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SOME RESULTS ON REDUCTION PRINCIPLES,
BIFURCATION AND HOPF BIFURCATION OF
EQUATIONS CONCERNING LIPSCHITZ
CONTINUOUS MAPPINGS
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ABSTRACT. Some reduction principles of equations independing or de-
pending on a parameter and concerning Lipschitz continuous mappings
are introduced and then are applied to consider the existence of nontriv-
ial solutions and nontrivial periodic solutions with a small norm and the
existence of bifurcation and Hopf bifurcation points of equations concern-
ing Lipschitz continuous mappings in Banach spaces, investigating the
definition and nonvanishing of the topological degree of mappings or the
existence of regular nonzero solutions of algebraic equations in a finite-
dimensional space. Some well-known results of other authors are general-
ized.

INTRODUCTION

Throughout of this paper, by X, Y we denote real or complex Banach
spaces with the dual X™* and Y*, respectively. Without misunderstanding,
the same symbols || - ||, (.,.) stand for the norm in X, Y, X* Y* and
the paring between elements of X, X* and of Y, Y™, respectively. They
should be understood in the concrete context. Let R™ stand for the n-
dimensional Euclidean space. It is customary to simplify the notation for
R! by dropping the superscript, R = R. We also use the same symbol
| - | to indicate the norm of R™ for all n = 1,2,.... Let D be an open
bounded subset in X with the closure D. It is well-known that there
are many problems in physics, biochemistry, mechanics and specially, in
applied mathematics which can be formulated as operator equations of
the form
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(1) F(z) =0, z¢€D,

where F is, in general, a nonlinear mapping from D into Y. If we can
describe the solution set of this equation in some neighborhood of a known
solution we can solve our problems. We assume that by some manner
we already know a solution zy of (1) i.e. F(zg) = 0. Without loss of
generality we take zog = 0 and hence the set D is supposed to be an
open bounded neighborhood of the origin in X. In the case when the
mapping F' is continuously Fréchet (or Hadamar) differentiable at zo = 0
and its derivative F,(0) is a one-to-one mapping from X onto Y, using
the Implicit Function Theorem, one can show that z¢o = 0 is an isolated
solution of this equation. In the case the derivative F,(0) is not one-to-
one or, in general, the mapping F' is not differentiable, some methods,
for instance, Lyapunov-Schmidt procedure (see, for example, [16]), Center
manifold method (see, for example, [3], [12], [15]), alternative method (see,
for example, [4]) etc. are used to describe the solution set of the equation
(1) in a neighborhood of a given solution. The main idea of these methods
is as follows: If X and Y are finite dimensional spaces, one reduces the
above equation to two equations on lower dimensional spaces which are
simpler to be solved and better geometric insight. If the spaces X and Y
are infinite dimensional Banach spaces, one reduces this equation to two
equations, one equation is in an infinite space which can be easily solved by
some well-known methods as the Implicit Function Theorem, the Banach
Contraction Principle, the topological methods etc., the other equation
is in a finite dimensional space. The reduction also forms a qualitative
simplification. It then follows that if we have described the solution set
of the reduced equations, then we can also describe the solution set of
the original equation. These methods have been studied in many different
settings and by many authors.

The purpose of this paper is to describe some reduction principles for
equations independing or depending on a parameter and concerning Lip-
schitz continuous mappings and to use these principles to consider the
existence of nontrivial solutions of stationary equations, nontrivial peri-
odic solutions of dynamic systems, the existence of bifurcation and Hopf
bifurcation points of equation depending on a parameter. The plan of the
paper is as follows. In Section 1 we introduce the reduction principles to
describe the solution set of the equation

T(u)+H(u)+ K(u) =0, uweD,
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in a neighborhood of the solution xy = 0, the periodic solution set of the
dynamic system

@+ T(u)+ H(u)+ K(u) =0, u€D,

with T" being a linear continuous mapping and H, K being Lipschitz con-
tinuous mappings. Further, we consider the cases of equations depending
on a parameter. First, we investigate equation of the form

T(u)+ L\ u)+H\u)+ K\ u) =0, (A\u)€AxD,

where A is an open subset of a normed space, for any A € A, T, L(\,.) are
linear continuous mappings and H (A, .), K(},.) are Lipschitz continuous
mappings with H(\,0) = K(\,0) = 0.

This problem leads to bifurcation problems. We describe the solution
set of this equation in a neighborhood (X,0), where A € A satisfies some
sufficient conditions to be imposed later. In the end of this section we
introduce the reduction principle for dynamic systems depending on a
parameter of the form

i+ T(u) + L\ u) + HAu) + K\ u) =0, (\u)€AxD,

with T, L, H, K as above. We want to describe the periodic solution set
of this dynamic system in a neighborhood of a given solution (,0) with
\ satisfying some sufficient conditions below. This problem leads to Hopf
bifurcation problems.

Section 2 is devoted to the existence of nontrivial solutions of equation
independing on a parameter. In this section we assume that the linear
part of considered equations is a Fredholm mapping with nullity n and
index zero. Using the reduction principles introduced in Section 1, we
reduce each of these equations to two equations, one equation is in a
infinite dimensional space which is easily solved by the Banach Contraction
Principle, the other equation is in a finite dimensional Euclidean space
defined by the null space of the linear part. The solving of the last one
can be reduced to the problem of finding conditions on the definition and
nonvanishing of the topological degree of the mappings or on the existence
of regular nonzero solutions of algebraic equations in a finite dimensional
Euclidean space.

Section 3 is devoted to bifurcation problems concerning Lipschitz con-
tinuous mappings. We assume that A € A is a characteristic value of the
pair (T, L) (i.e. T'(v)+ L(A,v) = 0 for some v # 0) such that the mapping
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T + L(},.) is Fredholm with nullity p and index zero. Using the result
obtained in Section 1, we reduce the bifurcation problem of the equation

T(u)+ L\ u) +H\u)+ K\ u) =0, (\u)€eAxD,

to the bifurcation equation in a finite dimensional Fuclidean space. To
solve this bifurcation equation, we find some sufficient conditions on the
definition and nonvanishing of the topological degree of mappings or, on
the existence of regular nonzero solutions of algebraic equations in a fi-
nite dimensional Euclidean space. The results in this section generalize
some well-known results obtained by McLeod and Sattinger [11], Buchner,
Marsden and Schecter [1] and by Crandall and Rabinowits [5] in the case
of simple characteristic values.

In Section 4, we consider the existence of Hopf bifurcation points of
periodic solutions of the equation

U+ T(u)+ L\ u)+H\u)+ K\ u) =0

with T\, L, H, K as above. It is well-known that in the year 1942, Hopf [7]
proved the existence of the bifurcation of periodic solutions of the equation
= F(\,u) at a critical A under the conditions:

a) The eigenvalue o(\) of F,, (A, 0) crosses the imaginary axis for critical
A = X with Reo’(\) # 0, where o’ denotes the derivative of o with respect
to A.

b) The purely imaginary eigenvalue o(\) = +ipg is simple.
¢) Fp(\,0) has no eigenvalue of the form +kpug, k= 0,2, ....

There are several generalizations of Hopf’s result (see the papers of
Ize [9], Chafee [2], Schmidt [13], Kielhofer [10, etc.). In [10], Kielhofer
investigated the Hopf bifurcation of the equation

i+ Au+ B(A)u = F(\ u)

in a Hilbert space with mappings B, F' depending analytically in A and
B(0) = 0. The mapping A is assumed to have a purely imaginary eigen-
value +ipg with multiplicity » > 1. Then, he studied the bifurcation
of periodic solutions at A = 0, using the method of Lyapunov-Schmidt
for evolution equations, following Iudovich [8]. This reduces the above
problem to the bifurcation equation in R?" of the form

Dv + B(A\)v + G(u),v) = 0.
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The parameter p corresponds to the unknown period of the bifurcating
solution. The vector v belongs to R?"~! and the linear operators D and
B()) as well as the nonlinear operator G(y, A, .) map R2"! into R2". He
then found some necessary and sufficient conditions for the Hopf bifurca-
tion of the above system, showing that the positive number of branches
which bifurcate at A = 0 depends on the number of nontrivial solutions of
four algebraic equations in R?".

Let A € A be such that the mapping 7 + L(},.) is Fredholm and has
+i0y, Bo # 0 as eigenvalue with multiplicity p > 0. We use Theorem 4
in Section 1 to reduce the above equation to the bifurcation equation in
R?P. We shall find some sufficient conditions on the existence of the Hopf
bifurcation, by studying the definition and nonvanishing of the topological
degree of four mappings in R?P, or the existence of regular nonzero solu-
tions of four algebraic equations in R??. Our four algebraic equations in
R? are different from the ones defined by Keilhofer in [10]. At the end of
this section we consider the special case when p = 1. Our results generalize
Hopf’s bifurcation theorem. The results in this section are also true when
the mapping T + L(},.) has +infy (for a finite number of n = 0,2,...) as
eigenvalues with a finite multiplicity.

1. THE REDUCTION PRINCIPLES

In what follows we shall describe the solution set of the equation (1)
in a neighborhood of a given solution with F' of several forms. We first
consider the equation

(2) T(u)+H(u)+K(u) =0, ueD,

where T is a linear continuous mapping from X into Y, H and K are
nonlinear mappings from D into Y with H(0) = K(0) = 0. Further we
make the following hypotheses on these mappings and the spaces X,Y.

Hypothesis 1. There exist two finite dimensional spaces Xg C X and
Yy C Y with dim Xy= dim Yy = n and two continuous projections Px :
X — Xp and Py : Y — Y| such that

TPx(zr)=PyT(x) forall ze€ X,
and if we set QX :I—Px,QY :I—Py
X1=0Qx(X), Y1=0Qy(Y)

with I denoting the identity mapping, then the following hold
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(i) Ker T={zxe X /T(x) =0} C X,
(ii) the linear problem

T(U):fa erl

has a unique solution v = II(f) € X7, where the operator I : Y1 — X is
continuous.

Hypothesis 2. There exists a real number a > 1, a constant k£, > 0 and
a real increasing continuous function p : R — R with éi_r% p(8) = 0 such
that

(i) H(tu) = t*H (u) holds for all t € [0,1],u € D,

(ii) ||Qy H(u) — Qy H(v)|| < k1||u — v|| holds for all u,v € D,

(iii) |a|~?||K (au)|| — 0 as a — 0 uniformly in u € D,

(iv) |Qy K (u) — Qy K(v)|| < p(||u — v||)||u — v|| holds for all u,v € D.

Now, by choosing D’ C D smaller if necessary we may suppose that
D = D(0,r), the open ball with the center at the origin and the radius
r > 0in X. Also, we assume that Dy = Px (D) and D; = Qx (D) are
open balls in Xy and X7, respectively, say D; = D1(0,7r1). Further, let
{v!,...,v"} be a basis of the space X,. Let

Uy = {a: = (21,....,xn) € R" / ixjvj € DO}.

J=1

Without loss of generality we also assume that U; = U(0, 1), the open
ball with the center at the zero in R™ and the radius rg > 0.

Theorem 1. Under Hypotheses 1 and 2 there exists a number ty € (0,1]
such that for any x € toUy one can find a unique () € toDy with the
following properties:

(i) >z +(x), == (z1,...,2n), is a solution of the equation
j=1

Qv (T(u) + H(u) + K(u)) =0.
(ii) There ezists a constant ko > 0 such that for any xt, x? € toUp we
have

(") — (@)l < kafa? — 2|

(iii) [[¥(Jelz)[| = o(|al) as a — 0 uniformly in x € Uy, 9(0) = 0.
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(iv) If T € toUy, T = (T1,...,Tp) s a solution of the equation

Zxﬂﬂ +(x)) + H( Zx]vj—l—d} ) + K( Zx]vj-i-w x)) =

then Y ZT;jv7 4+ (T) is a solution of the equation (2).
j=1

(v) If u € toD is a solution of the equation (2), then there exists a
unique T € toUy such that

n
=S w0
= .CEJU

j=1

and

Proof. Let Uy, Dy be as mentioned above. For any ¢t € (0,1] we set
U(t) = tU; and D(t) = tD; and define the mapping G : Uy x D; — X3 by

G(z,w) :HQY(H<i%’U‘j+w) +K<ixﬂj+w>>’

(z,w) € Uy x D;.
Now, for x € U(t),w!,w? € D(t) we can write z = t2’,w’ = tw’, with
2 e Uy, w' € Dy,i= 1,2. Therefore, we have
1G(z,w") = Gz, w?)|| < [[UQy |[{k:[t]*||w" —w?||
+p(t|lw' — w?[)]|[w! —w?|[}
< Qv [[(R1 [t~ + p(2r1t)||w! — w?|]
= Ci(t)][w" —w?|l,
where
Ci(t) = [IUQy || (k1 [t~ + p(2r11)).
And for w € D(t), w = tw’, we have

|G (2, w)]| < [[TQy |(k1[t]*(ro + 1) + tp(2rit)r1)
= 02<t)ta
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where
Co(t) = [[TIQy || (k1 [t]* (o + 71) + p(2r1t)ry).

Since C4(t),Cao(t) — 0 as t — 0, we conclude that there exists a number
to € (0,1] with 0 < Ci(tg) < 1 and 0 < Cy(tg) < r1. It then follows that
for any = € U(ty) the mapping G(z,.) is a contraction mapping and maps
D(tp) into itself. Applying the Banach Contraction Principle, we deduce
that there exists a unique point ¢ (z) € D(ty) satisfying

(x) = Gz, ¥ (x)).

This implies

Qv (T(w(a)) + H(ixﬂﬂ' + (@) + K(fjmjw + (@) =0.
j=1

j=1
n

> a:jvj> = 0 we obtain the proof of (i).

Together with the fact T(
j=1

Now, let o', 22 € toUy, 2" = tox',i = 1,2. We have

[(ah) = v(@®)]] = [|G(z", ¥(z")) — G(a?, ¥ (a?))]]
< Qv |[{ka o]~ (2" — 2?| + [l (') — ¢(a?)]]
+p(2(ro +r1)to) (Ja' — 2| + [l (2") — ()]}

It follows

Cs(to)
(3) () — o (a®)]] < Tg(to)Hﬂ?l— “Il,
with

Cs(to) = [MQy [|(k1lto]*™" + p(2(ro + 71)t0)).

By choosing t{, < t¢ if necessary we also assume that Cs3(tg) < 1. There-
Cs(to)

1 —Cs(to)”
Now, we prove (iii). Since H(0) = K(0) = 0, we then have G(0,0) = 0,

and hence ¥ (0) = 0. Therefore, it implies from (3) that for = € U(ty) and

a € (—1,1) we have

fore, to complete the proof of (ii) it remains to set ko =

R
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Further, we can see that

#5552 < hmeteter= (at+ | 22522

 Jal o]+ |22 ) (1 + || 2522 )
< IQy || (k1 ]er|*~ (ro + k2) + p(|al(ro + k2)(ro + k2))

holds for all & € (—1,1) small enough. It follows

tm | 2090 g,
|a|]—0 |Oé|
or || (a|z])|| = o|a]) as |a| — 0. This proves (iii).

(iv) is obvious. Finally, we need only prove LV) Let u € toD be a
solution of the equation (2). We have Px (u) € toDg. It follows that there

exists T € toU; such that Px(u) = Y Z;v7 and Qx(u) is a fixed point
=1

j_
of the mapping G(Z,.). Since 9(T) is a unique fixed point of G(Z,.), we
conclude Qx (u) = ¥ ().
This completes the proof of the theorem.

Next, we consider the dynamic system of the form
(4) o+ T(u) + H(u)+ K(u) =0, u€D,

where T, H and K satisfy the same hypotheses as above. The Banach
space X is continuously embedded in Y. By a solution of (4) we mean
a continuously differentiable mapping x : R — X such that the following
properties hold

(a) x(t) € X forallt € I,
(b) @(t) + T(x(t)) + H(z(t)) + K(x(t)) =0 forallt e R.

Let X = Cy:(R, X) be the space of all 2r-periodic continuous differ-
entiable mappings u : R — X. Let Y = Cy([0,27],Y") be the space of all
27m-periodic continuous mappings h : [0,27] — Y. One can easily verify
that X and X* = Cyr (R, X™*), Y and V* = Cy([0,27],Y™*) is a pair of
dual spaces, respectively. The inner products between X and X'*, ) and
Y* are denoted by the same symbol (,) and defined by
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for (u,v) € X x X* or (u,v) € Y xY*. The norm in X (}) is defined by the
sup-norm ||u|| = sup,cp ||u(t)||. It is clear that ug = 0 is a solution of (4).
Now, to given € > 0 we want to find a solution u, of (4) with 0 < ||u.|| < €
and u. is a T.-periodic mapping with |7, — 27| < e. We say that u,. is a
nontrivial periodic solution with small norm. Setting ¢ = (1 + p)7 in the
equation (4) we obtain the equation

(5) 4+ (1+ p){T(u) + H(u) + K(u)} =0,
(p,u) el x 5,[1 = (—1,1),
and D = {u € Cor (R, X) / u(t) € D for all t € R}.

Now we make the following assumptions on these mappings and the
spaces X', ).

Hypothesis 3. There exist two finite dimensional spaces Xy C X and
Yo C Y with dim Xy = dim )y = n and two continuous projections Py :
X — Xy and Py : Y — )y such that

(jt‘FT)PX() Py(iw)() forall € X,

and if we set

Xl:QX(X)7 yl:Qy(y)v

then the following hold

(i)Ker(%JrT):{xeX/—JrT() O}CXO,

(ii) the linear problem

dv

%—i_T() f7 feyl

has a unique solution v = II(f) € X;, where the operator 11 : }; — A} is
continuous.

Hypothesis 4. Hypothesis 2 is satisfied with D replaced by D and the
norm ||.|| is replaced by the sup-norm.

Further, as before we assume D = D(0,7),D1 = Qx (D) = D1(0,r1).
Let {¢!,...,¢"} be a basis of the space Xy. We also assume

U, = {x = (21, 2) € R/ Zx]gﬁj € Do} — U1 (0,70).
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We have

Theorem 2. Under Hypotheses 3 and 4 there exists a number ty € (0, 1]
such that for any « € toly,x € toUy one can find a unique (o, x) € toD
with the following properties

n

(i) (o, 22 z;¢) +(a,x)),r = (21, ..., %), is a solution of the equation
Qv+ (14 p){T(u) + H(u) + K(u)}) = 0.

j=1
(ii) There exists a constant ks > 0 independent of « such that for
xt, 22 € toU; a € tol; we have

(e, 2") — (e, 2?)]] < kg’ — 7.

(iii) ||v(Jal?, |al2)|] = o(la]) as a — 0 uniformly in x € toU; for
d=a,a—1 and Y(a,0) =0 for all o € tpl;.

(iv) If T € toUy, T = (T1,...,Tn), is a solution of the equation

n

d( §1$j¢j —l—w(a,x)) n

Py( o ) —1—(1—1—04){T<ij¢j+w(oz,x)>—|—

j=1

H(ixjgbj + (0, 7)) +K(§:x]¢f +(a,2)) b =0

with a € toly, then (a, > fjgbj—Hp(oz,E)) is a solution of the equation (5).

Jj=1

(v) If (a,w) € toly X toD is a solution of the equation (5), then there
exists a unique T € toUy such that

Px(u) =Y ;¢
j=1

and

Qx(w) = P(a,T).
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Proof. The proof of this theorem proceeds exactly as the one of Theorem
1 with the mapping G : U; x D; — X; replaced by the mapping G :
Il X Ul X Dl — Xl defined by

Gla,z,w) = HQy(aT(ij¢j + w)

j=1
+H<zn:xj¢j +w> +K<Zn:xjgbj +w)>.
j=1 =1
Further, we consider the following equation depending on a parameter
(6) T(u) + L\ u) + Hu) + K(A\u) =0, (\u)e€AxD,

where D is as above, A is an open subset of a normed space. For any
fixed A € A, T,L(}\,.) are continuous linear mappings from X into Y,
H()\,.),K(),.) are nonlinear mappings from D into Y and H()\,0) =
K(\0)=0.

Let A € A be given. We make the following hypotheses on these map-
pings and spaces.

Hypothesis 5. Hypothesis 1 is satisfied with T replaced by T + L(X, )
everywhere.

Hypothesis 6. There exists a real number b such that aL(\,v) =
L(a®X,v) holds for all a € [0,1],v € D.

Hypothesis 7. There exist a real number a > 1, a constant k; and a
continuous increasing real function p : R — R with lims_,¢ p(d) = 0 such
that

(i) H(\ tu) = t*H (), u) holds for all t € [0,1],u € D, X € A,

. A A
(ii) HQYH<W>U> - QYH<W’U>H < k1l||u — v|| holds for
11 —
all a € (—§,§>,u,v E_D,
_ A . . -
(iii) H || aK<m,au>H — 0 as o — 0 uniformly in v € D,

(iv) HQYK(ﬁﬂO - QYK<ﬁ,U>

11
holds for all ——, =
olds for all « € ( 55

< p(lfu = vl — v

),u,v € D, where b is from Hypothesis 6.
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11 A
Let us take I; C (— 3’ 5) such that ] € A holds for all o € I;.
o

Let Do, Dy, Uy, {v!,...,v"} be as above. We have

Theorem 3. Under Hypotheses 5, 6 and 7 there exists a point tg € (0, 1]
such that for any a € toly,x € toUy one can find a unique ¥ (o, ) € toDy
with the following properties
n .
(i) zjv) + (o, x), x = (21, ..., %Tn), s a solution of the equation
=1

J

Oy <T(u) +L((1+—)\a)b,u) +H(ﬁ,u> +K<ﬁu>) —0,
(o,u) € I x D.

(ii) There exists a constant ko > 0 such that for any a € toli,zt, 22 €

toU1 we have
(e, &) — (e, 2?)|| < Kl — 2?|

(iii) [|o(la|*t Jalz)]| = 0(|a|) as |a| — O uniformly in z € toUs,
Y(a,0) =0 for any o € toly.

(iv) If T € toUy,T = (T1, ..., Tn), is a solution of the equation

n . X n .
Y A o
Py (T(;xﬂ) + ¢(a,x)> + L<(1 m a)b,;xjv + w(a,x))+
(2 Y g0 +6(0,0)) K (2 Y g0 +(,0)) ) = 0
(1+a) = ’ 7 1+ ) = ’ 7 7
o€ tofl,_
then > Tjv7 +1(a, T) is a solution of the equation (6) with X = Lb.
j=1 (1+a)
(v) If @ € toD is a solution of the equation (6) with A = A a €

tol1, then there exists a point T € toUy such that Px(u) = > T;v7 and
j=1
Qx (@) = ¥(a, 7).

Proof. The proof of this theorem proceeds exactly as the one of Theorem
1 with the mapping G : U; x D; — X; replaced by the mapping G :
Il X U1 X D1 — X1 defined by
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G=(a,z,w) = HQY(a(TJZZ:l%Uj +w)+

(1+a)bH<(1+;)\Oé)l),éxjvj+w> -I—(l—i—a)bK(ﬁ,Z:xjvj +w>).

Next, we consider the following dynamic system depending on a pa-
rameter

(7) 4+ T(u)+ L\ u) + HOu) + KA\ u) =0, (A u) € A x D,

where A, D are as above, T, L, H and K are as in the equation (6). Let
X € A be given. To any € > 0 we want to seek a solution (A, uc) of (7)
with [Ac — A| < €,0 < ||uc|| < € and wu, is a Ti.-periodic mapping with
|T. — 27| < e. As before, setting ¢t = (£ + p)7 in the equation (7) we obtain

w4 (14 p){T(u) + L\ u) + H\u) + K\ u)} =0,

(8) (p,\,u) € I1 x A x D.

Now, let X,),D be defined as above and A € A be given. We make the
following hypotheses on these mappings and spaces.

Hypothesis 8. Hypothesis 3 is satisfied with the mapping T replaced by

the mapping T+ L(J, .) everywhere.
Hypothesis 9. Hypothesis 6 is satisfied with D replaced by D.

Hypothesis 10. Hypothesis 7 is satisfied with D replaced by D and the
norm ||.|| is replaced by the sup-norm.

We have

Theorem 4. Under Hypotheses 8, 9 and 10 there exists a point tog € (0, 1]
such that for any p € tol1, a € toly, x € toUy one can find a unique
Y(p, a, x) € tgDy with the following properties

n

(i) Z z;¢7 +(p,a,x), x = (21, ..., Tn), is a solution of the equation

Jj=1

Qu{i+ 1+ p){T(w) + K(ﬁ,u)+

H(ﬁ,u) +K((1+—/\a)b,u)}} = 0.



SOME RESULTS ON REDUCTION PRINCIPLES 441

(ii) There exists a constant ko > 0 such that for any p, a € toly, o',
x? € toU; we have

Hw(p,a,scl) - w(p7a7$2)|| < k2|CL‘1 - 2132|.

(ii1) [ (el el |elz)]] = oflal) as |a] — 0 for all c,d = a,a — 1,
P(p,a,0) =0 for all p, a € tol;.

(iv) If T € toU; is a solution of the equation

d(anscmf +9(p,a,)) )
Py{ =1 o +(1+p) (Tijcbj + 1 (p, oz,x))+

Jj=1

A - : Y n ,
L(m;;fﬂﬂ +¢(Paa,l‘)> +H(m,;xj¢] +w(p,oz,a:)>

+K<ﬁ,éay¢j + w(p,oz,:z:))} =0

n

: A
then (p, o, Y ;¢ +¢(p, a, x)) satisfies the equation (8) with \ = "
i=1 (1+a)
(v) If u € oD is a solution of the equation (8) with p € toli, A =

ﬁ,(k E tnll, then 1’;h676 61‘2.5?’;8 a P()i’ﬂt xr 6 1’,'0 1 Such ha X(u) -
]. + « b l/ t t P
n

> Zi¢7 and Qx (W) = ¢¥(p, o, T).

Jj=1

Proof. The proof of this theorem proceeds exactly as the one of Theorem

1 with the mapping G : U; x D; — X; replaced by the mapping G :
Il X Il X U1 X Dl — Xl defined by

d(ijgbj +w) .

E(pvo‘?x’w):HQﬁy(T;Z = dr +OZT<Z$]¢j+w>

j=1

+(1+a)bﬂ(ﬁ, Zn: i +w> —{—(H—a)bK(ﬁ iqusj +w>)

Jj=1

(p,a,x,w) €l xI) xU; x Dyq.
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2. THE EXISTENCE OF NONTRIVIAL SOLUTIONS

First, we consider the existence of nontrivial solutions of the equation
(2) in a neighborhood of the origin. We assume that the mapping T is
Fredholm with nullity p and index zero. By T™* we denote the adjoint
mapping of the mapping T'. Let

ker T = [v!, ..., 7],

ker T* = [, ..., ¥P].

By the Haln-Banach Theorem there exist p functionals on X and p
elements in Y such that (v7, f*) = &, (W™, 2™) = dpm, J,k,myn =
1,....,p. We set

Xo = [v', ..., 07,

Xlz{yEX/<yafk> :071{7:1771)}
Yy = [, ..., 2P]

i = {y ey / <y7¢k> =0,k = 17'-'7p}'

The projectors Px : X — Xy, Py : Y — Yj are defined by

Px(z) =Y (a, ff9%, Pyy)=> (y,4")2"

k=1 k=1

Qx and )y are defined as in Hypothesis 1. One can easily verify that
Hypothesis 1 is satisfied. In what follows we assume that the mappings H
and K satisfy Hypothesis 2. Therefore, the mapping H can be considered
to be defined in whole X. Indeed, for any x € X there exists a number

1

a > 0 such that ax € D. We put H(z) = — H(«, x). Further, we define
aa

the mapping A: R? — RP, A= (A4,,...,A,), by

Ag(x) = <H(ixjvj>,wk>, z = (z1,...,2p) € RP.

We impose the following hypothesis on this mapping

Hypothesis 11. There exists an open bounded subset 2 C RP such that
the topological degree, deg (A, €,0), of the mapping A with respect to Q
and the origin is defined and different from zero.
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We have

Theorem 5. Let H and K satisfy Hypothesis 2 and let Hypothesis 11 be
satisfied. Let to, 1 exist by Theorem 1. Then there exists a neighborhood
Iy C toly such that for any o € Iy one can find x(a) € Q such that
p )
u(a) = ) |ofzj(e)v +y(|lalz(a)), z(a) = (z1(a), ..., zp()), is a solution
j=1

of the equation (2). Moreover, u(a) # 0 for a # 0 if x(a)) # 0.

Proof. Since €1 is bounded, we can take a neighborhood I, of zero in R,
Iy C toly such that af2 C toU; holds for all a € I,. We define the mapping
E:IhbxQ—RP, E=(Ey,.., E,), by

p
Ey(a,z) = +|Oz|_aK<Z|a|xjv3 + ‘x)>,1/}k> for a # 0,

o
p

H(j;mjvj>,z/)k>, for « = 0.

Using the assertion (iii) of Theorem 1 and the continuity of the mappings
H and K we conclude that E is a continuous mapping. We claim that there
exists a neighborhood Iy C I such that E(t,«a,z) # 0 for all a € Iy, t €
[0,1] and = € 0. Indeed, by contrary we assume that this claim is not

J=1

\

1
true. It then follows that for any n there exist «,, € I, C — Io, t,, € [0, 1]
n

and z,, € 0L such that E(t,a,,x,) = 0. Since the topological degree deg
(A,9,0) is defined, we deduce that t,«a, # 0. Without loss of generality
we may assume t,, — t,x, — T € 09, a,, — 0. Hence, ||[¢(|tpan|z,)|] — 0
as n — +o00. Letting n — +oo we obtain F(0,7) = 0, or A(Z) = 0 with
T € 0f) and we have a contradiction. This proves the claim. Consequently,
for any a € I, the topological degree deg(E(a,.),(2,0) is defined and

deg(E(a,.),Q,0) = deg(A4,Q,0) # 0.

Therefore, for any « € Iy there exists xz(a) € Q such that E(«, z(a)) = 0.
Multiplying both sides of this equality with |«|*, o # 0, we obtain

p p

(H(D lalage? + vllale(@) + K (D lalage? + vllalz(a))), v*) = 0.

Jj=1 j=1
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p .
Together with the fact <T( > lajav? —i—zp(\a\x(a))) , ) = 0 we conclude
j=1

Py (713 laleyo? + 0lalet@) + (3 lale,o? +o(lale(e)+

Jj=1 J=1

k(3 lalego? + w(lals(@))) =o.

J=1

p .
Applying the assertion (iv) of Theorem 1, we verify that > |a|z;v7 +

j=1
Y(|la|xz(a)) is a solution of the equation (2).

p .
Now, we assume that ) |a|z;07 + ¢ (Jajz(a)) = 0 for a # 0. It then
j=1
P A
follows > z;v7 = —¥lalz(a))
j=1 |l
all j =1,...,p, or x(a) = 0. This completes the proof of the theorem.

Remark 1. If Q does not contain zero, then x(a)) # 0 for all o € Iy, v # 0.

€ XoNX; = {0} and hence z;(a) = 0 for

Next, we prove some sufficient conditions to show the existence of non-
trivial periodic solutions of small norm of the equation (4). We assume
that the linear mapping T is Fredholm and has +if; as eigenvalues with
multiplicity p. For the sake of simplicity of notation we also suppose that
T has no eigenvalue of the form £nify,n = 0,2, ... (the following theorem
are also valid for the case when the mapping 7" has a finite number of
eigenvalues of the form £nify). Without loss of generality we set Gy = 1.
Let

Ker(T +4I) = [v', ..., 7],
Ker(T +4iI)* = [y}, ...,77].

It then follows

Ker(% + T) = [gbla "'7¢2p]7

Ker(% +T)* = [§, ..., 7],

with
¢**71(t) = Re(ev"),  ¢**(t) = Im(e"0"),
p*7H(t) = Re(e™y*), () =Im(e"y*), k=1,..,p.
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Let X,) be defined as in the equation (4). By the Hahn Banach
Theorem one can find 2p functionals f!,..., f?”? on X and 2p elements
2, 2% on Y with (@7, fF) = 8 (27, 9%) = bk, 4,k =1,..,2p. We
put

Xo=[¢" ..o, X1 ={xeX [ (x,ff) =0,k=1,..,2p},
YVo=[24 2P, Vi ={axcy / yv*) =0,k=1,..,2p}.

The projection Py : X — &, Py : Y — ) are defined by

Py(z) =Y (z, f5)0"  Pyy) =Y (.02,
k=1 k=1

and the projection Qy : X — &1; Qy : Y — YV are defined as in Hypoth-
esis 3. It then easily verifies that Hypothesis 3 is satisfied.

Further in the sequel for ¢ = 1 or 0 = —1 we define the following
mappings A : R?? — R?, B : R?* — R*, A = (44,...,Ay,), B’ =
(BY, ...,ng), by

Auz) = <H(§jxmj),w>,

2p
Bi(w) = o(T( Y 2;07),0%) + Ax(@), k=1,..2p,
j=1

We make the following hypotheses on these mappings.

Hypothesis 12. There exists a point 2* € R?? and a neighborhood U* of
x* in R?? such that the topological degree, deg(A4,U*,0), of the mapping
A with respect to U* and zero is defined and different from zero.

Hypothesis 13. Hypothesis 12 is satisfied with z*,U* and A replaced
by x*?,U*? and B?, respectively.

We have

Theorem 6. Let Hypothesis 4 be satisfied. Let to,1) be from Theorem 2.
In addition, assume that either (a) Hypothesis 12 is satisfied or (b) Hypoth-
esis 13 is satisfied. Then there exists a neighborhood Iy C toly such that for
any a € Iy one can find 27 (a) = (z7(),...,23,(a)) € U™ (U* = U*

for the case (a)) for which (p?(a),u’(«)) satisfies the equation (5), where

p’ (@) = alal®,
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Z o] ( a)¢? +1h(|a|®x (a))  for the case (a)

and
Z o] ( )¢’ +(|la|® "tz (a))  for the case (b).

Moreover, p (a),u"(a) — 0, u7(a) # 0 if z7(a) # 0 and the mapping
u’ (a)(t) = Ua(a)(m

Proof. The proof of this theorem is similar to the one of Theorem 5
with Q, F replaced by U*? and F“ respectively, where F'7 : Iy x U{ —
R, F° = (Ff,..,Fg,) and

) is a (1 + p?(«))2m-periodic mapping.

"

2p
(o (D lale; o + v(lal®,Jake))+
j=1

+(1 + olal®)) (Zaxjw M)

2p
+(1+ olal)lal =K (3 Jale;e!
j=1
+0(Jal®, |af2) ), v*) for a #0,
\ A(z), for a =0,

Fl(a,z) =

for the case (a) and

(

@T(Z:vjaﬁ” Yl \a\x)>+

(07

+(1 4 ofafe) (Zamﬂ $llel™ lalz))

2p
+(1+ a|a|a_1)|a|_“K(Z|a|xj¢J
j=1
+(lal*, Jaf2)), ¥*) for a #0,
\ By (z), fora =0

Fl(a,z) =

for the case (b).
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This completes the proof of the theorem.

Remark 2. If U*? does not contain zero, then z7(a) # 0 for all o # 0. It
follows u®(z) # 0 for all a # 0.

3. BIFURCATION PROBLEM

In this section we consider bifurcation points of the equation (6) with
T,L,H and K given as above. Any point (A, 0) is called a trivial solution.
A point (X, 0) is called a bifurcation point if for any given ¢ > 0 one can find
(Ae, ue) satisfying the equation (6) with |A. — M4 < € and 0 < ||uc]] < .
In what follows we shall find sufficient conditions for the existence of such
a point.

Now, let A € A be such that the mapping T + L(},.) is Fredholm with
nullity p and index zero. Let

Ker (T + L(X,.)) = [v', ..., v7],
A,

Ker (T + L(X,.)* = [¢1, ..40P].

Further, let X;, Y;, j =0,1, Px, Py, Qx, Qy be defined as in Section 2.
It follows that Hypothesis 5 is satisfied.

In addition, we assume that the mappings L(\,.), H, K satisfy Hy-
potheses 6 and 7, respectively. We define the mappings C, D? : RP — RP,
C=(C,...,Cp), D7 = (D7, ..., D), by

Ci(z) = <H<i£€j0j>,¢k>,

Dj(x) =0 <(T2xjvj),wk> + Cr(x), k=1,..,p,

Jj=1

and impose the hypotheses on these mapping as follows:

Hypothesis 14. There exists a point * € R? and an open bounded
neighborhood U* of z* in RP not containing the origin such that the
topological degree, deg(C,U*,0), of C' with respect to U* and the origin
is defined and different from zero.

Hypothesis 15. Hypotheses 14 is satisfied with x*,U*, C replaced by
x*?,U*? and D7, respectively.

The following theorem generalizes the result obtained by the second
author (see [14, Theorem 1]), which is proved for the case the mappings
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H and K are Lipschitz in both variables. This also extends some well-
known results due to McLeod and Saffinger [11], Buchner, Marsden and
Schecter [1], etc.

Theorem 7. Let Hypotheses 6 and 7 be satisfied. Let to,v be from The-
orem 3. In addition, assume that either (a) Hypothesis 1/ is satisfied, or
(b) Hypothesis 15 is satisfied. Then (X,0) is a bifurcation point of the
equation (6). More precisely, there is a neighborhood Iy C toly such that
for any a € Iy one can find v°(a) = (27 (a), ..., x5 (o)) € U** (U = U*
for (a)) for which (A7 (a),v? () satisfies the equation (6), where

A

M= T oy

and

Z ] (e)v” + (|l [ala? (@)

for the case (a) and

A
(1 +olafe=t)0”

A () =

P
=Y lalzf(a)? + (ol al27 (@), for the case (b),
j=1

(@) — N\ v7(a) — 0 as o — 0 and v°(a) # 0 for a # 0.

Proof. The proof of this theorem proceeds exactly as the one of Theorem
5 with Q, E replaced by U*? and M7 respectively, where

( p )
(oT (Y lafz;v? +w(lal*, |afa)
j=1

+(1+ ol ) ( e i\a\xw? G )

(1 + olo)? 2 o

—l—(l—l—a]a]a)|a]aK<W, Z]a!xjvj
7j=1

+(lal?, laf2)), ) for a #0,
\ Ck(x), for a =0,




SOME RESULTS ON REDUCTION PRINCIPLES 449

for the case (a)

| <”T(i1a!%vi + M)

< af
X L bl )
1+ aya|a>H( N Tk )
ol 255 a
M7 (a,z) = 5 »
+H+ ol ol =K (g Dl

j=1
+(Jal*!, al2)), ") for a #0,
\ D¢ (x), fora=0,

for the case (b).

This completes the proof of the theorem.
Remark 3. If 2*7°, U*°,j = 1,2, satisfy Hypothesis 14 or 15 with U*!7 N
U*?? = (), we then conclude that (A7 (a),v'7 (@) # (A7 (), v** (a)) for
all « € I} N 1Z where I3, (M7 (a),v7 (a)) exist by Theorem 7.

Next, we consider the equation (6) in the case X is a simple char-
acteristic value of the pair (7, L), i.e. the case when p = 1, and Ker
(T — L(A,.) = [vY], Ker (T — L(),.))* = [¢']. In addition we assume
(T(v'), 1) # 0. The following theorem is an extension of the result ob-
tained by the second author (see [14, Theorem 7]) and the result obtained
by Crandall and Rabinowitz in [5].

Theorem 8. Let A\, v!, 1" be as above. Let Hypotheses 6 and 7 be satisfied
and to,v be from Theorem 3. Then (X,0) is a bifurcation point of the
equation (6). More precisely, there is a neighborhood Iy C toly such that
for any a € Iy we can find 37 («) for which (A7 (a), v (ar)) with

A
1+ al*=187(a))®”

A (o) =

and

v(a) = lafo! +4(ja]*™ 57 (a), |a])
satisfies the equation (6). A\ (o) — 0,v(a) — 0 as a — 0,v(a) # 0 for
a # 0.
Proof. Weput B = (H(\vt),¥) /(T (v'), ') and take an open bounded
neighborhood U* of # in R. We define the mapping N : tgl; x U* — R
by
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@b(lala‘lﬁlal))

|

( <JBT (Ul +

A
(14 ofa|*=1B7(a)?”

+(1+ alale ) H (

L (al* " Bla])
N =] )

A
(1+olale=1f)

G(lal*lal)) ), for a £ 0,
( (oBT(v') + H(\, v), 1) for a = 0.

+(1+ a1 B)lal K ( 5 Blalv+

By the same arguments as in the proof of Theorem 5 we conclude that
N7 is a continuous mapping and there exists a neighborhood Iy C tgl;
such that N7(ta, 3) # 0 for all a € Ip;t € [0,1] and 5 € QU*. Thus, the
topological degree, deg(N7(ta,.),U*,0), of N%(tc,.) with respect to U*
and zero is defined and hence

deg(N7(a,.),U",0) = deg(N°(0,.),U™,0)

= deg((oST(v") + H(X,v'), "), U*,0) #0.

It then follows that for any o € Iy there exists 87 () € U* with N7 (v, 87 (v))
= 0. Multiplying both sides of this equality with |a|* we obtain

(olal*'B7 ()T (lalv’ + (o]~ B(a), )+

A
(1+olaf*=167(a))

a—1 A
(1+alal (a))K<(1 +olale1p7(a))

Together with the fact

(1+ ol (o)) H o lafol + ¢(la]* 87 (a),a) )+

- (lat +9(al* 187 (a), |a|>),¢1> )

(T(lafo" +9(la]* 187 (), la]))+ L, |alot +9(jal*7 87 (a), o), ") = 0
we obtain

Py (T(v7 () + LA (@), 07 (@) + H(A (), v7 () + K (A7 (@), 07 () = 0
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with

A

M= s T

and
v (@) = |afv! +¢(la|* 187 (a), |al).

Consequently, to complete the proof of the theorem it remains to apply
the assertion (iv) of Theorem 3.

4. HOPF BIFURCATION PROBLEM

In this section we consider the existence of Hopf bifurcation points of
the equation (7) with X, ), D defined as in Section 1. Let A € A be such

that the linear mapping T+ L(J, .) is Fredholm and has +if, as eigenvalues
with multiplicity p > 1. For the sake of simplicity of writting we only

restrict our consideration to the case when T 4+ L(J,.) has no eigenvalue
of the form +nify with n = 0,2,3,.... Without loss of generality we also
assume that Gy = 1. Let

Ker (T + L(\,.) +4l) = [v, ..., vP],

Ker (T + L(X,.) +iD)* = ', 7).

and p
Ker (E + T + L(X, )) = [¢17 [ ¢2p],

Ker (% + T + L(X, ))* = [wl, e 72”],
with
6% (1) = Re (c05), 6% (1) = Im (e"0"),
() = Re (e"97), ?F () = Tm (e"4F).

Further, let Xy, Vi, k = 0,1, Py, Py, Qx, @y be the same as in Section
2. For 0 =1 or 0 = —1 we define the following mappings A, B?, C?,
D7 : R — R*P, A= (A, ..., Ag), B = (BY,...,B3,), C7 = (CY,...,C3,),
D° =(D7,...,D3,), by

Aum=<HC§%W)w%
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2p

d( Y x;¢7)

Bi(a) = —o(— ") +A@),

Ci(x) = o<T(§xj¢f),¢’“> + Ai(),

J=1

2p
Dy (z) = —0<L(Xazxj¢j)a¢k> + Ai(x),

j=1
k=1,..,2p, x=(x1,...,22)
and make the following hypotheses on there mappings.

Hypothesis 16. There exists an open subset {2 of R?” with 0 ¢ Q such
that the topological degree, deg(.A,2,0), of the mapping A with respect
to 2 and the origin is defined and different from zero.

Hypothesis 17. Hypothesis 16 with €2 and A replaced by €2, and B?,
respectively.

Hypothesis 18. Hypothesis 16 with 2 and A replaced by €, and C?,
respectively.

Hypothesis 19. Hypothesis 16 with €2 and A replaced by €, and D7,
respectively.

As in Section 2 we have seen that Hypothesis 8 is satisfied.
We have

Theorem 9. Let Hypotheses 9 and 10 be satisfied and to,v exist by
Theorem 4. In addition, assume that one of the following is satisfied: (a)
Hypothesis 16; (b) Hypothesis 17; (c) Hypothesis 18; (d) Hypothesis 19.
Then (X, 0) is a Hopf bifurcation point of periodic solutions of the equation
(7). More precisely, there exists a neighborhood Iy of zero in R, Iy C toly
such that for any o € Iy one can find 27 (o) = (27 (a)1, ..., 27 (a)2p)) € Qo
(for the case (a) Q, = Q) such that (p(a), A7 (a),v?(«)) satisfies the
equation (8) where
o (@) = olal,
o A
M) = T ey

and
2p

(@) = Y lalzf ()¢ + (ool olal’, lafa” ()

j=1
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with ¢ = d = a for the case (a); ¢ = a — 1,d = a for the case (b);
c=a—1,d=a—1 for the case (c) and c = a,d = a—1 for the case (d).
Moreover, we have p?(a)) — 0, A7 (a) — A\, v7(a) — 0 as a — 0, v(a) # 0
or a # 0 and the mapping u° (a)(t) = v () (————) @5 (1 +p? 2
for o # pping u’ (a)(t) ( )(1—|—p‘7(a)) (1+p7())2m
- periodic.

Proof. Applying the assertion (iv) of Theorem 4 we need to verify that
(o]l olal?, v7 (|a])) as above satisfies the equation

2
d( é ;¢! + 1 (p, B, 7)) w
P #4720/ + 40,00 ¢
A ) by 2p '
L((l + ﬂ)b’zxj(bj + ¢(p7ﬁax)> + H(m,j:1 xj¢3 + w(p’ 0, ;(;))

~ 2

o) K (g o+ v(p.) )} =0

for all a belonging to some neighborhood Iy C ty/;. Indeed, for ¢ =1 or
0=—1,¢,d =a,a— 1, we define the mapping S°°¢ : toI; x toU; — R?P,
§7¢d = (87°7..., S95), by

Sy (e, )
( 2p .
d( Z x]¢J + ¢(U|a|c70|a|d7 |Oé|1')>

((a]a]i-at! — |g|ematl) L=

dr
+(o|afdmemt 4 \a\<c+d>—a—1)T< S5 0o+ Y(olal, olol?, !a|w>>
j=1 o]
A 2p
= 1 (1 c <H<— oy
+(1 4 o|a|®) (1 + o|al) T olal j:1x3¢

Y(olof,olal’, al2)\ | . oa
2 >+!a! K((1+U’a’d>b,;%¢ﬂ
+(olal’, alal?, af2) ) ), v*) for a # 0.

( Foed(z), for a=0,

_|_
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where
Fo(z) = Ap(z) (for the case (a)),
FoeDe )y = By (x) (for the case (b)),
Fole== D= 3y = ¢o(z)  (for the case (c)),
FoUe () = DY (x) (for the case (d)), k=1,...2p.

By the same arguments as in the proof of Theorem 5 we conclude that
S7¢d i a continuous mapping and there exists a neighborhood Iy C tol;
such that S7°(ta,z) # 0 for all a € Iy,t € [0,1] and = € 9S,. Thus
the topological degree, deg(S°°?,Q,,0) is defined for c,d corresponding
to the case (a) (¢ = d = a), the case (b) (¢ =a —1,d = a), the case (c)
(c=a—1,d=a—1), the case (d) (¢ = a,d = a— 1) provided one of these
case is satisfied. It then follows that for any fixed a € Iy we have in any
case

deg(S7°Y(a, ), Qy,0) = deg(F7, Q,,0) # 0.
Therefore, for any « € I there exists 27 (a) € Q, such that S (a, 27 (a)) =
0. Multiplying both sides of this equality with |a|™%, a # 0, we obtain

(ollat* ~ 09 T 4 (ool + jaf* T ()

(14 ola)(1 + |al|(H(A (@), 07 (a)+
K()\U(a),v”(a))),wk> =0, k=1,..2p,

with B
)
N(a) = —
(@)= T olafp
and
2p
v7 (o) = Z lalzj¢; +v(olel®, olal?, |alz)).
j=1

Together with the fact

we obtain

(@4 ooy T4 14 a1 + olal) 07 (@)





