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Abstract

Functional graphs, where each vertex has out-degree one, model discrete dynamical sys-
tems. The series and parallel operations on these graphs correspond to the addition and
tensor product of the corresponding graphs. Consequently, the decomposition of a dynamical
system translates to factorization, root finding for powers, and root finding for polynomials
on functional graphs.

This paper focuses on a principal class of functional graphs - the class of sums of cycles.
We introduce an algebraic framework that reformulates these graph-theoretic problems as
computations over the semi-ring of multi-variable polynomials with natural number coeffi-
cients. This approach leverages cycle lengths, greatest common divisors, and least common
multiples to develop efficient algorithms. We construct a general algorithm for counting the
divisions of two sums of cycles and present some of its applications. In particular, we propose
a logarithmic-time algorithm that fully resolves the root-of-power and root-of-polynomial
problems.

1 Introduction

In the study of discrete dynamical systems, the state space can be represented as a directed
graph, where each state corresponds to a vertex, and each transition from one state to another
is represented by a directed edge from the first state to the second. If the system is deterministic,
each vertex has an out-degree of exactly one. This directed graph is termed a functional graph.
The set of all functional digraphs is denoted by D.

Two fundamental operations on dynamical systems are of particular interest: the series
operation and the parallel operation which describe how smaller systems combine to form larger
ones.

e The series operation of two systems A and B corresponds to the disjoint union of two
systems, meaning they evolve independently without interaction. In terms of functional
graphs, this operation simply merges the vertex sets while keeping their transitions sepa-
rate.



e The parallel operation, which models the simultaneous evolution of two systems A and
B, results in a new system C whose state space is the Cartesian product of the state spaces
of A and B. In the corresponding graph, there is a directed edge from state (a,b) to state
(@’,b") in C (where a,a’ are states of A and b, are states of B) if and only if there exist
directed edges from a to a’ in A and from b to V' in B.

Mathematically, the state spaces of two systems A and B can be represented as directed
graphs, and these two operations correspond to the addition A+ B and the tensor product AB
of graphs A and B, respectively. The tensor product is a well-established concept, originally
introduced in the famous book Principia Mathematica by Alfred North Whitehead and Bertrand
Russell [11], and also known as the Kronecker product [10]. The set of functional graphs,
equipped with these two operations, forms a semi-ring. It was first introduced in [4] and has
since been widely studied [3, 8, 5].

In the study of dynamical systems, a fundamental question is whether a system can be
constructed from smaller subsystems. This leads to the following key problems:

1. Division Problem (or factorization problem): Given a system B, can it be constructed
via the parallel operation from smaller systems? Equivalently, do there exist two functional
graphs A and X such that AX = B? A simpler variant of this question is: Given two
functional graphs A and B, does there exist a functional graph X such that AX = B?
(see for example [5]).

2. Root of a Power: Can we find a smaller system whose multi-parallel composition results
in a given system? In graph-theoretic terms, given a functional graph B and a natural
number m, does there exist a functional graph A such that A™ = B? (see for example

12)).

3. Root of a Polynomial: More generally, given a scheme involving both series and parallel
compositions represented by a polynomial P with natural number coefficients, does there
exist a functional graph A such that P(A) = B? (see for example [4]).

These problems have been widely studied for general graphs. For example, the factorization
problem for the tensor product of undirected graphs has been shown to be solvable in poly-
nomial time [7]. In contrast, the same problem for directed graphs is still open. Since then,
various studies have explored the problem for special classes of directed graphs, yielding different
complexity results [5, 2].

In our case, functional graphs have a specific structure, which enables the development of
tailored algorithms for these problems. A functional digraph consists of two distinct components:
the cyclic part, which comprises a set of disjoint directed cycles, and the transient part, which
consists of disjoint directed rooted trees obtained by removing the cycles.

The factorization of functional graphs has been explored from various perspectives. Precise
results have been obtained for functional graphs containing only a transient part [12, 6], and
the problem of root-finding for polynomials on the transient part was recently studied in [9)].
Meanwhile, factorization results for functional graphs consisting solely of a cyclic part have
also been established [1]. It is expected that by analyzing these two types of functional graphs
separately, one can combine the results to derive conclusions for general functional graphs.

In this paper, we focus on the second type, which we refer to as the sum of cycles.



Our main contribution is the construction of algorithms that address the three aforemen-
tioned problems in the general setting of sums of cycles. Until now, this problem has been
discussed in the literature, but existing results are limited to specific cases, and no efficient,
implementable algorithm has yet been proposed to fully resolve them. The novelty of our ap-
proach lies in transforming the problem on graphs into problems in algebra and number theory.
Specifically, the multiplication of sums of cycles depends on the lengths of the cycles, utilizing
the greatest common divisor and the least common multiple. Consequently, the decomposition
of natural numbers (which represent cycle lengths) into prime factors plays a crucial role. The
key idea is to represent a sum of cycles as a polynomial in multiple variables, where each variable
is assigned a prime number. As a result, our computations reduce to operations in the semi-ring
of multi-variable polynomials over the set of natural numbers, N.

In Section 2, we present in detail our theory on the semi-ring of polynomials and describe
the translation from dynamical systems terminology to algebraic language.

In Section 3, we investigate problems related to the divisors of a graph that can be expressed
as a sum of cycles. Initially, we focus on the case where the cycle lengths are powers of the same
prime number. We then generalize the problem using a recurrence method based on the number
of distinct prime factors appearing in the cycles.

Section 4 is devoted to the study of the root of powers and the root of polynomials. We
propose an efficient algorithm with logarithmic complexity and provide a complete solution to
the problem.

2 Functional graphs and Semi-ring of sum of cycles

2.1 Sum of cycles

Let G be a directed graph in which every vertex has out-degree exactly one. It is evident that G
consists of a union of directed trees and directed cycles. The only possible attachments between
them occur when a cycle is connected to the root of a tree.

In this paper, we focus on a particular subclass of such graphs, namely those that are disjoint
unions of directed cycles. We refer to these graphs as sums of cycles and represent a sum X in
the form

X =21C1 + 2203 + - -+ + 2, Chyp,

where each C; is a directed cycle of i vertices, and the coefficients z; are nonnegative integers
for : =1,2,...,m, indicating the multiplicity of each cycle in the decomposition.

We define the types of X, denoted as L(X), to be the set length of cycles in X. The cardinal
of X, denoted as card(X), is the number of distinct length of cycles in X, that is, the number
of nonzero coefficients z;. Equivalently, card(X) = |L(X)].

Additionally, we define the size of X, denoted as N(X), to be the total number of vertices
in X. This is given by the formula:

N(X)=z1-1+x2-24 -+ 2 - M.
We denote D the set of functional graphs, and A the set of sums of cycles.

2.2 Operations over the set of sums of cycles

Recall that the series operation of two dynamical systems consists of running them separately,
meaning that the state space of the resulting system is simply the disjoint union of the state



spaces of the two component systems. When these systems correspond to sums of cycles, the
series operation translates into the following operation on sums of cycles.
Let X and Y be two sums of cycles

X :xlCl +x202+-~+ka’k,

Y =y1C1 + 3202 + - + yiC.
Addition: The sum Z = X + Y is defined as

max(k,l)

where z; = x; +y; for each coefficient 4. If an index i is not present in X or Y, the corresponding
coefficient is taken as zero by convention.

On the other hand, if T' is obtained by the parallel operation of two systems X and Y,
then the state space of T' is the Cartesian product of the state spaces of X and Y. In the
corresponding graph, there is a directed edge from state (x,y) to state (2',4’) in T (where z, 2/
are states of X and y,y’ are states of V) if and only if there exists a directed edge from x to 2/
in X and from y to ¢/ in Y.

It is easy to check that if X = C} and Y = Cj are simple cycles of lengths k and [, then T
consists of d disjoint cycles of length m, where

d = ged(k,l), m=Ilem(k,l),

with ged(k, 1) and lem(k, ) denoting the greatest common divisor and least common multiple of
k and [, respectively.

Thus, we define the multiplication of sums of cycles as follows.

Tensor product: The product T'= X - Y (or, by sort 7' = XY') is defined by

T = Z xiijiCj,

i?j

T = Z LYy ng(iv j)Clcm(i,j) .
1,J
Figure 1 and Figure 2 present examples of tensor product.
The set of sums of cycles A, equipped with the addition and multiplication, forms a semi-ring
with the zero element 0 and the unit element C4.

2.3 Properties of the semi-ring A

Because multiplication in the semi-ring A is based on the greatest common divisor and least
common multiple operations, A exhibits some properties that differ from those of the usual
semi-ring of natural numbers or the semi-ring of polynomials. We present here some preliminary
properties.

Let X € A be a sums of cycle, X = 21Cy + 22C5 + - - - + x1.Cl.

For an integer n, we denote by Xp,) the sum of all cycles whose lengths are divisors of n:

XD(n) = Z :L'ZCZ
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Figure 1: The tensor product Cs5 - Cy4 consists of one cycle Cis.

Lemma 2.1 Let X andY be two sums of cycles, and let Z and T denote their sum and product,
respectively. Then, for any integer n, we have

Zpwn) = Xpm) + YD), and

Tpm) = XDm) * YD(n)-

The statement for the sum follows directly from the definition. The case of the product is less
immediate, and we leave its proof as an exercise for the reader.

Corollary 2.2 Let X and Y be two sums of cycles, and let Z and T denote their sum and
product, respectively. Then, for any integer n, we have

N(Zpw)) = N(Xpm)) + N(Ypen), and

Note that prime numbers play a crucial role in the study of the multiplication operation. In the
following subsections, we will focus on this aspect in detail.

2.4 Semi-ring of Polynomials

2.4.1 Polynomials over a Single Prime Number

Consider the case where the lengths of all cycles are powers of the same prime number p.
Such a sum of cycles X can be expressed as

X = 21C1 + 2yCp + 2,2Cp2 + -+ + Tpm Cym,

where the coefficients x1, ), ..., 2z,m are natural numbers.
This representation allows us to view X as a polynomial in p.
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Figure 2: The tensor product Cy - Cg consists of two disjoint cycles Cys.

For two such sums of cycles,
X = 21C1 + 25Cp + 2,2Cp2 + -+ + Tpm Cym,
Y =y1C1 +y,Cp + ypchz +-- yka’pk,
their product X - Y follows the rule
X.V = Z -rpiypjpmin(i’j)Cpmax(i,j)-

0<i<m, 0<j<k

We define the set of all such sums of cycles as the semi-ring of polynomials in p, denoted
by Nip|.

To extend this structure, we introduce Q[p], where coefficients are allowed to be rational
numbers. The set Q[p], equipped addition and multiplication, forms a ring over Q.

2.4.2 Polynomial over multi prime numbers

Let p1,p2, . . ., px be k different prime numbers. We define N[py, po, ..., p| (resp. Q[p1,p2, ..., pk])
as the set of sums of cycles X of the form

X = Z l’il’iz""’ikcpil Cp? e Cp;’ck,
0<i1 yig,yen i
where the coefficients x;, ;, . i belong to N (resp. Q). The operations of addition and
multiplication are well-defined over these sets.
It is clear that the semi-ring N[p1, pa, ..., pk, Pr+1] can be viewed as N[p1, po, . .., pr][Pr+1]-
Note that N[p1] is a sub-semi-ring of N[p1, pa, ..., pg], which in turn is a sub-semi-ring of A.
Moreover, any element of A belongs to some N[pi,pa, ..., pk] for suitable primes p1,po, ..., p.



Thus, instead of studying A directly, one can restrict the analysis to N[pi,po,...,px] and, in
particular cases, to N[p|.

3 Algorithm for Division Problem

We are interested in the following problem: given a sum of cycles B, what are its divisors? A
specific case of this problem is the following: given two sums of cycles A and B, does A divide
B? 1If so, what is (are) the quotient(s) of £? In other words, we seek the sum of cycles X such
that A- X = B.

We first provide a precise algorithm with time complexity O(log(N(B))) for the case B €
N[p|, then present an algorithm for the general case.

3.1 Algorithm for Division with Single prime

Let B be a sum of cycles having length that is a power of the same prime p. For sort, we consider
only the non-zero terms of B and write B as follows.

B == blCl + bpoq Cpal + bpoq Cpﬂg + ...+ bpak Cpak,
with 0 = ap < a1 < g < ... < g, and bper, byee, ..., byer being positive integers and by non

negative integer.
First of all, we state the form of a divisor A of B.

Lemma 3.1 If B=A-X then A and X must be of the following form:
A = A* + Clpoq Cpal =+ (Ipaz CpDLQ 4+ ...+ Clpak Cp@k,

X =X+ Tp1 Cpal + Tpe2 Cp% + o Tpes Cpak,

where Ay = a1C1 + apCp + a,2Cp2 + ... + apor—1Cpay—1 With a1, ap, ap2,. .., aye -1 being non-
negative integers; and

Xi = 0101+ 2pCpta2Cpa+. . +Tpa -1 Cpar—1 With T1, Tp, T2, .. ., Tpay—1 being non-negative
integers.

Moreover, if by # 0 then Ay = a1C1 and X, = x1C1 with a1 # 0,1 = 2—11. Otherwise by = 0
then Ay =0 or X, =0.
We call X a quotient of %, and there may exist different quotients X .

We keep the above notation for the remainder of this section.
We now consider the size of the above sums of cycles. Denote by a, and x, the size of A,
and X, respectively,
ax = a1 + pay +p2apz + ... —|—p°‘1*1apa171,
Ty = X1 + PTp —i—p2:cp2 + ... +po‘1_11:pa1_1.

By using the Lemma 2.1 and the Corollary 2.2, we have:



Lemma 3.2 If B=A-X then

A X
(CL* + apo‘l Cpal )(x* + xpal Cpal)

(a* + apa1 Cpal + ap042 CPQQ)(.'E* + xpal Cpo‘l + xpo‘Q Cpa2)

(ax + apor Cpar + ...

-+ apak Cpak)(l'* + xpa1 Cpo‘l + ...

=b1C1
:bl + bpal Opal
=b1 + bpo1 Cper + bpoz Cpo

If by #£ 0, then it follows that ax = a1 and T4, = x1.

In all cases:

[079% )

(@ + p*apor ) (zy + p*aper)

(ax + p™aper + p*?apee ) (@i + p™ aper + p*apez)

(ax +p™aper + ...

Or equivalently,

P e ) (e £ P T+

+ .fpak Cpak) :b1 + bpal Cpa1 + ...
=by
:bl —|— pal bpo‘l
:b]_ + palbpoq + pa2bpa2
+ pFaper)  =by + pbper + ...+ P bper.

AxTy =
— 1 bl +palb (o2
xpal = ﬁ a*+pa1a o1
T o 1(bl+p1ba1+p2()a2 b1+plba1>
P2 P2\ ay —|—p0‘1apa1 + p& 2apa2 ax + p® 1apa1
e 1 <b1 +palbpa1 —|—...+paibpal bl +pa1b ap . +pa1 1b Qa;_q >
P P\ s+ pUlager + .. PYiapei Gy + PP aper 4 ... F pYitlageio
o 1 <b1 + % bper + ... 4 pYEbpay B by + p*bper + ...+ pPE-tbyen >
P P\ Gx +pMapar + ...+ pUaper Gy +pHaper + ..+ prE-taper '

Let us define Q; fori =1,...,k,

O, P
" oa, + pMaper + ...+ piaye;
Then for i =2,...,k,
@i~ Qi

$pai =

Note that Q. = %.

P

+ bpak Cpak .



It is clear that for i = 2,...,k, xpe is uniquely determined. Moreover, it is non-negative
if Qi > Qi—1, and it is an integer if (); = @;—1 mod p**. Furthermore, x,0 is an integer if
Ty = Q1 mod p*t.

We can constate that these conditions is equivalent to the following condition, called Con-
dition (*):

Vi=1,....k: Q;=Q; modp** and Q; > Q;_1 (except for i =1).

The quotient Q; is called suitable if it satisfies condition (*) for i. The list (Q1,Q2,...,Qk)
is called suitable if for all i = 1,2,...,k, (J; is suitable.

On the other hand, the variables z,,;, for 0 < j < ay, depend on ax, ape1, by, bper . Determining
whether there is no solution, a unique solution, or multiple solutions can be done in O(1) time.

Thus, to determine whether A divides B, it is essential to verify Condition (*), for each
i=1,... k.

Algorithm for Division with Single prime

Input:

e The coeflicients related to the first equation: ay, by;

e The other coefficients{ape:, bye: } and p® for ¢ =1,2,... k.
Output:

e Solution X, if it exists, or a message stating that no solution exists.

e If solutions exist, return the number of solutions and list them.

1. Step 0: Handle the condition of size

e Compute Qp = %;

o If (Y is not integer then no solution.

e Else Continue.
2. Step 1: Compute all Tp; for0<j<m

o If by # 0: (the solution is UNIQUE, if it exists.)

— If a4 # a1 or a; = 0 then no solution.
— If ax = a1 # 0 then Compute

by
Ty =1 = —
al
b1 + p“tbpes .
al +pa1apa1 ’

Q=

1
Tpor = o (Q1—z1);

— If not (z1 € N and zper € N and Q1 = @ mod p*?) then no solution.
Else Proceed to Step 2.



e If by = 0O:
— If ax # 0 then z, = 0, and Proceed to Step 2.

- If Ay = 0 and Apa1 = 0 then no solution.
b ai
P

— If ay = 0 and aper # 0 then compute Q1 =

— If Q1 # Qr mod p™? then no solution.
Else Continue.

apal )

x For the first variables Tpi for 0 < j < ag, solve the equation:
T1 + pxp +p2xp2 +...+ pal’lxparl + zpor p™ = Q1.

« There are s(Q1, p, a1) solutions, where s(n, p, k) is the number of solutions of

the equation: x1 + px, + p2xp2 + ... —i—pk*lxpkq + xpkpk =n.

* For other variables, Proceed to Step 2.
3. Step 2: Compute all z,; for i > 2

e Foreachi=2,...,k—1:
— Compute
Q- _ bl +pa1bp041 4+ ... +paibpai '
Y e+ pPiaper + .+ pUiages
— Check condition (*): Q; = Qr mod p®+1, and Q; > Q;_1.
— If the condition is (*) not satisfied then no solution. Else compute for each

1=2,...,k:
Qi — Qi1

xpai = T

Theorem 3.3 Let B be a sum of cycles with a single prime number and let A be a sum of
cycles. There exists an algorithm with complexity of O(card(B)) (or equivalently, O(log(N(B)))
to determine if A divides B. This algorithm also describes all quotients X = %.

Proof Let us consider Algorithm 3.1 with
B = b1C1 + bpe1 Cpen + bpoz Cpoo + ...+ bpoy, Choen
e Step 1 take O(1) time.

e Step 2: there are k iterations. At each iteration 4, r; and s; can be computed from r;_1
and s;_1 by one addition, then @; can be computed in O(1) time.

e Step 3: to describe all solutions, it take O(1) time.

In total, the algorithm takes O(k) time, where k = card(B), and bounded by log, N (B).
bo
Now, if we are interested to lists all solutions. There are s (ﬁ,p, a1> solutions, where
p
s(n, p, k) is the number of solutions of the equation: x; —I—pZL‘p+p2:Ep2 +.. .+pk_1:1:pk71 —I—mpkpk =n.

The time to lists all solutions are ks(n,p, k) time. O

Let us consider some examples to illustrate the algorithm.

10



Example 3.4 Find solutions X for the following equation.
AX =B

A=2C3+Cy, B =280C5+40Cy.

By Lemma 3.2, X is of the form X = x1C1 + x3C5 + x9Cy, and satisfies the following system
of equations:

80
x1 + 3x3 = ? = 40,

1<3><80+9><40 800)_0

R 3%x2+9 2

So there exist 14 solutions (for x3 be one integer from 0 to 13) satisfying x1 + 3x3 = 40 ,
and X = x1C1 4+ 23C5.

Example 3.5 Find solutions Y for the following equation.
AY =B

A=32+8C5+4Cy, B =576+ 704C3 + 192Cy.

By Lemma 3.2, Y is of the form Y = y1C + y3C3 4+ y9Cog, and satisfies the following system of
equations:

576
:7:1
Y1 32 8’
576 + 3 x 704
3y3 = ——— =48
Y1 + 9y3 3218 %3 ;
1 /576 +3 x 704 +9 x 192
Yo = = —48 =0.
9 32+8x3+4x9

So there exists a unique solution satisfying y1 = 180 and y3 = 10, and Y = 18C} + 10Cs5.

3.2 Algorithm for Division in general case

We now consider the general case where B is an arbitrary sum of cycles. This means that, in
the lengths of the cycles of B, several prime numbers may appear. The main idea is to extend
the results from the previous section by considering a ring with k£ + 1 variables, and then, by
recursion, treat it as a ring with one variable, where the coefficients are elements of a ring with
k variables.

We state the main result of this section.

Theorem 3.6 Let B be a general sum of cycles. Let A be a sum of cycles. There exists an
algorithm to determine whether A is a divisor of B. In the affirmative case, the algorithm also
describes all quotients X%.

Proof We prove this theorem by induction on the number m of prime numbers appearing in
the cycles of B.

11



e If m = 0, then B = b;C4, and the only possible solution is A = a1C7 and X = z1Cf,
where a1z1 = b;.

e If m = 1, then the problem reduces to the case analyzed in Subsection 3.1, which has
already been proven correct.

e Assume that the theorem holds for m = k > 1. We will prove its validity for m = k + 1.
Let p1,p2, ..., Dk, p be these prime numbers.

We can write any C, O1p02 0k pa 88 Cpalpaz P0F Chpo

And we can write B = byC'1 4 bpa1 Cpar + bpas Cpas 4. ..+ bper Cper, with by € Njp1, ..., pg].
We return to Lemma 3.1: A and X must be of the following form:

A = A* + Clpoq Cpoq + (lthQ Cpag 4+ ...+ (Ipak Cpﬂk,

X = X* + .’,Upﬂl Op‘ll + xpaz CPOQ + ...+ Ql'pak Cpak,

where
A, =a1Cy + apC’p + apopz + ...+ apal_lea1_1,

X, =x21C1 + xpCp + xp2Cp2 + ...+ wpalflcpalfl

Here all b;, a;, z; € N[p1,pa,...,px] for all indices 1.

By Lemma 3.2, we have the following system:

AyTy =
_ 1 bl +pa1b g
.’L'pal = E Qs +pa1a o1
. B 1 <b1+p1ba1—|—p2[)a2 b1+plba1>
p*2 p()éz Qs +pa1apa1 +p 2ap0,2 Ay +p lapal
e 1 <b1 +pa1bpa1 —|—...+paibpoz,b bl +palb ap . +paz 1b ;1 )
P PY N\ s+ pUlager + .. PYiapei Gx + PYaper 4 ... F pYitlageio
X . i < bl + palbpal + P +pakbp0¢k _ bl +palbpa1 + oo +pak71bp0tk,1 )
Py P\ Gx +pMapar + ...+ pUaper Ay +PpHapear + ..+ prE-taper '

The challenge of the problem lies in the fact that each equation involves a division in
N[p1,p2, ..., k], which can yield different solutions.

Our objective is to find all suitable lists Q; in N[p1,pa, ..., pgl.
To verify suitable lists, we use the condition described in Equation 1, which states:

b1+ p™ba; + ...+ " ba, _ n(B)

= mod p%, for all i = 2,..., k.
ax +p*ag, + ...+ pY-ta,_, n(A) P

Qi1 =

12



The first step is to use an algorithm for k primes to compute Qp = %, with Qp €

N[p1,p2,...,pk]. If such a Q) does not exist, then the equation has no solution, and we
stop.

Otherwise, we denote by Sj the set of all solutions Q.
Next, for each ¢ from £ — 1 down to 1, we compute

Q; = by —|—palba1 + ... —{—paibai
’ Ay +p*aq; + ...+ piag,

If such a @); does not exist, the equation has no solution, and we stop.

If multiple Q); exist, for each Q;, we check the suitability condition. This means that there
exists a Q) in Sy such that Q; = Q; mod p®T! and there exists Q;y; marked by Q
such that @; < Q;+1. In this case, we mark Q; by Qi and retain @y in S. If Qi is not
compatible with any @Q;, we remove Qi from Sj.

By doing this, each step for ¢ provides us with a suitable solution for @); marked by Q.

After iterating through all steps for ¢ down to 1, if S remains non-empty, it means that
a suitable list (Q1,Qq, ..., Q) exists, and we have a solution.

Furthermore, in this manner, we obtain all (); marked by Q)i as solutions to the system.
Therefore, we find all possible solutions to the equation A x X = B.

Example 3.7 Find all X such that A- X = with
B = 72Cs + 80C19 + 48C94 + 40C36 + 4C79
and A = 4Cg + 2C12 + Csg.
We consider p = 3,q =2, and B € N[3][2].
So we can write B and A as:
B = (80C3 + 40Cy)Cy2 + (72 4 48C5 + 4Cy)Cos,
A = (2C3 + 09)022 + 4023.

Then X must be of the form:
X =y1C1 + y202 + yaCp2 + ysCos,

with y1,y2,ya, ys € N[3].
Apply the Algorithm in Theorem 3.3, we have:

Y1+ 2y + dys = 802%9’314259
1,(80C5 4 40Cy) % 4 + (72 + 48C3 + 4Cy) x8  80C5 + 4Cy

s = 8 (2C5+ Co) %4+ 4% 8 T 205 + Co
B 1 576 4 704C5 +192Cy  80Cs5 + 40Cq

- §( 32+8C; +4Cy 205+ Cy

13



We first compute Cj, = %. By using Fxample 2.6, we have:

576 + 704C3 + 192C)
32 4+ 8C5 + 4Cy

= 18C} + 10C3,

Then, we treat the first equation. By using Example 2.5, we have:

80C! 40C:
Y1+ 2y2 + 4y4 = M = 7“101 + 7“303 with r + 3’!”3 = 40.
Now, compute yg by
1 18 — 10 —
Ys = §<1801 +10C5 — (11 + 7r3C3)) = 3 n + 3 T303 with 1 + 3rg = 40.

Since all coefficients of yg are non-negative integers, r3 can only take the value 10. Hence,
r1 =10 and yg = 1.

Now, y1 + 2y2 + 4y4 = 10Cy + 10C5.

There are then f(10,2,2) solutions for the coefficient of Cy, and the same for the coefficient of
Cs. The number of solutions for X is equal to f2(10,2,2). It is easy to check that f(10,2,2) = 12,
so there are 144 solutions.

For example, let us consider y4, = C1 + Cs, yo = C1, then y; = 4C1 4+ 6C5. In this case:

X =4C1 4 6C5 + Cy + Cy + Ci2 + Cs.
A second solution: if y4 = 2C1 + Cs, yo = 2C5, then y1 = 2C1 + 2C5. In this case:
X =4C; +2C5 + 2Cg + 2C4 + Ck.
A third solution: if y4 = 2C, yo = 5C3, then y1 = 2C1. In this case:
X =2C1 4+ 5Cs + 2Cy + Cs.
and so on...

Algorithm for Division in the general case

Input: - A and B: Two general sums of cycles.

Output: - Solution X, if it exists, or a message stating that no solution exists. - If solutions
exist, return the number of solutions and list them.

Algorithm for m primes

1. Determine the ring of polynomials.

e Let p1,...,pm be the primes appearing in the length of cycles of B.
e Write B and A in N[p1,p2, ..., pm].
e If m =0 or m =1, apply the algorithm for the single case.

e Else, continue to Step 2.

2. If m > 2 and Algorithm for m — 1 primes has already been solved.

e Let k=m — 1, and express B and A in N[py,pa, ..., prllp] with p = py,.
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e Object: Find the solution X such that: B = A x X, with
B = bgCh + bpe1 Cper + bpez Cpoa + -+ - + bpay, Cpon

A = A* + apal Cpal + apD‘Q Cpa2 + -+ apak Cpaka
X = X* + LL‘qu Cpﬂq + IEpaQ Cpaz + -4+ .’Epak Cp‘lk,
where all b;, a;, z; € N[p1,p2,...,px| for all 4.

(a) Step 2.1: Handle the total polynomials.

e Compute the quotient Qf = n({j; in N[p1,p2,...,pr], using Algorithm for m — 1

n

primes. Let S} be the set of all quotients Q.

n(B) by +p™bay + - + pba,
n(A)  ax+pMag, + -+ p*ag,

Qr =

e If S, = () then No solution. Else Continue
(b) Step 2.2:
e Foreachi=k—1,k—2,...,2,1, let S; be the set of all quotients ;.
Q, = Lt Py o pNbye
Yt pMaper + -+ pUiape;

Check the suitable conditions (*) for each Q; € S;:

— There exists @ in S such that Q); = Qr mod p¥+! and

— There exists @Q;+1 marked by Qg such that Q; < Q;41.
If Q; satisfies these two conditions (*) then mark Q; by Q; otherwise delete Q;
from S;.

e Delete all elements in Sy, that are not used to make any ; in this step.
e If S, = () then No solution. Else Continue

(c) Step 2.3: After Step 2.2, we obtain S7, which contains all @; that have a suitable
list (Q1,Q2,Q3, -, Qr—1,Q%)-
e For each suitable list (Q1,Q2,Q@s, ..., Qkr—1, %), we have a solution:
Vie {2, k), ap = Qipa?"l,
where these values belong to N[py,pa, ..., pgl.
e Handle the first equation.
— Check the conditions for a1, a4, b; as in the case of a single prime.
— In the case where by = 0 and a, = 0, there may be multiple solutions for the
first equation.
The solution set S, of possible tuples (1, Ty, T2, . . ., Tpe1) contains s(Q1, p, a1)
solutions of the equation:

k_ISU

1 +p9:p—}—p2xp2+...—|—p o1 + Tep™ = Q1.

Thus, using the above theorem, we have an algorithm to determine if a A divides a B for
two given general sums of cycles A and B.

15



3.3 Discussion on the Complexity of Algorithms

In the case where B € Nip|, Theorem 3.3 shows that the time complexity for determining
whether A divides B is O(log(N(B)). Moreover, the algorithm also provides a description of all
possible quotients X = £. However, if one wishes to explicitly list all quotients X, the process

requires linear time with respect to the number of solutions. This number is given by

bpot
P

S yD,an |,
CLp(ll

where s(n, p, k) denotes the number of solutions to the equation

T1 + pxp +p2a:pz + - —|—pk_1xpk_1 + xpkpk =n.

In the general case where B € N[p1, ..., pn], the situation becomes more complex. To determine
whether A divides B, one must compute (not merely describe) the quotients resulting from
multiple divisions of sums of cycles. Therefore, before delving into the number of divisions
required, we first analyze the function s(n,p, k).

3.3.1 Evaluation of the function s(n,p, k)

Let s(n,p, k) be the number of solutions to the equation:
1 + prp +p2$p2 + ... +pk_ll’pk—1 + .’Epkpk =n.

Fixing p, we estimate s(n,p, k) by recurrence on k.

First, it is straightforward to observe that this function is monotonically increasing as n
increases. Thus, we can estimate s(n, p, k) for values of n that are multiples of p* and then
derive bounds for other values of n between two consecutive multiples of p*.

Now, consider n = m x p*, and define g(m, k) = s(m - p¥,p, k).

Then g(m, k) is the number of solutions to the equation:

T1 + Py —|—p2xp2 + ... +pk_1$pk71 + a:pkpk =m- pk.

To find g(m, k), we assign integer values to x,. from m down to 0. If x,x = 4, then the
equation becomes:

z1 +p96p+p2xp2 —l—...—i—pk’lmpk_l =n—i-pF= (m—i)-pk,

which has g((m — i)p, k — 1) solutions.
Thus, we obtain the following recurrence formula:

By performing an induction on k for evaluating g and s, we can prove the following
Theorem 3.8 The value s(n,p, k), representing the number of solutions to the equation

k—1

T+ pxp —|—p2xp2 +...+p Tph—1 + :L‘pkpk =n,

1s bounded by



3.3.2 Discussion on the Complexity of the Algorithm in the General Case

The most computationally demanding step in Algorithm 3.2 is Step 2.2, where we identify all
suitable tuples (Q1,Q2,...,Q;). The primary cost of the algorithm arises from the evaluation
of all possible solutions for each division step in the process.

In certain special cases, where the function s(n,p, k) appears frequently, the number of
possible solutions can increase significantly, leading to a high computational cost. However, this
is an inherent characteristic of the problem, as the solution space itself can be extremely large.
For example, if B = bC),, and A = C,,, where n = p’fl pé” --pkm and b are very large, the number
of solutions corresponds to the number of ways to partition b into powers of p; under certain
conditions, an inherently large number.

However, such special cases are relatively rare. In most practical scenarios, the algorithm
runs efficiently, often with linear or even logarithmic complexity in N(B). This efficiency is
particularly evident when B consists of cycles of varying lengths or when these cycle lengths are
associated with different prime factors.

In the next subsection, we present examples to illustrate how the algorithm performs in
typical cases. More importantly, in the following section on finding roots of polynomials, we
apply a similar idea to solve the problem efficiently.

3.4 Application

Consider the case where A is composed of cycles of prime sizes. For example:
Example 3.9
A=Cy+4+Cs5, B =160C5+ 20Cy + 40C5 + 560C¢s + 10C12 + 30Cy 4+ 10C" 3.
We apply the algorithm 3.2 by writing:
X = X1+ X3C5 4+ X9gCg, where X; € N[2].

From the coefficients of Cs:

_ 160Cs + 20C;
=G
From the coefficients of Cs:

160Cy + 200 + 120C; + 1680C, + 30C
X, 43X, = 202 4+C +10+ 2059 100, + 3600, + 400
3 2

X = C4 + aCy + (160 — 2a)Cy, where 0 < a < 80.

From the coefficients of Cy:

1200 + 1840Cy + 50C, + 270C; + 90C:
X1 +3X3 4+ 9Xg = 1t 2+ 9004 + L9002 _ 100, + 3600, + 1300,
Cy + C5+ Cy

From these equations, we deduce:
X9 = 10CN,
X1 =10Cy 4+ aCy + (160 — 2a)Cy, where 60 < a < 80 and a is a multiple of 3,
~ 360 —a 2a — 120

X3 = Cy + ——C1.
3 3 2+ 3 1
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The possible values of a are:
a = 60, 63, 66,69, 72,75, 78.
Ezxzamples of solutions include:
e Fora=60: X =40C 4+ 60Cy + 10C4 + 100Cs + 10Cy.
o Fora=63: X =34C + 63C2 + 10Cy 4 2C3 + 99C¢ + 10Cy.

e Fora="78: X =4C1 4+ 78C5 + 10C4 + 12C5 + 94C¢ + 10CY.

We observe that for A, B € N[py,pa,...,px)lp] and X1, X,, ..., Xpe € N[p1,...,pi, all coef-
ficients X; with ¢ > 2 are uniquely determined. Only X; and X, remain undetermined initially.
However, X, is uniquely determined once X7 is fixed. Hence, the solution depends entirely on
determining Xj.

By recursion, X; € N[p1,...,px_1][px] is uniquely determined by the first coefficient of the
decomposition.

Moreover, if

(x1C1 + pzp)a,Cp = b,Cp,
then
by

Tl = — — pxp.
ap

Thus, we have two constraints on x:

by,
X1§m1n< pl),
Ap;

since X1 must be non-negative for all p;.
The modular properties also determine 1 mod (p1p2...pm), as:

by

Ap,

(3

i

T = mod p; for eachp;.

Combining these constraints, the modular structure determines 1 mod (p1p2...pm). The
total number of possible solutions for z; (and for X by consequence) is bounded by:

min (bﬂ)
api
pip2 - . ~pm'

And the time for calculation is linear on the number of solution, so smaller than

. by
min <ﬂ>
_ \Wi/

pip2.-..Pm

+ card(B).
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4 Algorithm for Finding the roots of Polynomial

4.1 Finding the m-root of a sum of cycles

A fundamental problem in the study of the semi-ring of functional digraphs is determining the
roots of its elements. Specifically, given a sum of cycles B and an integer m, we seek to determine
whether there exists a sum of cycles A such that A™ = B.

It has been proven in [12] that if such an A exists, it is unique. In this section, we present an
efficient algorithm for computing A. The proposed algorithm achieves optimal time complexity,
as its runtime scales linearly with the number of terms that need to be computed.

We apply the idea of the general algorithm 3.2 to handle it.

First, let us consider the case of elements in N[p]. By applying Lemma 2.1 and Corollary
2.2, we have:

Lemma 4.1 Let p be a prime number. In Np|, let
A= a1C'1 + apel Cpoq + Ape2 Cpaz + ...+ (lpak Cp&k .
For a positive integer m, let B = A™. Then

B = b1C) + bye1 Cpor + byas Cpos + . .. + bpeg Cprk

where by, fori=0,...,k, are uniquely determined by
bl :a’ln,
bl + bpalpocl :(al + ap‘llpal)m,
b1 + bper p™ + bpaa p™? 4 ... 4 bpoy pOF =(a1 + apor p® + ape2p™? + ... + aper p™*)".
Next, for s = 0,1, ..., k, we denote r; and s; the size prefix sum of A and B respectively:

ri = a1 + aper1 p™ + apeap™? 4 - - 4 apei p™.
8i = b1 + bper p™ + bpaa p®? + - - - + bpai p™i.
Then, the above lemma can be rewritten as follows:
Lemma 4.2 Keeping the above notation, if B = A™, then
si=r; fori=0,1,... k.

From this lemma, we can construct an algorithm to compute the m-root of B, if it exists.
Algorithm: Finding the m-root of a sum of cycles with a single prime
Input: An element B € N[p| and a positive integer m.
Output: An element A € R[p] such that A™ = B. If A € N[p|, then A is a sum of cycles m-root
of B.

1. Express B as:
B - blCl + bpoq Cpoq + bpoéz Cpaz + o+ bpak Cp‘lk .
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2. Initialize ag = 0;r_1 =0 and s_1 = 0.
3. For i =0 to k, do:

(a) Update:
8i = 8j—1 + bpei p;
(b) Compute:
1
Ty =38;";

(¢) Compute:
Ty — Ti-1

a/pai = pai

4. If all a; € N, then A is a sum of cycles m-root of B.

Exam]i)le 4.3 Let B = 2C5 4 48CYy + 540C16 and m = 2. We apply the above algorithm to find
A= B2,

1. Initialize: r_1 =0, s_1 = 0.

2. Compute:
So=58-14+bg=0, r0=0, agp =20 (a1:0).
3. Compute:
s1=50+by 2! =0+2-2=4;
r=Vi=2
. _T1—7"0_2—0_
G = a1 = —o7— = — =1
4. Compute:
S9 =51 + b2 - 22 =4 + 48 - 4 = 196;
ro = V196 = 14;
. _7’2—7'1_14—2_
a4 =09 = —5— = — =3.
5. Compute:
53 = 859 + boa - 24 = 196 + 540 - 16 = 8836;
r3 = V8836 = 94;
. _7’3—7"2_94—14_5
a6 = Ag94 = 24 = 16 = 0.

6. Conclusion:

A=Cy+3C,+5C € N[Q],
which s a 2-root of B.
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Let us now consider the general case where there are several primes in B. We can apply
the idea from the previous section and combine it with the single-prime case to construct the
general algorithm.

Let p1,p2,...,pr be k different prime numbers. The semiring N[py, po, ..., Dk, Pk+1] can be

seen as N[p1, pa, ..., pk|[p] with p = pr1.
We consider the above algorithm to find the root of a sum of cycles, where the coefficients are

elements of N[pi,pa,...,px]. All computations of s; and aye; are simple on real numbers; only
1

the computation r; = sf remains to be discussed. However, this is nothing but the problem of
finding the m-root of s; in the semiring N[p1, po, ..., px].

Thus, the algorithm for k£ + 1 primes can be constructed recursively from the algorithm for
k primes.

Example 4.4 Let B = 2C5 + 48C4 + 170Cs + 60C12. Find the 2-root of B if it exists.
There are two primes, 2 and 3 in B, so we write:

B = (201 +170C3)Ca + (4801 + 60C3)Cy.

We seek A such that A% = B.
Firstly, write A as:
A =ysCy +ysCy, with y2,ys € N[3].

By applying the above algorithm, we obtain:
2ys = \/2(201 + 170C5);
2u2 + 4ys = \/2(2C) + 170C3) + 4(48C1 + 60C3).
To find y2, we apply the algorithm for N[3]. We write:

2ys = 2101 + 23C3.
Then:

21C1 + 23C3 = +/4C1 + 340C5.

71 = V=2
x1 +3x3 =+v4+ 340 -3 = z3 = 10.

This implies:

Similarly, we write:

2ys + 4yy = 21C1 + 23C5 = \/2(201 + 17003) + 4(4801 + 6003) = \/19601 + 580C%5.

This implies:

z1 = V196 = 14;
21+ 323 = V196 + 3 - 580 = 44 = 23 = 10.

At the end, we find:
y2 = C1+5C3, ys=3Ch.

Therefore:
A =yCo +ysCy = (Cl + 503)02 + (301)04 = (9 4+ 5C¢ + 3CYy,
which is a 2-root of B.
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4.2 Algorithm for Finding the Root of a Polynomial

Now let us consider P a polynomial with coefficients over N:
PX)=co+aX+caX>+ - +cpX™

We consider the following problem: given a sum of cycles B, determine whether there exists a
sum of cycles A such that P(A) = B.

One can observe that this is a generalization of the problem in Subsection 4.1, by taking
P(X) = X™. The algorithm for this problem is systematically similar to that in the previous
section.

Let us first recall the root of P in N.

Lemma 4.5 Let b € N be a natural number. If b > ¢y, then the equation P(x) = b has a unique
solution in RY. Moreover, if there exists an integer solution x € N, it can be found in time

complexity O (%) .

Proof The polynomial P(z) is an increasing function over R™ because all its coefficients are
non-negative. Moreover, since P(0) = ¢y and P(x) — o0 as x — 00, the equation P(z) =b > ¢y
has a unique solution in R¥.

Now, to find a non-negative integer a such that P(a) = b, we can apply a binary search
approach: 1. Choose two values z; and x3 such that P(x;) < b < P(z2). 2. Compute
T3 = L“Qﬂj, then compare P(x3) with b and continue iterating accordingly. 3. This process
continues until we either find an integer a such that P(a) = b or conclude that such an integer
a does not exist.

Since P(z) is a polynomial of degree m and the algorithm is based on binary search, the
complexity is O(log(b%)) =0 <@). :

m

We can now formally state the result for the prefix sum of a polynomial.

Lemma 4.6 Let P be a polynomial with coefficients in N. In N[p|, if B = P(A) then s; = P(r;),
where r; and s; the prefix sums of A and B, respectively.

From this lemma, we can construct an algorithm for finding the Root of a Polynomial.
Algorithm: Finding the Root of a Polynomial with a Single Prime
Input: An element B € N[p| and a polynomial P € N[.X].
Output: An element A € N[p| such that P(A) = B, if it exists.

1. Express B as:
B — blCl + bpal Cpal + bp("2 CpCVQ + ct + bpak Cpo‘k .

2. Initialize ag =0, r_1 =0, and s_1 = 0.
3. For i =0 to k, do:

(a) Update:
8; = 8i—1 + bpeip™.

(b) Find r;, the natural root of the equation P(z) = s;. If no such r; exists: Stop. No
solution. Otherwise, continue.
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(c) Compute:

Ti —Ti-1
p

If ape: ¢ N: Stop. No solution. Otherwise, continue.

apo‘i =

4. If all ape; € N, then A is a sum of cycles and a root of P(X) = B.

Next, for the general case of a sum of cycles with multiple primes, we apply the algorithm

recursively. This approach is efficient because, unlike the case of divisors, the root of each
equation is unique if it exists.

Example 4.7 Let P(x) = x? + Tz, and consider the element

B =9C3 4 69C4 + 205C6 + 60C1 2.

We seek a solution to the equation P(A) = B.
Since B involves two primes, 2 and 3, we rewrite it as:
B = (901 + 20503)02 + (6901 + 6003)04.
We aim to find A such that P(A) = B.
First, express A as:
A =ysCy 4+ ysCy, where yo,y4 € N[3].

Applying the algorithm, we obtain:
P(2y2) = 2(9C + 205C3),

P(2y2 + 4ysa) = 2(9C1 + 205C3) + 4(69C1 + 60C3),
To determine ya,ya, we apply the algorithm for N[3]. We write:

2ys = 21C1 4+ x3C5.

2y + 4ys = 2101 + 2303,
Then:
P(xlCl + .7,‘303) = 18C + 410C.
This implies:
P(x1) = Tz + 27 = 18,
P(x1 + 3a3) = 18 + 410 x 3 = 1248,

Solving this equation, we find x1 = 2;x1 + 3x3 = 32, so x3 = 10.
Similarly,

P(lel + 2303) = 294C + 650C%.
This implies:
P(z1) =Tz + 22 = 294.

P(z1 + 323) = 294 4 650 x 3 = 2244.
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Solving this equation, we find z1 = 14; z1 + 323 = 44, so z3 = 10.
Finally, we determine:
y2 = C1 +5C3, y4=3C1.

Therefore,
A =yCo +ysCy = (Cl + 503)02 + (301)04 = C5 + 5Cs + 3CYy,

which is a root of P(A) = B.

4.3 Complexity Analysis of Root-Finding Algorithms
Theorem 4.8 The compezity for finding polynomial roots runs in O(card(B)log N (B)) time.

Proof In algorithms for computing the m-th root or solving polynomial root equations, a
fundamental approach is to express A as a sum of cycles, ensuring that the set of cycle lengths
L(A) is a subset of L(B). The primary computational challenge involves finding a non-negative
integer solution for ™ = y in the first case or P(x) = y in the second case.

A detailed analysis reveals that the number of equations to be solved corresponds to the
number of terms in B, denoted as card(B).

e Given that computing z = y% requires constant time O(1), the algorithm to calculate the
m -th root runs in O(card(B)) time.

e For solving P(xz) = y in N, the complexity is O(logy), as justified by the following obser-
vations:

— The search space for z is approximately [1,y'/"], resulting in at most O(logy'/™) =
O (lo%) iterations.

— Each iteration involves evaluating P(z), which requires O(n) time.

Consequently, the overall complexity is:

0 <n 10gy> = O(logy).

n

Since y is bounded by the size N(B) of B, the algorithm for finding polynomial roots runs
in O(card(B)log N(B)) time. O

5 Conclusion and Perspectives

In this paper, we investigate the algorithm for the factorization of functional graphs, a key ques-
tion in the study of discrete dynamical systems. This problem is closely related to a fundamental
topic in graph theory: the factorization of tensor product of graphs.

Our main contribution is to place the problem in the context of studying polynomials in
multiple variables, where the variables take values as cycles of prime lengths. We introduce
the idea of recursively analyzing the factorization of these polynomials based on the number of
primes involved. Our algorithm is both precise and implementable. In some special cases, if the
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space of possible solutions is large, the running time of our algorithm can become significant.
However, in many cases, the running time can be effectively bounded. In particular, when
applied to the problem of finding the root of a power or a polynomial, our approach proves to
be highly efficient, achieving logarithmic complexity.

We can consider our algorithm as a general framework for solving various factorization prob-

lems in functional graphs. In the future, we aim to analyze this problem for other important
classes of graphs and extend our study to related problems, such as the irreducibility problem
and the primality testing of functional graphs.
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