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A RIGHT SELF-II{JECTIVE RIGHT
PERFECT RING IS QUASI-FROBEI\IUS

DINH VAN HUYNH

Ded'icated, to Professor Nguyen Dinh rri on his sintieth birthday

Abstract. The purpse ol this note is to proue a theorem stated in the title, aruwedng a
lmown opn question in the area.ffirmdiuely.

All rings considered are associative with identity and all modules are right
unitary modules. We are concerned with the categorical properties: A module
M over a ring fi (briefly denoted by Ma) is projective if and only if every R-
epimorphism Na -, Mn splits. Dually, Mp is injective if and only if every R-
monomorphism Mp --- NR splits.

A ring R is quasi-Froberzius (briefly, Qf) if /? has the descending chain con-
dit ion on right ideals and ftp is injective. QF-rings form,an interesting class of
non-semisimple r ings and they have been intensively studied (see, lbr exarnple,
Nagayanra [zz], [zs]., lr{orita and rachikawa [26], Ikeda and Nakayama Itg], Mori-
ta  [zs] ,  Dieudonne [8 j ,  Fa i th  I rz ] ,  I ts ] ,  Fa i th  and lva lker  f rs ] ,  osofsky ' [z i ] ,  xuto

[2.t1,_Tachikawa [30], Lawrence [22], Gomez-pardo Irz], Ivlenal 12t1, a.*"ndariz
[3] ,  D.v .Huynh,  N.v.Dung and R.  wisbauer  I ro ] ,  Armendar iz  and 'park [+] ,  Ara,
.A,rtnendariz and Park [2],. . .).  Many important propert ies equivalent to this defi-
nit ion ( i t  is not the original one) have been obtained, however, several interesting
questions remain open, for example questions recently mentioned again in Faith's
survey art icle [14]:

(Qt) Is a right or left perfect right self-injecfive ring necessarily eF?
(Q2) It a right and left perfect right self-injective ring necessarily eF?
(Qf) Is a semiprimary r ight self- injective r ing necessari ly eF?
We shall give a prsitive answer to a half of (Qt) therefore answering (e2)

and (Q3) affirmatively. Namely we prove the following theorem:
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Theorem. A right self-injective, right perfect ring is QF.

Let M be a module and ,Il be an index set with the cardinality l^Ifl. Then
1,76) denotes the direct sum of lKl copies of M. The set of all positive integers
is denoted by N, and E(M) stands for the injective hull of the module M. For
other notions used in this paper we-refer to [f], [11], [30] and [31].

We start with a consideration on QF-3 rings, a generalization of QF-rings.
A ring .R is called right QF-3 provided there exists a (unique) minimal faithful
right R-module Ua. That is, [/a is isomorphic to a direct summand of every
faithful right R-module. It was proved that [/s is projective and isomorphic to
the injective hull of a direct'sum of finitely many simple right R-modules. One
can identify Un with a right ideal of ,R. Left QF-3 rings are defined similarly. Left
and right QF-3 rings are simply called QF-3 rings. Basic properties of QF-3 rings
can be found in [aO].

We restate a result from our work *'ith P.Dan [9, Theorem 8.2]:

Proposition. For a ring R the following conditions are equivalent:
(") R js a semiprimary QF-3 ring.

(b) R is rigfit perfect and E@{)) is projective.

k) R is right perfect satisfying the ascending chain condition on right anni-
hilatots and E(Rp) rs projective.

P r o o f.  (a) + (b) by [7, Theorem 1.3].

._(P) * (c). Assum" (b). Since E(ftn) is isomoiphic to a direct summand of
E(R[*)) ,  E(Rn) is projective. Further, bv (b) and [1, Theorem ZT.It l  we have

E( '? ! * ) )  ?  e r fU ' )  g  . .  .@ e1"RUr) ,

where €rt.. . ,ek are primit ive idempotents. of R.. By [tr,  Proposit ion 20.3A], to
get (c) i t  is enough to show that .e(Rp)(*) ir  injective. Bv (r) and since E(Rn)
is projective, there are subsets ,Q of I i  ( i :1,.. . ,1*) such that

E ( R n )  =  
" r P ( F t )  

@  , . . @  e 6 P ( F u )

23

(1 )

Hence

E(Rn) ( | [ )  =  (e16 (F  )  @ . .  .  O  e1 ,E (F t )1 (w)

Since-.E(nR)(N) can be embedded isomorphical'ly in E(nfl)), the injectivity
of E(Rp)(N) fol lows from (e) and [11, Theorem 21.15].

(c) + (a). Assume (c). In order to show,(.), by [2, Theorem 1.8], i t  is
enough to show that -R contains a faithful f-injective right ideal eR. Note that
R: etR o...  oerr-R where {r;}t ,  is a set of orthogonal primit ive idempotents.

(2)

(3)
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Since E(Rn) is projective by (c), there is at least ore e; such that e;.8 is injective.
We may assume that e1,8, .  .  .  ,ekR are injective and ek+t&r...  ,EnR are not. Put
e:  e !  +. . .  +  e* .  Then eR:  e1R@.. .@erR is  a non-zero in ject ive r ight  ideal  o f
r?.'Also, since ,E(.Ra) is projective; we may-use (2) to see that n@a) is embedded
in *eE(F )  where  F :  F rU . . . uF1 .  Hence ,  i f  P :anna(eB) ,  t hen  E ( -Rp) .P :0 .
It lollows P : O, proving that e.R is faithful. By (.), R satisfies the a,scending
chain condition on annihilators of subsets of eR. Hence e.B is f-injective by [f f ,
Proposition 20.3A].

The proof of Proposition is complete.

Now we are at a position to prove our theorem.

P r o o f (of Theorem). Let .R be a right self-injective, right perfect ring and
iet {e;}f:, be a complete set of orthogonal primitive idempotents of R. We have

R :  e t R  @  . .  .  O  e o f t .  ( 4 )

Let {e;*.R}e be a family of submodules of Ra with e;" e {e;}i=r. We
consider an .R-homomorphism f z e;,R -+ eilR. Since for each r € R, f (eur) :

,f(r;-).(.;""), we may consider / as an element of .R with the propetty f .e;- --

f . Assume that / is non-isomorphic. Since every e;".R is indecomposable and
injective, we must have ker(f) I O, i.e. / is non-monomorphic. It is then clear
that f (e;,R) + e;0.8. Since e;oR is a local module, Ik;"R) must be contained in
the Jacobson radical J of l?. But f (r;"R): f  (e;,)R. It  fol lows that f (e;^) e J,
implying f e J, since we took / as an element of ,E with f .e;.: f .

On the other hand, bv [0] (see also [], Theorem 28.a] or [11, Theorem 22.29])
J is right ?-nilpotent. That is, for every sequence Ur, h,. ..) of elements of J,
there exists a positive integer rn such that f^f *-l ....fi : 0. From this and the
previous observation we can show that the family {rilR)e with infinite set A is
locally-semi-transfinitely-nilpotent (briefly:lsTn, see the definition for example in

[z+, p.zo]).
Thus we can apply [5, Theorem 4] or [20, Lemma 11, Proposition 6] to obtain

lhat M : O e;.r? is an extending module in the sense that every submodule of
a€A

M is contained as an essential submodule in a direct summand of M. We use this
fact to show in the next step that E(Rfl)) is a projective E-module.

As is well-known. there exists an index set B such that we have an R-
epimorphism

s, Rf) ' E(,BH)).

R [ )  :  ( e 1 , R  O . . . o  e n n ) ( B )

From (4) it follows



A tight seF-injective fight pefiect ring is guasi-flobenius 25

By the above consideration, Rf,8) is then an extending module. Therfore there is
a direct decomposition Rf,B) : V O I,t/ with V ) ker(g) and ker(g) is essential in
Y. It follows the isomorphism

E(R[* ) )  =v fker (s )ow.

We show thatVf ker(g) :0, implying the projectivity of E(R!N)) Ut (t).
Suppose on the contrary thatvf ker(g) * 0. Then by using [24, Lemma 1.31] to-
gether with (a) and (5) we have the existence of an e;.R in (a) such thatvlker(g\
contains a non-zero submodule U isomorphic to a submodule of e;R. Ilence
vlker(g), as an injective module by (5), contains E(u) isomorphic to e;R. This is
a contradiction to the facts fhat V f ker(g) is singular and e;R is projective, cyclic.
Thus V lker(g) has to be zero.

Now by Proposition we see that .R has the ascending chain condition on right
annihilators. Then by a well-known theorem of Faith ItZ] (see also [10, Theorem
24.20]), R is quasi-Frobenius.

The proof of Theorem is complete.

Let R be a right perfect ring and {r;n} be a family of submodules e;R 's
of Rp with primitive idempotents e; 's. In case rt being right self-injective we
just gave a direct proof that this family is lsTn, In fact, this is also true for an
arbitrary right perfect ring .R. To see this we use [1, Theorem 28.1a] and then [24,
Theorem 2.25] (or [18, Theorem 1] and.then [24, Theorem 2.2s]). Irowever to get
the extending property for @erR we need the right injectivity of .8. In this case,
Theorem 4 of Baba-Harada in [5] is useful. The next step of the proof of Theorem
could be done also by using Theorem III of [O] on co-If-rings. In fact, this was the
way we used to obtain the result of this note in December 1988 after receiving a
preprint of [5] from Professor Harada, and communicated with him at that time
about this matter. I would like to seize this opportunity to thank him again for
sending a preprint of [5] timely.

A ring ^R is called right (F)PF (cf. [16]) if every (finitely generated) faithful
right R-module generates all right r?-modules. By IfO, Proposition 2.ZR| a right
perfect r\ghl F P F ring is right self-injective and hence by our theorem it, is then
a QF-ring.

Inspired by a theorem of Faith Ir2], Armendariz and Park consideretl a re-
stricted form of chain condition in a right self-injective ring and showed in [4,
Theorem s] that i f  R is a r ight self- injective r ing such that Rlsoc(Rp)(soc(R6)
denotes the right socle of .R) has the ascending chain condition on right annihila-
tors, then R is semiprimary right PF. Using our theorem we see that in this case
.E is even a QF-ring.

(5)
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Thus we obtain the following consequence of Theorem:
Corollary. For o ring R the lollowing cond,itions are equiualent:

a) R is QF.
b) R is right perfect, right F P F.
c) R is right se\-injectiue and Rf So"(Rn) satisfies the ascending chain con-

dition on right annihilators.
The equivalence a)<+ b) gives a positive answer to question 10 in [16, Open-

Questions ].
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