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Abstract. Many recent works in quantum information theory focus on the following prob-

lem: Given an initial state, a target state, and a driving Hamiltonian H, how quickly can

the initial state evolve into the target state? In this work, we demonstrate that it is pos-

sible to obtain exact results for the evolution time of any system described by a mixed

n× n state undergoing unitary evolution, given certain conditions on the eigenvalues of the

Hamiltonian H. This result extends the work in [14]. Our main finding also provides evi-

dence that the optimal evolution time (the argmin) obtained in [14] cannot be generalized

to higher-dimensional systems.

1. Introduction

Quantum mechanics sets fundamental limits on the processing speed of any device and

the communication speed through any channel. When an initial state is transformed into a

target state using logic gates, the rate of evolution or time taken becomes a key metric for

evaluating the performance of quantum computers. This leads to a natural question: How

can the quantum evolution speed be determined? It turns out that the speed of evolution

for any quantum system is limited by the principles of quantum mechanics. The quantum

speed limit is a fundamental concept in quantum mechanics, and extensive research has been

dedicated to this topic.

Mandelstam and Tamm [11], along with Margolus and Levitin [12], discovered elegant

and useful bounds for the minimum evolution time between two orthogonal pure states in a

unitary process. The quantum speed limit for pure states was later generalized to apply to

the evolution between two arbitrary states, not necessarily orthogonal, and was extended to

encompass open systems and mixed states. Since then, much work has been done on this

subject (e.g., see [13, 3, 14] and the references therein.

In 2018, L. Zhang et al. [14] purse the study in the qubit case:

inf
t>0

FU(ρ, ρt)
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where FU(ρ, σ) = Tr
√√

ρσ
√
ρ is the fidelity on 2×2 density matrices, and ρt = e− i tH ρ ei tH .

The result are stated as follows:

Proposition 1. [14, Proposition 1] The following optimization problem

inf
t>0

FU(ρρt) = inf
t>0

Tr

(√√
ρρt

√
ρ

)
(1)

is solved for t = tmin :=
π

2ζH
. Moreover, ρtmin

= ρ− (2ζH)
−1[H, [H, ρ]] and

FU(ρ, ρtmin
) =

√
2 det(ρ) + Tr(ρ2)− ζ−2

H

(
Tr(ρ2H2)− Tr(ρHρH)

)
Along with that, the author also points out that:“Although the problem is exactly in

the two dimensional case, the conclusions in Proposition 1 cannot be extended to higher

dimensional case” and give the following example to demonstrate it.

Example 1 ([14]). Let

ρ =
1

5

2 2 0

2 2 0

0 0 1

 , H =

1 0 0

0 2 0

0 0 3


then inf

t>0
FU(ρρt) =

π

5
.

However FU(ρ, ρt0) ≈ 0.919 > inf
t>0

F(ρρt), with t0 =
π

2ζH
=

π

2
√
3
.

In this paper, we try to study the problem mentioned above for Hilbert Schmidt fidelity

measures (defined in [10]) and some other well-known ones on the quantum sate spaces of

dimension n. Under some technical conditions on the eigenvalues of the hermitian matrix

H we obtained the exact minimum value, see Theorem 1 and its corollaries. The result

[14, Proposition 1] is a consequence of Theorem 1 for 2-dimensional case and our main

finding also provides evidence that the optimal evolution time tmin (the argmin) obtained in

[14, Proposition 1] cannot be different in higher-dimensional systems. In particular, if the

differences of eigenvalues of H are rational numbers, then the minimal time tmin exists (see

Corollary 3 and 4). However, if the differences mentioned above are not all rational, we can

give an example to show that the minimal time tmin does not exist (see Example 5). More

precisely, applying Kronecker’s Theorem, we can show that if the differences of eigenvalues

of the Hamiltonian H are independent over the rational numbers, then the infimum value

inf
t>0

F(ρρt) can be obtained while if assumed further that the differences of eigenvalues set

contains at least two distinct values then the optimal evolution time (the argmin) tmin does

not exist. We also wish to mention that the minimal time tmin obtained in most of the

above results holds when exp[i(λj − λk)tmin] = −1 for all nonzero eigenvalue differences
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λj − λk of H. However, Example 4 presents a case where the minimal time tmin exists but

exp(λj − λk)itmin > −1.

The paper is organized as follows. Subsection 2.1 presents the study of the optimization

of the inner product in n-dimensional systems. Applying the results from Subsection 2.1, we

present the main results of our work on Hilbert-Schmidt fidelity measures for n-dimensional

systems in Subsection 2.2. Using the main result from Subsection 2.2, we discuss examples

of 3× 3 quantum states in Subsection 2.3, showing that the Argmin obtained in Subsection

2.2 can be incorrect.

2. Evolution limit for n× n systems

Throughout this section, we assume that ρ, ρt are quantum states and H = H∗ is an n×n

Hermitian matrix and a unitary U such that H = U∗DU, where D is a diagonal matrix of

eigenvalues λ1, . . . , λn of H. Denoted by

ρt := e− i tH ρ ei tH ,

ρ̃ := UρU∗, ρ̃t := e− i tD ρ̃ ei tD .

In this section, we consider the optimization problem:

inf
t>0

F(ρ, ρt),

where F are the Hilbert-Schmidt fidelity measures defined in [10]:

Ff (A,B) = Tr(AB)f(TrA2,TrB2),

and, other well-known ones

FN(A,B) = Tr(AB) +
√
1− TrA2

√
1− TrB2,

FC(A,B) =
n− 2

2(n− 1)
+

n

2(n− 1)
FN(A,B).

This optimization problem leads to study the one where F is the Hilbert - Schmidt product.

2.1. Optimization of the inner product on unitary paths of quantum states of

order n. Let’s consider the problem:

inf
t>0

Tr(ρρt) = inf
t>0

⟨ρ, ρt⟩. (2)

Lemma 1. Suppose that H = U∗DU, where D is a diagonal matrix of eigenvalues of H and

U is a unitary matrix. Then

ei tH = U∗ ei tD U. (3)
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Proof. Substituting H = U∗DU into the Maclaurin expansion of ei tH , we obtain

ei tH =
∞∑
n=0

(i tH)n

n!
=

∞∑
n=0

(i tU∗DU)n

n!
=

∞∑
n=0

U∗(i tD)nU

n!
= U∗ ei tD U.

□

It is clearly that Tr(ρρt) = Tr(ρ̃ρ̃t).

Suppose that D =


λ1 · · · 0

:
. . . :

0 · · · λn

 . Then ei tD =


ei tλ1 · · · 0

:
. . . :

0 · · · ei tλn

.
Hence the (j, k) – entry of ρ̃t is e

i t(λj−λk) ρ̃jk. Cleary, (j, j)-entry is ρ̃jj.

Denote by

ℑ(ρ̃) :=
{
(j, k) ∈ N2 | 1 ≤ j, k ≤ n, λj ̸= λk and ρ̃jk ̸= 0

}
.

By the definition, ℑ(ρ̃) does not contain the diagonal (i.e., (i, i) /∈ ℑ(ρ̃)) and is symmetric,

i.e,

(j, k) ∈ ℑ(ρ̃) ⇐⇒ (k, j) ∈ ℑ(ρ̃).

Using Lemma 1 and direct calculation, we get the following lemma.

Lemma 2. Let’s adopt the notations above.

Tr(ρρt) =
∑

(j,k)/∈ℑ(ρ̃)

∣∣ρ̃jk∣∣2 + ∑
(j,k)∈ℑ(ρ̃)

∣∣ρ̃jk∣∣2 cos(∣∣λj − λk

∣∣ t) . (4)

It is clear that if H is a multiple of the identity then ℑ(ρ̃) = ∅, and by (4), Tr(ρρt) is a

constant for every t.

Theorem 1. Let’s adopt the notations above. Then, the following statements hold true.

(i): inf
t>0

Tr(ρρt) ≥
∑

(j,k)/∈ℑ(ρ̃)

∣∣ρ̃jk∣∣2 − ∑
(j,k)∈ℑ(ρ̃)

∣∣ρ̃jk∣∣2 .
(ii): The equality in (i) holds if and only if there exists a positive number x such that∣∣λj − λk

∣∣x are all odd integers for (j, k) ∈ ℑ(ρ̃). In this case,

inf
t>0

Tr(ρρt) = Tr(ρρtmin
), where tmin = xπ.

(iii): Denote by λ↓(ρ)
(
λ↑(ρ)

)
is the vector of eigenvalues of ρ in decreasing (increasing,

respectively) order and ⟨·, ·⟩ the usual inner product in Rn. For any t > 0,

⟨λ↓(ρ), λ↑(ρ)⟩ ≤ Tr(ρρt) ≤ ⟨λ↓(ρ), λ↓(ρ)⟩. (5)

The equality

⟨λ↓(ρ), λ↑(ρ)⟩ = inf
t>0

Tr(ρρt)
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holds if there exist a positive t such that W ↓V ↑ = eitH , where

W ↓∗ρW ↓ = λ↓(ρ) and V ↑∗HV ↑ = λ↑(H).

Proof. (i): By Lemma 2 and cosα ≥ −1, we get statement (i).

(ii): The equality (i) holds if and only if there is a positive number t0 such that

cos
(∣∣λj − λk

∣∣ t0) = −1, ∀(j, k) ∈ ℑ(ρ). Choose tmin to be the smallest such t0.

This implies that
∣∣λj − λk

∣∣ tmin/π are all odd positive integers. Equivalently, there is

a positive number x such that
∣∣λj − λk

∣∣x are all odd positive integers.

(iii): Follows from the fact that λ↓(ρ) = λ↓(ρt) and von Neumann’s trace inequality

(see also [2] or [9, Lemma 2.4]):

⟨λ↓(ρ), λ↑(σ)⟩ ≤ ⟨ρ, V ∗σV ⟩ ≤ ⟨λ↓(ρ), λ↓(σ)⟩, (6)

for every unitary V. The left hand side inequality becomes equality at the argmin

unitary V = W ↓V ↑∗.

□

Comparing (5) and (6), We note that Tr(ρρt) can be strictly greater ⟨λ↓(ρ), λ↑(ρ)⟩, as
demonstrated by the following example.

Example 2. Let

ρ =

1/3 1/6 1/6

1/6 1/3 1/6

1/6 1/6 1/3

 , H =

1 0 0

0 1 0

0 0 2


By Lemma 2 we have Tr(ρρt) = 7/18 + 1/9 cos(t). and inf

t>0
Tr(ρρt) =

5
18
. On the other hand,

we have λ↓(ρ) =
(
2/3, 1/6, 1/6

)
. Therefore,

1

2
= ⟨λ↓(ρ), λ↓(ρ)⟩ > inf

t>0
Tr(ρρt) >

1

4
= ⟨λ↓(ρ), λ↑(ρ)⟩.

Corollary 1. Suppose that
∣∣λj − λk

∣∣ is either zero or a positive number α, for every 0 ≤
j, k ≤ n. Then

inf
t>0

Tr(ρρt) = Tr(ρρtmin
) =

∑
(j,k)/∈ℑ(ρ̃)

∣∣ρ̃jk∣∣2 − ∑
(j,k)∈ℑ(ρ̃)

∣∣ρ̃jk∣∣2 ,
where tmin =

π

α
.

Proof. By the hypothesis,

{
∣∣λj − λk

∣∣ | 1 ≤ j, k ≤ n} = {0, α}.

5



Hence,

Tr(ρρt) =
∑

(j,k)/∈ℑ(ρ̃)

∣∣ρ̃jk∣∣2 + ∑
(j,k)∈ℑ(ρ̃)

∣∣ρ̃jk∣∣2 cos(αt).
Therefore, inf

t>0
Tr(ρρt) = Tr(ρρtmin

), where tmin =
π

α
. □

In particular, if H is a Hermitian 2× 2 - matrices and not a multiple of the identity, then∣∣λj − λk

∣∣ is either zero or a positive number α. By Corrolary 1, we get [14, Proposition 1].

Corollary 2. [14, Proposition 1] If ρ is a 2× 2 – state and H is not a multiple of identity.

Then

inf
t>0

Tr(ρρt) = Tr(ρρtmin
) =

2∑
j=1

∣∣ρ̃jj∣∣2 − 2|ρ̃12|2 ,

where t =
π

|λ1 − λ2|
and ρ̃ = UρU∗.

Proof. We suppose that H has two distinct eigenvalues which are λ1, λ2. From Lemma 2, we

have

Tr(ρρt) =
2∑

j=1

∣∣ρ̃jj∣∣2 + 2|ρ̃12|2 cos
(
|λ1 − λ2| t

)
.

Hence,

inf
t>0

Tr(ρρt) = Tr(ρρtmin
) =

2∑
j=1

∣∣ρ̃jj∣∣2 − 2|ρ̃12|2 ,

when cos
(
|λ1 − λ2| t

)
= −1, that is, tmin = π/|λ1 − λ2| . □

Next, suppose that the differences of eigenvalues
∣∣λj − λk

∣∣ of H are all rational numbers

for (j, k) ∈ ℑ(ρ). Then we can write ∣∣λj − λk

∣∣ = pjk
qjk

,

where pjk, qjk are positive integers, for every (j, k) ∈ ℑ(ρ) with the greatest common divisor

gcd(pjk, qjk) = 1.

Let q denote the least common multiple of {qjk | (j, k) ∈ ℑ(ρ)}. Then
∣∣λj − λk

∣∣ q are all

integers for (j, k) ∈ ℑ(ρ).

Corollary 3. Let’s adopt the notations above. Assume that the differences of eigenvalues∣∣λj − λk

∣∣ of H are all rational numbers for (j, k) ∈ ℑ(ρ). Then the following statements hold.

(i). There exists tmin > 0 such that

inf
t>0

Tr(ρρt) = Tr(ρρtmin
).
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(ii). Denote by d the greatest common divisor of {
∣∣λj − λk

∣∣ q | (j, k) ∈ ℑ(ρ)}. If |λj − λk|q
d

are all odd, for (j, k) ∈ ℑ(ρ̃), then

inf
t>0

Tr(ρρt) = Tr(ρρtmin
) =

∑
(j,k)/∈ℑ(ρ̃)

∣∣ρ̃jk∣∣2 − ∑
(j,k)∈ℑ(ρ̃)

∣∣ρ̃jk∣∣2 ,
where tmin =

q

d
π.

Proof. (i). The period of cos(|λj − λk|t) is
2π

|λj − λk|
=

2qjkπ

pjk
. Hence, by the formula (4),

Tr(ρρt) = Tr(ρρt+2qπ), where q is the least common multiple of {qjk | (j, k) ∈ ℑ(ρ)}. Since
the interval [0, 2qπ] is a compact set and Tr(ρρt) is continuous, there exist a positive tmin in

[0, 2qπ] such that

inf
t>0

Tr(ρρt) = min{Tr(ρρt) | 0 ≤ t ≤ 2qπ} = Tr(ρρtmin
).

(ii). We see that cos
(∣∣λj − λk

∣∣ tmin

)
= cos

(
|λj − λk|q

d
π

)
= −1 if and only if

|λj − λk|q
d

are

all odd, for (j, k) ∈ ℑ(ρ̃). Combine this fact with Theorem 1(i):, we get statement (ii). □

Remark 1. Assume that p1, · · · , pm are distinct positive integer. Then the system

cos
(∣∣pi − pj

∣∣x) = −1, 1 ≤ i ̸= j ≤ m (7)

has a real solution if and only if

∣∣pi − pj
∣∣

d
is odd for every 1 ≤ i ̸= j ≤ m, where d =

gcd (p1, · · · , pm) .
As a conseguence, if the system (7) has a real solution then m < 3.

Proof. We only need to prove that if the system (7) has a real solution then m < 3. Assume,

on the contrary, that m ≥ 3. Without loss of generality, suppose that p1 ≥ p2 ≥ p3, · · · .
Then

p1 − p2
d

,
p2 − p3

d
,
p1 − p3

d
can not be all odd. Then the system (7) has no solution, we

get a contradiction. □

To conclude this subsection, by applying Kronecker’s Theorem, the independence of the

eigenvalue distances of H over the rational numbers can imply the existence of the infimum

value inf
t>0

Tr(ρρt) while the argumin time tmin does not exist provided that there are two

distinct eigenvalue distances.

Proposition 2. Let ρ,H, ρ̃ be given as in Theorem 1. Suppose the set {|λj − λk| | (j, k) ∈
ℑ(ρ̃)} is independent over the rational filed Q. Then the following statements hold true.

(1)

inf
t>0

Tr(ρρt) =
∑

(j,k)/∈ℑ(ρ̃)

∣∣ρ̃jk∣∣2 − ∑
(j,k)∈ℑ(ρ̃)

∣∣ρ̃jk∣∣2 .
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(2) If, assumed further that {|λi − λj| | (i, j) ∈ ℑ(ρ̃)} has at least two distinct numbers,

then for every t > 0, we have

inf
t>0

Tr(ρρt) < Tr(ρρt).

Proof. Using Lemma 1, we get

Tr(ρρt) =
∑

(j,k)/∈ℑ(ρ̃)

∣∣ρ̃jk∣∣2 + ∑
(j,k)∈ℑ(ρ̃)

∣∣ρ̃jk∣∣2 exp (i(λj − λk)t
)
.

By Kronecker’s Theorem ([8, Theorem 9.1]), we obtain (1). To prove (2), we observer that∑
(j,k)∈ℑ(ρ̃)

∣∣ρ̃jk∣∣2 exp (i(λj − λk)t
)
= −

∑
(j,k)∈ℑ(ρ̃)

∣∣ρ̃jk∣∣2
if and only if the system

exp i
(
(λj − λk)t

)
= −1, ∀(j, k) ∈ ℑ(ρ̃),

has a solution. However, without lost of generality, we can assume that |λ1−λ2|, |λ2−λ3| are
distinct elements in ℑ(ρ̃) and so independent over the rational numbers. Then the system

cos(|λ1 − λ2|t) = 0, & cos(|λ2 − λ3|t) = 0 has no solution. This ends the proof. □

2.2. Optimal values of some Hilbert - Schmidt fidelity measures on unitary paths

of n × n states. Given a real-valued, symmetric and nonnegative function f on [0, 1]2, we

consider the function Ff defined on n- dimensional quantum state space as below:

Ff (A,B) = Tr(AB)f(TrA2,TrB2), (8)

for every pair of quantum states of the same size A,B. These fidelity measures are called

Hilbert-Schmidt fidelities, see [10, 2.6]. This class includes the well-known fidelity measures

such as FII,FAM,FGM, etc. (see [10]). Precisely,

• If f(x, y) = 2
√
xy

x+y
, then

Ff (A,B) =
2Tr(AB)

Tr(A2) + Tr(B2)
=: FAM(A,B).

• If f(x, y) = 1, a constant function then

Ff (A,B) =
Tr(AB)√

Tr(A2)
√

Tr(B2)
=: FGM(A,B).

• If f(x, y) =
√
xy

max {x,y} , then

Ff (A,B) =
Tr(AB)

max {Tr(A2),Tr(B2)}
=: FII(A,B).

It is clear that

Ff (A,B) = FGM(A,B)f(Tr(A2),Tr(B2)).
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Proposition 3. Let F be a fidelity measure defined by (8) and let ρ, ρt, H be as specified in

Theorem 1. Then the following statements hold true.

(i) If there exists a positive number x such that
∣∣λj − λk

∣∣x are all odd integers for (j, k) ∈
ℑ(ρ̃), then tmin = xπ and

inf
t>0

F(ρ, ρt) = F(ρ, ρtmin
) = f(a, a)

 ∑
(j,k)/∈ℑ(ρ̃)

∣∣ρ̃jk∣∣2 − ∑
(j,k)∈ℑ(ρ̃)

∣∣ρ̃jk∣∣2
 ,

where a = Tr ρ2.

(ii) Suppose that
∣∣λj − λk

∣∣ is either zero or a positive number α, for every 0 ≤ j, k ≤ n.

Then, there exists tmin =
π

α
, and the minimal value is the same as that in (i).

Proof. (i). Let a = Tr ρ2, 0 ≤ a ≤ 1. Since the trace function is unitarily invariant and

ρt = e− i tH ρ ei tH , we have Tr ρ2t = Tr ρ2 = a. Hence,

inf
t>0

F(ρ, ρt) = f(a, a) inf
t>0

Tr(ρρt).

Now, by Theorem (1)(ii), we conclude the proof.

(ii). The same argument as in the proof of (i), only replacing ‘by Theorem 1(ii)’ with

‘Corollary 1’. □

In addition, we consider the quantum speed limit for other well-known fidelity measures:

FN(A,B) = Tr(AB) +
√
1− TrA2

√
1− TrB2, (9)

FC(A,B) =
n− 2

2(n− 1)
+

n

2(n− 1)
FN(A,B). (10)

Proposition 4. Let F be either FN or FC (defined by (9, 10)) and let ρ, ρt, H be as specified

in Theorem 1. Then the following statements hold true.

(i): If there exists a positive number x such that
∣∣λj − λk

∣∣x are all odd integers for

(j, k) ∈ ℑ(ρ̃), then there exists tmin = xπ such that inf
t>0

FN(ρ, ρt) = FN(ρ, ρtmin
) =

1 − Tr ρ2 +
∑

(j,k)/∈ℑ(ρ̃)

∣∣ρ̃jk∣∣2 − ∑
(j,k)∈ℑ(ρ̃)

∣∣ρ̃jk∣∣2 , and, inf
t>0

FC(ρ, ρt) = FC(ρ, ρtmin
) = 1 −

n

2(n− 1)

(
Tr ρ2 −

∑
(j,k)/∈ℑ(ρ̃)

∣∣ρ̃jk∣∣2 + ∑
(j,k)∈ℑ(ρ̃)

∣∣ρ̃jk∣∣2) .

(ii): Suppose that
∣∣λj − λk

∣∣ is either zero or a positive number α, for every 0 ≤ j, k ≤ n.

Then, there exists tmin =
π

α
, and the minimal value is the same as that in (i).

Proof. From Tr ρ2t = Tr ρ2 = a, (9) and (10), we have

inf
t>0

FN(ρ, ρt) = 1− a+ inf
t>0

Tr(ρρt)
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inf
t>0

FC(ρ, ρt) =
n− 2

2(n− 1)
+

n

2(n− 1)
inf
t>0

FN(ρ, ρt).

Now, applying Theorem 1(ii) and Corollary 1, we get the statement. □

Using Corollary 3 and the relation between the fidelity measure and the inner product,

as discussed in the proofs above, we get the following corollary.

Corollary 4. Let’s adopt the notations specified in Corollary 3 and F be a fidelity measure

defined by (8, 9, 10). Assume that the differences of eigenvalues
∣∣λj − λk

∣∣ of H are all

rational numbers for (j, k) ∈ ℑ(ρ). Then the following statements hold.

(i). There exists tmin > 0 such that

inf
t>0

F(ρ, ρt) = F(ρ, ρtmin
).

(ii). Denote by d the greatest common divisor of {
∣∣λj − λk

∣∣ q | (j, k) ∈ ℑ(ρ)}. If |λj − λk|q
d

are all odd, for (j, k) ∈ ℑ(ρ̃), then

inf
t>0

F(ρ, ρt) = Tr(ρρtmin
), where tmin =

q

d
π.

2.3. Quantum speed limit for operators on bipartite spaces. Throughout this section,

let ρ1, ρ2 be 2 × 2 quantum states, ρ = ρ1 ⊗ ρ2 be a separable state on H1 ⊗ H2. Let

H1 = H∗
1 , H2 = H∗

2 be 2× 2 Hermitian matrices and

H1 = U∗
1

[
λ1
1 0

0 λ1
2

]
U1, H2 = U∗

2

[
λ2
1 0

0 λ2
2

]
U2,

U1, U2 are 2× 2 unitary matrices.

Then U = U1 ⊗ U2 is a unitary matrix on H1 ⊗ H2. It follows that

ρ̃ = U∗ρU = U∗
1ρ

1U1 ⊗ U∗
2ρ

2U2 = ρ̃1 ⊗ ρ̃2.

and ρt = (U1)
∗
tρ

1(U1)t ⊗ (U2)
∗
tρ

2(U2)t = e− i tH1 ρ1 ei tH1 ⊗ e− i tH2 ρ2 ei tH2 = ρ1t × ρ2t .

Lemma 3. Let’s adopt the notation above. For t > 0, then

Tr(ρρt) ≥

 2∑
j=1

∣∣∣ρ̃1jj∣∣∣2 − 2
∣∣ρ̃112∣∣2

 2∑
j=1

∣∣∣ρ̃2jj∣∣∣2 − 2
∣∣ρ̃212∣∣2

 .

The equality holds if and only if there is a positive number x such that
∣∣λ1

1 − λ1
2

∣∣x and∣∣λ2
1 − λ2

2

∣∣x are odd natural numbers.

Proof. We have

Tr(ρρt) =Tr(ρ1ρ1t ) Tr(ρ
2ρ2t )

10



=

 2∑
j=1

∣∣∣ρ̃1jj∣∣∣2 + 2
∣∣ρ̃112∣∣2 cos(∣∣λ1

1 − λ1
2

∣∣ t)
 2∑

j=1

∣∣∣ρ̃2jj∣∣∣2 − 2
∣∣ρ̃212∣∣2 cos(∣∣λ1

2 − λ2
2

∣∣ t)


≥

 2∑
j=1

∣∣∣ρ̃1jj∣∣∣2 − 2
∣∣ρ̃112∣∣2

 2∑
j=1

∣∣∣ρ̃2jj∣∣∣2 − 2
∣∣ρ̃212∣∣2

 .

The equality holds if and only if

cos

(∣∣∣λi
2 − λi

2

∣∣∣ t) = −1, i = 1, 2.

Then there exists positive x such that
∣∣λi

2 − λi
2

∣∣x are odd natural numbers for i = 1, 2 and

tmin = xπ. □

Corollary 5. Let ρ1, U1, H1, H2 be as in Lemma 3 and a = Tr(ρ2).

(i): If F = Ff is defined by (8), then

F(ρ, ρt) ≥ f(a, a)

 2∑
j=1

∣∣∣ρ̃1jj∣∣∣2 − 2
∣∣ρ̃112∣∣2

 2∑
j=1

∣∣∣ρ̃2jj∣∣∣2 − 2
∣∣ρ̃212∣∣2

 .

The equality holds if there is a positive number x such that
∣∣λ1

1 − λ1
2

∣∣x and
∣∣λ2

1 − λ2
2

∣∣x
are odd natural numbers.

(ii): FN(ρ, ρt) ≥

(
2∑

j=1

∣∣∣ρ̃1jj∣∣∣2 − 2
∣∣ρ̃112∣∣2

)(
2∑

j=1

∣∣∣ρ̃2jj∣∣∣2 − 2
∣∣ρ̃212∣∣2

)
+ 1− a.

FC(ρ, ρt) ≥ 1 +
n

2(n− 1)

( 2∑
j=1

∣∣∣ρ̃1jj∣∣∣2 − 2
∣∣ρ̃112∣∣2

)(
2∑

j=1

∣∣∣ρ̃2jj∣∣∣2 − 2
∣∣ρ̃212∣∣2

)
− a

 .

Proof. (i): From Tr ρ2t = Tr ρ2 = a then

inf
t>0

F(ρ, ρt) = f(a, a) inf
t>0

Tr(ρρt)

Applying Lemma 3, we get the statement.

(ii): Since Tr ρ2t = Tr ρ2 = a and Eq. (9),(10), we have

inf
t>0

FN(ρ, ρt) = 1− a+ inf
t>0

Tr(ρρt),

inf
t>0

FC(ρ, ρt) =
n− 2

2(n− 1)
+

n

2(n− 1)
inf
t>0

FN(ρ, ρt).

By associate Lemma 3, we obtain the statement.

□
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3. Quantum speed limit for 3× 3 states

In this section, we consider H = U∗

λ1 0 0

0 λ2 0

0 0 λ3

U, with λ1 ≤ λ2 ≤ λ3, ρ̃ = UρU∗ and

ρ̃t =

e
− i tλ1 0 0

0 e− i tλ2 0

0 0 e− i tλ3

 ρ̃

e
i tλ1 0 0

0 ei tλ2 0

0 0 ei tλ3

 .

Let’s denote by αij = λi − λj. Then

Tr(ρρt) = Tr(ρ̃ρ̃t)

=
3∑

j=1

∣∣ρ̃jj∣∣2 + 2
∑

1≤j<k≤3

∣∣ρ̃jk∣∣2 cos(∣∣λj − λk

∣∣ t)

=
3∑

j=1

∣∣ρ̃jj∣∣2 + 2|ρ̃12|2 cos(α12t) + 2|ρ̃23|2 cos(α23t) + 2|ρ̃13|2
(
cos(α12 + α23)t

)
It is clear that

∣∣λi − λj

∣∣ = 0, ∀i ̸= j if and only if H is a multiple of identity. In this

case, Tr(ρρt) =
∑

1≤j,k≤3

∣∣ρ̃jk∣∣2 . Therefore, throughout this section, we also assume that the

Hermitian matrix H is not a multiple of identity.

Proposition 5. Let’s adopt the notations above.

(i): If
{∣∣λi − λj

∣∣ , 1 ≤ i, j ≤ 3
}
= {0, α} , α > 0. Then

inf
t>0

Tr(ρρt) = Tr(ρρtmin
) =

∑
(j,k)/∈ℑ(ρ̃)

∣∣ρ̃jk∣∣2 − ∑
(j,k)∈ℑ(ρ̃)

∣∣ρ̃jk∣∣2 ,
where tmin =

π

α
.

(ii): If λ2 = λ1 + α, λ3 = λ2 + α. Then, there exists tmin > 0 such that inf
t>0

Tr(ρρt) =

Tr(ρρtmin
), and,

tmin = α−1 cos−1

(
−|ρ̃12|

2 +|ρ̃23|2

4|ρ̃13|2

)
if ρ̃13 ̸= 0 & |ρ̃12|2 +|ρ̃23|2 < 4|ρ̃13|2,

tmin =
π

α
otherwise.

Proof. (i): Applying Corollary 1 for n = 3, we get statement.

(ii): By applying Lemma 2 for n = 3, we get

Tr(ρρt) =
∑

(j,k)/∈ℑ(ρ̃)

∣∣ρ̃jk∣∣2 + ∑
(j,k)∈ℑ(ρ̃)

∣∣ρ̃jk∣∣2 cos(∣∣λj − λk

∣∣ t) ,

12



where ℑ(ρ̃) =
{
(i, j)|1 ≤ i, j ≤ 3, λi ̸= λj, ρ̃ij ̸= 0

}
.

By the hypothesis λ2 = λ1 + α, λ3 = λ2 + α, we obtain

Tr(ρρt) =
3∑

j=1

∣∣ρ̃jj∣∣2 + 2
(
|ρ̃12| cos(αt) +|ρ̃13| cos(2αt) +|ρ̃23| cos(αt)

)
.

If ρ̃13 = 0, then

Tr(ρρt) =
3∑

j=1

∣∣ρ̃jj∣∣2 + 2
(
|ρ̃12|+|ρ̃23|

)
cos(αt).

Hence, Tr(ρρt) achieves its infimum if and only if cos(αt) = −1 and so tmin =
π

α
.

Therefore inf
t>0

Tr(ρρt) =
3∑

j=1

∣∣ρ̃jj∣∣2 − 2
(
|ρ̃12|+|ρ̃23|

)
.

Now, we consider ρ̃13 ̸= 0. Let Pα(t) := |ρ̃12| cos(αt) + |ρ̃13| cos(2αt) + |ρ̃23| cos(αt).
Then

inf
t>0

Tr(ρρt) =
3∑

j=1

∣∣ρ̃jj∣∣2 + inf
t>0

Pα(t).

From cos(2αt) = 2 cos2(αt)− 1 then we have

Pα(t) = 2|ρ̃13|2 cos2(αt) +
(
|ρ̃12|2 +|ρ̃23|2

)
cos(αt)−|ρ̃13|2 .

Let Qα(x) = 2|ρ̃13|2 x2 +
(
|ρ̃12|2 +|ρ̃23|2

)
x−|ρ̃13|2 . Then

inf
t>0

Pα(t) = min
−1≤x≤1

Qα(x).

Since Qα(x) is parabola with vertex at x0 = −|ρ̃12|
2 +|ρ̃23|2

4|ρ̃13|2
(|ρ̃13| ≠ 0), we obtain

the minimal at x0 if x0 ≥ −1 and at x = −1 otherwise. Furthermore, the minimum

values in these cases are

inf
t>0

Tr(ρρt) =



3∑
j=1

∣∣ρ̃jj∣∣2 − 2
(
|ρ̃12|+|ρ̃23|

)
if ρ̃13 = 0,

3∑
j=1

∣∣ρ̃jj∣∣2 + 2|ρ̃13|2 −

(
|ρ̃12|2 +|ρ̃23|2

)2
4|ρ̃13|2

if ρ̃13 ̸= 0,
|ρ̃12|2 +|ρ̃23|2

|ρ̃13|2
≤ 4

3∑
j=1

∣∣ρ̃jj∣∣2 +|ρ̃13|2 −|ρ̃12|2 −|ρ̃23|2 if ρ̃13 ̸= 0,
|ρ̃12|2 +|ρ̃23|2

|ρ̃13|2
≥ 4.

The proof is complete.

□

According Corollary 3 that if the differences between eigenvalues of H are all rational

numbers, then the minimum of Tr(ρρt) for t ∈ (0,∞) always exists (i.e., there exists the
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minimal time tmin such that inf
t>0

Tr(ρρt) = Tr(ρρtmin
)). The minimal time may not exist if

the differences between eigenvalues of H are irrational. The following examples demonstrate

this property.

Example 3. Let H =

0 0 0

0 1 0

0 0 1
5

 , ρ =


1
4

1
8

1
8

1
8

1
4

0
1
8

0 1
2

 . From Corrolary 3, we obtain

Tr(ρρt) =
1

42
+

1

42
+

1

22
+ 2

[
1

82
cos t+

1

82
cos

(
t

5

)]

=
3

8
+

1

32

[
cos t+ cos

(
t

5

)]
Then, inf

t>0
Tr(ρρt) = min

t∈[0,10π]
Tr(ρρt) =

5
16

and tmin = 5π.

Example 4. Let H =

0 0 0

0 1 0

0 0 2
5

 , ρ =


1
4

1
8

1
8

1
8

1
4

0
1
8

0 1
2

 .

We see that the eigenvalues of H do not satisfy the assumption of Corollary 3. Since Lemma

2, we have

Tr(ρρt) =
3

8
+

1

32

[
cos t+ cos

(
2t

5

)]

Let f(x) := cos 5x + cos 2x. Then f(x) is continuous on R. Use Maple version 17 with the

command: plot(f(x), x = 0 .. 2*Pi), we obtain the following graph of f(x).

−2

−1

1

2

f

(0, 2)

(1.84,−1.83) (4.44,−1.83)

(6.28, 2)

O

Since f is a periodic function with period 2π, we can deduce from the graph above that

inf
x>0

f(x) = min
x>0

f(x) = min
x∈[0,2π]

f(x) ≈ −1.83

14



Since the system cos 5x = −1, cos 2x = −1 has no solution, so min
x>0

f(x) > −2, and therefore,

inf
t>0

Tr(ρρt) >
5
16
.

Next, let us consider an example where the difference between eigenvalues of Hermitian

H are not all rational. Then, the infimum inf
t>0

Tr(ρρt) exists while the minimum min
t>0

Tr(ρρt)

does not exist, i.e., there is no tmin.

Example 5. Let H =

0 0 0

0 π 0

0 0
√
7π

 , ρ =


1
4

1
8

1
8

1
8

1
4

0
1
8

0 1
2

 .

From Lemma 2, we have

Tr(ρρt) =
3

8
+

1

32

(
cosπt+ cos

√
7πt
)
.

We can show that

Tr(ρρt) > inf
x>0

Tr(ρρt) =
11

32
.

This claim can be justified by consider the function g(x) = cos(x) + cos(
√
7x). Use Maple

version 17 with the command: plot(g(x), x = 0 .. 22), we obtain the following graph of g(t).

−2

2

O

(0, 2)

(3.51,−1.92) (15.47,−1.97)

From the graph above, we can see that as t increases, g(t) gradually approaches -2, but

g(t) > −2, for every t. In fact, we can show this property as follows.

Proof. Show that inf
x>0

g(x) = −2.

From the definition of uniform continuity, we have

∀ε > 0,∃δ > 0 such that ∀t1, t2 satisfied |t1 − t2| < δ then∣∣∣cos√7t1 − cos
√
7t2

∣∣∣ < ε.

Applying Kronecker’s theorem[6, Chapter XXIII] for δ > 0, β = 0, α =
√
7 then there exists

p, q rational numbers such that ∣∣∣√7p− q
∣∣∣ < δ.

Can assume 0 < p, q are odd positive numbers. Then∣∣g(p) + 2
∣∣ < ε.
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Thus, inf
t>0

g(t) = −2.

Show that the minimum of g on (0,∞) does not exist.

Suppose, for the contrary, that the minimum of g on (0,∞) exists; then min
t>0

g(t) = −2. This

is equivalent to say that the system: cos t = −1, cos(
√
7t) = −1 has a solution on (0,∞).

Hence, there are positive integer m,n such that
√
7+2m

√
7 = 1+2n; this is a contradiction.

Therefore, there does not exist tmin such that g(tmin) = −2. We can also apply Proposition

2 to obtain this fact. □

This example can be generalized as Proposition 2.

4. conclusion

In this work, we present some results on quantum speed limit:

inf
t>0

F(ρ, ρt),

where ρt = exp(−itH)ρ exp(itH) and where F is the inner product or a fidelity intro-

duced in [10]. Specifically, we provide a necessary and sufficient condition under which

inf
t>0

F(ρ, ρt) = F(ρ, ρtmin
), where the infimum is attained at the minimal time tmin such that

exp iλj − λktmin = −1 for all distinct eigenvalues Λj, λk of H, see Theorem 1, Proposition

3 and 4 for details. As a consequence, when the eigenvalue differences of H is either zero

or a positive number α then tmin = π/α, see Corollary 1. In particular, when H is a 2 × 2

matrix, the eigenvalues of H automatically satisfy this condition and so the main result of

[14] become a special case of this corollary.

In the case where all eigenvalue differences of H are all rational numbers, we provide an

equivalent condition under which the minimal time tmin exists. In this case, we also compute

the exact minimal time; see Corollary 3 and 4.

On the other hand, if the eigenvalue differences of H are independent over the rational num-

bers, we show that the infimum inf
t>0

F(ρ, ρt) exists, although the minimal time tmin may not;

see Proposition 2.

As an application of the above result to the low-dimensional case 3× 3, we can compute the

minimal time tmin when the eigenvalues of H form an arithmetic progression, see Proposi-

tion 5, along with some interesting examples and counterexamples that illustrate the results

above; see Example 3, 4 and 5.
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