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Abstract
We study Lyapunov, central and auxiliary exponents of linear Ito
stochastic equations. We show that the central exponents are non-
random like Lyapunov exponents, the nonrandomness of which was
proved in [8]. We prove that under a nondegeneracy condition the
central exponents O of a linear Ito stochastic differential equation
coincide with its auxiliary exponents 7, and, moreover, all the first

exponents coincide: &1 = \; = Q; = 7.
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1 Introduction
We consider a linear n-dimensional [to stochastic differential equation
dX (t) = Fy() X (t)dt + > Fi(t) X (t)dWF, (1)
k=1

X(to) = Xy,
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where Fj,(t) = ( fk)nxn(k € {0,1,2,...,m}) are continuous matrix-valued

functions bounded by a constant K, zq is a non-random initial value, Wtj (j €
{1,2,...,m}) are independent 1-dimensional standard Wiener processes on a
probability space (2, F,P). It is known that with the above assumption the
Cauchy problem of (1) has unique solution (see Khasminskii [11, Theorem 3.2
page 79]). The linear Ito stochastic differential equation (1) generates a two-
parameter stochastic flow @, ;(w) of linear operators of R" (see Kunita [13,
page 116 and Theorem 4.5.1 page 155]). The solution of (1) satisfying ini-
tial value condition X (t9) = xo, is a stochastic process given by the formula
X (t) = @4y 1(w)xo. Note that fixing an w € Q the two-parameter flow @, ,(w)
is an analogue of the Cauchy operator of a linear system of differential equa-
tions.

We denote by G, the Grassmannian manifold of all r-dimentional sub-
spaces in R™. For a linear subspace U of R™ we denote by U, the subset of all
nonvanishing vectors of U. For any nondegenerate n x n matrix X let us de-
note by X* the transposed matrix of X and by d;(X) > d2(X) > ... > d,(X)
the singular numbers of X, i.e. they are the positive square roots of the eigen-
values of the matrix X*X. Clearly, for any k € {1,2,...,n} we have

X X
dp(X)= inf sup X = sup inf | x||
UeGn_k+1 gel, qu VeG), veVx ||JC||

Definition 1.1 The random variables A\ (w), Qg (w), Ok (w) (k € {1,2,...,n})
defined by

M(w) = min max limsu 111 ®, z||, 9
~1

o) = s sy ey =Sl ]9

Qk (w) :: UECI*'ijkH Tlean‘*‘ lrlnrgj-lif m_ Z n H(I)ZT “+)T )“I)O,iT(UJ)U ‘ ’ (4)

where ®|s denotes the restriction of the operator ® on to S, are respectively
called Lyapunov exponents and central exponents of the equation (1).



It will be shown in the proof of Theorem 2.6 that for any V € G, and T € Rt

-1

lim Sup I Z In Hé(i‘i‘l)Tﬂ'T (CLJ) ‘ <I>0,(i+1)T(°J)V ‘

m——+00

2m—1 _1

B lizriili? omT z; In “Cp(i+1)T’iT(w)‘q’o,(m)T(“)V‘

and
1 2m—1 m— -1
— In ||® iy (w o
2mT (Z+1)TJT( )‘¢0,(¢+1)T(W)V (i-+1)2T, ZQT ) “I)O,(i+1)2T(w)V
=0

1=0

Therefore, formula (3) is equivalent to the following formula which can serve
as a definition of O (w) as well

-1
O (w) = limsup —— 3" In| g1z o6
) = sup suplimsup T Zﬂ w11 @lag ] - ©)

By the same argument we have the following equivalent definition of

Qk(W)

Qp(w) = inf  inf limsup — Z In

U€Gn—tt1 T>1 1ysioo M

ZT Z+1 )‘QO,zT(w)UH . (6)

Definition 1.2 The random variables v (w) defined by

m—1

1
e (W) —hmsuphmsup—Zlndk [®irivnyr(w)], ke{l,2,...n}, (7)

T—+o00 m—+oo

are called auziliary exponents of the equation (1).
The function ~;(7T) defined by

m—1

1
ve(T) —hmsup— E Elndy @ ionyrw)], ke{l,2,..,n},T R,
m—-+00
(8)

where E€(w) denotes the expectation of a random variable &(w), are called
auziliary functions of the equation (1).
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The above definitions of Lyapunov exponents, central exponents and aux-
iliary exponents for the stochastic differential equations have been intro-
duced by Millionshchikov (see [14, 15]). Millionshchikov considered equation
u = [B(t) + C(t,w)]u, where B(t) is a bounded continuous matrix-valued
funtion and C'(t,w) is a piecewise-constant random matrix-valued process
with independent values. Using Kolmogorov one-zero law Millionshchikov
proved that Lyapunov exponents of such an equation do not depend on w.
Note that the equations Millionshchikov considered can be solved pathwisely,
without the need of the Tto calculus. For the linear Tto stochastic differential
equation

dX(t) = (ﬁ4-§:z@ (t)dWE, (9)

where Fi, (k € {1,2,...,m}) are constant matrix and Fy(t) is continuous
matrix-valued funtion, Nguyen Dinh Cong [7] noticed that Lyapunov expo-
nents, central exponents, auxiliary exponents do not depend on w. He gave
in [8] a proof of independence of Lyapunov exponents of (1) (which is an
equation of a more general type than (9)) on w, i.e. the Lyapunov exponents
are nonrandom.

For deriving the main results of the paper presented in Section 3 we
will need the following nondegeneracy condition of the random part of the
equation (1):

There are positive numbers i, s such that for any z,y € R® and t € R"

p |zl Nlyl* < (Dt 2)y. y) < po [l Iyl (10)

where <y1, y2> denotes the scalar product of two vectors y,ys € R”,

D(t,z) = (dij(t,x))nxn with  d;;(t, z) Z (Z fh(t) xrxl>.

k=1 rl=1

The central exponents of deterministic linear differential equations were
initially introduced to give lower and upper estimates for Lyapunov expo-
nents and are different from Lyapunov exponents in general, as shown by
Example 13.5.1 in Bylov et al. [3, page 187]. Beside giving estimates for Lya-
punov exponents the central exponents also serve as qualitative and quatitive
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characteristics of the equations under considerations. The auxiliary expo-
nents 7y, are interesting from computational point of view: for their compu-
tation we do not have to follow trajectories of solutions on the whole time
axis, but only compute the Cauchy matrix on each compact time interval.

In this paper, under the nondegeneracy condition specified above we will
show that the central exponents O of the linear Ito stochastic differential
equation (1) coincide with its auxiliary exponents 7, and, moreover, the
first exponents coincide: ©; = A; = 2; = ;. The observation on equality
of exponents was made by one of the authors in 1993 (see [7]) for the case
of equations (9). However, the proof given there is incomplete since the
technique of changing from series of random variables forming a Markov
chain to a series of independent random variables is not completely verified.
Here in this paper we overcome this problem for the case of ©, and the
first exponents by using another technique, namely we use the law of large
numbers and inequalities provided by Rosenblatt-Roth [16] for a series of
random variables depending on a Markov chain. Moreover, we are able to
prove the results for a more general equations (1).

The paper is organized as follows. In Sec. 2 we prove some properties of
central and auxiliary exponents of (1). Namely, using standard techniques
in the theory of Lyapunov exponents, we show that central exponents are
nonrandom and make upper and lower estimates for Lyapunov exponents; the
auxiliary exponents are also nonrandom, and the biggest and least auxiliary
exponents coincide with central exponents. Sec. 3 presents the main result
of the paper: with assumption of the nondegeneracy condition, ©; = 7, and
@1 = )\1 = Ql = Y1-

2  Properties of central and auxiliary expo-
nents

Theorem 2.1 For any k € {1,2,...,n} we have yx(w) = limsup (1),
T—+o00

hence the auziliary exponents vyi(w) of (1) do not depend on w € €.

Proof. 1t is known that for any z € R" the solution ®,,(w)z of the lto
stochastic differential equation (1) satisfies the inequality

E || @g(w)a — | < K(t = s)* (L + |l]|), (11)



where K is a positive constant independent of ¢, s,z (see Khasminskii [11,
page 80]). Let {ej,es,...,e,} denote the standard basis in R™. For any

n n
z € R, ||lz|| =1, we can represent x = Y Bie;, . 32 = 1. We have
=

| @iz iy (W) = Sup, | ®ir i1y (@) |
<3 [omenrtole]
< z“: [ @ir i1y (w)es — e[ +n.
Using the inequality (a + b)* < 8(a* + b*) we get
[omwnr @l < (3 [munrlele =+ )
Similarly, by considering the backward Ito differential equations we get

H(I)(Hl)T:iT(W)W < 8n(z Hq>(i+1)T,z‘T(w)€z' - €iH4 + n4).
i=1

Note that @y 1yrir(w) = @;Tl(iH)T(w), hence

1
H q)iT,(Hl)T(W)

H < HCI)(Z'—I—I)T,z'T(W)H-



By using the fact that |Inz| < 2+ I for all > 0 we get

(31l ) < g5 (I + o)
T Il iT,(i+1)T iT,(i+1)T HCI)T )T H

I

H @iT,(iH)T(UJ)

<7 “Tomer T
g @iz (@)]”
2

ST ( @iz enr @] + “Cb(i+1)T:iT(w)“2>

T JSH(Z}@T@H)T(WM |+ )
=1

+ J 8 (D | @usnyrir(wes — e + n4)>
1=1

Using (11) and the assumption 7" > 1 we find a positive constant AM; > 0
such that

1
B (7 In [ @ nyr@)]])* < My

Similarly we can find a positive constant M, > 0 such that

1
Bt @ (@] < M

Fix an k € {1,2,...,n}. Since

0 < dp[Pir(iv1yr(w)] < di[Pirir1yr(w)] < di[Pir i 1yr(w)],

we have
1 1
(7 0 di[®irginyr (@)])” < (10 | ey (@)]])° ( In |z @) )
Consequenly, .
E(T In dk[@iT,(i—&—l)T(w)])Q < M1 + MQ.
Hence 7 Indy[®;rii1yr(w)] (@ € {0,1,2,...}) is a sequence of independent

random variables having second moments bounded by M; + M,. By virtue



of the Kolmogorov strong law of large numbers (see Shiryaev [17, Theorem
2, page 389]), the following relation holds with probability 1

m—1 m—1
. 1 1
ml_1>r£oo <W Zz; In dk [q)iT,(i—l—l)T(w)] — W Zz; E hldk; [q)iT,(i-&-l)T(w)}) =0.
Consequently,

m—1 m—1

1 1
lim sup — Z In d;, [(PiT,(iH)T(w)} = lim sup s Z E Ind} [<I>Z~T7(Z~+1)T(w)} ,

m m
m—+00 i=0 m—+00 i—0

hence,

Yie(w) = limsup (7).
T—+o00

The theorem is proved. O

Theorem 2.2 For any k € {1,2,...,n} the central exponents Oy(w) of (1)
does not depend on w € ().

Proof. Denote by {F!},. s, the filtration of o-algebras generated by the
Wiener processes (W), W2, ..., W);5,>s of the linear Ito stochastic differ-
ential equation (1) (see e.g. Arnold [1, pages 91-92]). Clearly the & (w)
is adapted to the filtration {F{},.,. From the fomula (5) it follows that
the random variable ©(w) is measurable with respect to the limit o-algebra

Foe = tligfn Ft =\ Fi. We note that for any fixed k € {1,2,...,n} and
—+400 >0
N e N,

-1

' 1 m—1
©i(w) = sup suplimsup ; LY [T -

-1

N
1
= sup Suplimsup—< lnHCD- i (W)|e, V‘
VeG), T>1 m—too M1 ZZZO: ymir (W) 0.(i+1)7 (W)
-1 >
i=N+1

m—1
+ Z lnH‘I>(z'+1)T,z'T(w)|‘1>o,(i+1)T(w)V‘

N
Since N is a fixed number, ) In HCD(HI)TJ;T(L«JH% (i+1)T(W)VH is a random
i=0 ’
variable with finite second moment, hence the limit
N
-1

=0

m1—1>r—|r—loo m A In HCI)(z'—l—l)T,iT(w)|<I)0,(i+1)T(w)V‘



exists and the equality holds with probability 1. Therefore,

m—1

1
O (w) = sup suplim Sup —— Z In Q(Hl)T’iT(w)|¢0,(i+l)T(w)V‘
VEG, T>1 m—too MT N1

-1

m—1 -1

1
= sup sup hmsup— Z In (| P41y (w)]
VEG, T>1 m—+oo ML N1

m—1

1
< sup suplim sup E In | ®(1yrr (W)
VEGk T>1 m—+o0 m1’ i=N-+1

QN7 i+ (W) (’%,NT(W)V)

- =:r(w).

|q>NT,(7Z+1)T(‘U)‘7 ‘

On another hand, by the definition of r(w) just given above, for any € > 0
and w € () there exists V| € G, such that

-1

1
) e < o lﬁii‘ifm_z;l L L ol P——

Let Vo € Gy denote the subspace CD(;}VT(w)‘Z. We have QO,NT(w)vg = W,
hence

m—1

1
r(w) — € < suplimsup — Z In Hq)(iH)T,iT(w)
T>1 m—too MT i=N+1
m—1

. 1
= suplim sup — Z In HCI)(”l)T’iT(M|‘I>o,(i+1>T(w)‘72

m
T>1 m—+oo =N+l

— suphmsup—(Zlan)Hl 77 (W)|g, A

T>1 m—+oo m1’

-1

|<I)NT,(1’+1)T(W)<I>O,NT‘72

-1

-1

-1
—+ Z lnHq)(i+1)T,iT(w)|'1>0’(1'+1)T(W)‘72 >
1=N+1

-1

< sup suplim SUp — Z In H(I>(Z-+1)T7iT(w)|¢0’(i+1)T(w)V‘
VeG, T>1 m—+oo

= @k(w).

Since € > 0 is arbitrary so we have r(w) < Og(w). Thus for any fixed N
we have Of(w) = r(w) € ]—"(J;VOL)T so0 O(w) is measuarable with respect to



the F 7%y = ltL1r+nOO Fininyr = Visvonyr Fly - Hence O (w) is measur-

+
able with respect to the tail o-algebra Nﬂ F, +V°il By the zero-or-one law

(see Shiryaev [17, page 381]) the random variable Oy (w) is degenerate, i.e.

nonrandom. O

Theorem 2.3 For any k € {1,2,...,n} the central exponents Q(w) of (1)
does not depend on w € ).

Proof. We note that for any fixed k € {1,2,...,n} and N € N,

Qp(w) = inf  inf lim sup— Z In HCI%T i+ 1)y7(W)|2g 7 (w UH

UGGn kE+1 T>1 m—-+oo m

= inf mfhmsup—(Zh’lHq)zT i+1)T (@) @0 7 (w UH

UeGpn 41 T>1 m—+00 m

+ Z lnHCDZT i 1yr (W) 2g i (w UH)

i =N+1

Using an argument similar to that of the proof of Theorem 2 2 we can
show that €, (w) is measurable with respect to the tail o-algebra ﬂ ]—"N+1)T,

hence is degenerate, i.e. nonrandom. O

Now, since the Lyapunov, central and auxiliary exponents are indepen-
dent of w, we will drop w in their notations.

Theorem 2.4 For any k € {1,2,...,n} the central exponents Qy of (1) is
larger or equal to the Lyapunov exponents Ag.

Proof. Fixing an w € €, for any € > 0, by the definition of €2, there exists
an U € G,,_j41 such that

D i 3 s sl < s

For any vector x € U and T > 1 we have

1@t (W)z]| = ||Pn—1yrmr (@) © Po,(m—1yr(w)z||
< H(I)(m_l)Tva( )lq)om UH H(I)O (m—-1)T H
< || R m—vyrmr (@)oo @v]| - 1| Por(w )|U|| ||1’||-
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Therefore,

m—1

. 1 1
1;zrgi1£ﬁln“q)o7mﬂw) z]| < llmilig)—ZIHHCI)ZT i+ 1)1 (W) 0 1 (w UH

By Theorem 3.4 of Nguyen Dinh Cong [8], for any h € Rt we have

1
A(w) = min  maxlimsup — In||Pg p(w)z]| -
UGGn k41 €U m—z‘,;\]oo mh
m

Therefore,

1
A < inf li — In {|®o,m
R 1 el

< inf hmsup—ZlnH(I%T i+ )7 (W) (0 UH < Qi +e.

T>1 m—stoo
Since € > 0 is arbitrary we derive A\, < . O

Theorem 2.5 For any k € {1,2,...,n} the central exponents ©y of (1) is
smaller or equal to the Lyapunov exponents Ay.

Proof. Fixing an w € €, for any € > 0, by the definition of O, there exists
an V € G, such that

sup lim sup —— Z In H(I)(Hl)T,iT(W)|<I>o,<i+1)T(w)V‘ > 0 — .

T>1 m—+4o0

By the definition of A; and Theorem 3.4 of Nguyen Dinh Cong [8], there
exists an U € G,,_r,1 such that for any h € R"

1
Y li —In||P .
¢ = maxlimsup n || @ mn (W) ||

Since U, V are linear subspaces in R", the dimension of U is n — k 4+ 1 and
the dimension of V' is k, the dimension of the subspace U NV is larger or

11



equal to 1. Take an xy € U NV \ {0} we have

-1

m—1
) 1
sup lim supm Z In H q>(z‘+1)T,iT(W)|<I>o,(i+1)T(w)V ‘
i=0

T>1 m—+oo

1 o
< sup lim sup In | Po,ma (w)ol|
131 motoo ML o
1 [®
< sup max lim sup In H 07mT(CU)3C||
121260 mosroe M la]

= Ag.

Therefore, ©; — ¢ < A; for every ¢ > 0, hence O < A.

O

Theorem 2.6 For any k € {1,2,...,n} the central exponents ©y, of (1) is

smaller or equal to the auxiliary exponents .

Proof. First of all, as claimed in the Introduction, we will show that for

definition of Oy(w) the formula (3) is equivalent to the formula (5).

VieG,TeRwe,meN we set

m—1
1
g(T,m, V1) = T Z In H(I)(i+1)T,iT(W)lcbo,(iH)T(w)Vl
0

12

-1

For



Then

1 2m—1 -1
g(TJ 2m7 ‘/1) = 2771—T In HQ(iJrl)TfiT(w)|¢0,(i+1)T(w)Vl
i=0
11 @0 ayr(w)z|
- m P 1I1 zlel‘l/fl'* ||<I>0 zT(W)ZH
1 = || @o,2i+1)7(w)2]| [ @o,irpyr(w)?|
S In inf 1 f
T 2 ( " TRl AL [ H ()]
1 W] o)
2mT P z2€Vi* ||<I>0 QzT(W)ZH Hq)o 2i4+1)T H
= Lm 1ln inf H o () ”
2mT el ||(I>0,21T(W) |

-1

1 m—1
=5 > In H¢(¢+1)2T,i2T(w)|<1>0,(i+1>2T(w)w
i—0

= g(27,m, V7).

Thus, for all Vi € Gy, T € R",w € Q,m € N we have
9(T,2m, V1) < g(2T,m, V1), (12)
Now we will prove that for any fixed V; € Gy, T € R* the following equality

lim sup g(7', 2m, V;) = limsup ¢g(T', m, V1) (13)

m—400 m—400

holds with probability 1. Note that

m+1 1 -1
Tg(Ta m— 17 ‘/1) _g(Ta m, ‘/1) = ﬁ In H(I)(m+1)T,mT(w)|<I>0,(m+1)T(w)V1 )
and
1 -1
——111 H(me m+1) (w)H < ﬁ 1I1 H(I)(m—l—l)T,mT(w)|(I>0‘(m+1)T(w)V1
< @@ (14)
mT

13

)



Put

B = {weQ|rginrw)|| > T +n*""}, je{0,1,2..},
Bj = {CU € Q‘ Hq)(j-l-l)T,jT W H 2 ]T+ TL2€KT} R j € {0, 1,2},
+00 +00
B = [JN@\(B;uBy)).
i=1 j=i

By Lemma 3.3 of Nguyen Dinh Cong [8] we have P(B) = 1. Let w € B
be arbitrary, then there exists M(w) > 0 such that for all m > M(w) the
following inequalities hold

1 In(mT + n?eXT)
mTln H(I)mT (m+1)T(w)H X mT J (15)
In(mT + n?ek7)
——ln Hq)mT m+1)T(W)H Z - mT : (16)
From (14), (15) and (16) it follows that
1
lim (" (T, m o+ 1,V2) = o(Tm, Vi) ) = 0
m—-+00 m

with probability 1, in particular,

21
Jim_ (Q—Zg(T 20 +1,V1) — g(T, 25,1/1)) = 0.

2041

5 = 1, with probability 1 we have

Therefore, since lim
l—+o00

limsup g(7', 21 + 1,V4) = limsup g(7, 2L, V}),

l—>+o00 l——+o00

from which (13) follows.
By (12) and (13), for all Vi € Gy, T € R* with probability 1 we have

lim sup g(7,m, V1) < limsup ¢g(27', m, V7).

m—-+o0 m—-+0oo

From this it implies that the formula (3) is equivalent to the formula (5).
Moreover, this inequality also implies that

sup limsup g(7, m, V1) = lim sup lim sup g(7T', m, V7).

T>1 m—+o0 T—+oo m—+0o
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Therefore, taking into account Theorem 2.1 we have

m—1

Ok(w) = sup suplim sup —_— Z In Hq)(i+1)T,iT(W)|<I>0,(i+1)T(w)V‘
VeG, T>1 m—+oo

-1

= sup sup limsup g(1', m, V)
VeGL T>1 m—+oo

= sup limsup limsup g(7,m, V)
VeGy T—+oo m—+oo

-1

= sup limsup lim sup Z In H(I)(Hl)T,iT(W)|<I>o,<i+1)T(w)V‘
VeG, T—+o0o m—4oo

H @7 (i41)7 (W) 2|

= sup limsup lim sup E In 1nf
VEG, T—+o0 m—r+oo 2€®o,iT(w ]|

m—1

1
< limsup hmsup—z In di [@iri1y7(w)]

T—4+o00 m—+o0

=limsup v(T) = %.
T—+o0

The theorem is proved. O
Theorem 2.7 For the equation (1) we always have
M=~ and vy, =0,
Proof. Note that
dl[(I)z'T,(z'-i—l)T(W)] = H(I)iT (i+0)T ( ) )
dn| @iz iy1yr(W)] = Hq)zT ity (w) H_

Since the space (G consists of the single element R", using (3) and the argu-
ment in the proof of Theorem 2.6 we get

m—1

1
0, = sup llmsup—zmd iy (W)

TER+ m—+oo mT
m—1

1
= limsup lim sup — Z Ind,[®;r, z+1)T(W)] = Tn-

T—+o00 m—+oo mT

Similarly, ; = . O
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3 Lyapunov exponents of nondegenerate stochas-
tic different equations coincide with central
exponents

In the whole this section we will assume the nondegeneracy condition (10)
for the equation (1).

Propotion 3.1 For any € > 0 one can find 0 < § = 6(e) < 1 such that for
any V € Gy and U € Gy, (k € {1,2,....,n —1}) and any 7 € R the set
of w € Q, for which

[@rr 1 (@)V] N U(8(e)) £ {0}

has P-measure < €, where [7(@) denotes the cone consisting of vetors in R"
which make an angle < o with the subspace U.

Proof. The proof of this Proposition is completely similar to the proof of the
Lemma 2 in Nguyen Dinh Cong [5] and Theorem in Nguyen Dinh Cong [7]. O

Theorem 3.2 There exists a positive constant ¢, such that for any € €
(0,1), T > 1 and k € {1,2,--- ,n} the following inequality holds
1.4

with probability 1, where § = §(¢) is determined according to Proposition 3.1.

Proof. Let ¢ € (0,1) and fix k € {1,2,...,n}. Determine ¢ = §(¢) from ¢
according to Proposition 3.1. Fix an arbitrary 7" > 1 and an arbitrary
k-dimentional linear supspace V' of R™. Let i € {0,1,2, ...}, for brevity in ex-
pression, let ®; denotes the matrix ®;7 ;11yr(w). Denote by { f1, ..., fr, fot1, - fa}
such the eigenvectors, corresponding to the eigenvalues

A (D) > -+ > di(Q) > dp (D) > -+ > d2(D;)

of the matrix ®;®;, that they form an orthonormal basis of R”. Furthermore,
we denote by U ¥ the linear subspace spanned by the last n— k& eigenvectors
{frt1s s fu} of @FP;. We introduce some notations

C;, = {w €N: [CDo,iT(w)V] N Ul”;k’ [(5(6)} # {0} };

1
ni(w) = T In ||®gr1yrir(w)]],
o1 | ®oyr @)y
;J(w) = inf = In :
Gl = BT (ol
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By the definition of the equation (1) the random variables 7;(w) have second
moments, bounded by a constant independent of T > 1 and 7 € {0,1,2,...}
(see H. Kunita [13, Lemma 4.5.3, page 156], notice the division by T in the
formula defining 7;(w)). Let x;(w) denote the indicator funtion of the set C;.
By Proposition 3.1 and the Markov property of the solutions of the systems
(1) we have

PC)<e  Bluw) <e

By definition of C; and y;, if x;(w) = 0 then any vector of ®g;p(w)V is
separated from U;?w’k by an angle bigger than d(¢), hence

1

=

G(w)= inf

2€®@q i (w) Ve

> inf
2€®@q i (w) Ve

el e

In (dk(cp,.) sin Z(z, Ug;k))

1 .
ET In (dk(fbi) sin [6(6)])
1 1 o(e
ZT In di [®ir i1y (w)] + T In %
If x;(w) =1 then
[@irgyr@)]]
> inf + In 1 |7 | = =),
C( ) Zlélv* T ||Z|| n T, z+1 (w) n (W)
Consequently,

(¢)

Gl 7 ) -

| V

)me@@ﬁm

[1-

1ld<1> In

Tﬂ k[ sz+1)()}+T T
1

- Xi(w)? In dy [sz'T,(z'H)T(CU)] — Xi{w)mi(w).

It is easily seen that the random variables % In d; [CDZ»T,(Z»H)T(UJ)], Gi(w) have
second moments bounded by a constant independent of 7 > 1, ¢ € {0,1,2,...}
and € € (0,1). Thererefore, there exists a positive constant ¢; > 0 which is
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independent of T > 1, i € {0,1,2,...} and € € (0,1) such that

M

1 1 >
E Xi(w)_ In dy [‘I)iT,(iH)T(wﬂ ‘ < T (EXZQ (w)) (E 1H2dk [q)iT,(iH)T(w)D

T
<al [@@) = ap({oluw=1))

o=

and

Consequently,

1 1 4]
EC@(W) Z TE In dk [CI)iT,(i—&—l)T(w)} + T In % - 201 \/E (18)

Now we use results by Rosenblatt-Roth [16] to prove that the sequence of

random variables (;(w), ¢ = 1,2,. .., satisfies the strong law of large numbers.
This is a crucial argument in the proof of this theorem. Note that the random
variables (;(w), i = 1,2, ..., are not independent.

To this end we define a Markov chain in the state space Gy x Gl(n,R)
with the Borel g-algebra using the fundamental matrix of the equation (1)
as follows:

Our Markov chain starts (at time 7 = 0) from the state (V,I) € Gy x
Gl(n,R). From the state (V1,Y1) € Gy x Gl(n,R) at time 7 = 1" it goes
to the state (V2,Y2) € Gy x Gl(n,R) next time 7 = (i + 1)7" by the rule
Vo = (I)iT,(iJrl)T(W)Vla Yo = (I’(i+1)T,(i+2)T(w)-

Note that the second coordinate of our chain is a sequence of independent
random variables, and the first coordinate is a Markov chain on the compact
state space G, generate by the solutions of the equation (1). The transition
probability of our Markov chain is the product of transition probabilities on
two coordinates because the second coordinate is independent on the present
and past of the first coordinate. Denote by u the Riemannian volume on the
compact space G, and P;(Vy, By), where V] € Gy is a point and B; C Gy, is a
measurable subset of G, the transition probability of the Markov chain of the
first coordinate of our chain at the time moment 7 = ¢7". This Markov chain
on G, has density satisfying a parabolic partial equation which is determined
by the equation (1) (see Khasminskii [11, page 96]). Since Gy is a compact

18
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manifold and our nondegeneracy condition (10) is uniform with respect to
time we can find positive constants K3, Ky > 0 (see Aronson [2, page 891])
such that for any « = 1,2,..., any V; € () and any measurable subset
B C G}, we have

Kspu(B) < Pi(Vi, B) < Kyp(B). (19)

where constants K3, K, depend only n, T\ uq, uo and Lipschitz constant K of
the equation (1). From this it follows that for any i = 1,2,..., any pair of
points Vi, V5 € G, and any measurable subset B C Gy we have

|P,(Vi, B) — Pi(Vy, B)| < A (20)

sup |P;(Vi, B) — P;(Va, —

p 1 2 S K+ Ky
Since the transition probability of our Markov chain on the product space
G x Gl(n,R) is the product of two transition probabilities on its coordinates
it is easily seen that the ergodic coefficient a; of the transition function P; of
our Markov chain (see Dobrushin [9] and Rosenblatt-Roth [16] for definition

of ergodic coefficient and its properties) satisfies for any ¢ = 1,2,... the
inequality
K3
oa; = a(P) > —————. 21
(Fi) = K3+ Ky (21)

Thus for any m € {1,2,3, ...} we have

K
a™ = min o 3 0.

> >
o<i<m—1  — Kq+ Ky

Let us come back to the random variables (;(w) introduced above. We can
consider them as random variables defined on our Markov chain as follows:

(wi) = G(V;, @) = inf —In"———
Giwi) = Gi(Vi, i) eV T [ 2]]

We known that (; has second moments bounded by a constant ¢, independent
of T'>1and i€ {0,1,2,...}, hence

0 < DG < E|GP < e,

where DE(w) denotes the variance of the random variable £(w). This implies
that

K+ K
Co <02( 5+ Ky)

) oy =0 (m— +00).

m—1
2o Y T DG <
[m=a'™] 2 CZ\m
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Therefore, according to Rosenblatt-Roth [16, Theorem 1, page 435] the se-
quence (y, 1, (o, ... satisfies the strong law of large numbers, so we have with
probability 1 the equalities

= limsup — Z Glw

m—+00

hmsup—ZlnH@ i+1) TzT )|<I>o (7w )V‘

m—s+oo MA

= limsup — Z E¢(w

m—+oo 10

-1

= hm sup ———- Z E ln Hq>(i+1)T7iT(w)|‘I)0,(-L+1)T(UJ)V‘

m—s+oo MA

Using the definition of the central exponent Oy we get

-1
Ox(v) = sup sur 1},521‘;? TSI LR N

—1
> lim sup —: Z In H(ﬁ(iJrl)T,iT(w)|’1>0,(i+1)T(w)VH

m—s+oo M

m—1
1
—llmsup—zg( )—hmsup—ZE Glw

m—+oo 1 m——+oco

1=0
1= (1 1 (e
> I;Hl)ilii) m -~ (TE In dk [CDZ'T,(Z'—I—I)T(W)] —+ T In ¥ — 261 \/E)
m—1
1 1 d(€)
_l,,lnn_lj_lig) m_ Z E In dk [(I)ZT (i+1)T ( )} + T In T — 201 \/E

Consequently, with probability 1 we have

1 d(€)

The theorem is proved. 0

Theorem 3.3 Assume the condition (10), then for any k € {1,2,...,n} we
have

Y& = Op.
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Proof. Fix k € {1,2,...,n}. Taking into account Theorem 2.6 it suffices to
prove that O > <. Due to Themrem 2.1 we only need to prove O >

limsup (7). To do this we will show that for any o > 0, there exists
T ——+00

Tél) > 1 such that for any 7" > Tél) then
(1) < O + 0.
By Theorem 3.2, for any € € (0,1) and T > 1 we have

%(T)+% In ? — 201 Ve < O,

where 0 = §(€) is as specified in Proposition 3.1. Fix an arbitrary 0 < € <

%. Since Tlirf % In @ = 0, for any o > 0 there exists TQ(Q) > 1 such that
1 ——+00

for any T' > TLEQ) we have

_g<ll @

0
s STy S

which implies for any 7' > TéQ) then

1 )
’}/k(T) — g — 261\/2 < ’)/k(T) + T In % - 261 \/E g ®k
Thus, taking into account the choice 0 < ¢ < min {1, %}, we have that for

any o > 0, there exists T, = max {Tél), Tp} such that for any 17" > T,

(@) <Op+ 24202 <0+ 0.
2 401

Since p > 0 is arbitrary, we obtain lim sup v (7T) < ©. O
T—+o0

Theorem 3.4 Assume the condition (10) holds. Then the following equali-
tities hold
O, =X\ = = 7.

Proof. By Theorem 2.7 we have
1 = .
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Due to assumption of the condition (10), Theorem 3.3 implies that
Y1 = 617

hence v; = 1y = O,. By Theorems 2.4 and 2.5 we have ©; < A\ < ;.
Consequently,
@1:/\1291:’}/1.

The theorem is proved. 0
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