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Abstract

Functional digraphs are unlabelled finite digraphs where each vertex has exactly one out-
neighbor. They are isomorphic classes of finite discrete-time dynamical systems. Endowed
with the direct sum and product, functional digraphs form a semiring with an interesting
multiplicative structure. For instance, we do not know if the following division problem can
be solved in polynomial time: given two functional digraphs A and B, does A divide B? That
A divides B means that there exists a functional digraph X such that AX is isomorphic to B,
and many such X can exist. We can thus ask for the number of solutions X. In this paper,
we focus on the case where B is a sum of cycles (a disjoint union of cycles, corresponding
to the limit behavior of finite discrete-time dynamical systems). There is then a naive sub-
exponential algorithm to compute the non-isomorphic solutions X, and our main result is an
improvement of this algorithm which has the property to be polynomial when A is fixed. It
uses a divide-and-conquer technique that should be useful for further developments on the
division problem.

Keywords: Finite Dynamical Systems, Functional digraphs, Graph direct product, Graph
factorization.

1 Introduction

A deterministic, finite, discrete-time dynamical system is a function from a finite set (of states
or configurations) to itself. Equivalently, this is a functional digraph, that is, a finite directed
graph where each vertex has a unique out-neighbor. In addition to being ubiquitous objects
in discrete mathematics, such systems have many real-life applications: they are usual models
for gene networks [26, 36, 38, 25|, neural networks [28, 24, 19], reaction systems [14], social
interactions [31, 21] and more [37, 20].

A functional digraph A basically contains two parts: the cyclic part, which is the collection of
the cycles of A (which are vertex disjoint), and the transient part, which is obtained by deleting
arcs in cycles, and which is a disjoint union of out-trees; see Figure 1. From a dynamical point
of view, the cyclic part is fundamental since it describes the asymptotic behavior of the system,
and this is the part we focus on in this paper.

Furthermore, we consider functional digraphs up to isomorphism. This is motivated by the
fact that many studied dynamical properties are invariant by isomorphism: number of fixed

*This paper is an extended version of [2]
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Figure 1: A functional digraph, with cyclic part in red, and transient part in green.
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Figure 2: Product of two functional digraphs.
points, periodic points, limit cycles, lengths of limits cycles and so on; see e.g. [l16] in the

context of random functional digraphs, and [32, 17] in the context of automata networks. An
isomorphism class then corresponds to an unlabelled functional digraph, and we write A = B
to mean that A is isomorphic to B. Since a planar embedding of a functional digraph can be
obtained in linear time, testing if A = B can be done in linear time [23].

There are two natural algebraic operations to obtain larger systems from smaller ones. Given
two functional digraphs A and B, the addition A 4+ B is the disjoint union of A and B, while
the multiplication A - B (or simply AB) is the direct product of A and B: the vertex set of AB
is the Cartesian product of the vertex set of A and the vertex set of B, and the out-neighbor of
(a,b) in AB is (a/,1’) where a’ is the out-neighbor of a in A and b’ is the out-neighbor of vertex
b in B; see Figure 2. Hence AB describes the parallel evolution of the dynamics described by A
and B. Endowed with these two operations, the set of functional digraphs forms a semiring F,
introduced as such in [5]. The identity element for the addition is the empty functional digraph,
while for the product it is the cycle of length one, denoted (1.

The semiring F contains an isomorphic copy of N (by identifying each integer n with the sum
of n copies of C1). The set of sums of cycles S, which describes the cyclic parts of functional
digraphs, is also a sub-semiring of F. Because the multiplication of cycles involves the least
common multiple operation, the multiplicative structure of F and S has interesting properties,
which differ from those of N (or the semiring of polynomials), and have been recently studied in
[6, 7,18, 33,8, 12, 11, 29, 9], leading to many interesting open complexity problems.

To emphase such differences we need some definitions. Let us say that X € F is irreducible
if, for all A,B € F, X = AB implies A = Cy or B = (. Let say that A divides B, A | B in
notation, if there is X such that AX = B. Finally, let us say that X is prime if X # Cy and,
for all A,B €F, X | AB implies X | A or X | B. In N, irreducibility and primeness are a same
concept, but this is far from being true for F: almost all functional digraphs are irreducible [13],
while Seifert [35] proved, with technical arguments, that there is no prime functional digraph.
Using only very simple arguments, we will prove that S share the same two properties. In
practice, asking for irreducibility is very natural: given an observed dynamical system, does
it correspond (up to isomorphism) to the parallel evolution of two smaller systems? Testing
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Figure 3: The two irreducible factorizations of Co 4+ Cj.

irreducibility is obviously in coNP, but this problem does not seem to have been studied in
depth.

Another key point is that functional digraphs do not have a unique factorization into irre-
ducibles (distinct from C). This is even true for sums of cycles. For instance, denoting C; the
cycle of length £, the sum of cycles Co + C5 has two distinct irreducible factorizations, which
are Cy - Cy and Cy - (C1 + C1); see Figure 3. Actually, we will prove that, for every € > 0 and
infinitely many n, there exists a sum of cycles with n? vertices which has at least

Inn
9(@Fe)Inlnn (1)
irreducible factorizations, which is super-polynomial in n. Using a very rough argument, we will
also show that every sum of cycles with n vertices has at most OV jrreducible factorizations,
which is sub-exponential, and we think that this upper-bound is far from being accurate. Here

again, there is a lack of theoretical results concerning the complexity of finding an irreducible
factorization.

As last general observation concerning S, the division is not unique: given two sums of cycles
A, B, the equation AX = B can have several solutions X. For instance, Figure 3 shows that
there exists two X such that Cs - X = 2C5, which are X = C3 and X = C; + C;. Actually,
we will prove that, for every € > 0 and infinitely many n, there exists a sum of cycles A with n
vertices and a sum of cycles B with n? vertices such that the number of solutions X to AX = B
is at least the expression given in (1), super-polynomial in n.

From an algorithmic point of view, the division problem, which consists, given A, B, to decide
if A divides B, is at the basis of many other problems [33, &, 29, 9]. The main purpose of this
paper is to study the complexity of this problem for sums of cycles. This restriction has already
been considered in [8] as an important step for solving polynomial equations over functional
digraphs. On the other side, [29] gives a polynomial algorithm to decide if A divides B when B
is a dendron, that is, B contains a unique cycle, of length 1, so that B consists of an out-tree plus
a loop on the root. This result should be very useful to treat the transient part in the division
problem. One may hope that efficient algorithms for the cyclic and transient parts could be
combined to obtain an efficient algorithm for the general case.

Given two sum of cycles A, B, there is a simple sub-exponential algorithm to compute all
the solutions X of AX = B, that we call brute force approach. It works as follows. Let |A| and
|B| be the number of vertices in A and B, respectively; |A| + | B| is the size of the instance. If
AX = B then X has n = |B|/|A| vertices. Now remark that sums of cycles with n vertices are
in bijection with partitions of n: a sum of cycles Cy, + --- + Cy, with n vertices is completely
described by the sequence /1, ..., ¢, of the length of its cycles, which form a partition of n; and
conversely, the parts of a partition of n describe the lengths of the cycles of a sum of cycles with
n vertices. For instance, C] + C3 corresponds to the partition 1 + 3 of 4. So to compute the
solutions, we can enumerate the partitions of n, and check for each if the corresponding sum
of cycles X satisfies AX = B. This gives a sub-exponential algorithm. Indeed, the number
of partitions of n can be enumerated with linear-time delay and there are at most e¢?(vV™ such
partitions, giving a total running time in |B \eO(\/ﬁ); details will be given in Section 3.



Frustratingly, we were not able to find a faster algorithm, say running in |B|%®(™) for some
constants d and € < 1/2, to decide if A divides B. That a polynomial algorithm exists is open,
and [9] gives a positive answer under the strong condition that, in A or B, all the cycles have

the same length.

Here we design a general algorithm to compute the number of solutions which has the in-
teresting property to be polynomial when A is fixed. The precise statement, Theorem 1 below,
involves some definitions. The support of a sum of cycles A is the set L(A) of positive integers
¢ such that A contains Cy. Given N C N, lem/N is the least common multiple of the integers in
N, and div(n) is the number of divisors of n.

Theorem 1. There is an algorithm that, given two non-empty sums of cycles A, B, computes
the number of sums of cycles X satisfying AX = B with time complexity in

B’ div(lemL(A))
o |BP <‘) . 2)
( A

For the proof, we introduce two operations on an instance (A, B) that we hope to be useful,
or at least an inspiration, for further progress on the division problem. These are the split and
reduction operations. The first splits B into B = By + Bs so that any solution of (A, B) is
obtained by adding a solution to (A, By) with a solution to (A, B2). The second reduces (A, B)
into a smaller instance (A’, B") so that any solution of (A, B) is obtained by multiplying the
length of the cycles of a solution of (A’, B') by some constant d. Repeating as much as possible
these operations, we obtain a decomposition of (A, B) into few smaller instances, which can be
quickly solved with an easy improvement of the brute force approach, that we call brute force
approach on the support. The solutions of (A, B) are then obtained with a simple combination
of the solutions of the instances of its decomposition. In particular, the number of solutions of
(A, B) is simply the product of the number of solutions of the instances of the decomposition.

Organization of the paper Section 2 gives the notations and basic results used through-
out the paper. Section 3 presents in detail the brute force approach sketched above and its
improvement, the brute force approach on the support, used in the algorithm of Theorem 1.
Section 4 presents the decomposition technique, involving the split and reduction operations.
This decomposition is actually the main contribution, Theorem 1 being a simple application.
Section 5 discusses an improvement of the brute force approach on the support, which should
be a potential useful tool for further developments. To illustrate this, we easily prove that it
gives, in polynomial time, all the solutions of instances (A, B) such that L(A)\ {1} only contains
primes, or such that 1 € L(B). Concluding remarks are given in Section 6. The appendix gives
the proofs of all the general observations made on S in this introduction; it is independent of
the rest of the paper in that it only refers on the material given in Section 2. In Appendix
A, we prove that almost all sums of cycles are irreducible and that S has no prime element.
In Appendix B we prove that, for every € > 0 and infinitely many n, there exists an instance
(A, B) with |A| = n and |B| = n? such that the number of solutions of (A4, B) and the number
of irreducible factorizations of B is at least (1), hence super-polynomial. Finally, in Appendix
C, we prove that a sum of cycles with n vertices has at most OV jrreducible factorizations.

2 Preliminaries

Integers Given N C N, we denote by lem/N and gcd N the least common multiple and the
greatest common divisor of the integers in N, respectively. For n,m € N, we set nV m =
lem(n,m) and n A m = ged(n, m), and for N, M C Nweset NV M ={nVm|neN,meM}.



We denote by Div(n) and Mult(n) the set of divisors and positive multiples of n, respectively,
and set div(n) = |Div(n)[. We set Div(N) = (J,en Div(n), Mult(N) = U,y Mult(n) and
div(N) = |Div(N)|. For a positive integer p, we write p | NV to means that p | n for all n € N.
We set pN = {pn |n € N} and N/p = {n/p|n € N,p | n}. For a positive integer n, and a
prime p, we use the usual notation v,(n) to denote the greatest integer o such that p® | n.

Sums of cycles The cycle of length ¢ is denoted Cy, and the sum of cycles that consists of n
cycles of length £ is denoted by nCy. Let A, B, X be sums of cycles. The number of vertices in
A is denoted |A| and is the size of A. The number of cycles of length ¢ in A is denoted by A(/).
Thus A=), A({)Cy and

Al =) CA(). (3)

>1

The support of A is the set of ¢ such that A(¢) > 0, denoted L(A). We write A C B to mean
that A is a subgraph of B, equivalently, A(¢) < B({) for all ¢ > 1. If A C B then B — A is the
sum of cycles A" such that A+ A’ = B. We easily check (see e.g [5]) that the product between
C, and Cy is
ab

Callp = <a\/b

) Ca\/b = (CL A b)Ca\/b'
By distributivity, the product AX satisfies, for all integers ¢,

1

(AX)(0) = ; > aA(a)zX (). (4)

a,z€N

avVz={
Note that since A(a)X(x) =01if a € L(A) or x ¢ L(X), we can restrict the sum to the couples
(a,b) € L(A) x L(X) satisfying a Vx = /£ to get a finite expression. It is important to note that,

by (4), we have

L(AX)=L(A)V L(X) (5)

and thus
L(X) C Div(L(AX)). (6)

If A, B are non-empty, then (A, B) is an instance, and its size is |A| + |B|. A solution of (A, B)
is a sum of cycles X such that AX = B. Note that |X| = |B|/|A| for every solution X. We
denote by Sol(A, B) the set of solutions, and sol(A, B) = |Sol(A, B)|. If a solution exists, we say
that A divides B and we write A | B.

Integer partitions Let n be a positive integer. A partition of n is a non-decreasing sequence
of positive integers which sum to n. We denote by p(n) the numbers of partition of n. As
mentioned in the introduction, p(n) is te number of sum of cycles with n vertices; by (3), we
can regard a sum of cycles A with n vertices as a partition of n where the number of occurences
of each integer ¢ is A(¢). Let ¢y = m/2/3. Hardy and Ramanujan [22] famously proved that
p(n) ~ (e°V™)/(4y/3n). Here, we will only use the following bounds, proved by Erdés (using
only elementary methods) [15]: for every € > 0, and n large enough

(co — €)v/n < Inp(n) < copv/n. (7)

A partition of n with parts in L is non-decreasing sequence of positive integers, all in L, which
sum to n. We denote by pr(n) the number of partitions of n with parts in L. Nathanson [30]
gives an asymptotic formula for pr(n) when L is fixed, but we won’t need it.



3 Brute force approach on the support

We saw in the introduction that there is a natural bijection between sums of cycles with n vertices
and partitions of n. This gives the following brute force approach to find all the solutions of an
instance (A, B):

Brute force approach. If n = |B|/|A| is not an integer, return (). Otherwise,
enumerate all the partitions of n, select those which correspond to solutions, and
return them.

Let us analyse the complexity of this simple algorithm. By (7), there are OV partitions of
n to enumerate, and there are simple linear-time delay algorithms for this enumeration [27] !.
Hence the enumeration can be done in ¢?(V). To check if a partition corresponds to a solution,
we take the sum of cycles X corresponding to the partition, we compute the product AX in
O(|B|), and we check if AX = B in O(|B]) [23]. The total running time is thus

|BleOV. (8)

Even if the only information the algorithm extracts from the instance is the size |B|/|A]
of the solutions, it’s actually not so easy to improve it significantly. Our approach to extract
more information is to consider what we call the support of the instance, which depends on the
supports of A and B and the size |B|/|A| of solutions.

Definition 1. The support of an instance (A, B), denoted L(A, B), is the set of positive integers
x < |B|/|A]| such that L(A)V x C L(B).

Example 1.
L(C(;,CG + 012) = {1,2,3}
L(C@,306+8012) = {1,2,3,4, 6, 12}
L(Cs,6C5 + Cs) = {1,2,3,6}

Note that 6,12 ¢ L(Cg, Cs + C12) since 6,12 > |Cg + C12|/|Cs| = 18/6 = 3.
The main property of L(A, B) is that it bounds the support of any solution:
VX € Sol(A, B), L(X) C L(A, B). (9)

Indeed, if AX = B then, by (5), we have L(A)VL(X) = L(B). Since max L(X) < |X| = |B|/|A4|
we have L(X) C L(A, B). In other words solutions are partitions of n = |B|/|A| with parts in
L(A, B). This gives the following improvement to the previous algorithm:

Brute force approach on the support. If n = |B|/|A| is not an integer, return (.
Otherwise, compute L(A, B), enumerate all the partitions of n with parts in L(A, B),
select those which correspond to solutions, and return them.

Since L(A, B) only contains integers between 1 and n = |B|/|A|, we can compute L(A, B) with
time complexity O(|B|?) by enumerating the integers 1 < z < n and selecting, in O(|A||B|),
those that satisfy L(A) Vo C L(B). Next, to enumerate the partitions of n with parts in
L = L(A, B), we proceed as follows. In such a partition, the number of occurrences of z € L
is between 0 and |[n/z|. Hence we can enumerate all the functions f : L — N such that
f(z) <1+ |n/x] for all z € L, and select those which correspond to partitions, that is, such
that > ., xf(z) = n. It is easy to show, by induction on |L|, that the number of such functions

!This is much more difficult to enumerate all the functional digraphs with n vertices, and the recent paper [1]
provides quadratic-time delay algorithm for this task.



is at most n/EI=1. Since the delay for the enumeration of these functions is linear, this gives an
enumeration of the partitions of n with parts in L in O(n|L|). Then, as before, we check if a
partition corresponds to a solution in O(|B|). The total complexity is thus O(|B|?> 4 |B[nlH),
that we simplify in O(|B|?n!!). Hence we have proved the following.

Lemma 1. The brute force approach on the support computes the set of solutions of (A, B) in

|L(A,B)|
O (\BP (:i:) > : (10)

4 Decomposition lemma

In this section, we state and prove our main result, which is the polynomial-time decomposition of
an instance (A, B) into smaller instances (A1, B1),. .., (A, Bk), so that the number of solutions
(A, B) can be reconstructed from the number of solutions of the smaller instances (A;, B;). These
smaller instances always exhibit a particular property: the size of their support is bounded
according to A;. Using the brute force approach on the support to compute the number of
solutions of each (A;, B;), we obtain the number of solutions for (A, B) with a complexity
similar to (10), but where the critical term |L(A, B)| in exponent is, as for the smaller instances,
bounded according to A. Hence the whole algorithm becomes polynomial when A is fixed.

For the detail we need some definitions. Let us say that an instance (A, B) is consistent if
L(A)V L(A,B) = L(B).
Then non-consistent instances have no solution: if AX = B then (A, B) is consistent since

L(B) = £(ax) 2 L4y v LX) € L(4) v L(A, B) C L(B).

Example 2. We take again the three instances of Example 1.

L(Cs,C6 + Cr2) = {1,2,3} non-consistent : {6} v {1,2,3} = {6} # {6,12}
L(Cs,3Cs +8C12) = {1,2,3,4,6,12} consistent : {6} Vv{1,2,3,4,6,12} = {6,12}
L(Cs,6C5 +Cs) = {1,2,3,6} non-consistent : {6} v {1,2,3,6} = {6} # {5,6}

Let us say that an instance (A4, B) is basic if
L(B) C Div(lemL(A)).

This is equivalent to say that for any prime p and b € L(B), there exists a € L(A) such that
vp(b) < 1vp(a). Note that the support of a basic instance (A, B) is bounded according to A only:

L(A,B) C Div(L(B)) C Div(lemL(A)).
Example 3. The two instances below are consistent, but only one is basic:

(C2+ Cs,Ch2) non-basic : L(C12) = {12} € Div(lem{2,6}) = Div(6).
(Cs + Cs,Cs + C15)  basic : L(Cs + C15) = {6,15} C Div(lem{5,6}) = Div(30).

The cycle length multiplication of A by p, denoted A ® p, is the sum of cycles obtained from
A by multiplying by p the length of every cycle in A. In other words: for all a > 1, we have

Afa/p) ifpla
0 otherwise.

(e = {



Example 4.
(2C1 4+ 3C2 4+ 5C3) ® 3 = 2C3 + 3Cs + 5Cy.

Given two sets of sums of cycles A and B we set
A+B={A+B| A€ A, Bcec B}, Axp={A®p|Ac A}
We are now ready to state the decomposition sketched at the beginning of the section.

Lemma 2 (Decomposition lemma). There is an algorithm that, given a consistent instance
(A, B), computes in O(|B|3) a list of k < |B| basic instances (A1, Ba), ..., (A, By) and positive
integers pi,...,pg such that: for all 1 <1 <k,

o |Ai| =14,

e lemL(A4;) | lemL(A),

o [Bi|l+---+ B < B,

. SOI(A, B) = (SOl(Al, B1) ®p1) + -+ (SOI(Ak, Bk) ®pk).

Before proving this lemma, let us show that it easily implies Theorem 1 given in the intro-
duction, restated below. It shows that there is a general algorithm for computing the solutions
of an instance (A, B) with property to be polynomial when A is fixed.

Theorem 1. There is an algorithm that, given two non-empty sums of cycles A, B, computes
the number of sums of cycles X satisfying AX = B with time complexity in

B div(lemL(A))
0] <By3 (|!A\’> :

Proof of Theorem 1 assuming Lemma 2. The algorithm is as follows. First we check if
(A, B) is consistent. If (A, B) is non-consistent, then (A, B) has no solution and we output 0.
Otherwise, we compute the k < |B| basic instances (A1, By), ..., (Ag, Bg) with the algorithm of
Lemma 2. Then, for all 1 < i < k, we use the brute force approach on the support to compute
number s; of solutions of (A;, B;), and we output the product sj - - - sg, which is correct by the
fourth bullet in Lemma 2.

Let us analyse the complexity. First, since L(A, B) can be computed in O(|B|?) (see Section
3), we can check if (A, B) is consistent with the same complexity. Then, by Lemma 2, the basic
instances (A1, By), ..., (A, By) are computed in O(|B|?). Let 1 < i < k. Using Lemma 1 and
the fact that (A4;, B;) is basic, s; is computed in

B; div(lemL(A;))
o(mr (7))

By Lemma 2, we have |A4;| = |4|, |Bi] < |B| and lemL(A;) divides lemL(A). We can thus
simplify the expression, with a loss of precision, as follows: s; is computed in

B div(lemL(A))
0] <By2 (|!A\’> :

Since k < |B| we obtain the global time-complexity of the statement. O

The rest of the section is devoted to the proof of Lemma 2.



4.1 Split

The decomposition lemma involves two operations. The first is the split, the second is the reduc-
tion. In this subsection, we treat the split, the reduction is the subject of the next subsection.

A split of an instance (A, B) is a couple of instances (A, By), (A, Bg) such that B = B; + By;
it is consistent if the two instances are. A key observation is that if (A, By), (A, B) is a split of
(A, B) then

Sol(A, By) + Sol(A, Bs) C Sol(A, B) (11)
Indeed, if AX; = By and AXy = Bj then A(Xl + XQ) = AX1 +AXy = B+ By =B. If
the inclusion above is an equality, we say that the split is perfect. We can then reconstruct
the solutions of (A, B) from that of (A, By) and (A, Bs), which is obviously interesting from an
algorithmic point of view.

Here is a simple sufficient condition for an instance to admit a consistent perfect split.

Lemma 3. Let (A, B1), (A, B2) be a split of a consistent instance (A, B). Suppose that L(By)
and L(B3) are disjoint, and suppose that L(A, B1), L(A, Bs) is a partition of L(A,B). Then
(A, B1), (A, Bg) is a consistent perfect split of (A, B).

Proof. For i = 1,2, let L; = L(A, B;). By definition, L(A) V L; C L(B;). Since (A, B) is
consistent, and L(A, B) = L; U Ly we have

L(B) = L(A) V L(A, B) = (L(A) V L1) U (L(A) V Ly) € L(By) U L(Bz) = L(B).

Thus the above inclusion is actually an equality. Since L(A)V L; C L(B;) and L(B1)NL(B3) =0
we deduce that L(A)V L; = L(B;). Hence the split (A, B1), (A, B2) is consistent. It remains to
prove that it is perfect.

As already mentioned, if X3, Xy are solutions of (4, By), (A, B2) then
A(Xl +X2) =AX, +AXy, = B+ By = B,

thus X = X + X» is a solution of (A, B).

Conversely, let X be a solution of (A, B) and let us prove that X = X; + X, for some
solutions X1, Xy of (A4, By), (A, B2). Let X; be the sum of cycles which contains exactly all the
cycles of X whose length is in L;. Since Ly N Ly = (), we have L(X;) N L(X3) = 0. By (9) we
have L(X) C L(A, B) and since Ly, Ly is a partition of L(A, B) we have X = X; + X3. Using
(5) we obtain

L(B)=L(AX) = L(A)V L(X)
— (L(4) V L(X1)) U (L(A) V L(X2)) = L(AX;) U L(AX,).
For i = 1,2, we have L(X;) C L; and thus, using (5),
Since L(By), L(Bz2) is a partition of L(B), we deduce that L(AX;) = L(B;) for i = 1,2. Hence,
to prove that X; is a solution of (A, B;), it is sufficient to prove that AX;(b) = B;(b) for all

b e L(B;). Solet b € L(B;). Since L(By) N L(Bs) =, for every a € L(A) and x € L(X) with
aV x =b we have x € L; and thus € L(X;). Furthermore, since L(X;) N L(X3) = (), we have



Xi(z) = X(z). Consequently,

1 1
(AXl)(b)—b Z aAla)zX;(x) = 2 Z aA(a)xX ()
a€L(A) acL(A)
xeL(X;) z€L(X;)
aVz=b aVx=b
1
= 5 > aA(a)zX(z) = B(b) = Bi(b)
a€L(A)
zeL(X)
aVz=b

We now prove that a non-basic consistent instance (A, B) with ged L(A, B) = 1 admits a
consistent perfect split; we will then prove, with the reduction operation (next subsection), that,
in some sense, the condition on the ged can be suppressed, leading to a consistent prefect split
of every non-basic consistent instance.

Lemma 4. Let (A, B) be a non-basic consistent instance with ged L(A, B) = 1. Let b € L(B)
and a prime p such that v,(b) > vp(a) for all a € L(A); b and p ezist since (A, B) is not basic.
Let By be the sum of cycles which contains exactly all the cycles of B whose length ¢ satisfies
vp(£) = vp(b), and let By = B— B1. Then (A, B1), (A, B2) is a consistent perfect split of (A, B).

Proof. By construction we have L(B1) N L(B2) = 0. Let x € L(A, B). If vp(x) = vp(b) then,
for all £ € (L(A) V x) we have v,(¢) = vp(b). Since ¢ € L(B) we deduce that { € L(B).
Consequently, z € L(A, By). If vp(x) # vp(b) then, for all £ € (L(A) V x) we have v, () # v,(b).
Since ¢ € L(B) we deduce that ¢ € L(B). Consequently, z € L(A, By). This proves that
L(A, By), L(A, By) is a partition of L(A, B). This also proves that p | gcd L(A, By), and since
ged L(A, B) = 1 we deduce that L(A, By) # 0, and thus By is non-empty. So (A, By), (A, Ba) is
a split of (A, B), which is consistent and perfect by Lemma 3. O

The example below illustrates this lemma.

Example 5. Let A = Cs and B = 3Cs + 8C12. Then (A, B) is consistent, but obviously not
basic, and gcd L(A, B) =1 (see Ex. 2). Applying Lemma 4 with b = 12 and p = 2 we obtain the
consistent prefect split (A, B1), (A, Ba) with By = 8C12 and By = 3Cs. Since L(A, B1) = {4,12}
we have

AX1 =B <<= (g (X1 (4)04 + X1(12)012) = 8C19
— 2Xj 4)012 + 6X1(12)012 =8C19

PN

Thus each solution X1 to (A, By) corresponds to a partition of 8 with parts in {2,6}: these are
24+ 24242 and 2+ 6, giving the following two solutions:

4Cy
Cy + Cho.

Since L(A, B2) ={1,2,3,6} we have

AXy =By << (g (Xg(l)cl + X2(2)Cs + X5(3)Cs + X2(6)06) = 3C
<~ X2(1)C6 + 2X2(2)C6 -+ 3X2(3)C6 -+ 6X2(6)C6 = 306
)

= X5(1) + 2X2(2) + 3X5(3) 4 6X2(6) = 3.
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Thus each solution Xo to (A, B2) corresponds to a partition of 3 with parts in {1,2,3,6}: these
are 1 +1+1, 14+ 2, and 3, giving the following three solutions:

3C,
C1+Cs
Cs.

Since the split is perfect, we have Sol(A, B) = Sol(A, By) + Sol(4, Ba) and thus (A, B) has the
following 6 solutions:

3C1 +4Cy

3C1 +Cy+ Cyo

Cy + Cy 440y

Ci1+Co+Cy+Cyo

C3 +4Cy

C3 + Cy + Ca.

4.2 Reduction

We say that an instance (A, B) is compact if ged L(A, B) = 1. This condition is used in Lemma 4
to split non-basic instances, but in this section we show that every instance can be reduced to
an “equivalent” compact instance, which can then be splitted. For this reduction, we need two
operations.

The first operation is the cycle length division. The cycle length division of a sum of cycles
A by a positive integer p, denoted A @ p, is the sum of cycles obtained from A by deleting every
cycle whose length is not a multiple of p, and by dividing by p the length of the remaining cycles;
in other words: for all a > 1,

(A p)(a) = A(pa).
Note that L(A @ p) = L(A)/p and if p | L(A) then L(A) = pL(A @ p).
Example 6.
(2C1 +3C5 4+ 5Cy + 7C¢) @ 3 = 3C1 + 7C5.

The second operation is the contraction. The contraction of a sum of cycles A by a positive
integer p, denoted A 7 p, is inductively defined as follows. Firstly, A1 1 = A. Secondly, if p is
prime then, for all a > 1,

(mpa = { 20 Sral Tote

pA(pa) otherwise. (12)

This operation transforms each cycle of length pa into p cycles of length a (and thus keeps the
number of vertices unchanged). Note that L(A @ p) is the set of integers a such that either
a € L(A) and p{a or pa € L(A). Finally, if p is composite, we take the smallest prime ¢ that
divides p and set

Amp=(Aap/q) Aq.

Example 7.

(2C1 +3C5 4+ 5Cy + 706) n3 = 2C7 +9C7 +5Cy +21Cy
= 11C7 +5C4 + 210C5.

(2C1 +3C54+5C,+7C) 16 = ((2C1 +3C5+5C,+7Cs)13) A2
11C7 +5C4 + 2102) 02
11C7 + 10Cy + 4201)

53C1 + 10C3).

o~~~ o~

11



Note that, for every positive integers p, g, we have
(A®p)®qg=A®pg, (Aop)ogq=A0pq, (ABp)Bq=ADpq. (13)

The first two equalities are obvious. The third results from the following easy to check commu-
tativity property: (A p) 1 q = (AW q) @ p when p and ¢ are primes.

We can finally define the reduction operation. The reduction of a consistent instance (A, B) is
(A ged L(A,B),B @ ged L(A, B)).

The main property of this reduction, stated below, is that it preserves consistency and results
in compact instances without loss of information concerning the solutions.

Lemma 5. Let (A, B) be a consistent instance. Its reduction (A’, B') is consistent and satisfies
L(A",B") = L(A,B)/ged L(A,B) and Sol(A, B) = Sol(4’, B") ® ged L(A, B).
Before proving this lemma, we illustrate it with an example.

Example 8. The support of (Cs,8C12) is {4,12} and lem{4,12} = 4. We have
C@Z4:(CG|ZI2)|ZI2=203Z2:203

and
8C12 @ 4 = 8C5.

Thus the reduction of (Cg,8C12) is (2C3,8Cs). Hence the support of the reduction is {1,3} =
{4,12}/4, as predicted by Lemma 5, so the reduction is compact, and we have
205X =803 <= 2C3(X(1)C; + X (3)C5) = 8C;
<~ ZX(l)Cg + 6X(3)C3 = 8C%5
<~ 2X(1)+6X(3) =8.

Thus each solution X corresponds to a partition of 8 with parts in {2,6}: these are 2+2+2+2+2
and 2 + 6, giving the following two solutions:

4C4
Cq1 + Cs.

By Lemma 5, we have Sol(Cg,8C12) = Sol(2Cs,8C3) @ 4. Hence the solutions of (Cg,8C12) are

40 @4 = 40
(C1+C3) @4 = Cy+Ci2

which is consistent with the direct computation given in Fx. 5.

The rest of this subsection is devoted to the proof of Lemma 5. We first show that the cycle
length division @ is the inverse of the cycle length multiplication ®.

Lemma 6. Let A be a sum of cycles and let p be a positive integer. Then (A®p)@p = A, and
if p| L(A) then (Ao p)@p=A.

Proof. For all a > 1, we have ((A ®p) @ p)(a) = (AR p)(pa) = A(a). Suppose that p | L(A)
and let a > 1. If p{ a then A(a) =0 and ((A@p) ®@p)(a) =0 (since p | L(A2p)®@p)). Ifp|a
then ((A @ p) ©@p)(a) = (A p)(a/p) = Ala). [



The key argument follows.

Lemma 7. Let A, X be sums of cycles, and suppose that p | L(X) for some prime p. Then
(App)(X op)=(AX)op.

Proof. Let A’ = A@p and X' = X @ p. We have to prove that A’X’ = AX © p, that is, for all
0>1, AX'(0) = (AX 0 p)(¢) = AX (pl). Let us fix £ > 1. We have

plA'X' (1) = Z paA'(a)z X' (z) = Z aA'(a)prX (px).

a,r a,r
aVr=/{ aVr=/{

Denoting by € the set of couples (a,z) € N? with p | 2 and a V & =, we obtain

plAX' ()= > ad'(a)zX(z).
(a,z)eQ

By splinting the sum according to the definition of A’ we obtain

plA'X'(0) = Z (aA(a) + pad(pa))zX (z) + Z paA(pa)zX ()
(a,z)EN (a,x)eQ
pta pla
= Z aA(a)z X (x) + Z paA(pa)zX(x) + Z paA(pa)zX(x).
(a,z)EQ (a,z)eQ (a,z)EQ
pta pta pla

Denoting by €' the set of (a,z) € N? with p | z, p | @ and % Vv % =/, we obtain

pLAX' ()= Y aA(@)zX(z)+ Y adla)zX(x)+ Y adAla)zX(x),
(a,z)EQ (a,a:)aEQ’ (a,z)esY’

pla b ply

If pfa then a\/% =/l iff aVz = pl; and %\/% = ( iff a V z = pf. Consequently
pLAX' ()= > aA(a)zX(z).

plz
aVr=pl

Since p | L(X), if p{ = then X (z) =0, so

plA'X'(0) = Z aA(a)z X (x) = plAX (pl).
avc!;ipf
Thus A’X'(¢) = AX (pl) for all £ > 0, as desired. O

We obtain that every non compact instance can be partially reduced by a prime.

Lemma 8. Let (A, B) be a consistent instance, and suppose p | L(A, B) for some prime p.
Then (AW p, B @ p) is consistent with support L(A, B)/p, and

Sol(A, B) = Sol(Ap, Bop) Q p. (14)
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Proof. Let A’ = A p and B' = B @ p. We first prove (14). Let X be a solution of (4, B).
By (9) we have L(X) C L(A, B) and since p | L(A, B) we have p | L(X). Hence, by Lemma 7,
A(X @op)=AX @p=B@p= B, that is, X @ p is a solution of (A", B"). Since p | L(X), by
Lemma 6 we have (X @ p) ® p= X and thus X € Sol(A’ B') ® p.

We now prove the converse direction. Let X’ be a solution of (4’, B'), and let X = X’ ® p.
We have to prove that X is a solution of (A, B). By Lemma 6 we have X @ p = X’ thus
A (X ©p) = B' = B@p. Since p | L(X), by Lemma 7, we have A'(X @ p) = (AX) © p.
Thus (AX)@p = B @p. Since p | L(A, B) and (A, B) is consistent, we have p | L(B). Since
X = X' ®p we obviously have p | L(X). Thus p divides L(A)V L(X) = L(AX). Using Lemma 6
we obtain AX = (AX)2p)®@p=(B@p) @p = B. Thus X is a solution of (A, B). This
proves (14).

We now prove that L(A, B)/p C L(A’, B"). For that, we fix x € L(A, B)/p, and we prove
that aVx is in L(B') for any a € L(A’). Indeed, if pa € L(A) then paVpz = b for some b € L(B)
and we deduce that aVaz =b/p € L(B'). If pa ¢ L(A), then pta and a € L(A). Thus aVpz =b
for some b € L(B) and since p t a we deduce that a Vx =b/p € L(B').

We now prove the converse inclusion. For that, we fix x € L(A’, B’), and we prove that
aV px is in L(B) for any a € L(A). Indeed, if p | a then a/p € L(A") and thus (a/p) Vx = b for
some b € L(B’) so that aVpr =pb e L(B). If pfa then a € L(A’) and thus a V z = b for some
b € L(B’), and since p{ a we have a V pr = pb € L(B).

We finally prove that (A’, B') is consistent. Since L(A’) vV L(A’, B') C L(B’), we only have
to prove the converse inclusion. Let b € L(B’). Then pb € L(B) and since (A, B) is consistent,
there is a € L(A) and « € L(A, B) with a V2 = pb. Hence z/p € L(A',B’). If p | a then
(a/p) V (z/p) = b and we are done since a/p € L(A’). If p{ a then a V (z/p) = b and we are
done since a € L(A"). O

The proof of Lemma 5 is then obtained by applying several times the previous lemma.

Proof of Lemma 5. Let d = ged L(A, B). Suppose that d > 1 since otherwise there is nothing
to prove. Let us write d as the product of £ > 1 primes, not necessarily distinct, say d =
p1p2 ... pr With py <ps <--- < pg. Let Ag=A, By=Band, for 1 </ <k, let Ay =Ay_ 1D ps
and By = By_1 @ py. By Lemma 8, (Ay, By) is a consistent instance and Sol(Ay_1, By—1) =
Sol(Ag, By) ® pg. By (13) we have A, = Aiad, By = Bwad, L(Ax,Br) = L(A,B)/d and
Sol(A, B) = Sol(Ag, B,) ® d. O

4.3 Proof of the decomposition lemma

In this subsection, we finally prove Lemma 2. It is actually more convenient to prove something
stronger. We start with a definition. Let (A, B) be a consistent instance. A decomposition of
(A, B) is a list £ of triples (A;, B;,pi), 1 < i < k, such that

e (A;, B;) is a compact and consistent instance, and p; is a positive integer,
o |A;| =|A| and lemL(A;) | lemL(A),

o |Bil+---+|Bl < B,

e Sol(A, B) = (Sol(Ay, By) @ p1) + - - - + (Sol(Ay, Bx) @ pi).

We call k the length of L; note that by the third point, k¥ < |B|. Furthermore, we say that £ is
basic if (A;, B;) is basic for all 1 < i < k. We will prove that we can compute in O(|A||B|?) a
basic decomposition, which clearly implies Lemma 2. For that we first prove that if (A, B) has
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a non-basic decomposition, we can obtain a longer decomposition by partitioning a non-basic
instance (Lemma 4) and then reducing its parts (Lemma 5).

Lemma 9. There is an algorithm that, given a consistent instance (A, B) and a non-basic
decomposition L of (A, B) of length k, computes in O(|B|?) a decomposition L' of (A, B) of
length k + 1.

Proof. The algorithm is as follows. Let (41, B1,p1),- .., (Ak, Bk, px) be the triples of £. We
can test if (A4;, B;, p;) is basic or not in O(|4;| + |B;|) = O(|B;|). Since k < |B| (by the third
point of the definition of a decomposition), and since £ is not basic, we can thus find a non-
basic instance (4;, B;) in O(|B|?). Since (A;, B;) is compact and consistent, by Lemma 4, it
has a consistent perfect split, say (A;, Bi1), (A, Bi2). For j = 1,2, we compute in O(|B|?) the
integer p;; = ged L(A;, Bij) and the reduction (Aij,Bl{j) = (4; @ pij, Bij © pij) of (A;, Byj).
Finally, we output the list £ of length k+ 1 obtained from £ by deleting (A;, B;, p;) and adding
(Aj1, Bly,pipin) and (A2, Bly, pipi2). So the running time is O(|B|?).

Let us prove that £ is a decomposition. By Lemma 5, (A4}, ng) is compact and consistent.
Furthermore, |A4;;| = |A;| = |A| and since A;; is a contraction of A;, each member of L(A;;)
divides some member of L(A4;), thus lemL(A;;) divides lemL(A;), which divides lemL(A). Thus
lemL(A;j) divides lemL(A). Next, since | B}y |+ |Bjy| < |Bi1|+|Bi2| = |Bil, the third point of the
definition of a decomposition is preserved. Finally, by Lemma 5, Sol(A;, B;;) = Sol(A;j, Bz{j)®pij.
Since the split (A;, Bi1), (A;, Bi2) is perfect, we obtain

Sol(4;, B;) ® p; = (Sol(4;, B;1) + Sol(A;, Bi2)) ® p;
= (Sol(4;, Bi1) ® p;) + (Sol(Aj;, Bia) @ p;)
= (Sol(A1, Biy) ® pipi1) + (Sol(Aiz, Bjz) ® pipiz)

and this proves that the last point of the definition of a decomposition is preserved. So L' is
indeed a decomposition of (A, B). O

Iterating the previous lemma, we get the following, which implies Lemma 2.

Lemma 10. There is an algorithm that, given a consistent instance (A, B), computes in O(|B|?)
a basic decomposition of (A, B).

Proof. The algorithm constructs recursively alist L1, ..., £|p| of decompositions of (A, B), where
the length of £, is at most r, and output L p|. First we compute £; = {(AQd, B@d,d)} where
d = gcd L(A, B) in O(|A||B]); by Lemma 5, £ is a decomposition of length one. Now, suppose
that the decomposition £, of length k& < r < |B| has already been computed. If £, is basic,
we set £,41 = L,. Otherwise, using Lemma 9, we compute in O(|B|?) a decomposition £,
of length k + 1. Hence the running time is O(|B|?). It remains to prove that £;p is basic. If
L, = Ly41 for some r < |B| then L, is basic and L5 = L, for all 7 < s < |B| thus Lp is basic.
Otherwise, L1,...,L|p| are all distinct thus the length of £p is |B|. If Lp| is not basic, by
Lemma 9, (A, B) has a decomposition of length |B|+ 1, a contradiction. Thus L p is basic. [

Example 9. Combining Ezx. 5 and 8, we get that the basic decomposition of
(Cs,3Cs + 8C12)
18
(2037 8037 4)7 (CG) 3C6) 1)

and so

Sol(Cs, 3Cs 4+ 8C12) = (Sol(2Cs5,8Cs) ® 4) + Sol(Cs, 3Cs).
This can be easily checked from Ex. 5 and 8.
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5 Principal support
The principal support of an instance (A, B) is
I'(A,B) = L(A,B) \ L(B).

If X is a solution of (A, B), we have L(X) C L(A, B). But actually, all the information on X
is contained on the principal support: if X’ is a solution of (A, B) with X'(x) = X (z) for all
x € L'(A, B), then X’ = X. This is a consequence of the following lemma.

Lemma 11. Let (A, B) be an instance, and let X be a sum of cycles with L(X) C L'(A, B).
There ezists at most one sum of cycles Y with L(Y) C L(B) such that A(X +Y) = B, and
there exists an algorithm, with running time in O(|B|?), that decides if Y emists, and outputs it
if it exists.

Proof. If AX is not contained in B, there is certainly no solution containing X, and if AX = B
we must take Y = ). So suppose that AX is strictly contained in B. Let us compute a sequence
(B, Yo, b0), (B1,Y1,b1), ..., (Bg, Yk, bi) as follows. First we set By = B — AX and Y = ) and
bp = 0. Then, (B;,Y;,b;) having been already computed, we do the following:

e If B, = (), then we stop the algorithm.

e Let b be the minimum of L(B;).

e If AC} is not contained in B;, then we stop the algorithm.

e Otherwise, we set B;y1 = B; — ACy and Y; 11 = Y; + Cp and b;11 = b.

We output Yy if By = ), and “there is no Y with L(Y) C L(B) such that A(X +Y) = B”
otherwise. Since each step can be done in O(|B|?), and since k < | B|, the total running time is
in O(|BJ?). Tt is easy to check, by induction on 7, that

Bi+1 - BO - AY;+1. (15)

So By = () is equivalent to AY} = By, which is equivalent to A(X + Y;) = B. Hence it remains
to prove the uniqueness of Y;. So let Y be a sum of cycles with L(Y) C L(B) such that
A(X +Y) = B, which is equivalent to AY = By, and let us prove that Y = Yj. It is sufficient
to prove that Y; C Y for all 0 < ¢ < k, and that a strict inclusion implies i < k. The base case
Yy C Y is obvious. Suppose that ¥; C Y, with 0 <14 < k. By (15) we have

Bi= By — AY; = AY — AY; = A(Y - Y)).

If B; =0 theni =k and Y, = Y; =Y. Otherwise, since B; = A(Y —Y;), the minimum b of L(B;)
has a divisor y € L(Y —Y;). Since y € L(B) and (A, B) has a solution, y has a divisor a € L(A).
Then y = a Vy € L(B;), and since y | b we have y = b by the choice of b. Hence b € L(Y —Y})
and since A(Y —Y;) = B; we have AC}, C B;. Consequently, i < k and Yiy; =Y; +C, C Y,
completing the induction. O

Consequently, to compute all the solutions of an instance (A, B), it is enough to enumerate
the sum of cycles X with L(X) C L(A, B) \ L(B) with at most |B|/|A| vertices, and to check
if X can be extended to a global solution with the algorithm of Lemma 11. This gives the
following refinement of the brute force approach on the support.
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Brute force approach on the principal support. If n = |B|/|A] is not an
integer, return (). Otherwise, compute L'(A, B). For all 1 < m < n, enumerate all
the partitions of m with parts in L'(A, B), take the corresponding sum of cycles X,
select those for which there exists a sum of cycles Y with Y C L(B) such that X +Y
is a solution, and return the selected sums X + Y.

Since L(A, B) can be computed in O(|B|?), L'(A, B) can be computed with the same complexity.
Next, to enumerate the partitions of 1 < m < n with parts in L = L'(A, B), we proceed almost
exactly as in Section 3. In such a partition, the number of occurrences of z € L is between 0
and |n/xz]. Hence we can enumerate all the functions f : L — N such that f(z) <1+ |n/x]
for all z € L, and select those which correspond to partitions such that 1 < _; zf(z) < n.
It is easy to show, by induction on |L|, that the number of such functions is at most n/*I=1. As
explained in Section 3, this enumeration can be done in O(nl*l). Then, for each partition we
take the corresponding sums of cycles X, and we use the algorithm of Lemma 11 to check in
O(|B|?) if there exists a sum of cycles Y with Y C L(B) such that X +Y is a solution. The
algorithm is correct thanks to this lemma, and the total complexity is

B\ [HAB\LB)|
@) B3<|> )
(\ | A

The interesting fact is that the size of the principal support is sometimes significantly smaller
than the support, and may lead to polynomial algorithms for some particular classes of instances.
We illustrate this with two simple examples.

Suppose first that (A, B) is a basic instance and that L(A)\ {1} only contains primes. Then
the set of solutions can be computed in O(|B|*), and there are at most |B|/|A| solutions. Indeed,
let x € L(A,B), z > 1. Let p be a prime that divides x. Since the instance is basic, x divides
lemL(A), which is the product of the primes contained in L(A). We deduce that p € L(A), and
thus x = pVa € L(B). This proves that L(A, B)\ L(B) C {1} and thus the brute force approach
on the principal support runs in O(|B|?), and the number of solutions is at most |B|/|A|.

Frustratingly, we were not able to find a polynomial algorithm to decide if A | B when L(A)
is a primitive set of prime powers, that is, L(A) = {p{*,...,py*} for distinct primes p1,. .., px.

Suppose now that (A, B) is a consistent instance and that 1 € L(B). By the easy lemma
below, L'(A, B) = (), hence there is a unique solution which can be computed in O(|B|?) with
the brute force approach on the principal support.

Lemma 12. If (A, B) is a consistent instance, then
L'(A,B) = L(A, B) \ Mult(L(B)).

Proof. Suppose that there exists x € L(A, B) and b € L(B) with b | z. Since the instance is
consistent, there exists a € L(A) such that a | b, and again because the instance is consistent
we have a V x € L(B). But since a | z, we have a V & = x and thus « € L(B). This proves
that L'(A,B) C L(A, B) \ Mult(L(B)), and the converse inclusion is obvious since L(B) C
Mult(L(B)). 0

6 Concluding remarks

e Our main contribution is to show that, up to polynomial transformations, we can restrict
the division problem for sums of cycles to basic compact and consistent instances (A, B)
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(Lemma 10). By the basic property, the exponent term |L(A, B)| in the complexity of
the brute force approach on the support is bounded as a function of A only, namely
|L(A, B)| < div(lemL(A)), leading to a polynomial algorithm when A is fixed. But this
bound does not show that the complexity is significantly better than the (very naive)
brute force approach, running in |B|e®V") where n = |B|/|A|. The problem is that it
is rather difficult to bound |L(A, B)| according to n, and a real improvement would be
obtained by showing that |L(A, B)| = o(y/n). Actually, considering instead the brute
force approach on the principal support, showing |L'(A, B)| = o(y/n) would be sufficient.
Anyway, the existence of an algorithm for the division problem for sums of cycles running
in poly(|B|)e?™Y™ remains an open problem.

One way to better understand what makes the problem apparently difficult is to find
polynomial algorithms for particular classes of instances. For instance, it is not difficult
to prove that the problem is polynomial when L(B) is a chain, that is, when b | b’ or b’ | b
for all b,b" € L(B). This leads to consider the dual situation, where L(B) is an antichain
(called primitive set in number theory), that is, there is no distinct b,0’ € L(B) such that
b | b'. This case seems much more challenging. In that direction, we show that there is a
polynomial algorithm when L(A) is a set of primes (Section 5), but, frustratingly, we were
not able to prove the same property when L(A) is an antichain of prime powers. This
case is particularly interesting since it is a typical situation where the bound |L(A, B)| <
div(lemL(A)) gives few information on the real size of L(A, B).

A principal drawback of our method is that, before using a brute force approach, the only
information used to analyze an instance (A, B) is the support of A and B and the size
n = |B|/|A]| of potential solutions: we do not consider the multiplicities of cycles in A
or B, that is, the quantities A(a) and B(b) for a € L(A) and b € L(B). It is very likely
that these quantities will have to be analyzed in order to make progress. To illustrate
this, suppose that (A, B) is a consistent instance and that all the cycles in B have distinct
lengths, that is, B(b) = 1 for all b € L(B). One easily checks that the decomposition
preserves this property, thus we can also suppose that (A, B) is basic. Then the problem
is very simple: either C' is the unique solution, or there is no solution. Indeed, suppose
that AX = B. Let z € L(X), a € L(A) and b = a V z. If a and z are not coprime,
that is ax > b, then, by (4), we have B(b) > 7aX(a)zX(z) > 1, a contradiction. Thus
any v € L(X) is coprime with any a € L(A). Suppose now that there exists z € L(X)
with z > 1 and let p be a prime that divides . Then L(B) contains a multiple of p, and
since the instance is basic, we deduce that p divides some a € L(A). But then a and z
are not coprime, a contradiction. We deduce that X = nC; with n = |B|/|A|. But if
n > 1 then, for any a € L(A), we have B(a) > 1aX(a)X(1) = X(a)X(1) = X(a)n > 1, a
contradiction. Thus X = C}.

Beyond sums of cycles, that there is a polynomial algorithm for the division problem
inside the whole set of functional digraphs seems a challenging problem. In the spirit of
this paper, it would be at least interesting to prove that, for every fixed functional digraph
A, there is a polynomial algorithm to decide, given any functional digraph B, if A divides
B. As a small step in this direction, using [29, Corollary 14], it seems rather easy to adapt
our arguments to prove that, for every sum of cycles A and every functional digraph B,
there is an algorithm to decide if A divides B which is polynomial when A is fixed and
with a complexity very similar to that given in (2).

We proved that, for every ¢ > 0 and infinitely many n, there exists an instance (A, B)
with |A| = n and |B| = n? such that the number of (irreducible) solutions of (A, B)
and the number of irreducible factorizations of B is at least (1), hence super-polynomial
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in n. One may ask whether these lower bounds are far from the truth, and thus ask
for non-trivial upper bounds. The only upper bound we give concerns the number of
irreducible factorizations of a sum of cycles X with n vertices, which is at most ne®v™.
But this bound is certainly very loose since it is actually a bound on p*(n), the number
of ways of producing sums of cycles with n vertices from products of sums of cycles, each
distinct from C; (the order of the factors in the product being irrelevant). It therefore
seems that much more precise upper bounds could be obtained. Note that, from the
proof that p*(n) < ne®vV”™ (Appendix C), we easily deduce that we can enumerate in
e©V) the products of sums of cycles, each distinct from Cj, resulting in sums of cycles
with n vertices. Consequently, the irreducibility decision problem for sums of cycles is
sub-exponential. The arguments being very rough, huge progress seems possible for this
decision problem, which is perhaps even more natural than the division problem.

Acknowledgments This work has been funded by the project ANR-24-CE48-7504 “ALARICE”
and the HORIZON-MSCA-2022-SE-01 project 101131549 ” Application-driven Challenges for
Automata Networks and Complex Systems (ACANCOS)”.

A Irreducible and prime sums of cycles

Recall that a sum of cycles X is irreducible if, for all sums of cycles A, B, X = AB implies
A = Cy or B = (. For instance, it is an easy exercise to prove that a single cycle C), is
irreducible if and only if n is a prime power, and this property will be used many times in the
following. Let irred(n) be the number of irreducible sums of cycles with n vertices, and let
red(n) = p(n) — irred(n) be the number of reducible sums of cycles with n vertices. We will
prove that almost all sums of cycles are irreducible using a basic counting argument.

Proposition 1. irred(n)/p(n) — 1 as n — oo.

Proof. Let X be a reducible sum of cycles with n vertices. Then there exists two sums of cycles
A, B # C such that AB = X. Let d = |A| and suppose, without loss, that |A| < |B|. Then
2 < d < y/n. Consequently,

red(n) < Y p(dp(n/d)< > p([val)p([n/2]) < vap([vn])p([n/2]).
2§3|§nﬁ 29@%

Let § = /1/2and 0 < e < %CO- Using (7), for n large enough we have

Vap([Vap((n/2)) < Ve (VIIRVIT) o wsoy/i  glensonvi,
Using again (7), we deduce that, for n large enough,

red(n) < elcote)dvn 1

p(n) — eloo—avn — e((co—e)=d(co+e))vn

By the choice of €, we have co—e > (cp+€)d so red(n)/p(n) — 0 as n — oo, and we are done. [

Recall that a functional digraph X is prime if X # C and, for all functional digraphs A, B,
X | AB implies X | A or X | B. While proving that the semiring of functional digraphs has no
prime element is difficult [35], proving that the same is true for the semiring of sums of cycles
is an easy exercise.
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Proposition 2. There is no prime element in the semiring of sums of cycles: there is no sum
of cycles X # Cy such that, for all sums of cycles A, B, X | AB implies X | A or X | B.

Proof. There are four cases:

e Suppose that X = xC for some integer x > 2. If x is not prime then X is reducible, and
thus X is not prime. So suppose that X = pC; for some prime p. Then

pC1 - Cp = pC), = C,, - C),.
Since C), is irreducible, we deduce that X is not prime.

e Suppose that X = Cpe for some prime p and o > 1. Then

Cpa 'pCpa+1 = paJrleaH = Cpa+1 . Cpa+1.

Since Cpa+1 is irreducible, we deduce that X is not prime.

e Suppose now that lemL(X) is a prime power p® and | X| > p®. Then
X - Cpo = |X[Cpe = Cpa - [X][C1.
Since |X| > p® and X does not divide |X|C1, we deduce that X is not prime.

e In the other cases, £ = lemL(X) > 1 and is not a prime power. Let £ = p{'p3? - - pp* be
the prime decomposition of ¢; by hypothesis £ > 2. We have

X -Cp=|X|Cy = |X|Cpt111 . Oz/pcl"l.
By (6), X does not divide | X |Cpc111 since L(X) contains a multiple of p5?, and it does not
divide C, Jpot since L(X) contains a multiple of pi.

O]

B Instance with many irreducible solutions

Let f(n) be the number of partitions of n with parts in Div(n). In this section, we show that
the instance (C,,nC,,) has exactly f(n) solutions (Lemma 13). Hopefully, Bowman, Erdds and
Odlyzko [1] obtained an accurate estimate of In f(n) depending on n and the number of divisors
of n: for every € > 0 and n large enough,

(1+¢) ((h\;(n) — 1> Inn <Inf(n) <(1+¢) d1V2(n) Inn. (16)
By choosing n with many divisors, we deduce from this that f grows faster than any polynomial:
for every d, it exists infinitely many n such that f(n) > n? (Lemma 14). The number of solutions
to the instance (C,,nC,) is, in that sense, super-polynomial. Actually, we show something
stronger: (Cp,nCy) has a super-polynomial number of irreducible solutions (Theorem 2) and,
as an immediate consequence, nC,, has a super-polynomial number of irreducible factorizations
(Corollary 1).

Lemma 13. For alln > 1, we have X € Sol(Cy,nCn) iff | X| =n and L(X) C Div(n), so that

sol(Cy, nCy) = f(n).
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Proof. Suppose that X is a sum of cycles with n vertices and L(X) C Div(n). Since C;C,, = dCy,
whenever d | n, we have C,, - X = |X|C,, = nC,,. Conversely, if C,, - X = nC,, then X has n
vertices and, by (6), we have L(X) C Div(L(nC,)) = Div(n). O

We now show that f is super-polynomial. Let us defined the kth primorial number as the
product of the first k& primes. If n is the kth primorial number, then it has 2* divisors and it is
well known (see e.g. [3]) that, for every e > 0 and k large enough,

Elnk <Ilnn < (1+e€klnk. (17)

Lemma 14. For every € > 0, if n is a sufficiently large primorial number, then
Inn
f(n) > n2(1+6) Inlnn )

Proof. Let 0 < § < ¢, and let n be kth primorial number. By (17), for k large enough we have

> Inn S Inn
~ (14d0)Ink ~ (14+d)Inlnn’

Using (16), we obtain, for k large enough,
In f(n) Inn

k—1 ___Inn__ 4 __lnn
—_— > 2 > 2(1+5)1n1nn > 2(1+€)1n1nn.
Inn — - =

O

Theorem 2. For every € > 0, if n is a sufficiently large primorial number, then the number of
irreducible solutions to the instance (Cp,nCy) is at least

Inn
2 (1+€e)Inlnn
n .

Proof. Let n = p1po--- pr be the kth primorial number. Let I be the set of sums of cycles X
with n vertices such that L(X) C Div(n) and such that X has a unique cycle whose length is
a multiple of pg, and this cycle is precisely C), . In other words, X = C), + Y for some sum of
cycles Y with n — py vertices satisfying L(Y) C Div(n/py). By Lemma 13,

I C Sol(Ch,nCh).

Let X € I, and let us prove that it is irreducible. Let A, B be sums of cycles such that
X = AB. Since X contains Cp,, which is irreducible, at least one of A, B contains this cycle,
say B without loss. If A contains C), ¢ for some £ > 1, then X = AB contains C), (Cp, = prChp,¢,
so X contains at least pi cycles whose length is a multiple of pi, a contradiction. If A contains
Cp,e for some 1 < i < k and £ > 1, then X = AB contains C,(Cp, = Cp,p,¢ and this contradicts
the fact that Cp, is the unique cycle of X whose length is a multiple of p;. Hence L(A) has no
multiple of p; for 1 <4 < k. By (6), we have L(A) C Div(L(X)) C Div(n), and we deduce that
L(A) ={1}. So A = aC, for some a > 1. If a > 2 then X = AB contains aC,C), = aC), and
this contradicts the fact that X has a unique cycle of length pr. Consequently, A = C; and thus
X is irreducible.

We now give a lower bound on |I|, which is exactly the number of partitions of n — p with
parts in Div(n/py). For k > 2 we have n — pp > n/py and thus

|I‘ = pDiv(n/pk)(n - pk) > pDiV(n/pk)(n/pk) = f(n/pk)
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Let 0 < § < e. Since pp < 2klnk (see e.g. [34]), using (17) we get pr < 2lnn and thus
Inpr < Inlnn + 1. Since n/py is the (k — 1)th primorial number, we deduce from Lemma 14
that, for k large enough,

in—Inlnn—1

In 1n Inn
In|I| >In f(n/pg) >2 GOWhn (Innp —Inlnn — 1) > 20+Fdhhn Jnp,
O

The number of rreducible factorizations of a sum of cycles X is the number of ways of
expressing X as a product of irreducible sums of cycles, the order of the factors in the product
being irrelevant.

Corollary 1. For every e > 0, if n is a sufficiently large primorial number, then the number of
irreducible factorizations of nC,, is at least

Inn
2 (1+e)Inlnn

Proof. Let n = pipa---pr be the kth primorial number. Then C), has a unique irreducible
factorization, which is C), Cp, - - - Cp, . Let X be an irreducible sum of cycles such that C,, - X =
nCy,. Then C), C,,---Cp, - X is an irreducible factorization of nC),, and we are done using
Theorem 2. O

C Products of sums of cycles resulting in n vertices

For n > 2, let P*(n) be the set of sequences of integers (ay,ag, ...,ax) such that 2 < a; < as <
-+ < ay and ajag - - - ap = n. Thus p*(n) = |P*(n)| is the number of ways of expressing n as the
product of positive integers, each distinct from 1, the order of the factors in the product being
irrelevant. Dodd and Mattics [10] proved that

p*(n) <n. (18)

We will consider the same concept for sums of cycles. For n > 2, let P*(n) be the set
of sequences of sums of cycles (A4j, Ag, ..., Ag) such that 2 < |A;| < |Ag] < -+ < |Ag| and
|A1As -+ Ag| = n. Thus p*(n) = |P*(n)| is the number of ways of producing sums of cycles
with n vertices from products of sums of cycles, each distinct from C', the order of the factors
in the product being irrelevant.

Proposition 3. For alln > 2,
pX(n) < ne®vVr,

Proof. Let (A1, Aa, ..., Ax) be a sequence in P*(n). Let us call (JAi],...,|Ax|) the profile
sequence; it belongs to P*(n). Let (a1, ...,ax) be a sequence in P*(n), and let o be the number
of sequences in P*(n) with this profile. Hence o = p(aj)p(a2)---p(ar). We will prove that
o < eoVn, Since, by (18), there are at most n possible profiles, this proves the theorem.

Using (7), we have
o S eCO Z?:l \/07;7

If a; > 4 then
o S 650 Z?:l \/CT’L S 660 H?:l ai g eco\/ﬁ.

If a; < 3 then, since p(2) = 2 and p(3) = 3, we have

J:alag'--ak:ngeco\/ﬁ.
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Otherwise, there is 1 < ¢ < k with ay < 4 < agyq1. Let n; = ajag...ap and ng = n/ny. With
the previous arguments, we get
o< mny-eoVnz,

If nq < 3 we easily check that o < eCO\/ﬁ, and if nqy > 4 then

o< ny- 600\/@ < e\/ﬁeq)\/ﬁ < 600(\/%-1-\/772) < ecox/ﬁ.

Thus o < V" in every case. O

Let X be a sum of cycles with n vertices, and let fact(X) be the number of irreducible
factorizations of X. We obviously have

fact(X) < p*(n) < ne®V™,

This proves, with very rough arguments, the assertion given in the introduction: the number of
irreducible factorizations of a sum of cycles with n vertices is at most e?(V),
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