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Abstract

In this paper we show that under a nondegeneracy condition Lya-
punov exponents and central exponents of linear Ito stochastic differ-
ential equation coincide. Furthermore, as the stochastic term is small
and tends to zero the highest Lyapunov exponent tends to the high-
est central exponent of the ordinary differential equation which is the
deterministic part of the system.
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1 Introduction

In this paper we consider the linear Ito stochastic differential equation.

dX(t) = Fo()X(t)dt + o i F.()X (t)dw}, (1)
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where o is a positive parameter and F(t) (k € {0,1,2,...,m}) are continuous
matrix-valued functions bounded by a constant K, satisfies the following
nondegeneracy condition of random perturbation:

There are positive numbers jiq, pto such that for any z,y € R” and t € R

|zl Iyl < Y (Fe(®)a,y) < pz 2] lly))*- (2)
k=1

We study the Lyapunov and central exponents of equation (1). Using the
ideas and methods by Millionshchikov [16, 17] and Nguyen Dinh Cong [4, 5,
6, 7, 8, 9] we shall prove that under the nondegeneracy condition (2) Lya-
punov exponents and central exponents of the linear Ito stochastic differential
equation (1) coincide. Furthermore, as the stochastic term is getting smaller
and tends to zero (the intensity o tends to zero) the highest Lyapunov expo-
nent of (1) tends to the highest central exponent of the ordinary differential
equation

dX (1) = Fy(t)X (t)dt, (3)

which is the deterministic part of (1). Note that Nguyen Dinh Cong had in
[4] similar results for the case the constant matrices F}(¢t) (k € {1,2,...,m})
(Fy(t) are independent of t). However, the proof given there is incomplete
since the technique of changing from series of random variables to indepen-
dent variables is not completely verified. Here we use the strong law of large
number for a series of random variables depending on a Markov chain pro-
vided by Rosenblatt-Roth [19] to solve this problem. Moreover we consider
a more general case of variable matrices Fy(t) (k € {1,2,...,m}).

The paper is organized as follows. In Sec. 2 we give the formulae defining
exponents. In Sec. 3 we prove inequalities for estimation of distance between
the central exponents and auxiliary exponents of (1); using those inequalities
we prove our main results stating that the Lyapunov exponents of (1) coincide
with central exponents of (1) and the highest Lypunov exponent of (1) tends
to the highest central exponent of (3).

2 Definitions

It is known that with the above assumption the Cauchy problem of (1) has
unique solution (see Khasminskii [13, page 79]). The linear Ito stochastic
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differential equations (1) generates a two-parameter stochastic flow @, ;(w, o)
of linear operators of R™ (see Kunita [15, page 116]). The solution of (1)
satisfying initial value condition X (¢y) = xo, is a stochastic process given by
the formula X () = &y, (w, 0)xy.

We denote by G, the Grassmannian manifold of all »-dimentional subspace
in R®. For a linear subspace U of R™ we denote by U, the subset of all
nonvanishing vectors of U. For any nondegenerate n x n matrix X let us
denote by di(X) > do(X) > ... > d,(X) its singular numbers, i.e. they are
the positive square roots of the eigenvalues of the matrix X*X. Clearly, for
any k € {1,2,...,n} we have

X X
dpe(X) = inf sup | Xz = sup inf M
U€ln-krrzev. ||T]  veg,zeVe |zl

Definition 2.1 The random variables \y(w, o), Q(w,0), O(w,0) (k €
{1,2,...,n}) defined by

1
Ap(w,0) = popin Iileaz?dlffffop s nf|®o(w, o)z, (4)

~1(5)

Ok(w,0) := sup sup thUp—ZIHH‘I)@H)T,@'T(W,U)‘%’(M)T(w,a)\/’
VeGr, TeERT m—-+oo

m—1

1
Wor0) =, nf |l imsup S ) e (@0 rion

, (6)

where ®|g denotes the restriction of the operator ® to S, are called Lyapunov
exponents and central exponents of the equation (1), respectively.

It is not difficult to show (see Nguyen Dinh Cong and Nguyen Thi Thuy
Quynh [10]) that formula (5) is equivalent to the following formula which
can serve as a definition of Oy (w, o) as well

Ok (w, o) := sup sup lim sup—Zln Hq)(iH)T’iT(w’0)|%,<¢+1>T(w7a)VH_17 (7)

VeG gER m——4o0o

and the formula (6) defining Q4 (w, o) is equivalent to the following formula

m—1
Qg (w,0):= inf inf hmsup—zm HCDZT i1y (W, 0)|%1T wU)UH (8)

Uegnfkﬁ»l ;:i]R ——+00 m

Therefore, throughout this paper we assume 7' € R and T > 1.
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Definition 2.2 The random variables v (w, o), (k € {1,2,...,n}) defined by

m—1
. . 1
Yk (w, o) := lim sup lim sup s Z Indy, [®iri41)r(w, 0)] 9)

T—+oo0 m—+oo MM i—0

are called auziliary exponents of the equation (1). The function (7, 0)
defined by

m—1
. 1
’)/k(T7 0) = I:nnlilig ﬁ ; EIn dg [q)iT7(i+1)T(w, O')} (1())

where E£(w) denotes the expectation of the random variable &(w), are called
auziliary functions of the equation (1).

We note that the Lyapunov exponents, central exponents and auxiliary ex-
ponents of (1) do not depend on w (see Nguyen Dinh Cong and Nguyen
Thi Thuy Quynh [10]). So we will drope w and denote by Ai(c), Ok(0),
Q(0) and (o) the Lyapunov exponents, central exponents and auxiliary
exponents of (1), respectively.

3 Main result

For later use we recall some results on the strong law of large numbers for
non-homogeneous Markov chains by Rosenblatt-Roth [19]. Let (U, %;) be a
sequence of measurable spaces, i = 1,2,...; the stochastic transition func-
tions P;(z;, A;+1) with domains of definition (U;, X, Uit 1, Xiv1), (i =1,2,...),
x; € U;, Ajy1 € ¥y, define a Markov chain (on the above sequence of mea-
surable spaces). Denote by a; = «a(P;) the ergodic coefficient of P; (see
Dobrushin [11] and Rosenblatt-Roth [18] for definition of ergodic coefficient
and its properties). We consider the stochastic variables &;, depending on
g > 1 consecutive time-moments and suppose that all variances D¢E; are
finite (1 = 1,2,...). Put

(m) — i . — .
o = gig o Dn=) Dt
sm:;:&, U= max |S.—ES.|, (m=12...).



Propotion 3.1 [19, Theorem 2, page 567] Ifa; > p > 0 foralli =1,2,...
and E:;Ol m—2DE,, < 400 then the sequence & (i = 1,2,...) satisfies strong
law of large numbers.

Propotion 3.2 [19, Lemma 1, page 568] If a; > p >0 foralli=1,2,...
then for any m =1,2,...

L [200+ 2\/5)]2,021)

€

P(U, > ¢€)

m-

Next we recall a technical results which first introduced by Millionshchikov
and then developed by Nguyen Dinh Cong for various types of ordinary
differential equations with random perturbations.

Propotion 3.3 For any € > 0 one can find 0 < § = §(e) < 1 such that for
anyV € G, andU € G, (k€ {1,2,...,n—1}) and any 7 € RT the set of
w € Q, for which

[(I)T,T-l-l(w’ U)V} N U((SO.NS) ;‘é {0}

has P-measure < €, where U(p) denotes the cone consisting of vetors in R"
which make an angle < p with the subspace U.

Proof. The proof of this Propotion is completely similar to the proof of
Lemma 2 in Nguyen Dinh Cong [6] and Theorem in Nguyen Dinh Cong [8]. O

Now we are in a position to prove our main theorem which allows us to
deduce the results claimed in Sec. 1.

Theorem 3.4 There exists a positive constant c¢; such that for any e €
(0,1), TeR, T >1and k € {1,2,--- ,n} the following inequalities hold

1 oo™

(o) = (T 0)] < 2(er + 1) Ve — = In——, (11)

3

1 oo™
10k(0) — (T, 0)| < 2(c1 + 1) v/e— — In 2

T 2’ (12)

where 6 = 6(€) is determined according to Propotion 3.3.



Proof. For any ¢ € (0,1), T € R, T > 1land k € {1,2,--- ,n} in [10] we
proved that there exist positive constants ¢; > 0 and d(€) > 0 such that

1 . o™
Ww(T,0) + = In g

= I = = 20 V/e < 04(0) < (o). (13)

Now we will estimate central exponents € (c). To this end, for any m € N
we create a Markov chain of inverse time from m7T to 0 on the measur-
able state space G,,_r41 X Gl(n,R) with Borel g-algebra. Our Markov chain
starts (at 7 = mT') from the state (U,I) € G,_x+1 X Gl(n,R). From state
(U1, Z1) € Gunrs1 X Gl(n,R) at time 7 = (m — i)T it goes to the state
(Us, Z2) € Gp-gs1 X Gl(n,R) next time 7 = (m — i — 1)T by the rule
Uy = Cpmiyrm—i—vyr(w, 0)Ur, Zy = @m_iyr (m—i—1yr(w,0). Using the non-
degeneracy condition (2) and estimation of the density of Markov transition
probability (as the fundamental solution of a parabolic equation) we can
prove that there exists a positive constant v depend only n, T uq, o and
constants o, K (for more details see the proof of Theorem 3.2 in [10]) such
that for every ¢« = 0,1,...,m — 1 the ergodic coefficient (3; of stochastic
transition function of our Markov chain satisfies following inequality

B >v>0. (14)
Fix a subspace U € G,, 11, for each m € N we put

m _ l H(I)mT,(m—i—l)T(w, O_)y” l . .
Cz' (wv 0) - ylen(ﬁ* Tln HCI)mT,(mfi)T(W, U)yH - Tlnd1—k+1 [(I)(mfl)T(mfzfl)T(wv 0-)} :

Using the assumption on coefficients of (1), it is not difficult to show that
the random variables ("(w,0), i = 0,1,...,m — 1, have second moments
bounded by a positive constant in dependent of T, 7, m,e. By changing the
constant ¢; > 0 in (13) to a bigger constant if necessary we can assume that
the variables (*(w, o), i =0, 1,...,m — 1 have second moments bounded by
the above constant ¢; > 0 (from formula (13)) and

1. do™
E¢" (w,0) > T 27 2¢; Ve,
m—1 3
1 1 oo™
— EC™ > — ] -2 . 1
- ;:0 ¢("(w,0) > T n 5 c1 Ve (15)



Take a large number m € N and fix a number [ € N,/ > 1. For any t € N
satisfies 1 < I! < I**! < m we consider a Markov chain of inverse time and
with "1 steps

Cnprr (W, 0), G iy (w,0), ., Gy (w, 0).
Put
i—1
S;m(w) = Z nglt+l+u(w7 U) (Z = 1’ 27 s 7lt+1>a
u=0
Uia(w) = max [5"(w)—ES"(w)],
SMw) = ) G wo) (=12, 0",
u=1
Ul (w) = 1£1<al§+l|5i (w) — EST(w)],
then

i (W) = i (), §'(w) = S ()= Sa (W), (@) = G () = Fray(w)-

For any real number a > 0 we have

{w L U (w) > 2a}:{w . max |S7(w) — ES™(w)| > Qa}

1t

= {w : max |[Ghi(w)— G4 (w)]— [ESt (w) — ESee " (w)]| >2a

1<l }

= {o s, S0~ ESPatll- (501 ()— B ()] 220

1t

c{os max 190)- BS @) 2af = {0 s UPa) 2 a},

1<t

Therefore,
P({w LU () > Qa}) <P({w : Ul (w) > a)).
Arccording to Propotion 3.2, taking into account (14) we have

P({w: Ti(@) 2 2ve)) < P{w @ Uitha(w) 2 Ve})

<
< (20c3)%e Al ey, (16)

\]



where ¢c3 =1+ V6. Put

Apy = {w: max |S7(w) — ES™(w)| > Vei }

i<+

— . m m t
B = {w " 1S (w) — ES™ (w)| > Vel }
Apy = {w +Jax 5™ (w) — ES™(w)| > 2\/_2}
R — . m m t
B = {u) : lti?f‘lﬁl 157 (w) — ES™(w)| > 2v/e }

then B,,; D A,,; and émi D /Tm,t. Therefore

P(B) < P({w : Ofa(w) > 2val'})
P({w : Up(w) > vel'})

(2005) 2 220 ey
(20¢3)2e 12l ey

Take t*,t; € N, t* < t; and """ < m we have

Z P(*Zlm,t) < Z IP)(Bm,t)

P(At)

V/A/AN/ANV/AN

o A A A

I e e LT
(20es)*vPer 1
11—t

From (17) it follows that for any 9 > 0 there exists a number ¢, € N large
enough such that for any k > to, m = ¥ + 1, we have

(17)

where

1
F, :U‘vat’ m=1FF+1 (k>ty+1).

t=to



Put
+oo +oo

Hy = Q\ Fp, Hy= () | Hen,
r=to+1 k=r
then P(H,,) = 1-P(F,,) > 1—49, and since Hyxy 1 D Hpr141 D Hppvz g O -+
we have

P(H,,) = Jim P(Hippp) > 19,

We put further
—+00
i= ]
£=t0

From (17) it follows that P(H,,) tends to 1 as ty — oo. Therefore

P(H) = lim P(H;) = 1.

t—+oo

For any wy € H there exists a number { € N such that wy € ]:I,g. By
definition of H; there exists an infinite sequence ky,ks,... € N satisfying
t+1 <k <ky<... suchthatwe Hi, y for every ¢ = 1,2,.... For any
given number j, € N, we consider the case m = [*o + 1, since wy € Hlkj0+1
for any t € [£, kj, — 1] we have wy ¢ Apns. Therefore, for every u € [If, [Fio —1]
we have _ B

|5 (wo) — BSy (w)] < 2uv/e,
which implies

1~ 1_~

—S;”(wo) > —]ESZL(W) — 2\/2

U u

Consequently, using (15) we get

m—1
1~ 1
=S (wo) = — E(" (w,0) — 2¢/e
u ui:m—u
1. do™
> Tln 5 — 2c1\/€ — 24/€



On the other hand,

m—1
1~ 1
_SZL(WO) = - sz Wo, 0
u u =m—u
u—1 1
ey —_ ﬁ l ’ @jT7(j+1)T(w07 U) "PO,jT(WO,U)O‘I’mT,o(WO,O’)U H

=0

Q

u—1

1
+3° —= Ind, [P, j+1y7r (wo, 7))
) =0

Therefore, for any wy € H and u € [If, 1% — 1] (i = 1,2,...) we have
u—1
1
5 yrae
— T
J=0
u—1

1 1 50”
—+ Z ﬁ In dk [CI)J'T,(]‘-H)T(C‘)O: 0)] Z —n
7=0

D w a‘
jT,(]—‘rl)T( 0, ) éova(wo’U)O(I)(lki+1)T’O(MO’G)U

3

S —2(e + Ve (18)

Since a Grassmannian manifold G,, ., is compact, the sequence of its points
{® ki 1yro(wo, 0)U} (i = 1,2,...) contains a convergent subsequence For
simplicity of notation we assume that the sequence {<I> wrir1yr0(wo, ) U } 1=
1,2,...) itself is convergent and the limit is a point Ue Gn—k+1. Using this
convergence and noticing that the sequence k; < ko < ... tends to 400, from
(18) we get that for any fixed u > If

u—1

1
Z o H‘I’jT,(jH)T(Wm o) |q>07].T(wO,g)a H
=0

-1

1 1. do™
z:; —Tln dk TG+ nyr(wo, o)] — Tln 5

3

+2(c1 + 1)v/e. (19)

Since the random variables d, [CDJ-T’(J'H)T(w,J)] are independent and have
variances bounded by a positive constant, the following equality holds with
probability one

m—1 1 m—1 1
limiupzﬁln dk[ T, G4 (W, 0)] —hmiupZ—lnEdk[ TG T W, a)}
m—+o0 7 m—+o0
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A~

Therefore, since P(H) = 1 from (19) and definition of Q(c) we have for any
T > 1 the following inequality

m—1 3

1 1. do"
(o) < i 3 I dp [P (o, 2+ 1)v/e — =1
k(o) im sup 2T ndy [ @7, jrir(wo, 0)] 4+ 2(c1 + 1)V/e 7
ml 1. 60"
< li —InEdg [P (i1 , 2 1 — =1
st D M Bingenr (0] + 2+ DVE =
1. oo™
< (T, 0) +2(c1 + 1)Ve — fln 5 (20)

Combining inequality (20) with inequality (13), we get for any 7' > 1 in-
equalities

1. do™
(o) —w(T,0)| < 2(c+1)Ve— Th—
1. 6o
|Ok(0) — (T, o) < 2(c; +1)ve— T In 5
The theorem is proved. 0]

Theorem 3.5 Assume the condition (2) holds. Then for all k € {1,2,...,n}
there exist limits

(o) = lim (T, 0) = w(w,0), (21)

which coincide with auziliary exponents of the equation (1), and the following
equalities hold
Qo) = Me(0) = O(0) = (o).

Proof.  Let e € (0,1) be arbitrary. Choose T, € R, T. > 1 to be so large
that for any T' > T, we have

Som’

2

1

Then (11) and (12) imply that

Ve(Th, 0) — y(Ty, )| < (4ey + 6) Ve

11



for any 77,7y € R, Ty > T. and T5 > T.. Hence the limit in (21) exists.

n3
By choosing big 7' > 1 we can make the term % In 5‘77 arbitrarily small and
& (T, o) arbitrarily close to v (o), hence we also get the following inequalities

(o) — (o) < 3(ar+1) Ve,
0k(0) — (o) < 3(cr+1) Ve

Since € € (0,1) is arbitrary, this implies that
(o) = (o) = Ok(0). (22)
Now, since O(c) < M(o) < Qx(o) (see [10]) we conclude that
(o) = Ak(0) = Or(o) = (0). (23)
The theorem is proved. 0

Theorem 3.6 Assume the condition (2) holds. Then the highest Lyapunov
exponent A\ (o) of the Ito differential equation (1) tends to the highest central
exponents 1y of the deterministic part of (1), i.e. of the ordinary differential
equation (3), as o tends to zero.

Proof. The proof of this theorem is based on Theorem 3.4, definitions of
A1, €1, and is completely similar to the proof of Theorem 1 in Nguyen Dinh
Cong [4] and Theorem in Nguyen Dinh Cong [8]. O
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