SOME REMARKS ON QUANTUM SPEED LIMIT FOR n-DIMENSIONAL
SYSTEMS

HO MINH TOAN, TRAN MANH CUONG, AND VU THE KHOI

ABSTRACT. Many recent works in quantum information theory focus on the following prob-
lem: Given an initial state, a target state, and a driving Hamiltonian H, how quickly can
the initial state evolve into the target state? In this work, we demonstrate that it is pos-
sible to obtain exact results for the evolution time of any system described by a mixed
n X n state undergoing unitary evolution, given certain conditions on the eigenvalues of the
Hamiltonian H. This result extends the work in [14]. Our main finding also provides evi-
dence that the optimal evolution time (the argmin) obtained in [14] cannot be generalized

to higher-dimensional systems.

1. INTRODUCTION

Quantum mechanics sets fundamental limits on the processing speed of any device and
the communication speed through any channel. When an initial state is transformed into a
target state using logic gates, the rate of evolution or time taken becomes a key metric for
evaluating the performance of quantum computers. This leads to a natural question: How
can the quantum evolution speed be determined? It turns out that the speed of evolution
for any quantum system is limited by the principles of quantum mechanics. The quantum
speed limit is a fundamental concept in quantum mechanics, and extensive research has been
dedicated to this topic.

Mandelstam and Tamm [11], along with Margolus and Levitin [12], discovered elegant
and useful bounds for the minimum evolution time between two orthogonal pure states in a
unitary process. The quantum speed limit for pure states was later generalized to apply to
the evolution between two arbitrary states, not necessarily orthogonal, and was extended to
encompass open systems and mixed states. Since then, much work has been done on this
subject (e.g., see [13, 3, 14] and the references therein.

In 2018, L. Zhang et al. [14] purse the study in the qubit case:
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where Fyy(p, o) = Tr /\/po+/p is the fidelity on 2 x 2 density matrices, and p, = e ' peltf .
The result are stated as follows:

Proposition 1. [14, Proposition 1] The following optimization problem
nt Folop) = inf (/oo ) 1)
is solved for t =ty = % Moreover, p;... = p— (2¢y) [H, [H, p]] and

H

Fi(p, ) = /2et(p) + Tr(p2) — G (Te(p2H2) — Tr(pHpH))

Along with that, the author also points out that:“Although the problem is exactly in
the two dimensional case, the conclusions in Proposition 1 cannot be extended to higher

dimensional case” and give the following example to demonstrate it.

Example 1 ([14]). Let

1 2 20 1 00
p=z1220[, H=]020
0 01 00 3

then inf Fy(pp,) = —
en inf Fu(ppr) = - ) )
However Fi(p, pi,) ~ 0.919 > %gg]:(ppt), with ¢y = TP

In this paper, we try to study the problem mentioned above for Hilbert Schmidt fidelity
measures (defined in [10]) and some other well-known ones on the quantum sate spaces of
dimension n. Under some technical conditions on the eigenvalues of the hermitian matrix
H we obtained the exact minimum value, see Theorem 1 and its corollaries. The result
[14, Proposition 1] is a consequence of Theorem 1 for 2-dimensional case and our main
finding also provides evidence that the optimal evolution time t,,;, (the argmin) obtained in
[14, Proposition 1] cannot be different in higher-dimensional systems. In particular, if the
differences of eigenvalues of H are rational numbers, then the minimal time t,,;, exists (see
Corollary 3 and 4). However, if the differences mentioned above are not all rational, we can
give an example to show that the minimal time t,,;, does not exist (see Example 5). More
precisely, applying Kronecker’s Theorem, we can show that if the differences of eigenvalues
of the Hamiltonian H are independent over the rational numbers, then the infimum value
glg F(pp:) can be obtained while if assumed further that the differences of eigenvalues set
contains at least two distinct values then the optimal evolution time (the argmin) ¢, does
not exist. We also wish to mention that the minimal time ¢,;, obtained in most of the

above results holds when exp[i(A\; — Ag)tmin] = —1 for all nonzero eigenvalue differences



Aj — A, of H. However, Example 4 presents a case where the minimal time ¢, exists but
exp(Aj — Ag)itmin > —1.

The paper is organized as follows. Subsection 2.1 presents the study of the optimization
of the inner product in n-dimensional systems. Applying the results from Subsection 2.1, we
present the main results of our work on Hilbert-Schmidt fidelity measures for n-dimensional
systems in Subsection 2.2. Using the main result from Subsection 2.2, we discuss examples
of 3 x 3 quantum states in Subsection 2.3, showing that the Argmin obtained in Subsection

2.2 can be incorrect.

2. EVOLUTION LIMIT FOR n X n SYSTEMS

Throughout this section, we assume that p, p; are quantum states and H = H* isannxn
Hermitian matrix and a unitary U such that H = U*DU, where D is a diagonal matrix of

eigenvalues A\q,...,\, of H. Denoted by

. aitH itH
pr-=¢€ pe )

ﬁ — (]p[]'*7 ﬁt — e—itD ﬁeitD )

In this section, we consider the optimization problem:
inf F(p, p1),
where F are the Hilbert-Schmidt fidelity measures defined in [10]:
Fi(A, B) = Tr(AB) f(Tr A%, Tr B?),

and, other well-known ones

Fn(A, B) = Tr(AB) + V1 — Tr A2V1 — Tr B2,
n—2 n

Fol4, B) = 2n—1)  2n—1)

Fn(A, B).
This optimization problem leads to study the one where F is the Hilbert - Schmidt product.

2.1. Optimization of the inner product on unitary paths of quantum states of

order n. Let’s consider the problem:
inf Tr(ppr) = inf(p, pr). (2)

Lemma 1. Suppose that H = U* DU, where D is a diagonal matrix of eigenvalues of H and

U is a unitary matrix. Then

eitH — U* eitD U. (3)



Proof. Substituting H = U*DU into the Maclaurin expansion of !, we obtain

eitH Z(ltH) _Z(ltU DU) —ZU (ltD) U :U*eitDU_

n! n! nl
n=0 =0 o
O
It is clearly that Tr(pp;) = Tr(ppy)-
A oo 0 ot L
Suppose that D= | . .. . |.Thenet? = | . o
0 - A 0 ... ¢ithn
Hence the (j, k) — entry of p; is e!®=*) 5, Cleary, (4, j)-entry is pj;.

Denote by
S(p) = {(, k) eN* | 1 <j,k <n, A\j# A\ and pj # 0}
By the definition, I(p) does not contain the diagonal (i.e., (¢,7) ¢ (p)) and is symmetric,
ie,
(U, k) € 3(p) <= (k,5) € ().

Using Lemma 1 and direct calculation, we get the following lemma.

Lemma 2. Let’s adopt the notations above.
-2 .2
T(op) = Y o+ Do 1ol cos (I - Al ). (4)
(R ES(P) (G:k)€S(P)
It is clear that if H is a multiple of the identity then (p) = 0, and by (4), Tr(pp:) is a

constant for every t.

Theorem 1. Let’s adopt the notations above. Then, the following statements hold true.

o, _ 2 .2
(): inf Te(ppr) > 3 o[ = 3 [l -

(k) E3() (7:k)€S3(p)
(ii): The equality in (i) holds if and only if there exists a positive number x such that

|A\j = Ak| @ are all odd integers for (j, k) € S(p). In this case,

%gg Tr(pp) = Tr(pps,,..), where tym = xm.

(iii): Denote by X*(p) (A'(p)) is the vector of eigenvalues of p in decreasing (increasing,

respectively) order and (-,-) the usual inner product in R™. For anyt > 0,

(X (), AT(p)) < Tr(ppe) < (A(p), A (p)). (5)

The equality

(X(p), XT(p)) = inf Tr(ppy)



holds if there exist a positive t such that WV = e where
WHpWt =Ap) and V™HVT = \(H).

Proof. (i): By Lemma 2 and cosa > —1, we get statement (i).
(ii): The equality (i) holds if and only if there is a positive number ¢, such that
cos <|)\j — )\k|t0> = —1, Y(j,k) € S(p). Choose tni, to be the smallest such .
This implies that ‘)\j — )\k‘ tmin/7 are all odd positive integers. Equivalently, there is
a positive number x such that |/\j — )\k.| x are all odd positive integers.
(iii): Follows from the fact that A(p) = M (p;) and von Neumann’s trace inequality
(see also [2] or [9, Lemma 2.4]):

(N (p), A () < (p, V7aV) < (M (p), (o)), (6)

for every unitary V. The left hand side inequality becomes equality at the argmin
unitary V = WV,
O

Comparing (5) and (6), We note that Tr(pp;) can be strictly greater (A*(p), \T(p)), as

demonstrated by the following example.

Example 2. Let

1/3 1/6 1/6 100
p=11/6 1/3 1/6|, H=10 1 0
1/6 1/6 1/3 00 2

By Lemma 2 we have Tr(pp;) = 7/18 + 1/9 cos(t). and %gg Tr(pp:) = 15- On the other hand,
we have A\ (p) = (2/3,1/6,1/6) . Therefore,

1

5 = (M(p), A (p) > inf Te(ppr) >

5 = (A (p), AT(p)).

IR,

Corollary 1. Suppose that ‘)\j — >\k‘ is either zero or a positive number o, for every 0 <
7,k <n. Then

2

Y

inf Tr(ppr) = Tr(ppr,) = |l = D |on
GRIEI() (G)ES(7)

T
where tyy, = —

o
Proof. By the hypothesis,

N — M| | 1 <4k <n}={0,a}.



Hence,

Tr(ppe) = Z ‘ﬁjk}2+ Z ‘ﬁjk‘QCOS(at).

(k) E3(P) (G:K)€S(P)
Therefore, %r>1(f] Tr(pp) = Tr(ppy,,.. ), where tpm = T O
a

In particular, if H is a Hermitian 2 x 2 - matrices and not a multiple of the identity, then

‘)\j — /\k‘ is either zero or a positive number «. By Corrolary 1, we get [14, Proposition 1].

Corollary 2. [14, Proposition 1] If p is a 2 X 2 — state and H is not a multiple of identity.
Then

inf Tr(ppy) = Te(ppr,,) Z\Pﬂ —2|pnal”,

T
where t = —— and p = UpU™.
Proof. We suppose that H has two distinct eigenvalues which are A\, As. From Lemma 2, we
have

Tr(ppr) Z‘pﬂ +2|p12| coS (|)\1 )\2|t)

7j=1
Hence,
= 2
. ~ -2
inf Tr(pp1) = Tr(ppt,,) = Z;\pjjl —2|p1al?,
]:

when cos (A1 — Ao|t) = —1, that is, tmim = 7/|A1 — Ao . O

Next, suppose that the differences of eigenvalues })\j — )\k} of H are all rational numbers
for (7,k) € S(p). Then we can write
p,
1N — M| = 22,
4k
where pji, ¢jx are positive integers, for every (j, k) € I(p) with the greatest common divisor
ged(pjr: gju) = 1.
Let ¢ denote the least common multiple of {g;x | (j, k) € S(p)}. Then |A; — M| ¢ are all
integers for (j, k) € S(p).

Corollary 3. Let’s adopt the notations above. Assume that the differences of eigenvalues
‘)\j — )\k‘ of H are all rational numbers for (7, k) € (p). Then the following statements hold.

(i). There exists ty, > 0 such that

inf Tr(ppr) = Tr(pprys,)-



/\
(ii). Denote by d the greatest common divisor of {{\; — \e| ¢ | (. k) € S(p)}. If === A = el

are all odd, for (j, k) € I(p), then
. _ 2 _ 2
inf Tr(ppr) = Tr(ppr,) = D ol = D o

(k) E3(P) (k) €S(P)

Y

where tyi, = gﬂ'.

d
27 _ 2qT

=Nl
Tr(ppt) = Tr(ppisogrn), where g is the least common multiple of {g;x | (j,k) € S(p)}. Since

Proof. (i). The period of cos(|\; — Ag|t) is . Hence, by the formula (4),

the interval [0, 2¢g7] is a compact set and Tr(pp;) is continuous, there exist a positive ty, in
0, 2¢7] such that

inf Tr(ppy) = min{Tr(pp) | 0 <t < 27} = Te(pp,y, )-

|Aj — Ailg

A — A
(ii). We see that cos <‘)\ - /\k’ tmin> = cos (%’N —1 if and only if T are

all odd, for (j,k) € 3(p). Combine this fact with Theorem 1(i):, we get statement (ii). O

Remark 1. Assume that pq,--- , p,, are distinct positive integer. Then the system
cos ([pi = pif ¢) = =1, 1<i#j<m (7)
i — p)]

has a real solution if and only if is odd for every 1 < ¢ # j < m, where d =

ged (p1,- -+ . Pm) -
As a conseguence, if the system (7) has a real solution then m < 3.

Proof. We only need to prove that if the system (7) has a real solution then m < 3. Assume,

on the contrary, that m > 3. Without loss of generality, suppose that p; > py > ps,---

Then Pr—P2 P2—P3 P1—P3
d . d 7 d

get a contradiction. O

can not be all odd. Then the system (7) has no solution, we

To conclude this subsection, by applying Kronecker’s Theorem, the independence of the
eigenvalue distances of H over the rational numbers can imply the existence of the infimum
value %n(f) Tr(pp;) while the argumin time ¢, does not exist provided that there are two

>

distinct eigenvalue distances.

Proposition 2. Let p, H, p be given as in Theorem 1. Suppose the set {|X\; — Xg| | (J, k) €
3(p)} is independent over the rational filed Q. Then the following statements hold true.

)
Tl = 32 ol = D Jowf”

(k) E3() (G:k)€S(P)



(2) If, assumed further that {|\; — X\;| | (¢,7) € S(p)} has at least two distinct numbers,

then for every t > 0, we have
inf Tr(ppr) < Tr(ppr).

Proof. Using Lemma 1, we get
L2 .2 :
Te(pp) = D |owl + D o] exp (i = A)t).
(k) E3(P) (k) €S(P)
By Kronecker’s Theorem ([8, Theorem 9.1]), we obtain (1). To prove (2), we observer that
L2 : L2
Z |7k exp (i(N; — A)t) = — Z | A
(k) €S(P) (7:k)€S(P)

if and only if the system
expi (A — M)t) = =1, (5, k) € S(p),

has a solution. However, without lost of generality, we can assume that |A; — Ag|, | A2 — A3| are
distinct elements in ¥(p) and so independent over the rational numbers. Then the system
cos(|[A1 — Aa|t) = 0, & cos(|A2 — A3|t) = 0 has no solution. This ends the proof. O

2.2. Optimal values of some Hilbert - Schmidt fidelity measures on unitary paths
of n x n states. Given a real-valued, symmetric and nonnegative function f on [0,1]?, we

consider the function F; defined on n- dimensional quantum state space as below:
Fi(A, B) = Tr(AB) f(Tr A%, Tr B?), (8)

for every pair of quantum states of the same size A, B. These fidelity measures are called
Hilbert-Schmidt fidelities, see [10, 2.6]. This class includes the well-known fidelity measures

such as Fi1, Fam, Fau, ete. (see [10]). Precisely,
— 9Ny
o If f(z,y) =237, then
2 Tr(AB)
A B) = =: A, B).
A B) = ey ey = P4 P
o If f(x,y) =1, a constant function then

Tr(AB)

F A,B = =: F M A,B .
B = TGy e T A )
o If f(z,y) = %, then
Fi(A,B) = Tr(AB) =: Fu(4, B).

max {Tr(A?), Tr(B?)}
It is clear that
ff(A7 B) = fGM(A7 B)f(TI‘(AZ), TI‘(BZ».



Proposition 3. Let F be a fidelity measure defined by (8) and let p, pi, H be as specified in
Theorem 1. Then the following statements hold true.

(i) If there exists a positive number x such that|)\j — )\k| x are all odd integers for (j,k) €

X(p), then tym = xm and

-2 -2
inf F(p, po) = F(p, pui) = flasa) [ D0 ol = D |owl
(k) £3(p) (k)€ (p)
where a = Tr p*.
(ii) Suppose that |>\j — )\k| is either zero or a positive number «, for every 0 < 7.k < n.

T
Then, there exists tymin = —, and the minimal value is the same as that in (i).
«

Proof. (i). Let a = Trp?, 0 < a < 1. Since the trace function is unitarily invariant and

pr = e 1 pelt we have Tr p? = Tr p? = a. Hence,

%Eg ‘F(pu Pt) = f(CL, CL) %Eg Tr(/)/)t)

Now, by Theorem (1)(ii), we conclude the proof.
(ii). The same argument as in the proof of (i), only replacing ‘by Theorem 1(ii)" with
‘Corollary 1’. 0

In addition, we consider the quantum speed limit for other well-known fidelity measures:

Fn(A, B) = Tr(AB) + V1 — Tr A2V/1 — Tr B2, (9)
n—2 n

Fol4, B) = dn—1) 2 —1)

Fn(A, B). (10)

Proposition 4. Let F be either Fy or Fo (defined by (9, 10)) and let p, py, H be as specified

in Theorem 1. Then the following statements hold true.

(1): If there exists a positive number x such that ’)\- — /\k’ x are all odd integers for

(j,k) € S(p), then there exists tyy, = xm such that mf]:N(p, pt) = Fn(p, pro,) =

=T+ % ol = X |l and inf Folp.p) = Folp.pry,) = 1 -
(.k) €3 () (.k) €S (5) >

2 (7= B+ B )

)ES( (7,k)€S(P)

(ii): Suppose that|/\j — )\k.| 18 either zero or a positive number «, for every 0 < j, k < n.

Then, there exists tym, = E, and the minimal value is the same as that in (i).
Qo

Proof. From Tr p? = Tr p*> = a, (9) and (10), we have

inf Fn(p,p0) =1—a+ mf Tr(ppy)

t>0



. n—2 n
inf Folp,p) = 2n—1)  2n—1) inf P (p, o).

Now, applying Theorem 1(ii) and Corollary 1, we get the statement. O

Using Corollary 3 and the relation between the fidelity measure and the inner product,

as discussed in the proofs above, we get the following corollary.

Corollary 4. Let’s adopt the notations specified in Corollary 3 and F be a fidelity measure
defined by (8, 9, 10). Assume that the differences of eigenvalues |)\j — )\k| of H are all
rational numbers for (4, k) € I(p). Then the following statements hold.

(i). There exists tp, > 0 such that
inf F(p, pt) = F(ps Pt )-

)\
(ii). Denote by d the greatest common divisor of {{\; — X\e| ¢ | (. k) € S(p)}. If =" A = Mg
are all odd, for (j,k) € S(p), then

. B 4
inf F(p, pe) = Te(pptys,),  where tuin = .

2.3. Quantum speed limit for operators on bipartite spaces. Throughout this section,
let pl,p? be 2 x 2 quantum states, p = p! ® p? be a separable state on 4 ® 4. Let
H, = H{,H, = Hj be 2 x 2 Hermitian matrices and

A0
%

20

=0 0 A2
2

U17H2 - U2* U27

Uy, U, are 2 X 2 unitary matrices.
Then U = U; ® U, is a unitary matrix on 4 ® 743. It follows that

p=UpU = Ulp'Uy @ Usp*Us = ' @ p*.
and p, = (U1);p' (Uh)e @ (Us); p*(Uz)e = 7111 pl el @ e 1102 p2 1112 = pi i
Lemma 3. Let’s adopt the notation above. Fort > 0, then

2 2
Tr(pp) > | Y |53 —2\5122 >

Jj=1 Jj=1

10]] 2|p12

The equality holds if and only if there is a positive number x such that ‘)\% — )\§| x and

|A? — \3| x are odd natural numbers.
Proof. We have

Tr(ppe) =Tr(p'p) Te(p°p;)

10



2

9 2
= D2|an| + 26kl cos (M= M| e) | [ 30]73] 20kl cos (123 - 23] ¢)
j=1 j=1
2 9 ) 2
2 Zﬁ]l] _2|ﬁi2’ Zﬁ]g 2|p12
j=1 =1

The equality holds if and only if

cos< t):—l, 1=1,2.

Then there exists positive x such that |)\’2 — X‘Q} x are odd natural numbers for ¢« = 1,2 and

Ay = A

tmin = XT. ]

Corollary 5. Let py,Uy, Hy, Hy be as in Lemma 3 and a = Tr(p2).
(i): If F = Fy is defined by (8), then

2
/5]27' 2‘012

03

Flp.p) = flaa) | D

1 2 ~1 |2 ’
- 2|P12| §
i=1

The equality holds if there is a positive number x such that|[\} — 5|z and |\} — A3| x

2 2 9 |2
2‘%’12‘ ) (Z:l 2’1012‘ ) +1—a.
J:
2 2
2|P12| 21 2‘P12 —a
‘7:

inf F(p, pi) = f(a, a) nf Tr(pp;)

are odd natural numbers.

(ii): Fn(p, pr) > (Zi)l

22
Pji| —

12
Pijl —

n 20, 9
fC(P7Pt) > 1+—) (Zl p]]
]:

2
1 _
2(n — 1 Pii

Proof. (i): From Tr p? = Tr p? = a then

Applying Lemma 3, we get the statement.
(ii): Since Trp? = Tr p? = a and Eq. (9),(10), we have

inf Fn(p,pr) =1—a-+ 1nf Tr(ppt)

t>0
fF n-2 {F
%20 clp.pr) = 2(n —1) + 2(n—1) %I>10 n(p, pr).

By associate Lemma 3, we obtain the statement.

11



3. QUANTUM SPEED LIMIT FOR 3 X 3 STATES

M 0 0
In this section, we consider H =U* [ 0 X, 0| U, with Ay < XAy < A3, p=UpU* and
0 0 X
e~ ith 0 0 el 0
Py = 0 e itk 0 |p| 0 €2 0
0 0 e itk 0 0 it

Let’s denote by a;; = A; — A;. Then

Tr(ppe) = Tr(ppe)

3
— Z|,5jj{2 +2 ) |5k cos (]/\j — il t)
=1

1<j<k<3
3
~ |12 ~ ~ ~
= ley‘ + 2|p12|2 COS(Oth) + 2|p23|2 COS(Ozggt) + 2|p13|2 (COS(Oélz + &Qg)t)
j=1

It is clear that |\; —A;| = 0, Vi # j if and only if H is a multiple of identity. In this

case, Tr(pp) = > | ﬁjk|2. Therefore, throughout this section, we also assume that the
1<5,k<3

Hermitian matrix H is not a multiple of identity.
Proposition 5. Let’s adopt the notations above.

(@): 7 {h=Al, 105 <3} = (0,0}, a > 0. Then

inf Tr(ppr) = Te(ppi) = D ol = D |owe

(k) E3(P) (7:k)€S(P)

2

Y

T
where tymm = —.

o
(ii): If o = M + a, A3 = Ao + a. Then, there exists tyy, > 0 such that %ng Tr(pp) =
>
Tr(ppto ), and,

L2 s 2
_ _ + P . . .
tmin = @~ ' cos ™! JM if p1s# 0 & |prol” +|psl” < 4pusl”,
4|p1s]
tmin = T otherwise.
@
Proof. (i): Applying Corollary 1 for n = 3, we get statement.

(ii): By applying Lemma 2 for n = 3, we get

Tr(pp:) = Z }ﬁjk|2+ Z ‘ﬁjk|2005(‘)\j_)\k‘t>a

(k) E3(P) (G,k)€S(P)

12



inf Tr(pp;) = |/)J]‘ + 2|ps|* — — if p13# 0,

where $(p) = {(i,7)]1 <4,5 <3, N # N, pi; # 0}
By the hypothesis Ay = A; + a, A3 = Ay + a, we obtain

3
L2 " . .
Tr(ppe) = Z|pjj| + 2 (|p12] cos(at) +|prs| cos(2at) +|pas| cos(at)) .
j=1

If p13 =0, then
Tr(ppr) Z‘ng| +2 ’plZ| +’p23|) cos(at).
7j=1
Hence, Tr(pp;) achieves its infimum if and only if cos(at) = —1 and S0 tyin = —
3
: L2 . .

Therefore inf Tr(ppr) = 3 [py5]” — 2 (pra +1p2sl)

j=1
Now, we consider pi3 # 0. Let Pu(t) = [p1| cos(at) +[p1a] cos(2at) +|pas| cos(at).

Then

inf Tr(pp;) Z‘pﬂ‘ + lan

>0
From cos(2at) = 2 cos?(at) — 1 then we have
S22 <2 s 2 <2
Pa(t) = 2|p1s|”" cos™(at) + <|P12| +|p23] )COS(CW) —|p1s|”

Let Qq(x) = 2|pus|” 22 + (1512\2 +|/323!2> & —|p13|*. Then

inf Po(t) = _min Qa().
|pr2]” +|pas|?

4|prs|”
the minimal at x( if g > —1 and at * = —1 otherwise. Furthermore, the minimum

Since Q4 (z) is parabola with vertex at g = —

(p13] # 0), we obtain

values in these cases are
(

3
_ 2 _ _ e -
Z%!ij‘ —2(|p12| +|p2s]) if p13=0,
]:
2
L2 e g2
<|P12| +|,023| ) |512|2 +|;523|2

<4
4|13 |Pl3|

.7
+

ZV’M‘ +pusl® = |prel” —1psl? 15 %0, ‘M >4

T ‘P13|

The proof is complete.
O

According Corollary 3 that if the differences between eigenvalues of H are all rational

numbers, then the minimum of Tr(pp,) for ¢t € (0,00) always exists (i.e., there exists the

13



minimal time ¢,,;, such that %ng Tr(ppr) = Tr(ppr,..)). The minimal time may not exist if
>
the differences between eigenvalues of H are irrational. The following examples demonstrate

this property.

. From Corrolary 3, we obtain

1 ‘4 1 t
—cost+ —cos | —
82 82 )

t+ !
cost + cos | —
5

: _ _ 5 o
Then, %gg Tr(pp:) = min Tr(pp;) = 15 and tyim = 57.

O = ol

0
Example 3. Let H= |0 1 0|, p=

1

5

OOl 0Ol x|
NI O ol

1
Tl"(ppt) :4—2 + E + ? +2

8+32

t€[0,10n]

000 I3 3
Example 4. Let H = |0 1 0|, p= % }l 0

00 2 £ 0 3
We see that the eigenvalues of H do not satisfy the assumption of Corollary 3. Since Lemma
2, we have

3 1 2t
Tr(ppr) =3 + 32 cost + cos (g)]

Let f(x) := cosbx + cos2z. Then f(z) is continuous on R. Use Maple version 17 with the
command: plot(f(z), z =0 . Q*Pz') we obtain the following graph of f(z).

5 {(0 (6.28,2)

1opn
A

-2 (1.84,—-1.83) (4.44,-1.83)

Since f is a periodic function with period 27, we can deduce from the graph above that

inf f(z) = min f(z) = min f(x)~ —1.83

x>0 x>0 z€0,27]
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Since the system cos bx = —1, cos2x = —1 has no solution, so miglf(:v) > —2, and therefore,
x>
inf T S
inf Tr(pp:) > 15
Next, let us consider an example where the difference between eigenvalues of Hermitian

H are not all rational. Then, the infimum 1itng Tr(pp;) exists while the minimum rtnigl Tr(ppt)
> >

does not exist, i.e., there is no t,;,.

00 0 I3 3
Example 5. Let H=|0 = 0 |, p= % ;11 0
00 V7r 1o !
From Lemma 2, we have
3 1
Tr(pp:) = 3 + ) (cos 7t + cos \/77rt> :

We can show that

. 11
Tr(ppe) > gg Tr(ppe) = 39
This claim can be justified by consider the function g(x) = cos(z) + cos(v/7x). Use Maple

version 17 with the command: plot(g(z), x = 0 .. 22), we obtain the following graph of g(t).

9} (0,2)

VAN AV -NVAT
O\/\/ W \/\/ |/

—2 (3.51, 21.92) (15.47,-1.97)

From the graph above, we can see that as t increases, ¢(t) gradually approaches -2, but

g(t) > =2, for every t. In fact, we can show this property as follows.

Proof. Show that ingg(x) = -2
x>
From the definition of uniform continuity, we have
Ve > 0,36 > 0 such that Vi, satisfied [t; — o] < § then

)cos ﬁtl — COoS \/?752’ < €.

Applying Kronecker’s theorem|[6, Chapter XXIII] for 6 > 0,3 = 0, = /7 then there exists

p, g rational numbers such that
‘\/7 D — q‘ < 0.
Can assume 0 < p, q are odd positive numbers. Then

lg(p) +2| <e.
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Thus, ingg(t) = —2.
>
Show that the minimum of g on (0,00) does not exist.

Suppose, for the contrary, that the minimum of g on (0, 00) exists; then rtn>1(r)1 g(t) = —2. This

is equivalent to say that the system: cost = —1, cos(y/7t) = —1 has a solution on (0, 00).
Hence, there are positive integer m, n such that v/7+2m+/7 = 14 2n; this is a contradiction.
Therefore, there does not exist ty,, such that g(tyuim) = —2. We can also apply Proposition
2 to obtain this fact. 0

This example can be generalized as Proposition 2.

4. CONCLUSION

In this work, we present some results on quantum speed limit:

inf F(p, po),

where p; = exp(—itH)pexp(itH) and where F is the inner product or a fidelity intro-
duced in [10]. Specifically, we provide a necessary and sufficient condition under which
lltr>1£ F(p, pt) = F(p, pt,, ), where the infimum is attained at the minimal time ¢,,;, such that
expiA; — Aplmin = —1 for all distinct eigenvalues A;, Ay of H, see Theorem 1, Proposition
3 and 4 for details. As a consequence, when the eigenvalue differences of H is either zero
or a positive number « then t.,;, = m/«, see Corollary 1. In particular, when H is a 2 x 2
matrix, the eigenvalues of H automatically satisfy this condition and so the main result of
[14] become a special case of this corollary.

In the case where all eigenvalue differences of H are all rational numbers, we provide an
equivalent condition under which the minimal time ¢, exists. In this case, we also compute
the exact minimal time; see Corollary 3 and 4.

On the other hand, if the eigenvalue differences of H are independent over the rational num-
bers, we show that the infimum %gg F(p, pi) exists, although the minimal time ¢,,;, may not;
see Proposition 2.

As an application of the above result to the low-dimensional case 3 x 3, we can compute the
minimal time t¢,;, when the eigenvalues of H form an arithmetic progression, see Proposi-
tion 5, along with some interesting examples and counterexamples that illustrate the results

above; see Example 3, 4 and 5.
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