Global infimum of strictly convex quadratic functions

with bounded perturbation
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Abstract The problem of minimizing f = f+p over some convex subset of a Euclidean
space is investigated, where f(z) = 27 Az + bTx is a strictly convex quadratic function
and |p| is only assumed to be bounded by some positive number s. It is shown that the
function f is strictly outer ~v-convex for any v > v*, where v* is determined by s and the
smallest eigenvalue of A. As consequence, a ~y*-local minimal solution of f is its global
minimal solution and the diameter of the set of global minimal solutions of f is less than
or equal to v*. Especially, the distance between the global minimal solution of f and any
global minimal solution of f is less than or equal to v*/2. This property is used to prove

the rough support property of f and some generalized optimality conditions.
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1 Introduction

Throughout this paper, (R”, ||-||) is the n-dimensional Euclidean space and D is a convex
subset of R™, which is not necessarily closed.

Let f: R™ — R be a strictly convex quadratic function defined by

f(z) :=2T Az 4 bT 2, (1.1)
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where A is a symmetric positive definite n-by-n matrix and b € R”. Traditionally, the

quadratic convex programming problem
(P) minimize f(z) subject toz € D,

was often investigated, in particular, when D is a polyhedral set. In this paper, we are

interested in the problem

(P) minimize f(z) := f(x) 4+ p(z) subject tox € D,
where p : D — R is only assumed to be bounded by some finite number s, i.e.,

sup |p(z)] < s < +o0. (1.2)
zeD

Why do we study this problem? Obviously, the class of (P) is essentially larger and
formally contains the classical class of (P), while corresponding properties seem to be quite
different. This is an ordinary reason to do research, at least from theoretical point of view.
But it is not the only incentive. Let us explain some practical reasons.

A familiar scenario is that f is some original objective function and p is some pertur-
bation. p may comprise additional (deterministic or random) influences to the objective
function and errors caused by modeling, measurement, calculation, etc. The particular
point is that we restrict ourself to consider only bounded perturbation. This restriction
is weak enough to be satisfied by several relevant problems as illustrated by the following
two examples.

One of the most prominent applications of quadratic programming is portfolio se-
lection, which was formulated firstly by Markowitz (1952, 1959). A possible problem
statement is to allocate capital over n available assets in order to minimize the risk and to
maximize the return, i.e., to find a ratio vector z € {z = (21, 22,...,2,) | Doy xi = 1}
which minimizes f(x) = wz? Yo — pT'x, where @ is the risk aversion parameter, ¥ is the
n-by-n covariance matrix, and p € R” is the expected return. Since ¥ and p are usually

not determined exactly but only approximated by ¥ and 5, one has to minimize

f(x) =waTSx — pTz = f(x) + p(x), where p(z) = wzl (X — )z — (p—p)T .
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Assume that short sales are not allowed, i.e., z; > 0 for ¢ = 1,2,...,n, then the feasible
set D is bounded and, therefore, perturbation p is bounded on D, too. In general, the
boundedness of perturbation p is guaranteed whenever D is bounded and p is continuous,

that is valid for many practical problems.

A further example for bounded perturbation appears always when solving any op-
timization problem (P) by computers. Since most of real numbers cannot be exactly
represented and computed by computers, for most of 2 € D the value f(z) = 27 Az + b1z
cannot be exactly computed but only approximated by some floating-point number f (z),
and the corresponding function f is neither convex nor quadratic, even not continuous.
Then the function p(z) = f(z) — f(x) describes the computing errors, which may be rather
wild, but it is reasonable to assume that these computing errors are bounded by some up-
per bound s, which can be estimated. Moreover, by using longer floating-point numbers

and/or better algorithms, one can reduce the upper bound s.

Another significant and opposite scenario is that f is the proper objective function
and f is the idealized or substituted objective function. In fact, many functions expressing
some practical goals are assumed to be convex or quadratic, or to have some favorable
properties which were already intensively investigated or which are more easily to study,
but it is actually not the case. This fact was discussed in Phu and Bock and Pickenhain
(2000). In such a situation, p(z) = f(x) — f(x) is the correcting term, which may be
assumed to be bounded (at least on the feasible set) by some sufficiently small positive
number s, since if |p(x)| is too large, then the substitution may fail to be suitable.

To explain it here, let us mention the often studied problem of economic power dis-
patch, whose task is to allocate amounts of electric power to thermal units of generation
such that the total generation costs are minimal, while an electric power demand is met
and restrictions for the power output of each unit are satisfied. It is often assumed that
the total cost function is quadratic and strictly convex, even if this objective function con-
tains only fuel cost, or also other costs like load-following cost, spinning-reserve cost and
supplemental-reserve cost, or if emission and transmission loss are taken into account (see
for instance van den Bosch and Lootsma (1987), Danaraj and Gajendran (2005), Guddat
and Rohmisch and Schultz (1992), Zhu and Tomsovic (2007)). Of course, this assumption
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is a strong idealization. The real costs may be neither absolutely quadratic and nor strictly
convex, i.e., some bounded correcting term p is actually necessary. In particular, if valve-
point effect is considered, the quadratic cost function must be rectified by the sum of finite
number of sinusoidal functions (see for instance Al-Othman and Al-Sumait and Sykulski
(2007), Walters and Sheble (1993), Wood and Wollenberg (1984)). This correcting term

is obviously bounded.

For the sake of shortness, we often call p as perturbation (although it is not its only
possible role as explained above), f as perturbed function and (P) as perturbed problem.

Indeed, they are just lent terminology and do not always have the exact meaning as usual.

What could be essentially new in researching (P)? This question is eligible because
there were already many contributions to the area of sensitivity analysis, both to convex
and quadratic programming problems. A common characteristic of many earlier works
is that perturbations do not change typical properties of original problems. For instance,
perturbed convex programs remain convex as in Canovas et al. (2008), Klatte (1979, 1997),
Kummer (1984), Schultz (1984, 1988), Singer (1981), Trudzik (1985), Zlobec (1983), Zlobec
et al. (1982), and quadratic programs remain quadratic as in Daniel (1973), Lee et al.
(2005, 2006), Mirnia and Ghaffari-Hadigheh (2007), Phu (2007b), Phu and Yen (2001). In
contrast, in this paper the perturbed function f is neither convex nor quadratic, although
the unperturbed function f is strictly convex and quadratic. Moreover, because of the
merely bounded perturbation p, f might be nowhere continuous. It seems to be that
nothing could be done then. Our aim is to show the contrary.

In Section 2 we show that the convexity of f is not completely lost due to the bounded
perturbation p, but some trace still remains in form of rough convexity of f. Using the

quantity
¥ = 24/25/Amin, (1.3)

where A, is the smallest eigenvalue of A, Proposition 2.2 points out that f=f+pis
outer vy-convex for any v > v* and strictly outer vy-convex for any v > ~*.
Section 3 is devoted to some resulting properties. Similarly to the property of con-

vex functions that a local minimizer is global minimizer, Proposition 3.1 says that a ~*-
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minimizer ©* € D of (P) defined by

fl@®)=_inf  f(z)
xz€B(z*,y*)ND

is a global minimizer, i.e.,

5o — inf F
f(a¥) = inf f(z),
and a local v*-infimizer x* € D defined by

liminf,ep, g e fz) = inf f(z) for some e > 0
r€B(z*,y*+e)ND

is a global infimizer, i.e.,

liminf,ep, per f(z) = xlgg f(@).

Note that there is little hope for (P) to have minimizers, since p is only assumed to
be bounded. Therefore, we take infimizers into consideration in addition to minimizers.
Obviously, each minimizer is a infimizer.

Correspondingly to the uniqueness of global minimizer of strictly convex functions,
Propositions 3.2-3.3 say that the diameter of the set of global minimizers or of global
infimizers of (P) cannot be greater that ~*.

Proposition 3.4 points out that the distance between the global minimizer of (P) and
any global infimizer of (P) cannot exceed v*/2. Due to (1.3), this distance converges to
zero if s tends to zero.

In Section 4, Proposition 3.4 is applied to prove the rough support property of f
(Proposition 4.1) and two optimality conditions for Problem (P) (Propositions 4.2-4.3).

It is worth emphasizing that, beside studying the distance between minimal solutions
of (P) and the minimal solution of (P) in Proposition 3.4, as usually done in traditional
sensitivity analysis, the rest of this paper is for investigating other properties of Problem
(P) as goal object by using Problem (P) as auxiliary means. This task is essential for the
scenario where f is the proper objective function and f is the substituted function and p

is the correcting term.

2 Outer y-convexity of perturbed function
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In this section we show that, despite the unruly perturbation p, the perturbed function
f is still roughly convex in the following sense. f: D — R is said to be outer y-convex
(resp. strictly outer y-conver) w.r.t. roughness degree v > 0 if for all zg, x; € D satisfying

|zo — z1|| > v there is a closed subset A C [0, 1] containing {0, 1} such that

[0, 21] C {(1 = XNz + A1 | A € A} + B(0,7/2) (2.1)

and
YA€ A: F((1—Nzo+ Azr) < (1= N) f(zo) + Mf(z1) (2.2)

resp.
YA€ AN\ {0,1} 1 F((1 = Nz + Az1) < (1= N f(zo) + Af (). (2.3)

As usual, B(z,r) and B(z,r) denote the open ball or the closed ball, resp., with radius r

centered at x € R™, and
[a:o,xl] = {(1 - )\)1'0 + Az ’ A E [0, 1]}

Note that the above kinds of rough convexity were introduced in Phu and An (1999) and
in Phu (2003, 2008).
The key of our investigation is the convexity modulus of f defined by

o=t (G0 fe) - G )) . 2a)

zo, 1 ER™, ||zo—21||="7
where v € Ry. This modulus was introduced in Phu (2007a) for general convex functions,
where the infimum was subject only to g, 1 € D. In contrary, here we take all zg, ;1 € R”
into account. As an advantage, h; is easier to determine, independently on the form of D.

Applying definition to quadratic functions, we get the following.

Proposition 2.1 Let Ay, be the smallest eigenvalue of the symmetric positive definite

matriz A and f : R™ — R be defined by (1.1). Then

1
hi() = 1 Amin 72 for v € R.. (2.5)

Proof (2.4) implies immediately hi(0) = 0. Hence, we only have to consider an arbitrary

v > 0. Let xg and z; be any vectors in R" satisfying ||zo — z1|| = 7. By the spectral
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theorem, there is an orthonormal basis {eq, ea, ..., e, } of R™ consisting of unit eigenvectors

of A, i.e.,
Aei = Aiei, HezH =1 fori= 1727- <N,

e;fpej =0 fori#j,

where A1, A2, ..., A\, are the corresponding real eigenvalues. Let

n n
To = E Hoi €,  T1 = E M4 €.

Then To —I1 = Z?:l(,u()i — ,uh) €; and

n

7= xo —a|? = Z(Moz' — p1i)?
i=1

%(f(fco) + f(z1)) — f(%(ﬂfo + 1)) = 1(:coTAxo + 2] Azy) — }l(l’o +21)T Az + 1)

2
1

= Z(ngIEQ + 2t Az — 228 Axy)
1

= Z(aco —2) T A(zg — 21)

1 n
= 1 Z(Mm‘ - M1i)2/\z’~
i=1
Note that the linear component b’ z vanishes in the above calculation since
L7 T 7l
§(b To + b I‘l) —b (5(330 + $1)) = 0.

For A\pin = min{A1, Ao, ..., A\, }, we have

n
1
Amin E (,um' - ,uu)Q = Z/\min72~
i=1

A

1 1
5 ([(@o) + f(21)) = F (5 (w0 +21)) >

In particular, if £y — 21 is equal to the unit eigenvector corresponding to the eigenvalue

Amin then
5 (o) + £(1) = F (5 (w0 + 1)) = 3 Aminr”
Hence,
me) =, it (G0 ) = F et ) ) = A
z0, 21 ER™, |lzo—z1[|=7 \ 2 2 4
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i.e., (2.5) is true. O
For instance, let A = I, where [ is the unit matrix, then all eigenvalues are equal
to 1. Hence, hi(y) = 172 This result coincides with the one in Phu (2007a), where
(@) = [|l=[1%.
Since A is positive definite, we have Ay, > 0. Therefore, hi(vy) > 0 for v > 0.

We will use the convexity modulus h; in the proof of the next statement .

Proposition 2.2 Let v* = 2(25/Amin)*/2. Then f = f+p is outer vy-convez for any

v > ~* and strictly outer y-convex for any vy > y*.

Proof Due to Proposition 8 in Phu (2007a), f is outer y-convex if |p(z)| < s < hy(vy)/2
for all x € D. By Proposition 2.1, this sufficient condition means

1
25 < hi(y) = 1 >‘min727

i.e., v > 2(25/Amin)"/? = v*. Furthermore, by Proposition 9 in Phu (2007a), f is strictly
outer y-convex if |p(x)| < s < hy(y)/2 for all x € D. This sufficient condition is fulfilled if
v > . ]

Note that, for function f considered in this paper, f is strictly outer y-convex for any
v > v*. But, for shortness, we apply directly Proposition 9 in Phu (2007a) to get a weaker
statement, which, nevertheless, does not affect our main results formulated later.

f = f + p may be no more outer y-convex for v < v*. To see it, for an arbitrary pair
of fixed positive numbers v and v* satisfying v < v*, consider the example

f(z) = az? z € R,

(z) = s for |z| <v/2, (2.6)
PI= =5 for |z| > /2,

and D = R, where a > 0 and s = ay*?/8. Obviously, Amin = @, sup,cg |[p(z)| = s and
v = 24/2s/a, i.e., the given value ~* fulfills (1.3). Let zp = —x1 = (y +~*)/4. Then
|zg — 21| = (v +7v%)/2 > v and, for all A € [0, 1], there holds

(1= A f(wo) + Af(a1) = flzo) = aly +77)?/16 — s < ay** /4 —s = 5.

On the other hand,

f((1 = XN)zo+ Ax1) > s whenever (1 — N)xg + \xy € [—7/2,7v/2].
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Hence, there exists no closed subset A C [0, 1] containing {0, 1} such that (2.1)—(2.2) are
fulfilled, i.e., f is not outer y-convex.

An important property of convex functions is that their lower level sets are convex.
Similarly, each lower level set Lo(f) = {z € D | f(z) < a} of f is outer y-convex for any
v > 7%, ie., for all 2o, 21 € Lo(f) there exists a closed subset A C [0,1] containing {0, 1}
such that {zy | A € A} C Lo (f) and [zg,21] C {zx | A € A} + B(0,7/2). This fact follows

from Proposition 3.2 from Phu and An (1999) and Proposition 2.2.

3 Global infimizers

One of the most important properties of convex functions is that local minimum is global

minimum. For outer y-convex functions, this property is modified as follows.

Proposition 3.1

(a) If f(z*) = inf e 5o )0 f(x) then f(x*) =inf.cp f(x). (This property says that a
v*-minimum is a global minimum.)

(b) If there exists an &€ > 0 such that liminf,_ .- f(z) = infeeB(ar v +e)nD f(z) then
lim infxﬂx*f(ac) =inf,ep f(w) (This property says that a local v*-infimum is a global

Proposition 3.1 follows immediately from Proposition 4.2 of Phu and An (1999) and
Proposition 2.2.

Note that if f(z*) = inf e gz 4)nD f(z) holds only for some vy < 4* then f(z*) >
infyep f (x) is possible. To see it, for an arbitrary pair of fixed positive numbers v and ~*

satisfying v < v*, let us modify example (2.6) as follows:

f(z) = az?, z € R,

—s forz < —v*/2,
plx)=<s for —*/2 <x <~/2,
—s for x > v/2,

and D = R, where a > 0 and s = ay*?/8. There hold Apin = a, sup,cg |p(z)| = s and
v* =24/2s/a, i.e., the given value v* fulfills (1.3). Moreover, we have

f(=r/2)=ay? /A —ay? /8 =
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and

f(z)>s forall z €] —o00,v/2]

while
F(v/2) = av? /4 — ay*? /8 < s,

which yields

fer= b F@)=s>f(/2) 2 o f@).

A crucial property of strictly convex functions is that they have at most one minimizer,
which plays an important role for proving the continuous dependence of minimal solutions
on problem parameter or the continuity of optimal control functions. On contrary, strictly
outer vy-convex functions may have a lot of global minimizers, i.e., the uniqueness of their
minimizer fails. However it does not disappear completely but is still maintained in the

following form.

Proposition 3.2 Let xf and x7 be two arbitrary global minimizers of Problem (P). Then

g — 23] <~

Proof Due to Proposition 2.2, f is strictly outer y-convex for any v > ~*. By definition,
a strictly outer vy-convex function is strictly y-convexlike, i.e., for all zg,z; € D satisfying

|zo — x1|| > v there exists A €]0,1[ such that

F((1 = Nao + Azn) < (1= A)f(w0) + Af (1).

Therefore, due to Proposition 2.2 from Phu (2003), ||z§ — z7]| < 7 holds for any pair =
and z7 of global minimizers of Problem (P) and any v > «v*, which yields immediately
[ — @7 <~ ]

Due to Proposition 3.2, the diameter of the set of global minimizers of (P) is less than

or equal to y*. This result is sharp, as shown by the example

(z) = s for |z| < ~v*/2, (3.1)
PREI= =5 for |z] > /2,
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and D = R, where a > 0. There hold v* = 2,/2s/a and

F(=y*/2) = f(v*/2) = s < f(a) for all z € D,

ie, xy = —v*/2 and ] = 7v*/2 are two global minimizers of (P) while ||zf — z7|| = v*.
Since the perturbation p is only assumed to be bounded without any other analytical
properties, it is very likely that f = f+p has no global minimizer but only global infimizers.
Therefore, it is worth having a similar bound for the distance between global infimizers of
f . Normally, the strict outer «-convexity is not enough for our purpose, since the diameter
of the set of global infimizers of a strictly outer v-convex function may be infinity. But,

for the considered f, we can prove the following.

Proposition 3.3 Let xf and x} be two arbitrary global infimizers of Problem (P). Then
[ — @il <~
Proof Let

p(x) = liminfyrep, o up(a’) (3.2)

denote the lower semicontinuous hull of p and

o:= inf (f(z)+p(x)) — inf (f(z)+ p(z)). (3.3)

€D z€D
Since p(z) > p(x) for all x € D, there holds ¢ > 0. To show o = 0, assume the contrary
that 0 > 0. Then (3.3) implies that there is a y € D satisfying
f(y) +ply) < inf (f(z) +p(x)) +0/2

= Inf (f(x) + p(2)) —o/2.

(3.4)

Since f is continuous, we can choose a neighborhood U (y) of y such that f(x) < f(y)+o/4
for all z € U(y) N D. Due to (3.2), we can find a z € U(y) N D with p(z) < p(y) + o /4. By
adding together, we get

f(2)+p(2) < fy) +p(y) +0/2.
Combining with (3.4) yields
f(2) +p(2) < int (f(z) +p(@)),
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in contradiction. Hence, 0 must be equal to 0, i.e.,

inf (f(z)+p(z)) = inf (f(z)+ p(z)). (3.5)

x€D zeD

Let 2* be a global infimizer of f = f 4 p. Since f is continuous, it follows from (3.2) that

xlélg f(z) =liminf,ep e (f(2) + p())

= f(l’*) + lim infxED,a:—w*p(m)
= f(@") + p(x").
Combining with (3.5), we get

inf (f(z)+p(x)) = f(z*) + p(z*).

reD

Hence, each global infimizer of f is a global minimizer of f + p, i.e., x and z] are global
minimizers of f + p subject to x € D. Since
sup [p(z)] < sup |p(z)] < s,

applying Proposition 3.2 to f + p we get ||z§ — x| < ~*. O

Due to Proposition 3.3, the diameter of the set of global infimizers of (P) is less than
or equal to v*. Since each global minimizer is a global infimizer, example (3.1) shows that
this estimation is sharp.

It is a crucial question to ask after the distance between an arbitrary global infimizer

of (P) and the unique global minimizer of (P) (if any). The answer can be found in the

following.

Proposition 3.4 Let z* be the minimizer of Problem (P) and * be any global infimizer

of Problem (P). Then ||z* — Z*| < ~v*/2.

Proof Let e € R™, |le|| =1, z* +te € D for all t € [0,¢[ and some € > 0. Then
flx* +te) = e Aet? + (2Ax* + b) et + 2*T Ax* +bT "
Since f(z*) = inf,cp f(x), there holds
d * * T
Ef(.r +te)|i—o = (2Az™ +b)" e > 0.
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Consequently, for any 7 > 0, we have
flz* +71e)+ f(z" —Te) = (eTAe7'2 + 24z + b)Ter + 2T Az* + bez:*)
+ (" Aer? — (24z* + b)Ter + 2" Ax* + b z*)
= 2(eTAe7'2 + T Ax* + bTx*)
=2(f(z* +7e) — (2Az* + b)Ter)
<2 f(z" +7e),

which implies by (2.4) that

f@ﬁ+r@—f@fﬁz%U@ﬁ+T@+f@ﬁ_T@)_f@ﬂ
. 1 1
> xovwle]R”,lﬁlfO_mw:QT (§(f(1'0) + f(l'l)) — f(§(5170 + 5131)))
- h1(27')

(Note that if the infimum in (2.4) were subject only to xg, x1 € D like in Phu (2007a) then
the above derivation were not correct since maybe z* — e € D even for z*, z* 4+ 1e € D.)
Hence, if * + 7e € D then (1.2)—(1.3) and (2.5) yield
P + ) — fa®) = F(@" + re) + p(a™ + 7€) — f(a™) — p(a”)
> h1(27) — 2
= AminT” = Aminy"/4
= Amin (7’2 — 7*2/4).
Now assume by contradiction that w := ||z*—Z*||—v*/2 > 0, then for all x € DNB(Z*,w/2)

we have . . .
|z — 2| > [|la" — 27| — ||z — 27|
> ||z* — || — w/2
]' *

Consequently, by applying (3.6) for ¢ = ||z — 2*||"}(z — 2*) and 7 = ||z — z*||, we get

r* 4+ 7e = x and

fa) = Fa*) 2 Amin (e = 27 [P = 272/4)
> Awin (3 (@ +7°) = 7°2/4)

1
= Amin w(w + 297)
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for all x € DN B(Z*,w/2). This implies immediately
liminf,ep, pax f(x) > f(2¥) + 1 Amin W(w + 29%) > f(z¥),

which conflicts with liminf,ep , .3+ f(z) = infzep f(x). Thus, ||z* — Z*|| < ~v*/2 must be
true. L

The estimation ||z* — Z*|| < v*/2 in Proposition 3.4 is sharp. To see it, just consider
(3.1) once again. For this example, z* = 0 is the only global minimizer of f(z) = ax?,
5 = —v*/2 and Z} = 7*/2 are two global minimizers (that means also global infimizers)
of f = f +pover D =R, and there holds ||z* — &}|| = [|lz* — %] = v*/2.

Since v* = 2(23/)\min)1/2 and Apin > 0, ||z* — Z*|| < 7*/2 implies that the distance
|x* —Z*|| between the minimizer z* of Problem (P) and any global infimizer #* of Problem
(f’) converges to zero if s tends to zero. Even if s does not tend to zero, e.g. in case f is
the proper objective function as explained in the introduction (Section 1), the estimation

|z* — &*|| < ~*/2 in Proposition 3.4 is nevertheless of interest and useful as shown in the

next section.

4 Support property and optimality condition

A special feature of convex functions is the following support property: For any convex
function f : R™ — R and any x* € R", there exists a so-called subgradient n € R"
satisfying

f(z) > f(z*) +nT(x —2*) forall z€R", (4.1)

i.e., there exists a linear supporting function g(z) = f(z*) +n’ (z — x*) such that f(z*) =
g(xz*) and f(x) > g(x) for all z € R (see, e.g., Rockafellar 1970). For our considered
convex function f(x) = 2T Az + bT, the only supporting linear function is determined by
its ordinary gradient n = V f(z*) = 2Az* + b.

Because of p, which is only assumed to be bounded by some s < 400, there is no hope
for f = f + p to have this support property. But we show next that the roughly convex

function f also has a rough support property. To this aim, we rewrite (4.1) as

f(z*) —nTa* < f(z) —n'z forall z € R™ (4.2)
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Since such a relation rarely appears for f , we replace the term on the left of (4.2) by

inf  (f(2') —n"a') or min  (f(z') —n"a’)
z'€B(x*,r) x'€B(x*,r)

for some suitable 7 > 0 and the term on the right of (4.2) by f(z) — n7 to get

g%f )(f(x') — T2y < f(x) —nTx forall z € R"
x'eB(x*,r

or

m(in )(f(x') — T2y < f(z) =Tz forall z € R,
' €B(x*,r

which describes the rough support property of f . This was already done for general outer
~-convex functions in Phu (2008). By applying Proposition 3.4, we prove in the following
a better result for the particular function f(z) = 27 Az + b + p(x), where the radius r

is essentially smaller and n € R" is a concrete vector, namely n = 2Ax* + b.

Proposition 4.1 Suppose D = R™. Then, for any z* € R"™ and € > 0, there holds

inf (f(x’) — (2Ax* 4+ b)Tx’> < f(x) — 24z + )T for all x € R"™. (4.3)
z'€B(x*,y*/24¢€)

In particular, if p is lower semicontinuous, then there holds for any x* € R™ that

_min (f(ac’) — (2Az" + b)Tx’> < f(x) — 24z* + )T e forall zeR™ (4.4)
' €B(x*,v*/2)

Note that (4.4) differs from (4.3) not only in replacing “inf” by “min”, but the mini-
mum in (4.4) is taken over the smaller closed ball B(z*,~*/2) while the infimum in (4.3)

is taken over the larger open ball B(z*,v*/2 + ¢).

Proof Let
f(zx) = f(z) — 2Az* + b)T2 = 27 Az — 227 Au.

Then Vf(z*) = 0 € R™. Since f is strictly convex, z* is the only minimizer of f. For

§ 2 sup,egn [P(2)];

2" € {a € R" | f(2) + p(a) < s} C {a € R" | f() < 25},
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because f(z*) = —2*TAz* < 0. Since {z € R | f(z) < 2s} is bounded, {z € R" |
f(x)+p(x) < s} is also bounded and nonempty. Hence, f + p possesses at least one global

infimizer z* € R™, i.e.,
liminf, .z« (f(2") + p(2')) = infyern (f(2) + p(2)). (4.5)

Due to (1.2)-(1.3), the values of v* corresponding to f and to f are the same, namely

v* = 2(25/Amin)*/?. Applying Proposition 3.4 to the function pair f and f + p, we get
|z* —Z*|| < ~v*/2. Therefore,

inf f(x") + p(z") < liminf, .z (f(z") + p(z)), 4.6

g () ) < (Fa) +p(a) (1.6

which along with (4.5) yields

ven L (P +p@)) = it () +p()).
ie.,
m'eB(xig,lg*/ers) (f(@')+p(a") < f(z) +p(z) forall z€R™ (4.7)
By inserting
F@) + () = f(a) - 242" + D)o +p(e) = fla) - Az + D)7z, (43)

in (4.7) we get (4.3) at once.
If p is lower semicontinuous, so is f + p. Therefore, (4.5)(4.6) can be replaced by

f@) +pE*) = inf (f(z')+p(z))

CE/GRn

and

pegmin | (F@) +p() < f(37) + p(3),

which yield

veBa e 2) (F@)+ ) = ot (F) +p()),

ie.,

_min (f(2") +p(a") < f(z) +p(x) foral zeR"™
z’'€B(z*,7*/2)
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Combining with (4.8), we obtain (4.4). O
For lower semicontinuous p we can write (4.4) as follows to get a form more similar

to (4.1): There exists #* € B(z*,v*/2) such that

f(x) > f(@) + 24z* + b)T(x — ") for all z e R".

Next, let us apply Proposition 3.4 to prove two optimality conditions for Problem (P),
where D is defined by

D:={zcR"|clz<d;for1<i<m}, (4.9)

where ¢; € R” and d; € R for 1 < i < m. Firstly, we have the following sufficient condition.

Proposition 4.2 Suppose that D is defined by (4.9), =* € D and there exist Lagrange
multipliers 11 > 0,...,v, >0, such that
2Ax* + b+ vic; =0,
i—zl (4.10)
vi(cFa* —d;) =0 for1<i<m.

(2

Then there is &* € B(z*,~*/2) N D which is a global infimizer of Problem (P).

Proof Due to (4.10), z* is the only global minimizer of Problem (P) (see, e.g., Cottle and
Pang and Stone, 1992). Since f(x) = 27 Az + bTz, A is positive definite, sup,cp, [p(z)| <

s < 400, and D is closed, Problem (P) has at least a global infimizer, say Z*. Proposition
3.4 yields that 7* € B(z*,~v*/2) N D. O
Secondly, let us state a necessary optimality condition for global infimizers of Problem

(P).

Proposition 4.3 Suppose that D is defined by (4.9) and T* € D is a global infimizer of

Problem (P). Then there exist Lagrange multipliers v1 > 0,..., vy > 0, such that

1247* + 0+ > vicill < 2 Amax(25/Amin)* = Amax 7" (4.11)

=1

and, for 1 <i<m,

vi=0 if T3 <d;— (25/Amin)? |lci|- (4.12)
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Proof Since f(x) = 27 Ax +bTx and A is positive definite, Problem (P) possesses exactly

one global minimizer, say z*. Proposition 3.4 implies z* € B(Z*,7*/2) N D, i.e.,
™ = &) < 77/2 = (28/ Manin) % (4.13)

Moreover, by Karush-Kuhn-Tucker condition, there exist Lagrange multipliers 1y > 0, ...,

Vm > 0 satisfying (4.10). Condition 2Az* + b+ Y ;" v;¢; = 0 yields that

1245 + b+ vicil| = |24z + b+ vie; — 24A(2x" — &)

i=1 i=1 (4.14)
=2[|A(z" —z7)]].
By the spectral theorem, there is an orthonormal basis {e1, es, ..., e,} of R consisting of

unit eigenvectors of A such that * — z* = Y | p; e; for suitable y; € R, i =1,2,...,n.

Let A1, Ag,..., A\, be the corresponding real eigenvalues of A, then

Alx™ —3%) = zn:MiAei = zn:/%')\i@i
i=1 i=1

implies

n n
JAGE" = )12 =D iiAF < N D 1 = A 2™ = &%
=1 =1

Combining with (4.13) and (4.14), we get

m
||2Ai'* + b + Z Vici” S 2 )\max(23/)\min)% — )\max '7*7
=1

ie., (4.11).
Assume now ¢7i* < di — (25/Amin)? ||ci|| for some i € {1,2,...,m}. Then (4.13)

yields
ot =5+l (@ = 7)
< di — (28/Amin) ? |lci]] + lles]| |2+ — &
S d’ia

i.e., cl'o* —d; < 0 holds for this i. Hence, v; = 0 follows from condition v;(c2* —d;) = 0

in (4.10), i.e., (4.12) holds true. O
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5 Concluding remarks

1/2 which depends on an upper

The crucial quantity used in this paper is v* = 2(2s/A\min)
bound s of function p and the smallest eigenvalue A, of the positive definite symmetric
matrix A. The upper bound s is assumed to be known. Methods for computing the
smallest eigenvalue Ay, can be read for instance in Crouzeix et al. (1994), Cullum (1978),
Davidson (1975), Jansen et al. (1996), Lanczos (1950), Ma and Zarowski (1995), Sleijpen
and van der Vorst (1996), and Voss (2001). Even for unknown Ay, it is valuable enough to
know that the distance between the minimizer z* of Problem (P) and any global infimizer
Z* of Problem (]5) converges to zero if s tends to zero, as implied by Proposition 3.4.
Similar research is done for minimizing nonquadratic convex functions with bounded

perturbations in Phu (2009). In addition, we also investigate the problem of minimizing

nonconvex quadratic functions with bounded perturbations.
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