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Abstract

The rank of configurations on graphs has been extensively studied
in combinatorics due to its deep connections with algebraic geometry
and chip-firing games. Computing this rank is known to be NP-hard for
general graphs, and efficient algorithms exist only for certain specific
families. In this paper, we focus on wheel graphs, which consist of a
cycle with a central vertex connected to all cycle vertices. We present
an algorithm to compute the rank of a configuration [u, p], where u
represents the values on the cycle and p is the value at the central
vertex.

Our approach allows for the simultaneous computation of the rank
for all values of p and provides an explicit proof configuration for each
[u,p] - a construction that can be computed iteratively. The main
idea is the use of basic operations on 0 - sequences in a superstable
configuration on the graph. The proposed algorithm runs in O(n?)
time complexity.

1 Introduction

The rank of divisors on graphs plays an important role in combinatorics
because of its deep connections with algebraic geometry. The concept of
rank was first introduced in the seminal paper by Baker and Norine, where
they established a graph-theoretic analogue of the classical Riemann-Roch
theorem [1]. This work was motivated by the study of tropical geometry



and chip-firing games, which provide a combinatorial framework for under-
standing the theory of divisors in graphs.

In this context, a divisor on a graph is simply a function from the vertex
set to the set of integers Z, which corresponds to a chip configuration in
the well-known chip-firing game [3, [4, 8]. In this paper, we will use the
terminology ”configuration” instead of ”divisor”. Calculating the rank of
a configuration involves solving a max-min optimization problem, which is
naturally difficult. In fact, it has been proven that computing the rank of a
configuration is NP-hard for general graphs [10].

The theory of configuration rank is based on the linear equivalence of
configurations and the properties of the Laplacian operator. Furthermore,
it is closely related to the critical group of a graph, a widely studied al-
gebraic structure in graph theory. Various approaches have been explored
to approximate the rank of a configuration, such as those in [5]. Baker
and Shokrieh [2] provided an algorithm that can efficiently check whether
the rank of a configuration on a graph is at least ¢ for any fixed constant
c. However, exact computations remain limited. Efficient algorithms have
been developed for specific families of graphs, such as paths, cycles, and
trees. Notably, a linear-time algorithm was obtained for complete graphs in
[7].

In this paper, we focus on the family of wheel graphs W,, 1, which consist
of a cycle (), of length n and a central vertex connected to all vertices of the
cycle. Wheel graphs have been widely studied due to their applications in
network design, shortest path algorithms, Hamiltonian cycle detection, and
planar graph theory. Their high connectivity, small diameter, and symmetric
structure make them an interesting case for efficient algorithmic analysis;
many computational problems that are NP-hard on general graphs become
more tractable on wheel graphs [6] Ol 11} 13]. Moreover, the critical group
of wheel graphs was studied by Rossin in [12], where he showed that it is
the product of two cyclic groups, whose orders are determined by Fibonacci
numbers.

In this paper, we conduct a detailed analysis of superstable configura-
tions (which are in bijection with critical configurations) on wheel graphs
and study the effect of the Laplacian operator on these configurations. Typi-
cally, to determine the rank p(D) of a configuration D, one must also provide
a proof of a function A of degree r + 1, which is often difficult to construct.

Our main contributions are as follows. We present an algorithm to com-
pute the rank of a configuration [u, p], where u represents the values on the
cycle C,, and p is the value at the central vertex. We compute the rank for
all values of p simultaneously. We provide an explicit construction of the



proof for all configurations and show that it can be computed iteratively.

The main idea is the use of basic operations on O - sequences in superstable

configurations. Our algorithm has a computational complexity of O(n?).
The structure of this paper is as follows:

e Section 2 presents the theory of chip-firing games on graphs, focusing
on Laplacian operators and the rank of configurations.

e Section 3 introduces wheel graphs and discusses their configurations.

e Section 4 provides a detailed analysis of superstable configurations on
wheel graphs and a precise description of our algorithm.

2 Rank of Configuration on graph

2.1 Configurations on graphs

For a reference on this subsection, the reader may refer to the paper by
Bjorner, Lovasz, and Shor [4].

Graphs

Let G = (X, E) be a connected undirected graph with n vertices, where
X ={xz1,x9,...,2,} is the vertex set and F the set of edges. We consider
also that F is defined by as a symmetric matrix also denoted E such that
e;,j = 1 if there is an edge between the vertices x; and x;, and e; ; = 0 if
not. We assume that G is connected and has no loops, so that e;; = 0 for
all 4. In all the paper (except for W,,;1) n will denote the number of vertices
of a graph m the number of edges and d; for i < n denotes the number of
neighbors of vertex x;, that is d; = ) ;" | €; j, it is also called the degree of
the vertex z; in G.

2.2 Configurations on graphs

For a reference on this subsection, the reader may refer to the paper by
Bjorner, Lovéasz, and Shor [4].

Graphs

Let G = (X, E) be a connected undirected graph with n vertices, where
X = {x1,29,...,2,} is the vertex set and E is the set of edges. We also
consider that F is defined as a symmetric matrix, also denoted E, such that



ejj = 1 if there is an edge between the vertices x; and x;, and e;; = 0
otherwise. We assume that G is connected and has no loops, so e; ; = 0 for
all i. Throughout this paper (except for W;,11), n denotes the number of
vertices in a graph, m the number of edges, and d; for i < n denotes the
number of neighbors of vertex z;, i.e., d; = 2?21 ej ;. This is also called the
degree of vertex z; in G.

Configurations

We consider configurations on graphs; these are elements of the discrete
lattice Z™, where Z is the set of integers (positive or negative). For a con-
figuration v = (uy,us,...,u,), we refer to the u;’s as the entries of u and
say that the integer u; is assigned to vertex z;. The symbol (9 denotes the
configuration in which the value 1 is assigned to vertex x; and the value 0
is assigned to all other vertices.

The degree of a configuration w is the sum of its entries and is denoted
by deg(u).

To each vertex is associated a Laplacian configuration A;, given by:

Ai = dzﬁ(l) — E €i7j€(j).
7=1

The set of Laplacian configurations defines the Laplacian matrix of the
graph.

Lg-equivalence

We denote by Lg the subgroup of Z™ generated by the A;. Two configu-
rations u and v are said to be Lg-equivalent if u — v € L, which we also
write as u ~(q) .

In the sandpile model and the chip-firing game, the transition from con-
figuration u to configuration u — A; is allowed only if u; > d; and is called
a toppling. Notice that in the definition of Lg-equivalence, we omit this
condition and allow topplings even if u; < d;.

Effectiveness

The notion of Lg-effectiveness, introduced in [I], is central to this presenta-
tion.



Definition 2.1. A configuration u is effective if u; > 0 for all i. A config-
uration u is Lg-effective if there exists an effective configuration v that is
toppling-equivalent to u (i.e., u — v € Lg).

Since two Lg-equivalent configurations have the same degree, it is clear
that a configuration with negative degree is not Lg-effective.

Sandpile configurations

We now assume that some vertex of the graph is selected and called the sink.
For simplicity of notation, we assume this vertex is x,,. A configuration u is
called a sandpile if u; > 0 for all ¢ < n. For a configuration u, a toppling of
vertex x; for i < n is performed if u; > d;, and wu is replaced by u — A;.

Since the graphs considered are connected, it is not difficult to prove
that for any configuration u, there exists a sequence of topplings leading to
a configuration v where no further toppling is possible. Clearly, v is such
that v ~(q) u.

The following proposition has a simple proof:

Proposition 2.1. For any configuration wu, there exists an integer k such
that uw — kA, gives a sandpile configuration by performing a sequence of
(allowed) topplings.

Notice that the sandpile configuration obtained is not unique.

Stability
In sandpile configurations, stability is defined as follows:

Definition 2.2. A sandpile configuration u is stable if for any 4, u—A; is not
a sandpile configuration. It is superstable if, for any nonempty subset I of
{1,2,...,n—1}, the configuration u—3) .. ; A; is not a sandpile configuration.

Notice that stability may be defined by the condition 0 < u; < d; for all
i. It is more difficult to check whether a configuration is superstable. These
are often called parking configurations. The following results have simple
statements but complicated proofs, which may be found in [IJ.

Theorem 2.2. For any configuration u, there exists a unique superstable
configuration i such that u ~gq) .

Theorem 2.3. A configuration u is effective if and only if the superstable
configuration 4, which is Lqa-equivalent to it, satisfies Gy > 0.



Terminology Review

Let us recall all notions related to configurations. Let G be a graph with
V(G) ={z1,z9,...,2,}. Let u= (uy,...,u,). We define:

e u is a configuration if u; € Z for all 1 <1i < n;
e u is effective if u; > 0 for all 1 < i < n;

e u is a sandpile configuration if u; >0 forall 1 <¢<n—1;

u is L(G)-effective if there exists an effective v such that u ~ ) v;

u is stable if u; < d; forall 1 <i<n—1;
e u is superstable if for any non-empty subset I C {1,2,...,n — 1},
U— icr AU is not effective.
2.3 The rank of configurations
For a reference on this subsection, the reader may refer to the paper by
Baker and Norine [I].
Definition

5 The notion of rank aims to determine how far a configuration is from being
L(G)-effective. This is done by subtracting effective configurations from it
and checking whether it remains £(G)-effective.

Definition 2.3. The rank p(u) of a configuration u is the integer defined
as follows:

e —1 if u is not Lg-effective,

e or, if u is L(G)-effective, the largest integer r such that for any effective
configuration A\ of degree r, the configuration u — X is £L(G)-effective.

Denoting P as the set of effective configurations and E as the set of
L(G)-effective configurations, this definition can be expressed compactly as
follows, which holds in both cases:

1= in  deg(\
p(u) + aerin eg(N)



An immediate consequence of this definition is that if two configurations
u and v satisfy u; < v; for all 4, then p(u) < p(v). Moreover, if u = v — e,
then
p(v) =1 < p(u) < p(v).

The following notion will be useful in proving properties of the rank:

Definition 2.4. An effective configuration u is a proof for the rank p(u) of
an L(G)-effective configuration w if u — u is not L(G)-effective and u — A is
L(G)-effective for any effective configuration A such that deg(\) < deg(p).

Notice that if A is a proof for p(u), then p(u) = deg(\) — 1.

Proposition 2.4. If X\ is a proof for the rank of u, and p is an effective
configuration such that p; < A; for all i =1,2,...,n, then A — p is a proof
for the rank of v =u — p.

Proof. The condition p; < A; implies that A — u is an effective configuration.
Moreover, we have that v — (A — u) = (u — \), hence v — (A — p) is not
L(G)-effective. Now let v be an effective configuration such that deg(v) <
deg(\ — ), then p + v is such that

deg(p +v) < deg(p) + deg(A — ) = deg(A),

hence u — p — v is L(G)-effective, which may also be written as (v — p) — v,
proving the result. O

The rank of the sum of two configurations

We now consider the question of finding a relationship between the rank of
two configurations and the rank of their sum. When both are not £(G)-
effective, their sum may also not be £(G)-effective (for example, when their
degrees are negative) or it may be L£(G)-effective.

Take, for example, v = (0,1,1;—1) and v = (1,1,0; —1) on the wheel
graph W3. In both cases, p(u+wv) > p(u)+p(v). If one is L(G)-effective and
the other is not, then the relation does not always hold. For instance, on
Ws, for uw = (0,1,1; —5) and v = (2,1,0;2), we have p(u) = p(u +v) = —1
and p(v) = 2.

If both are £(G)-effective, we prove:

Proposition 2.5. Let u and v be two L(G)-effective configurations. Then
their ranks p(u) and p(v) satisfy the following relation:

p(u+v) = p(u) + p(v). (1)



When adding an effective configuration A to a configuration u, we obtain
an upper bound for the rank of A\ + u:

Proposition 2.6. Let u be any configuration and A be an effective configu-
ration. Then

plu+ A) < p(u) + deg(). (2)
Baker-Norine Formula

In their seminal paper, Baker and Norine introduced a configuration x de-
fined by

K,i:di—Q,

for every vertex i. They established a relation that allows computing the
rank of u given the rank of x — u. More precisely:

Theorem 2.7. Let u be a configuration on the connected graph G, and let
K be defined as above. Then the ranks p(u) and p(k — ) satisfy:

plu) = plk — u) + deg(u) —m +n, (3)

where deg(u) is the degree of the configuration u, and m and n are the
number of edges and vertices of G, respectively.

We will use this theorem to compute the rank of configurations with high
degree. We have:

Corollary 2.8. If the degree of u is greater than 2(m — n), then
p(u) = deg(u) — (m —n +1).

Proof. Since the degree of « is given by deg(k) = Y. ;(d; — 2), and using
the fact that > | d; = 2m, we obtain deg(k) = 2m — 2n.

Thus, if k—u has negative degree, it follows that p(k—u) = —1. Applying
Baker and Norine’s theorem, we obtain the result. ]

Corollary 2.9. For any configuration u, the rank p(u) satisfies
p(u) > deg(u) — (m —n+1).

Proof. Regardless of the degree of u, we always have p(k —u) > —1. The
result follows directly from Theorem O



3 The wheel graphs and their superstable config-

urations
The wheel graph W, ;1 has n+ 1 vertices, denoted by x1, x2, ..., 2y, xg, and
2n edges, consisting of: A cycle of length n: x1,29,...,2,, and n edges
connecting xg to each x; for 1 < i < n.
A configuration on W, is written as [u, p|], where u = (u1,...,u,) corre-

sponds to the values of u on the cycle, and p is the value at x.

Figure 1: The Wheel Graph W5

In the wheel graph almost all the Laplacian configurations have all the
same structure only four entries are different from 0. Three of them may

be considered as consecutive in the circular order uy, us, . .., u, they get the
values —1,3, —1 and ugp = —1. The last Laplacian configuration is equal to
[-1,-1,...,—1,n].

The vertex xg plays a central role in the wheel graph. Hence we select
it in order to define sand pile and superstable configurations. For any con-
figuration [u,p] it is easy to find a sandpile configuration £(G)-equivalent
to it. Indeed, if [u, p] is not a sand pile configuration, let u; be the minimal
entry of u, then [u, p] — w;A(?) is a sand pile configuration £(G)-equivalent
to [u, p).

We can characterize the superstable configurations on W, as follows:

Proposition 3.1. A sandpile configuration [u,p] of Wy11 is superstable if
and only if and only if the following conditions are satisfied

e 0<u; <2 foralll <i<n

o There exists at least one i € {1,2,...,n} such that u; = 0.



o If fori < j we have u; = uj = 2 then there exists {1 € {i+1,...,j—1}
and by € {1,...,i—1}U{j+1,...,n} such that uy, = up, = 0. (In
other words, between any two consecutive occurrences of the number 2
in the cycle, there is at least one occurrence of the number 0.)

Proof. We prove first that these conditions are necessary for [u,p] to be
superstable. If there exists i such that u; > 2, then [u, p] is not stable. If u; >
0 for all 4, then the set I = {1,2,...,n} is such that [v, ¢ = [u,p] =) ;; A®)
is a sand pile configuration, since v; = u; — 1 for all 1 < j < n. The
same argument holds for the third condition using Iy = {i,i+1,...,j} or
I ={1,...,i}U{j,...,n} to index the sum of the A,

Conversely, consider [u,p| that is not superstable. Then, there exists a
subset I C {1,2,...,n} such that

[v,q] = [u,p] = > AD

iel

is not a sandpile configuration.

By the first two conditions, I has more than one element and is not equal
to {1,2,...,n}. If i € I and u; = 2, then 7 must have at least one neighbor
in I. If u; = 1, then ¢ must have at least two neighbors in I.

Thus, there exists a sequence of vertices forming a path, where the first
vertex x; and the last vertex x; satisfy u; = u; = 2, and all vertices ; in
the path satisfy uy, > 0, contradicting the last condition.

O

We can then state that a maximal superstable configuration is the one
with the largest sum, and we have the following corollary:

Corollary 3.2. A sandpile configuration is a mazximal superstable configu-
ration if it is superstable, and between any two consecutive occurrences of
the number 2 on the cycle, there is exactly one occurrence of the number 0.

The configurations in the left of Figure [2]is a superstable configurations
and is not effective by Theorem The second one is not superstable it
is L(G)-equivalent to configuration given by (0,2,0,0,0,0) and hence effec-
tive.

10



Figure 2: Non effective and effective configurations on Wj

We have the following important result for the wheel graph.

Corollary 3.3. For any mazimal superstable configuration [u,p] with p > 0,
the rank p([u,p]) is equal to p.

Proof. By Corollary we have
p([u,p]) = deg((u,p)) = (m—n+1)=k+p—k=p.
On the other hand, if we take A = (p + 1)e,, then deg(\) = p+ 1, and
[u,p] = X = [u, —1].

Since [u, p] is already superstable, [u, —1] is not £L(G)-effective. This implies
that the rank of [u, p| is strictly smaller than p+ 1. Hence, we conclude that

p([u,p]) = p. O
Note that because the definition is independent of wg, if [u,p] is su-

perstable (resp. maximal superstable), we also say that u is superstable
(resp. maximal superstable). Moreover, if u is maximal superstable, then

2 iy Ui = 1.

4 Algorithm

4.1 A greedy algorithm

For a general graph with n vertices, we have seen that a configuration wu is
L(G)-effective if (and only if) the superstable configuration 4 associated to
it satisfies 1, > 0. This value 4, will allow to determine the rank. Let us
denote it m(u).

11



In order to determine the rank of a configuration one has to determine an
effective configuration A with minimal degree such that u— X is not effective,
that is m(u— ) < 0. This search may be decomposed in a sequence of steps.
At each step j one has to obtain an integer ; such that 7(u—el)) is no more
than 7(u), then u is set equal to u—e(). After some steps the value of 7 (u)
becomes negative . Let s be the number of steps to obtain a negative value
for 7(u) then taking A =3"7_, eli5) we get that u — X is not £(Q)-effective.
Hence s — 1 is an upper bound for the rank.

One can improve the informal algorithm above to have a greedy algo-
rithm obtaining A such that u— A is not L£(G) effective, the degree of such A
is an upper bound for the rank p(u). In some particular families of graphs
this algorithm gives exactly 1+ p(u), this is the case for complete graphs for
instance (see [7]) .

Definition 4.1. The transformation associating to the configuration v =
[/, 7(u)] the configuration v = u — £ is called a basic operation and is de-
noted O;. Moreover let [v/, /] the superstable configuration £(G)-equivalent
to v then we will also write v/ = O;(u).

A greedy algorithm giving an upper bound of the rank

Input: A configuration v on G
o U — U;
e s+ 0; A0
e While u,, > 0 do

— Find i # n such that m(u — ®) is minimal;
—u<+ Oi(u); u+1u
— A A+
— s+ s+ 1;
e od;

Output: s — 1, \.

4.2 A Greedy Algorithm for the Rank on the Wheel Graphs

The greedy algorithm described above for general graphs may be specialized
for wheel graphs since it is easy to determine, for a superstable configuration

12



[u, p], the values of ¢ such that 7(u) — 7(O;(u)) is maximal.

On the cycle of the wheel W,,;1, we adopt the convention that indices
are taken modulo n. This means that x,; indicates x1, and more generally,
X4y indicates xy, where t = (k + 1) mod n.

A maximal 0-sequence in a configuration u is given by a sequence of
integers ig, 70 +1,...,%0+ ¥, i+ £+ 1 such that u; = 0 for ig+1 < j < 4o +¢
and wu;, > 0, uj,4¢4+1 > 0. We define the length of this sequence to be ¢. By
convention, the 0-configuration in W11 has a maximal 0-sequence of length
n. We also write 0¢ for a 0-sequence of length .

Proposition 4.1. Let [u,p] be a configuration on Wy41 and let [v,q] =
Oi([u,p]). Then, we have:

o I[fu; >0, then v; =u; — 1 and g = p;

e Ifu; =0, then ¢q = p — ¢, where ¢ is the length of the maximal O-
sequence containing .

Proof. The first assertion is clear.

For the second one, we need to obtain the superstable configuration
L(G)-equivalent to [u,p] — €?). For that, we denote I = {ig +1,...,io + £}
the maximal O-sequence containing ¢, and we consider the values a = w;,
and b = wu;,4¢4+1, which delimit /. We compute

[v,4] = [u,p] — ey — D _ 0.
j¢l
We interpret this subtraction as a toppling ¢® and all vertices not in
I. Let us write u as (xa0’bx), where * represents some suitable sequence.

Three cases are now possible: ig +1 < i <ig+ ¥, i =i9+ 1 ori=1iy+ L.
By simple computation, we obtain:

o Ifig+1<i<ig+¥, then
[v,q] = [*(a — 1)21F7 001019 (h — 1)x p — ).
o If i = ig + 1, then
[v,q] = [*(a — 1)15712(b — 1), p — 1].
o Ifi=1ig+ ¢, then
[v,q] = [*(a —1)21°1(b — 1)%,p — £].

In any case, [v, q| is a superstable configuration, which implies the statement.
O

13



The greedy algorithm

Input: A configuration u on the Wheel graph W,,11
® U U
e s+ 0; A+ 0;
e While ug > 0 do

— Find ¢ # n such that u; = 0 such that i is among a 0-sequence of maximum
length among all the maximal 0-sequences.

—u<+ Oi(u); u<+1u
— A A+,

— s+ s+ 1;

e od; Output: s — 1, \.

This algorithm does not always provide the correct rank of the config-
uration; it needs to be improved in certain aspects. If there exist multiple
maximal 0-sequences of maximum length, one must select the sequence that
satisfies a specific condition. We will analyze this condition in the next
section.

Example 4.1. There are 45 possible u such that [u,p] is a superstable
configurations in the wheel graph W,. These may be represented by 11 con-
figurations performing rotations or reversions on them. We give for these
the sequences of ranks 7, = p([u,p]). The last three are superstable config-
urations.

u To | T1 To | T3 | T4 | T5 | Tg | T7 | T8
0000 [0lolo[o[1]2]3]3]4
©0o0o01[o0lolo[o|1]2][3 45
©OornJolol1][1][2]3]45]6
©Olron ol 11123456
0002 [0lolo[1]2]3][4]5]6
oriny o122 3[4]5]6]7
0012)]0olol1[2[3[4a]5]6]7
0102 o] 112345 ]6]7
©0112) ol 1234|5678
01210 (o1 2345678
0202 [0 [1 23456738

—_
S



and the sequence of mp(u)
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4.3 Algorithm

We consider the following problem. Let [u, p] be a superstable configuration.
Our goal is to compute the rank r = p([u, p]).

Let us recall that » = k if there exists a proof A of degree k 4+ 1 such
that [u,p] — A is not L(G)-effective, and for all p of degree k, [u,p] — p is
L(G)-effective.

We can then state the following scheme:

1. r =0 if p < {1, where /£ is the largest value such that there exists
A = €@ and [u,p] — \ ~c@) [vsp— ).

2. r=1if f1 < p < {y, where /5 is the largest value such that there exists
A2 of degree 2 and [u,p] — A2 ~r(q) [v,p — 2]

3. and so on.

4. r =k if b, < p < ligy1, where {41 is the largest value such that there
exists A\g11 of degree k + 1 and [u, p] — A\ey1 ~r@) [V, 0 — leta)-

Then, our algorithm aims to find all configurations A; (and at the same time,
all values ¢;) to determine p([u, p]). This algorithm will give the rank of all
configurations [u, p|] for a given u and for all values of p.

Before describing the idea of our algorithm, let us first present some
examples to illustrate it.

15



Example 4.2. Recall that, when one applies the basic operation on position
i of a 0-sequence, one has:

[*a0" b, p] N [¥(a — 1)1 12(b —1),p — m].

Let [u = 2000001200020011, p] be a superstable configuration.
We consider i = 2 and j = 9, and two operations Oy and Oy:

2000001200020011 — €2, p] ~ (o [1111120200020011, p — 5],
G)

2000001200020011 — €, p] ~, (5 [2000001111210011, p — 3].
(G)

Hence, to find the largest value £; such that there exists A\ = ¢® and

[U,p] -\ ~L(G) [Uap - gl]a

we must choose a 0-sequence of maximum length, ensuring that the index ¢
is inside this sequence.

We also note that this index i can take values 2,3,4,5, or 6, meaning
it can be any position inside this 0-sequence. For simplicity, we choose the
first position of the sequence.

We let m be the maximal length of a 0-sequence, and put M = 0™.
We call the motif T', the desired sequence of maximizing ¢. Hence, for /1,
T=M=0".

Definition 4.2. Let [u, p] be a superstable configuration on a Wheel graph.
Let m be the greatest length of a 0-sequence in u. For any sequence A of
the form A = 0™1x%, we define

A =10m"11x,

which is obtained from A by replacing the first 0 in A with 1.

Lemma 4.2. Let [u, p] be a superstable configuration. Let A = 0"110™2 ... 10"

be a sequence in u, u = xaAbx. We define the basic operation O4 as the
sequence of basic operations O;,,Oy,,...,0; , where: for 1 < j < k, i
is the first position of 0 in A after applying consecutively the operations
Oiy; Oy, 045,
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Then we have:
[, p] =[*a0™ 10™210™3 ... 10™*bx, ]

O;
—5 k(e — 1)1 202 H0™E 10k bx, p — ]

—2[*(a — 1)1™ 1112203 10k bk, p — (g + mag + 1)]

O;
—E5[x(a — 1) 1matmete At e (g op— (my +mo 4 ...+ my 4+ k= 1)].

=[#(a — 1) 1mtmetedtmitk=2 () _ )5 p— (my+mo+ ... +mp+k—1)].
Our main idea is to find the motif 7" in u, then apply the operation Op
on u, and continue this process iteratively by identifying the motif in the
resulting configuration. This procedure is repeated until we obtain a maxi-
mal superstable configuration. The method for determining 7T is illustrated
in the following.
Example 4.3. 1. Let u = 20000012000200112000001000001000002101.

By the above result, to obtain ¢1, one can choose any index ¢ in any 0-
sequence of length 5. There are 4 such sequences, beginning at position
2,18,24, 34.

However, finding A2 (and ¢3) is not straightforward.
Consider = €@ 4 ¢18) and X = ¢(1®) 4 ¢(23) We have:
[u, p] = [20000012000200112000001000001000002101, p]
EN [1111202000200112000001000001000002101, p — 5]
O1s, [1111202000200111111120000001000001000002101, p — 10].
[u, p] = [20000012000200112000001000001000002101, p]
O1s, [2000001200020011111120000001000001000002101, p — 5].
N [20000012002001111111111111111120000002101, p — 11].

We observe that to obtain a maximal ¢, it suffices to choose a 0™-
sequence. However, to obtain the maximal o, simply choosing two
arbitrary 0™-sequences is not sufficient. Instead, it is better to select
a sequence of the form 0"10™. Hence, T' = 0""10™.
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The reasoning is as follows: if we apply the basic operation in i, the
first position of the first 0™-sequence, we create a 0™ !-sequence, as
shown below:

[a * 0™10™bx, p] 25 [x(a — 1)1™7120™ bk, p — m).
On the other hand, the value
lo=m+ (m+1)

is actually the maximal value for ¢5. This is because if we choose any
A= e 4+ ¢ then O; will give a maximal value of m and O; will
provide a maximal value of m + 1.

Similarly, to obtain a maximal /3, it is preferable to take a sequence
of the form 0™10™10™, which results in:

ls=m+(m+1)+ (m+1).

Thus, to construct the maximal value of ¢; for all levels i, we choose
the greatest k such that there exists a sequence of the form:

T = max 0m(10™)*,

and
biyi=m+(m+1)-4, foralli=0,1,2,... k.

. Let uw = 20°120320%1120°10%10%10°2101.

Here, M = 0°,M = 10*. There is no M1M, so we cannot apply
the above idea. Moreover, we can easily check that in any case, the
maximal ¢2 is equal to m + m, because for any choice of 4, the basic
operation O; cannot create a sequence ol

Similarly, for /3, for any choice of i; and 42, the basic operation O;,
followed by O;, cannot create a sequence 01,

Nevertheless, it is still not simple to choose A4. Put A = 0°10%1010°,
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and compare [u, p] 94, then 22 with [u, p| 92 then 24,
[u, p] = [20°120320%1120°10%10*10°2101, p|
918, 1905120%20211114200%10* 1072101, p — 5]
=28, 20°120%20%1111%11%200*10°2101, p — 10]

025, 190°120320211114114114200°2101, p — 15]
053, 120°12032021111411411411°21101, p — 21]

92, 1114202032021111411411*11°21101, p — 26].

[u, p] = [20°120%20%1120°10%10*10°2101, p]

22, 11112020%20%1120°10410*10°2101, p — 5]
O1s

=15, 1142020%20%11114200*1010°2101, p — 10
Oa23
O2g

=2
033

[ ]
=28 [11%2020%20%11114114200%10°2101, p — 15]
[11%2020320%11114114114200°2101, p — 20]
— [ ]

11%202032021111*11411411521101, p — 26].

So we see that, to obtain a maximal ¢4, it is better to apply O4 first.
This sequence results in a decreasing sequence of p by 5,5,5,6. Any
other different sequence can at best yield only 5,5, 5, 5.

Thus, the key idea is that if we do not have a consecutive 0°10°, we
should search for a configuration of the form 0°(104)*10°. To obtain a
decrease of 6 as soon as possible, we choose k to be minimal.

Hence, the optimal structure is:
T = min 0" (10m~1F10™ = min M (M)*1M.

From the idea raised by the above example, we construct the following
motif 7', and search the first occurrence of T in wu.
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Input : A superstable sandpile configuration u
Output: Motif T
m := the greatest length of a 0-sequence in u;
M :=0"; T := M; b:= True;
while b do
if there exists more than one occurrence of T' then
if there exists T1T then
‘ T := max;, T(1T)*;
end
else if there exists T(T)*1T then
| T = min; T(T)*1T;
end
else
‘ b := False;
end

end
end

Algorithm 1: Computing the motif T’

Remark 4.1. When searching for the motif T', we consider whether apply-
ing the basic operation transforms a sequence of type 10? into 0*! (if b = 1).
However, it is also possible to transform a sequence of type 01 into 0'T! (if
a = 1). This does not create an issue, since T' is symmetric. In fact, if a
potential sequence appears on the left of the current position, it means there
exists a motif T in a position on the left. However, since T is defined as
the first motif to appear, this scenario is not possible. For instance, suppose
we have a sequence 0% at position 4, given as *a0*b*, and we are searching
at 4 the motif 7 = 0%10310310%. This implies that b* contains 10310310%x.
Now, suppose that on the left symetrically, a similar sequence is created,
meaning that *a = *0%10310%1. In this case, at position i — 13, we already
have the motif 7' = 0%10210310*. However, since we are searching for the
first occurrence of the motif 7', this assumption leads to a contradiction.
Therefore, the hypothesis that the motif appears on the left is not possible.

Thus, it is sufficient to apply the algorithm to find the motif T" by con-
sidering only the right side and not worrying about the sequence on the
left.

With this construction of the motif, we can state our main result.

Theorem 4.3. Let [u,p] be a superstable configuration. We apply the fol-
lowing procedure repeatedly: (- Find the motif T'; - Apply the operation O
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on u;). Continue this process until we obtain a mazimum superstable con-
figuration.

Let iq,19, ..., be the sequence of positions where the above basic oper-
ations are applied consecutively:

O; O; O;
[u, p] — [u1,p — 1] — [ug,p — €1 — o] ... — [up,p— 1 — Lo — ... — ly].
Then, the rank of [u,p] is given by the integer r such that:
b+...+6<p<li+...4+ 011

In other words, if p([u,p]) = r, then the configuration \, =€) + .. +
elir1) 45 a proof.

Proof. We recall the idea behind the scheme of the algorithm. Our goal is
to find \; such that

[U,p] =\ ~L(G) [U7p - gl]

where ¢; is maximized.

It is clear that A; = €, where i belongs to any 7 = M, and we have
{1 = m. However, from ¢ > 2 onward, ¢; can be the sum of several m or
m + 1, because a basic operation on M1M = 0™10™ can be transformed
into 0™ +t1,

The key idea is that the sooner we encounter the sequence 10™, the
better we optimize ¢. Thus, whenever we have M 1M, we take it. More
generally, we select M (1M)* with the maximal possible .

When there are no consecutive M1M but rather a structure A = M1M,
it is equivalent to either taking A first and then a single M, or taking M
first and then A. In both cases, the value of ¢ remains ¢ = m + m.

However, if there exists a structure A = M1M1M, it is preferable to
take A before taking a single M, because after two basic operations on A,
we “meet” a 0™+, Therefore, we choose the smallest k of M (1M)*1M in
order to encounter 1M as early as possible.

We continue this procedure iteratively to obtain the maximal possible
T.

Thus, the motif 7" is constructed in such a way that at each step, there
is no better choice to achieve a longer length ¢.

This proves the statement. O

Remark 4.2. In our algorithm, the basic operation can be applied to a
sequence of the form *a0™b*, transforming it into *(a — 1)1 12(b — 1)x,
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where a,b > 0. However, if ¢ and b correspond to the same position in the
cycle, the operation cannot be performed as usual.
We consider three special cases, which we treat separately:

o If u=20""" then:
o) n—
[u, p] =% [01"722,p — (n — 1)),

which is a maximal superstable configuration. Hence, we can stop the
procedure.

o If u = 10" !, instead of applying the basic operation O, we proceed
as follows:
[u, p] — e? & (017722, p — n),
which is a maximal superstable configuration, allowing us to terminate
the process.

e If u = 0™, instead of applying the basic operation O1, we use:

(0)
[U,p] - 6(1) A—> [01m+1’p - n}v
and then, we apply the algorithm for the superstable configuration

(01 p —n].

Input : A configuration [u, p]
Output: The rank p([u, p])
U U; s+ 0; A 0;
if u = a0"~! where a € {0,1,2} then
| Apply the procedure as in Remark Stop.
end
while p > 0 do
Compute the motif T
Find the first occurrence of T in wu;
while p > 0 and not finish T' do
Apply the basic operation on T consecutively:
1, p] % [, p];
A A+ e
§ 4+ s+ 1;
end

end
Return: s — 1, };
Algorithm 2: Computing the Rank
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Moreover, for a given sandpile configuration u, we can construct the
tables A = [\;] and D = [d;] to compute the rank of [u,p] for all p by the
formula: p([u,p]) = r for d, < p < dy41. The value A, serves as a proof
for [u, p).

Note that the table terminates when we reach a maximal superstable
configuration v at some step k, which means that

[uvp] — Ak ~L(G) [va - dk]a

where p([v,p — di]) = p — di and p([u, p]) = k +p — dj for p > dj.
Furthermore, we do not need to apply the operation Or; instead, we
only analyze the 0-sequence inside 7.

Input : A sandpile configuration u
Output: Proof table A and Rank table D
U4 U; S 1; Mg« 0;dg < 0 ;
if u = a0""! where a € {0,1,2} then
| Apply the procedure as in Remark Stop.
end
while u is not mazimal superstable do
Compute the motif T'= 0™110™2...10™ with u = *aT bx;
Find the position ¢ of the first occurrence of T in w;
mip < mp —1 )
for j + 1 to k do
As < A1+ E(i)§
ds < ds_1 + (1 + mj);
11+ 1+my;
§ 4+ s+ 1;
end
replace aTb in u by (a — 1)1*2(b — 1);
end
Return: D, A
Algorithm 3: Computing Proof table and Rank table
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Input : A sandpile configuration [u, p]
Output: Rank p([u,p]) and proof A
Compute the Proof table A and the Rank table D;
if p > di, for the maximal dj then
p([u,p]) <k +p — dy;
A < [Ag, p — di + 1]; Stop;
end
Find the index r such that d, < p < dy41;
p([u,p]) <1
A )\7”-1-1;
return p([u, p]), A;

Algorithm 4: Computing the rank from Tables

4.4 Complexity

We analyze the algorithm for computing the total rank p([u, p]) for a given
u with all values of p. The most time-consuming step is the computation
of the motif 7. To achieve this, we first perform an O(n) pass to find the
integer m, which represents the maximal length of the 0-sequence 0™. Then,
additional passes are made to identify the motif 7. The largest number of
passes is O(x), where x is the size of T', so the total time required to find 7'
is O(zn).

The operation Op takes O(T) time, and after its execution, almost all
entries in T" become 1. We then take another pass to find a new 7' in the
configuration U but ”forget” the newly appearing 1-sequence. At this stage,
the time required is now T}, _,, and the process repeats. Thus, we have
T, = O(xn) + T,,_4, leading to T, = O(n?).

Note that this complexity estimation is rather coarse; if one refines the
procedure for finding T with a more precise analysis, it may be possible to
achieve a better complexity.
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