengths. We introduce
the idea of recursively analyzing the factorization of these polynomials based on the number of
primes involved. Our algorithm is both precise and implementable. In some special cases, if the
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space of possible solutions is large, the running time of our algorithm can become significant.
However, in many cases, the running time can be effectively bounded. In particular, when
applied to the problem of finding the root of a power or a polynomial, our approach proves to
be highly efficient, achieving logarithmic complexity.

We can consider our algorithm as a general framework for solving various factorization prob-
lems in functional graphs. In the future, we aim to analyze this problem for other important
classes of graphs and extend our study to related problems, such as the irreducibility problem
and the primality testing of functional graphs.
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