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Abstract. There are the papers devoted to the investigation of solutions of Navier-
Stokes equations (see, eg., [1-3] ). In this publication the mixed problems for the

Navier- Stokes equations are considered.

1. Introduction

Let GG be an open set in R" with the boundary 0G. The Navier-Stokes

equations describe the motion of an incompressible fluid are given by (see

(21, [4])

8uk - 8uk 8]9
E : : —vA — = Q 1
ot + — (o (9:1;‘]- VAU + Dy fk(:c,t), (l’,t) € ( )

divu = 0, (z,t) € Q, (2)

here u(x,t) = (ug(x,t)) is the velocity vector and p(x, t) is the pressure of
the fluid, f(xz,t) = (fx(z,t)),k = 1,n, is the externally applied force, v

is viscosity coefficient, 2 = G x (0, c0).

We will consider the following mixed problems: in addition to (1), (2)
on {2, one requires the initial conditions
up |i—o = au’(z), divu(z,0) = 0,z € G, (3)
and the boundary condition
up |r = a;U (1), (4)
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or
0
e = aflP (1), (5)

here I' = 0G x (0,00),al(l = 0,1,2;k = 1,n) being the constants.

2. The solution of mixed problems

Consider now the generalized solutions of the problems (1), (2), (3), (4)
and (1), (2), (3), (5). Let p(z,t) € 2 (), () being the Schwartz's space
of test functions on 2 (see [5]). Multiplying equation (1) by ¢, integrating

the result over () and taking into account (2) we obtain

/ <8uk Louy op*

t)dt =
Jaxj axk> (P(xa )
Rn+1

/ fkgodxdtJr/uk(x 0)e(z,0) d:z:—l—/ //Vukagpdsdt 6)

Rnt+l 0 oG 0 oG

Note that by [6- 8] the solutions uy(x,t) of the system (1), (2) satisfy

the equalities (except for special cases which were discussed in [7], [8]):
- 8
< “k >:0,¢€@(R”“).

The integrals on the right-hand side (6) can be written in the forms of

simple layers

(ug(z,0) x 0(t), p(x,t)) = /uk(a: 0)e(x,0)dx

((5)ae)= ]

o(x, t)dsdt

0 oG
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and the double layer (with density u;(z,t))

0
<—V% (ugér) , > //Vuk x, t 871 )d dt

0 0G

here dr being the surface distribution (see [5]).

Thus from (6) one has:
8uk

= i oo xs(o)+ (v ) bt ui)

where u}’;, f being distributions extended from wy, f; by zero onto (2~ =

RO,

Then, by the propositions 3 (sec. 3.2. [6]) and propos. 1 (sec. 2, [7]),

we consider the potentials of a simple layer: v} = alE * [u’(z) x §(t)],

a *
v = —2F % (1/ (9u ) dr, and the potential of a double layer: v! = —2F x

n

- (u*ér), where

0(t) { |wl2}
E(x,t) = ————exp 7
00 = o O 7)
here () being the Heaviside (unit) function.
One has
vmxw=/ﬁﬂmem—%w@, 5)
oui(y, T
vi(z, 1) —2// D T B(x -yt dS,dr, 9
{ — —7) 0
0 9G
t
OE(x —y,t —
vp(z,t) = —2//Vu2(y,7') (r—v. T)dSydT, (10)
on,,
0 0G



and

E(z,t) — d(x),t — +0, in ' (R"), (11)
/E(x,t)dx =1,t >0, (12)
Rn

here .#/(R") being the space of temperate distributions.

Next we will show that using the potentials one can find the solutions

of initial boundary problems.

For simplicity of presentation let f; = 0, p(x,t) = h(t) (h(t) being an

arbitrary function) and
Q=R (z)xRy(t) = {(z,t) : —00 < 1; < +00,i = 1,2,23 > 0, > 0}.
2.1. The mixed problem (1)-(4)

In this case

['={(x,t): —00 < x1,29 < 400,23 =0, > 0}

then
OF(x1 — — t—
vi(z, 1) = _Q/V“k(yﬁ) R
8553
—+00 +00
aj3a’llf / € 4Vt ™) d //Ul (wl_yi)i:("v?—yzﬂd d (13)
T Y, Y2, T T Yy1ays,
(47TV)3/2 t — 7— 5/2
0 —00 —00
) 00 _ﬁ +00 400 -
x36 4vTt _y1+y2 .
0 —00 —00



Hence,

lim Uk(:U t) = apU' (z1, 29, 1), (14)
I ) = 0. 15
,m e, v, ) (15)

Continue now the function u% onto
R (z) = {2 : —00 < x1, 73 < +00,23 < 0}
by putting

u (w1, 29, —73) = —u’ (w1, 79, 73), 7 € R3..

Then one can write the potential v° (8) in the form

_ (z1-y1) %+ (o —y2) 2+ (23 —v3)?
vz, t) = — =5 /dyl/dm/ (Y1, Y2, y3) [e awt
47T1/t
(z-y)?

21 —y1) %+ (2o —y2) 2 +(z3+y3)

_e 4vt :| dyB (16)

By (11), (12) and (16) one has

tlimo vp(x,t) = aju’(z),z € R (17)
hmov,‘g(x, t) = 0. (18)
T3—

Consider now the functions
1

N
up(x,t) = Zakvl (x,t) Zakal x,t),k=1,2,3, (19)
1=0 1=0

where G(x,t) being the functions defined by (4) in [8],

OO
_ (1= + (o —y9)* +(z3—y3)?
178 (x,t) = /dyl/dyg/ vt -
47wt (dmt)*?

(1 -y1)%+(z2—y2) +(ﬂv3+yg)2

—e~ vt ] dy3
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—+00 +00

T3 e 4”@ 7) _ (@1-51) % +(wg—y9)?
Viz,t) = / 5/2d7/ /Ul Y1, Y2, T v dydys,

(47w)3/2 K
", 0G " 0G
ah=—"L=0y =L =01, m=0,1,1 # m. (20)
éh'k 81};
k=1 =1

It is easy to verify that the functions u(x,t) defined by (19) and (20)
satisfy the system (1), (2) and the conditions (3), (4).

Thus, we obtain the following.

Theorem 1. Let f(x,t) = 0 and the given functions ul)(z), U (z,t) satisfy
the conditions (20). Then there exist the solutions (p,u) of the problems
(1)-(4), where p(x,t) = h(t) (h(t) being an arbitrary function) and the
velocity vector u(x,t) can be represented in the form (19) of a sum of two

potentials (16) and (13).

By this theorem and the proposition 2 in [8] (sec. 2) , we get immedi-

ately the following.

Corollary 1. Let the external force f(x,t) be identically zero and let the
initial and boundary conditions ((3) and (4)) do not satisfy the conditions
(20). Then there exist no solutions (p, ) of the problems (1)-(4) (except for

special cases which were discussed in [6-8]).
Remark

1Y, Let, in (20), Gi(z) = G, <Z bé.xj>. Then, the conditions (20)
j=1



have the form

> apbl =0, af'by, =0,1,m=0,1,1#m. (21)
1 k=1

k=

20_If the initial and boundary conditions have the form

N M
Ukl = ZaoniO(:c), uglp = ZailU}(aZ,t), k=1,nN,M>2
i=1 j=1

and p = p(z,t), the mixed problem is analogously considered.
Example 1.

Let

3
Q= {(m,t) r—00 <z < 00,0 < ijxj < +oo,t>0}.
j=1

Initial condition:
3

up(z,t)],_y = al, —00 < T, Ty, 3 < +00,0 < ijxj < 400, (22)
j=1
and the boundary condition:
ug | 3 = a}c, —00 < T1, T2, x3 < +00,t >0 (23)
Z bja:j:O
j=1

here al,b;, (k=1,2,3,1=0,1,j = 1,2,3) being the constants:

By (8), (10) and (19), the solution (p, u) has the form
p(z,t) = h(t),

3 3
Zlbjmj Zlbj@"j
J]= J]=

7 + a,lf 1—0¢

5 ; 1/2
<4V > b?t) <41/ 3 b?t)
=1 i j=1 |

ug(x,t) = aggb




where, by (21), the constants ai: and b; (bjo = bj1 = b;) satisfy the condi-

tions:
> apby =0,1=0,1
k=1

and ¢(z) being the error integral:

o(z) = %/zeo‘zdoz.
0

For example

Then, one has the solution:

plz,t) = h(t),
1y —
ul(xat) - u2($,t) =2—-29 <x1(12ji)1/2x3> )
T+ T9g — T3
ug(x,t) =4 — 2¢ ( 120" > :

If the given constants in (22) and (23) do not satisfy the condition (20):
ad =1,a) = 1,ag =201 = 2,a3 = 2,@% =3,00 =1, =1,b5 = —1
then, in this case, there exist no solutions (p,u), (u Z constant ) of the
problem (1)-(4).

2. 2. The mixed problem (1)-(3), (5)

Let

['={(z,t): —00 < 21,29 < 400,23 =0,t > 0} .
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Then, by (9) and (5) one has

U%(%, t) = —21/&%C / U2(y1, Yo, T)E(x1 — y1, 2 — Yo, T3, t — T)dy1dyedr

T
(24)
902 2 Tt >
Ok a;x3 e W) / / 9 (- e —y2)?
= d U ( W= dyrd
3:1:3 (47‘(‘V)3/2 / 5/2 T yl Y2, T y1ay?2
0 —00 —00
Hence,
T 2072 £),k=1,2,3 (25)
im — =a T, =
250 81’3 k 1, 42,0), g Ly Dy
th—H>10 vi(z,t) = 0,7 € R:. (26)
Continue the function u}(z) onto R? by putting
u (w1, 29, —x3) = up (21, T2, 73), 7 € R3.
Then one may write the potential v?(z,¢) (8) in the form
0
vp(x,t) — = / dy1 / dys / (Y1, Y2, y3) ¥
47wt
y 67(301—y1)2+(w2;;éz)2+($3—y3)2 X e(961—1/1)2-5-(%24—512)2+(w3+y3)2] dyg (27)
By (8), (11) and (27) one has:
tlimo vp(z,t) = afu’(x),z € R3, (28)
o)
lim —% =0, —00 < 21,23 < +00,t > 0. (29)
z3—0 0T3
Consider now the functions
up(z,t) = v) + vk = Z at Ve, t), k=1,2,3, (30)

1=0,2
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where

| o0 0 +00
0 _ 0
V) = [an [an [
—00 —00 0
_ (@1=y1)?+ (@a-vy2)* +(23-v3)* _ (@1=y) +(@y—y9) + (w3 +y3)?
X le vt + e vt dyg
9y t “+o00 400 R o 242
z1—y1)"+(z2—y2)" +23
VE(x,t) = Y >3/2/ T / / (1,92, 7 =) dyrdys,
%
0 —00 —00
3
ov'! ov'!
Zaga—xk:o, a?axk 0,[,m=0,2,1 #m. (31)
k=1

One can verify that the functions u(z,t) defined by (30) and (31) satisfy
the system (1), (2) and the conditions (3), (5).

Thus, we obtain the following.

Theorem 2. Let f(x,t) = 0 and the given functions ul)(z), U*(z,t) satisfy
the conditions (31). Then there exist the solutions (p,u) of the problem
(1)-(3), (5), where p = h(t) and the velocity ui(z,t) can be represented in
the form (30) of a sum of two potentials (27) and (24).

By this theorem and the proposition 2 in [8] (sec. 2), we get immediately

the following.

Corollary 2. Let f(x,t) = 0 and let the initial and boundary conditions
((3) and (5)) do not satisfy the conditions (31). Then there exists no solu-
tion (p,u) of the problem (1)-(3), (5) (except for special cases which were
discussed in [6-8]) .

Remark. Let, in (31), Vi(z) = V! (Z bé-:q). Then the conditions (31)



have form:

3 3
> apbl =0, ap't, =0,1,m = 0,2, #m. (32)
k=1 k=1

Example 2.

Initial condition:
up(z, 1) [1—0 = ay, —00 < a1, 29 < 400,23 >0,k =1,2,3

and the boundary condition

8uk

uy

= —a%,—oo < x1,x9 < +00,t > 0.

56320

By (30), (27) and (24), the solution (p,u) has the form (bé- = bl =
0,2,b1 = b2 = O,b3 = 1)
p = h(t)

dpt\ V2 _ a3 T3
7 e 4wt — 13 + :U3¢ (4]/'[:)1/2 73337-[: Z 0

where af and a? satisfy the conditions (32).

0 2
up = aj, + aj,
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