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1. Introduction

Let A be a symmetric positive definite n-by-n matrix, b € R™, and
f(z) =2 Az + T2, xcR"™

For a given nonempty convex set D C R", which in not necessarily closed, there arises the

convex quadratic program
(P) minimize f(z) subject toz € D.

Our concern is not the above classical optimization problem, but the following program

(P) minimize f(z) := f(x) 4+ p(z) subject tox € D,
where p : R® — R is only assumed to be bounded by some given parameter s:
sup |p(z)] < s < +o0. (1.1)
x€D
Here, p may describe perturbation or errors caused by measurement, approximation, cal-
culation, etc. or some correction term of modeling error. For shortness, we simply call p
as perturbation and (P) as perturbed problem of (P).

Since the original program (P) is both convex and quadratic and since there are
already many papers dealing with different stability aspects of perturbed convex or/and
quadratic programs, one might ask what is still to do? The first point is that in former
investigations perturbations do not change the form or the main characteristics of the
original programs. That means perturbed convex programs remain convex as in [1], [5],
6], [7], [10], [19], [20], [21], [22], [23], and [24], and perturbed quadratic programs remain
quadratic as in [2], [8], [9], and [17]. In this paper the perturbed program (P) is neither
convex nor quadratic. Moreover, since the perturbation p is only assumed to be bounded
by some given positive parameter s, the perturbed objective function f may be nowhere
continuous, i.e., it may be quite wild from the analytical point of view. The second point
is, beside stability aspects, we also study some other properties of the perturbed program.
In Section 2, we show that, despite of any wild perturbation p satisfying (1.1), the

strict convexity of f does not disappear completely, but the perturbed function f is still
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strictly and roughly convex in the following sense. For some given balanced subset I' C R",
f : R®™ — R is said to be outer I'-convexr on D C R" if for all xg,x1 € D satisfying
xg — 21 € T there is a closed subset A C [0, 1] containing {0, 1} such that

(o, 21] © {(1 = Nao + Azt | Ae A} + %r (1.2)

and

YA e A\ {0,1}: F((1 =Nz + Azy) < (1= N f(zo) + M(z1). (1.3)

(This definition was introduced in [15], which is a generalization of some kinds of roughly

generalized convexity presented in [3], [11], [12], and [16].) If
YA€ AN\{0,1} 1 F((1 = Nzo 4+ A1) < (1= N)f(zo) + Mf(21) (1.4)

holds instead of (1.3), then f is called strictly outer T'-convez. Theorem 2.2 claims that f
is strictly outer I'-convex for I' = M (2s), where M(.) is defined in (2.4).
Section 3 deals with the consequence of the remaining strict outer I'-convexity of f.

Theorem 3.1 presents a key property of outer I'-convex functions, namely each I'-minimizer

z* € D of f defined by

fa)= _ inf_ fla)

z€(z*+I)ND
is a global minimizer, i.e.,

fa*) = inf f(x).

xzeD
Because of the unruly perturbation p, the existence of I'-minimizers is hardly warranted.

Therefore, we are still interested in I'-infimizer * € D defined by

liminf f(z) = inf f
xGIDH,lmlgx* f(l') me(m‘l“r—ll—F)ﬁD f(llf)

Theorem 3.2 says that each I-infimizer of f is a global infimizer, i.c.,

liminf f(z) = inf f(x).

zeD, x—x* zeD

(Note that in Theorem 3.1 and Theorem 3.2 we have to choose I' = M (2s).) Theorem

3.3 and Theorem 3.4 assert that, if j and z] are two arbitrary global minimizers or
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global infimizers of Problem (P), then § — &7 € M (2s). This property corresponds to the
uniqueness of the minimizer of a strictly convex function.

The stability of the set of optimal solutions of the perturbed program is investigated in
Section 4. If z* is the minimizer of Problem (P) and Z* is a global infimizer of Problem (P),
then Theorem 4.1 claims that 2* — #* € M (2s). Consequently, |2 — Z*|| < v/25/Amin,

where Apin is the smallest eigenvalue of matrix A (Corollary 4.2). This property is used

to deduce in Theorem 4.4 that dy({z*}, Ss) < v/25/Amin, Where dg(.,.) is the Hausdorff

distance and Sy is the set of global infimizers of (P), and to infer the stability of the set
of optimal solutions of (P) in Corollary 4.5.

In Section 5, Theorem 5.1 describes the roughly generalized subdifferentiability of the
perturbed function f and Theorem 5.2 states a generalization of Kuhn-Tucker Theorem
for the problem of minimizing f(x) subject to z € D, where D = {z € C | gi(x) <
0,...,9m(z) <0}

Throughout this paper, |.|| denotes the n-dimensional Euclidean norm and the fol-
lowing notions are used:

xy = (1= N)zg + Az,
[z, 21] ;== {za [0 < A <1},

B(z,r):={2' e X | ||/ — x| <r}.

2. Outer I'-convexity

The aim of this section is to show that an arbitrary perturbation p satisfying (1.1) does
not completely destroy the strict convexity of the quadratic function f(z) = 2T Az + Tz,
but the perturbed function f = f + p is still strictly outer I'-convex for some suitable set
I' c R™.

In [14] we used the convexity modulus hy : Ry — R of f defined by

)=, it (G0 + ) - £+ o)

zo, 21 ER™, ||[zo—z1||=7 \ 2

for characterizing the outer ~-convexity of the perturbed function f = f+p. In order

to improve our results, in this paper we do not define the convexity modulus by taking
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infimum over the entire space, but dependently on individual directions as follows

hi(u, z) := inf (%(f(x) + flz+p2)) — flz+ ﬁz)), (2.1)

rER™ 2

where 1 € R and z € R", and use it to define
m(d, z) := inf {,u >0 ‘ ha(p, z) > 5}. (2.2)
Since hq (., z) is nondecreasing, there holds
hi(p,z) >0 if p>m(d,z2). (2.3)
Our goal is to get the balanced set
M(0) :=A{pz | z € R", |ul <m(d,2)}, (2.4)

which plays a central role in this paper. Next, we state some basic properties of m(.,.)

and M (.).

Proposition 2.1
(a) For any § >0 and z € R™, there hold

m(d,z) = 24/6(zT Az)~1 (2.5)

and
1 m(d, z) n
§(f(x)+f(x+m(5,z)z))—f(:l:—}— 5 z)=408 for all z € R™. (2.6)
(b) For any 6 > 0, there holds
M($) = {x e R" | 27 Az < 46}. (2.7)

(¢) Let Apin and Apax be the smallest and the greatest eigenvalue of matriz A. Then

B(0,2v/6/Amax) C M(6) C B(0,21/8/Amin) (2.8)
and M(0) = B(O, 2 5/)\min) if and only if Amax = Amin-
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Proof (a) For any x, z € R™ and p > 0, there holds

! S(F@) + fla+p2) = fla+ 52)
% ( TAz + 0"z + (z + p2) T Az + p2) +bT($+“Z)>
( )TA(JU-F%Z) b (ac—i—gz)

Therefore, due to (2.1) and (2.2),

12
hi(p, z) = T 2T Az

and
m(d, z) = inf {,u >0 ‘ %2 2TAz > 5} =2,/ (zTAz)~ L

Moreover, for any = € R", we have

(f(2) + f(z+m(d,2)2)) — f(z+ m(g, ?) z) = %(2\/5 (zTAz)—1>2,zTAz = 4.

(b) For z = pz, (2.5) yields

m(9,2) =24/ (2T Az)~1 =2 |ul /6 (T Ax)~ L.

Hence, by definition,

N =

(:c € M(d)) & (:U =z, |ul <m(d,z) =2yl 5(:1;TAx)_1) & (:L‘TA.Z’ < 4(5).

(c) By the spectral theorem, there is an orthonormal basis {ej,es,...,e,} of R”

consisting of unit eigenvectors of A, i.e.,
Ae; = Nieg, |leill =1 fori=1,2,...,n
e?ej =0 fori#j,
where A1, A\o,..., A, are the corresponding real eigenvalues. Then any x € R™ can be

represented by z = >_""_, u; e; and there hold

|2))* = 2Tx = Z Hoi g e € = Zﬂz

2, 7=1
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and
n

2T A=Y pipgel Aey = > Njpipgele; = (Ap).

i,j=1 i, j=1 i=1
Following,

n

Mo 1212 = A D122 < 2 Az = 3"\ 1) < M 342 = M 2]
1=1

i=1 i=1
Therefore, (2.7) yields
M($) = {z € R" | 2T Az < 46}
C{r € R™ | Amin ||z|* < 40}
— {2 € R | |l2]) < 2v/6 Mn}
= B(0,2v/0/Amin)

and
M) D{z € R" | Amax Htz <46}

={z e R" | |z|| £ 2v/6/Amax}
= B(0,21/6/Amax)-
In particular, M(8) = B(0,2/6/Amin) if and only if

n n

)\min Z /1%2 = Z(AZ :uz2) when i :uz2 S 45/)\min7

1=1 =1 =1

which holds if and only if Apax = A\min-

O

Since M (§) = {z € R™ | 27 Az < 46} and A is positive definite, M (4) is convex, closed

and balanced. Moreover, if § > 0 then 0 € R™ is an interior point of M(4).

We now use M(.) for characterizing the strict outer I'-convexity of the perturbed

function f.

Theorem 2.2 Suppose 0 < sup,cp |p(z)| < s < +00. Then f = f+p is strictly outer

[-convex on D for T' = M(2s).

Proof Consider arbitrary xg, 1 € D with g —x1 ¢ I' = M(2s). Let i > 0 be defined by

1
ﬁ(l‘o - Il) € aM(2S),

(2.9)



where OM (2s) denotes the boundary of set M (2s), and

1 1
A={0,1}U { 11— —] (2.10)
{0, 1} o T
Obviously, xg—x1 € T = M(2s) yields o > 1. For ) = (1 — N)zxg + A\xq, A = 2—, and
A=1— 5=, we have
(1 1) n 1 1 ( )
rL —x — 5= |]ToT 5= %1 — %o = 5= (L1 —To),
2 2 2 2
' H K H (2.11)

1 1 1
Ty_1 —x1=—x0+|1—— 5131—371:—_(370—501),
1= 2ji 201 20

lLe, L —xo€ 2 M(2s) and Ty — T € 2 M(2s), which imply

[xo,w%} {xo,x1}+ M(2s) {:co,:cl}—l— I,
(@, _ . z1] C {:1:1_ e a:l}+ M (2s) C {x;_ x xl}—l— T.

Therefore, by (2.10),

1
[x0, z1] = [0, _a]u [361,%,901} C{zy[AEAL+ §F7

BN
20

i.e., (1.2) is fulfilled.

Consider now an arbitrary fixed A\ € [%, 1— %} and denote

1 1
)\,:A—— )\//:)\ - .
20’ +2/1

Since % <i<1- %, there holds X' > 0 or A < 1. Therefore, it follows from the strict

convexity of f that
flan) < (1 =X)f(@o) + N (1),
flaxr) < (1= N')f(zo) + X' f(a1),
where “<” holds at least in one inequality. Hence,
flan) + flan) <@ =X = XN)f(zo) + (A" + X") f(21) (212)
=2(1 = A) f(zo) + 2Af(21).

8



On the other hand,

oy — v = (1= N)xg+ N'ay — (1= N)zg — Ny

1 1
=—=T0+ -1
M 2
1
- f(xl _IO)v

i.e, by (2.9), xx» —xyx € OM(2s). Thus, (2.4) and (2.6) imply m(2s, x1 — x9) = 1/p,

Ty + m(2s, xr1 — IQ)(ZE1 - m0) = T\, and

1 1
§(f(.flf)\/) + f(x)\”)) a f (5(1‘)\/ + ilj')\//)> = 92s.
Since . ,
E(x)\// + l')x’) = 5((1 - )\”)CEO + )\Hl'l + (1 — /\/)xo —+ )\/1'1>
1
= S (2= = Nzo + (N + X)an)
= (1 =Nz + Az
=T,
we have

S (o) + (x)) = flan) = 25

Combining with (2.12) yields
(1 =N f(@o) + Af(z1) = f(za) > 2s,

and following, by (1.1),

(1-— )\)f(xo) + Af(z1) — f(w,\) > (1=N(f(xo) —s) + A(f(z1) — 5) — (f(zx) + 5)
= (L =X f(zo) + Af(x1) — f(zr) — 25

> 0,
i.e., (1.4) holds true. Hence, f is strictly outer I'-convex on D for I' = M (2s). O
Due to (2.8), we have
M (2s) C B(0,2v/25/Amin)- (2.13)
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Therefore, it follows from Theorem 2.2 that f is strictly outer I-convex on D for I' =
B(0,24/25/Amin) (see Proposition 2.1 in [15]). That means, for v = 2v/25/Amin, [f 1
outer y-convex in the sense of [16] and strictly and roughly ~-convex in the sense of [13].

Since I' = B(O,2M) is a ball in the Euclidean space R™, it is in general
simpler to determine and to describe than I' = M (2s). Let enpi, be a unit eigenvector of
A corresponding to the minimal eigenvalue An,. If D is large enough to contain a pair
of points xy and z; satisfying o — x1 = 2\/m €min, then I' = B(O, 2m> is
smallest ball for which f = f+p is strictly outer I-convex for any perturbation p satisfying
0 < sup,ep [p(z)] < s < +oo. Indeed, if ¥ < 24/25/Amin and T' = B(0,7), then 2 —2; ¢ T

and, by choosing a perturbation p satisfying

—s for A € {0, 1},
P((1=N)zo +Az1) = {s for)\G]({) 1[}

it is easy to verify for all A €]0, 1] that

(T =XNzxo+Ax1) = f((L=Nzxo+ Ax1) + 5
> (1 =N f(xo) + Af(x1) — 25+ s
= (1= A)f(zo) + Af(x1),

i.e., f cannot be outer I'-convex for I' = B(0,~).

By Proposition 2.1, if Apin < Amax then M(2s) is properly contained in the ball
B(0, ZM) Hence, in general the strict outer I'-convexity with respect toI' = M (2s)
is stronger than the one with respect to I' = B(O, 2\/m>

A basic property of convex functions is that all lower level sets are convex. Outer
I'-convex functions also possess a similar property, namely all lower level sets are outer
[-convex. As introduced in [15], a set S is said to be outer I'-convex if for all zg, 1 € S
there exists a closed subset A C [0, 1] containing {0,1} such that {x) | A € A} C S and
[zo,z1] C {zx | A € A} + 2 T. For the perturbed function f = f+p, we have the following

property.

Proposition 2.3 Suppose 0 < sup,cp |p(z)] < s < +o0o. Then each lower level set
{xeD| f(x) <al of f is outer T-convex for T = M(2s).
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Proof Due to Proposition 3.3 in [15], if f is outer I-convex then each lower level set of

f is outer I'-convex. Combining this fact with Theorem 2.2, we get the desired conclu-

sion. ]

3. Global minimal solutions

In this section, we investigate some typical properties of global optimal solutions of the
perturbed function f = f + p, which is related to the strict outer I-convexity of f.
Recall that A is a symmetric positive definite n-by-n matrix, b € R", f(z) = 2T Az +

bTx, and D C R" is convex. Instead of the optimization problem
(P) minimize f(z) subject tox € D,

we deal with the perturbed problem

(P) minimize f(z) = f(z) + p(x) subject to z € D,
where p : R™ — R is only assumed to satisfy
0 < sup |p(x)] < s < 400. (3.1)
zeD
A typical property of the convex program (P) is a local minimum is global minimum.
Because of the unruly perturbation p, Problem (P) cannot have the mentioned property.

However, since f is outer I'-convex as proved in the preceding section, (]5) still possesses

the following similar property.

Theorem 3.1 Suppose I' = M (2s) and x* € D is a I'-minimizer of f, ie.,

fay= _ inf ). (3.2)

Then x* is a global minimizer of f, i.€.,

f(z*) = inf f(x). (3.3)

rED

Proof For I' = M(2s) and s > 0, Proposition 2.1 yields that the origin 0 € R™ is an
interior point of I'. By Theorem 2.2, f is outer ['-convex. Therefore, Theorem 3.6 in [15]

implies that (3.3) follows from (3.2). O
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Since the considered perturbation p is not assumed to be lower semicontinuous, the

perturbed problem (P) barely has minimizers. Therefore, it is more realistic to consider

infimizers instead of minimizers, as done in the following.

Theorem 3.2 Suppose I' = M (2s) and z* € D is a I'-infimizer of f, ie.,

liminf f(z) = inf . 3.4
xElDr?égx* f(.fC) me(as}‘r—ll—l_‘)ﬁD f(x) ( )

Then x* s a global infimizer of f, i.e.,

liminf f(z) = inf f(z). (3.5)

zeD, x—x* zeD

Proof Assume the contrary that (3.5) is not true, i.e., there exists an g € D \ (z* + 1T
with
o:= liminf f(z)— f(zo) > 0. (3.6)

zeD, x—x*

B:=|xg —x*| — \/m,

¢ := —0/25/ Amaxs (3.7)

ci= 1+ V40,
where A\pax is the greatest eigenvalue of matrix A. Due to Proposition 2.1, B(0,21/25/Amax)
is contained in M (2s). Therefore, zg—x* ¢ T' = M (2s) implies ||zg—z*|| > 21/25/Amax and
following 3 > 0. Since & > 0 and ¢ — z* & M (2s), we can choose z1 € DN (z* + 1 M(2s))

Denote

such that
|1 —2*|| <e, f(z1) < liminf f(z)+e (3.8)

zeD, x—ax*
and

1
xg—x1 €T, m1+§M(23)Cm*+M(2s):x*+F. (3.9)
Our aim is to show that there exists a A € [0, 1] satisfying

zx=(1—=Nzo+Ar; € (z*+T)ND, f(zy) < liminf f(z), (3.10)

€D, x—x*

in contradiction to (3.4). To this goal, observe first that

%(_5— VB2 —40) <0<e< %(—ﬁ-i- V3% —4¢),
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i.e., the in (3.7) defined ¢ lies between the two real roots of the quadratic equation €2 +

Be + ¢ = 0. Therefore,

e? + e+ ¢ =€+ (|lzo — 2°| = v/28/Amax) € = 0/28/Amax < 0,

which implies

o (lro—zlite ), (3.11)
v/25/Amax
Take again g > 1 defined by (2.9), i.e., = (xo —x71) € OM(2s). B(0,21/25/Amax) C M(25)

yields
1
EHQZO — 1'1” Z 2\/ 23/)\max-

Combining with
20 — @[] < [lzo — 27| + [|2" — 21| < [lzo — 27| + ¢,

we get
<lzo—mf _llzo—2"| +e

This along with (3.11) yield ¢ > (2iz — 1)e, and following,

% (—o) + (1 - %) e <0. (3.12)

In the proof of Theorem 2.2, we already proved for zg — x1 € I', which is warranted by
(3.9),and A=1— % that

Flor ) < g Flan) + (1 50 o

Hence, by (3.6) and (3.8) and (3.12), there holds

(o) + (1= 52 ) (L dimint o) +<)

2/,L re€ED, x—x

flag-p) <

2p

f
(f(xo)— liminf f(z )> (1—%)8—# liminf f(z)

xeD, x—x* 2/,L reD, x—x* (313)

- _(_a)+(1—i_>e+ liminf f(x)

2/1 €D, x—x*
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On the other hand, (2.9) and (2.11) imply

1 1
Ti_p — w1 = % (xg —x1) € §M(23),
i.e., by (3.9),

1
Ti_ L €T+ 3 M(2s) Cc z* +T. (3.14)

(3.13) and (3.14) mean that we get the desired contradiction stated in (3.10) for A = 1— %
Thus, (3.5) must be true. O

Note that the proof of Theorem 3.2 may be shorter by applying Theorem 3.1, whose
proof in turn uses Theorem 2.2. It is our intention to present a longer proof but without
using Theorem 2.2.

It follows from Theorems 3.1 and 3.2 and (2.13) that if 2* € D is a I'-minimizer
(or I-infimizer) of f for T' = B(0,2+/25/Amin), then z* is a global minimizer (or global
infimizer, respectively).

A typical property of strictly convex functions is that their minimizer is unique. In
[13] we already dealt with a similar property of strictly and roughly convexlike functions.

Next, we present a similar typical property of strictly I'-convex functions.

Theorem 3.3 Let 2§ and ] be two arbitrary global minimizers of Problem (P) Then

iy — it e M(2s).

Proof Assume the contrary that f — #% & M(2s). By Theorem 2.2, f is strictly outer I'-
convex for I' = M (2s). Due to definition, there exists a closed subset A C [0, 1] containing

{0,1} and satisfying (1.2) and (1.4), i.e
1
[z, 7] € {(1 — N\)T§ + Az | )\EA}+§F (3.15)
and

YA€ AN{0,1} : F((1 = NE5 + Aid) < (1= N F(@5) + Af(@7) = inf f(z). (3.16)

reD

5 — 27 € M(2s) =T and (3.15) imply that A\ {0,1} # 0. Therefore, by (3.16), there
exists a A €]0,1[ such that f((1 — A\)&§ + \&}) < infuep f(z), a contradiction. Hence,
5 — T € M(2s). O

14



Since A is positive definite, (2.7) yields that while s tends to 0 € R the set M (2s)
shrinks to {0} C R™, therefore Theorem 3.3 implies that the diameter of the set of global
minimizers of f = f + p converges to zero, too.

What happens if global minimizers are replaced by global infimizers to be more realis-
tic, as explained before Theorem 3.27 In general, the distance between global infimizers of
a strictly outer I'-convex function may be unbounded. For instance, the function g : R — R
defined by

g(x) =[z] -z, zeR,
where [z] denotes the integer part of x € R, is strictly outer I'-convex on D = R for
I' = [-1,1], and each integer number is a global infimizer of g. Hence, Z§j — 2} € T" does
not hold true for any pair of global infimizers z{j and z7 of g.
But for the particular function f(z) = 27 Az +bTz + p(x), where A is positive definite

and p satisfies (3.1), we get the following result for global infimizers, which is similar to

Theorem 3.3.

Theorem 3.4 Let 2, and 7 be two arbitrary global infimizers of Problem (]5) Then
T5H— a7 € M(2s).

Proof (a) Assume that z* is the minimizer of Problem (P). By Theorem 4.1 (which will
be proved in the next section), & — z* € 3 M(2s) and 2* — 7 € 1 M(2s). Since M(2s) is

convex, it follows that
Ty — 3] = (5 — o) + (2" — 2]) € M(2s).

(b) Assume that Problem (P) has no minimizer. Since f(z) = 27 Az + b7z and A is
positive definite, it is only possible if D is not closed. In this case, we replace the set D by
its closure cl D and the substitute problem of minimizing f on cl D has now exactly one

optimal solution, say x*. In addition, we change the function p outside of D by
p(x)=s forxz gD,
which does not violate the only characteristic property of p, namely

0 < sup |p(z)| = sup [p(z)| = sup [p(z)] < s < +o0.
xeD xEcl D T ER™
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Obviously, )
st /@ =, il (@) (@)
p— 1 f
e )

> s+ inf f(x).
zecl D

and
s+ inf f(z) = inf (f(z)+s)

reD zeD

> inf (f(x) + p(x))

=l 1)

Since inf,cq p f(x) = inf,ep f(x) holds because of the continuity of f, it follows that

inf  f(z) > inf f(z).
et f(@) 2 ind f(z)

This along with

liminf f(z) = liminf f(z) :l}ggf(x),

zeD, z—I] zeD,z—z]

yield

liminf  f(z) = liminf f(z)= inf f(z),

z€cl D, z—7} zecl D, z—x7] x€cl D

(3.17)

i.e., 2§ and z] are also global infimizers of the problem of minimizing f on cl D. Hence,

due to part (a), &5 — ] € M(2s).

O

Note that the assertion of Theorems 3.3 and 3.4 can no more be improved. To illustrate

this fact, just consider the example with
f(z) = 2T Az for z € D =R",
ie, b=0¢€R", and

_ 1
p(z) = {s f(x) fora:E.QM(Qs),
0 otherwise.

Then (2.7) yields
() { €10,2s] for x € 1M (2s)
> 2s otherwise.

Therefore, |p(z)| < s for all z € R™ and

TR for z € 1 M (2s)
flw) = {f(x) > 2s otherwise.

16

(3.18)

(3.19)

(3.20)



Hence, each global infimizer of (P) is a global minimizer and

1
§M(23) = {Z" | " is a global infimizer of (P)} (3.21)

and

M(2s) = {z{ — z7 | ), &7 are global infimizers of (P)},

i.e., there exists no other set which is smaller than M (2s) and contains the difference

~*_ =~

Z§ — 27 of any pair of global infimizers of (P).

(2.13) and Theorem 3.4 imply immediately the following.

Corollary 3.5 Let &} and % be two arbitrary global infimizers of Problem (P). Then

125 — Z7 [ < 24/25/Amin-

4. Stability

In this section we investigate the relation between the global optimal solutions of the
original problem (P) and of the perturbed problem (P), in particular, the stability of the

set of global optimal solutions of (P) with respect to the Hausdorff metric.
Although the following results are only formulated for global infimizers of (P), they
are also valid for its global minimizers because each global minimizer is a global infimizer.
Next, we estimate the distance between the minimizer of Problem (P) and any global

infimizer of Problem (P). Since a local minimizer of the strictly convex function f on the

convex set D is global and it is unique, we simply call the minimizer of (P) if it exists.

Theorem 4.1 Let x* be the minimizer of Problem (P) and &* be any global infimizer of

Problem (P). Then i* —x* € 1 M(2s).

Proof Assume the contrary that #* — z* ¢ 1 M(2s). Then there exist an s’ > s and a
neighborhood U (z*) of Z* such that

(z* + %M(2s’)) NU(z*) = 0. (4.1)

Consider an arbitrary £ € U(z*) N D and denote Z = & — x*. Since f(z*) < f(z) for all

17



x € D while both x* and  are contained in the convex set D, there holds
0< L par+ t2)|
=g\ T
d
== (2T Az + (242" + b)T 2t + 2*T Az* + b 2¥)
= (242" + )Tz

t=0

In consequence, we have
fl@*+2)+ f(a* — 2) = (FT Az + (242" + b)TZ + 2™ Ax* + bTz*)
+ (2742 — 242" + )Tz + 2" Az + b"2¥)
=2(zTAZ + 2T Az* + b 2*)
=2(f(z* +2) — (242" +b)"2)
<2f(%),

which implies

F@) ~ £@) > 3 (F" +2) + Fla” — 2) — F6).
On the other hand, Z = & — z* ¢ 3 M(2s') because Z ¢ (z* + 3 M(2s")) follows from (4.1)
and & € U(Z*) N D. Therefore, it follows from (2.1) and (2.3) and (2.4) that

(f(z* +2)+ f(z* = 2)) — f(z*) > 25

N | =

As a result, we obtain f(Z) — f(z*) > 2s’, which yields immediately

f(@) = fa*) = f(&) = f(@") + p(&) — p(a*) > 25" — 25 = 2(s — 5) > 0. (4.2)
This relation is valid, as chosen above, for any z € U(z*) N D. Thus,

liminf f(x) — f(z*) > 2(s' —s) > 0,

€D, x—x*
i.e.. #* cannot be a global infimizer of Problem (P), a contradiction to the assumption.
) g ) p

Hence, * — z* € 5 M (2s) must be true. O

The assertion of Theorem 4.1 can no more be improved. This fact can be demonstrated
by the example (3.18)—-(3.20) again, for which z* = 0 € R™ is the unique minimizer of (P)
and (3.21) yields
1 .
3 M(2s) = {z* | " is a global infimizer of (P)}

={&* — 2" | " is a global infimizer of (P)},

18



i.e., there exists no other set which is smaller than %M (2s) and contains all such differences
Sk

T* —x*.

(2.13) and Theorem 4.1 imply immediately the following.

Corollary 4.2 Let x* be the minimizer of Problem (P) and * be any global infimizer of
Problem (P). Then ||z* — | < \/25/Amin-

Applying the above result, we can estimate the Hausdorff distance
dr (S0, Ss) = max{sup inf ||z -y, sup inf [z —y[} (4.3)
zeSy YESs y€S, TESo
between the set Sy of minimizers of the original problem (P) and the set Sy of global
infimizers of the perturbed problem (P).
Of course, we are only interested in the case where both Sy and S are nonempty. Since
D is not assumed to be closed, it is not a priori sure whether Sy and S are nonempty.

Therefore, the existence of global optimal solutions must be explicitly assumed or ensured,

as done in the following.

Lemma 4.3 Assume that Problem (P) has a minimizer called =* and

1
(x* + 5 M(2s)) N D is closed. (4.4)

Then there exist global infimizers of Problem (P).

Proof If f(z*) = inf,ep f(z) then * a global infimizer of (P) we look for. Otherwise, we
can choose a sequence (z;) in D such that

flx™) > f(acz) > :cnel/g f(:z:) for all 7 € N and zl}gloo f(a:z) = ;Ielg f(x)

Since the relation (4.2) is valid for any & € D \ (z* + 5 M (2s)), i.e.,
. . 1
f(@)> f(z*) forall z € D\ (z* + 3 M (2s)), (4.5)

the entire sequence (z;) must be contained in the set (z*+ 1 M (2s))N D, which is compact.
Hence, we can assume without loss of generality that (z;) converges to a point Z* € D,
which implies

liminf f(z) = inf f(z),

€D, x—T* xeD
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i.e., Z* is a global infimizer of (P). O
The preceding lemma is a preparation for the next theorem.

Theorem 4.4 Assume that Problem (P) has a minimizer called =* and

(z* + B(0,7)) N D is closed for some given 1 > 0. (4.6)
If
1
sup |p(z)| < s < = r*Amin (4.7)
zeD 2

then the set Ss of global infimizers of (]5) s nonempty and

dir({z*},85) < /25 Aomim- (4.8)

Proof (4.7) implies that 1/2s/Amin < 7. Therefore, it follows from (2.13) that

%M@s) C B(0,v/25/Amin) C B(0,7).

Since

(@* + % M(25))ND = (z* + % M(2s)) N ((z* + B(0,r)) N D),

(4.6) yields (4.4). Hence, by Lemma 4.3, S is nonempty. By applying Corollary 4.2 for
(4.3) and Sp = {z*}, we finally get (4.8). O

Corollary 4.5 Assume that Problem (P) has a minimizer called x* and (4.6) holds true.
For all e > 0, if

1
sup |p(z)] < s<d:= = (min{e,’r’})2 Amin, (4.9)
xeD 2

then dg({z*},Ss) <e.

Proof On the one hand, (4.9) implies s < %72 Amin, 1-€., (4.7) holds true. Therefore, by
Theorem 4.4, we get (4.8). On the other hand, (4.9) yields s < 3 £2 Api. Hence, it follows

from (4.8) that dg({z*},Ss) < \/25/Amin < €. O

The above result describes the stability of the set S of global optimal solutions (in gen-

eralized sense as global infimizers) of the perturbed problem (P). It says that dg ({z*}, Ss)

tends to zero when s — 0.
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5. Generalized subdifferentiability and optimality condition

As usual, a convex function g : D C R™ — R is said to be subdifferentiable at x* € D if

there exists a so-called subgradient n € R™ satisfying
g(x) > ga*) +n''(x —2*) forall 2 € D (5.1)

(see, e.g., [18]). For the convex function g(z) = f(z) = 2T Az + 0Tz, 2 € D, n =V f(a*) =
2Ax* + b is a subgradient at z* and it is the only subgradient if z* is in the interior of
D. Since p is only assumed to be bounded by some given parameter s, the perturbed
function f = f + p is no more subdifferentiable in the above classical sense. Our aim is to
show, similarly to [15], that f is subdifferentiable in a generalized sense. To this aim, we

transform (5.1) equivalently to
glz®) +nTz* < g(z) +nTz forall z€D

and replace the term on the left by inf /¢ (g« 4r)np( f(&")+nT ") for some suitable balanced
set I and the term on the right by f(z) 4+ 1Tz to get

inf (f(2)+nT2") < f(x) +nTx forall ze D,
z’'€(x*4+T)ND

which states the definition of the roughly generalized subgradient n of f . In such a way, the
roughly generalized subdifferentiability of the function f may be described as in Theorem
5.1. Note that we only use the information sup,¢p |[p(z)| < s of p, i.e., p may be unspecified
outside of D. Therefore, f is only given on D although f is well known on the entire space

R"™. That is why we consider the subdifferentiability of f only on D.

Theorem 5.1 Suppose 0 < sup,cp |p(z)] < s < 400 and f(z) = 2T Az — bT2 + p(z).
Then, for any x* € D, there holds

inf (f(:z;') — (2Az™ + b)Tx’> < f(z)— (2Az* +b)Tx  for all z € D. (5.2)
z’ €(z*+3 M(2s))ND

In particular, if D is closed and p is lower semicontinuous, then for any x* € D there

exrists

F* (x + %M(Qs)) AD (5.3)
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such that

f(@) — (242" +b) 15" = min (f(ac’) — (2Az™ + b)Tx’> (5.4)
z’€(x*+3 M(2s))ND

and

f(@) — 24z +b)Ti* < f(z) — 24z* +b)Tx  for all z € D, (5.5)

or, equivalently,

f(x) > (@) + 2A4z* + )T (x — %) for all z € D.

Proof Consider any fixed 2* € D and the function f : R® — R defined by

f(z) = f(z) — 2Az* + b)T2 = 27 Az — 227 Au. (5.6)

Since f is strictly convex and V f(2*) = 0 € R”, x* is the only minimizer of f on R™. This
fact does not change if x is only restricted to D. Applying (4.5) for f instead f and f +p
instead f = f 4+ p, we get

F(&) +p(@) > J(a*) +pla®) for all # € D\ (" + 5 M(25)).
By (5.6), we have
fz*) — 24z + b)Ta* < f(#) — 24z + b)Ti for all € D\ (2* + %M(2s)),
which yields immediately

inf ( F@') — (242" + b)T:)s'> < f(@) — (242" +0)TF
x’ €(z*+ 3 M(2s))ND

1
for all z € D\ (z" + 3 M(2s))
and, therefore, (5.2).
In particular, if D is closed and p is lower semicontinuous, then the set (z*+35 M (2s))N

D is compact and the function z — f(z)—(242*4b)T z is lower semicontinuous. Therefore,

there exists * satisfying (5.3) and (5.4). Then (5.5) follows from (5.2) and (5.4). O
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Finally, we state a generalization of Kuhn-Tucker Theorem for the problem of mini-

mizing f(z) = f(z) + p(z) subject to z € D, where
D={zeC|gq(z)<0,...,gm(x) <0}, (5.7)

C C R” is closed and convex, and all functions g1, ..., ¢, are convex and continuous on
C'. As usual, dg;(x) denotes the subdifferential of g; and N (x| C) denotes the normal cone
to the set C' at the point x.

Theorem 5.2 Suppose that D is defined by (5.7).
(a) If&* € D is a global infimizer of Problem (P), then there exist an x* € (Z*+5 M(2s))N
D and Lagrange multipliers \g > 0, Ay > 0,..., \,, > 0, not all zero, such that

0€ Xo(24x" +b) + M\0g1 (™) + ... + A Ogm (™) + N (2™ | O),

(5.8)
Xigi(x®)=0, i=1,...,m.
If the Slater condition is fulfilled, i.e.,
dJzeC:g1(x) <0,...,9m(z) <0, (5.9)

then Ao # 0 and it can be assumed that A\g = 1.
(b) If 2* € D satisfies (5.8) for Ao = 1, then there is i* € (x* + § M(2s)) N D which is a

global infimizer of Problem (P).

Proof (a) Assume that #* € D is a global infimizer of Problem (P). Since D is closed,
f(x) = 2T Az+bT 2 and A is positive definite, Problem (P) has exactly one global minimizer
z* € D. Due to Theorem 4.1, z* € (&* + 3 M(2s)) N D. Moreover, by Theorem 2’ in [4,

p. 69], there exist Lagrange multipliers Ay > 0, A\; > 0,..., )\, > 0, not all zero, such that
0€ Xdf(z*) + MOg1(x™) + ... + ApnOgm (™) + N(a™ | C),
Xigi(x®)=0, i=1,...,m,

where g # 0 if (5.9) is fulfilled. This yields (5.8) since df(z*) = {2Ax™ + b}.
(b) Assume that x* € D satisfies (5.8) for \y = 1. By Theorem 2’ in [4, p. 69],
x* is optimal to (P). Since both M(2s) and D are closed, (4.4) is satisfied. Hence,
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by Lemma 4.3, Problem (P) has at least a global infimizer z* € D. By Theorem 4.1,
* € (z* 4+ 5 M(2s)) N D. O

Assume now that C = R” and all g1,..., g, are continuously differentiable convex

functions on R”. Then (5.8) becomes

Mo (242" +b) + M Vg1 (z*) + ... + A\ Vgm(2*) = 0,
(5.10)
)\igi(x*):(), i:1,...,m.

Because of (2.13), #* € (z* + 3 M(2s)) N D means

= %M(?s) C B(0,v/2s/Amin),

e, [|[Z*¥ — x*]| < /28/Amin- Therefore, the first part of Theorem 5.2 says that, for
sufficiently small s > 0, if #* € D is a global infimizer of the perturbed problem (P) then
it almost satisfies the familiar necessary optimality condition for the original problem (P)

as follows:
Ao(24x" +b) + M Vg (x®) 4+ ... + A Vgm (™) = 0,

Xigi(x®) =0, i=1,...,m.
The second part of Theorem 5.2 says that, for sufficiently small s > 0, if z* € D satisfies the
necessary optimality condition (5.10) for the original problem (P), then it approximates
a global infimizer £* € D of the perturbed problem (lf’) This fact explains why and how
Kuhn-Tucker optimality condition can still work for strictly convex quadratic programs in

spite of possible errors occurring in objective function, which may be somehow wild but

sufficiently small.
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