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AI\ EVOLUTIO]\ NONLI]\EAR
MIXED PROBLEM*)

LE NGOC LANG and NGO VAN LUOC

Ded,icated, to the rnemory of Professor Le Van Thiem

Abstract. The ppr is deootedto an eaolutionnonlinur mixed prcblem. The ezistence and,
uniqueness theorcms tor the considercd prcblem arc prcaed by the Galerhin rnethd. An approdmate
sofutbn ia obtsined by an iteratioe methd.

1. INTRODUCTION

The paper deals with an initial boundary problem of the following evolution
nonlinear equation

o P  , . r r ,  \

, ;  
- diu\,@)gradp * p@)4 : f  (p),

where \, p, f are given functions and A is a given constant vector. This problem
arises, for example, in filtration problem in cracked layers [1]. After the introduc-
tion, in the second section by the Galerkin method we shall show the existence aqd
uniqueness of the solution for the considered problem. The third section deals with
approximate solution of the problem by an iterrative method. The convergence of
the proposed method is given,

*)This publication is completed with financial support from the National Basic
Research Program in Natural Sciences.
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2. EXISTENCE AND UNIQUENESS THEOREMS

Suppose that G C Rn is a finite domain with the enough smooth boundary

I, Ir u Ir,  Ir r-]  lz -- 0,,S : (0,?), where ? is given posit ive number and

Q : G x ,S. Consider the following mixed problem

X 
- dlu,;,b)srada* p@4 : f @) in Q, (2'1)

p :  oon 11,  ̂ @i(X + p@)(d,nD: o on f  z ,  Q.2)

p lt :o: p"(n), r € G, (2'3)

where d is the outside normal vector of boundarY f z and pr(t) is given function.

The condition (2.2) shows that Iz is an impervious boundary. Assume that

(I) The function ) : ,R -- R is continuous and bounded from upper

) ( € )  S  M , V € € R ,  M : c o n s t .

(II) The function .\ is bounded from below )(€) > m, Vt € R, m: const

(Ut; T.n" functions p: R -+.R satisf i .es the condit ion lp(€)l 5.1€1, V{ e B'

(IV) The function pr is Lipschitz continuous

lp (€ ' )  -  p(€z) l  S . l€ '  -  €z l '  v€ l ,  €2 € R'

(V) The function f : R:'-+ R is continuous and l/(€)l S c(l€l + r) V{ e R'
(VI) The function / is Lipschitz continuous'

Here and in the sequence let C denote some constant. We introduce the

Banach space

v : { p l p e  n r ( G ) ,  p  1 " , : o } ,  H : L 2 ( G )

with the norms

It is easy to see that (see [A]) the space I/ is compactly imbedded into ,Ff and

l p ls  S  c l lp l l  p€Y.

f , . , 6  ,  . , o . .  , , o  f , , 1 ,

l lp l l } :  l lp l l ' :  J t l r f  
* lsradplz)dr ,  lp l ' r :  J  ln l 'ar .

G G
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N

a(u,h) : 
I U!)srad. u grad, h + t @)F srad, hl(u)h)d,a, yu,h €y.

. ]

In view of the Green formula we can deduce problem (2.I)-(z.g) to the following
problem

I  p ' (h )  *  o (p ,h )  :  o ,
(  

" , \ ' -  
^ " ;  ;  a  r  r t r  r . r \  - t  -  r 2 t  o  r r * \ \  ( 2 ' 4 )  

'

I  p (o )  :  pa  €  H,  p  €W :  { ,p  I  p  e  L?( ,S , ,y ) ,  p ,  e  L I1S,V* )J ,

where I/* is the conjugate space of V . We shall call a'solution of (2.a) to be a
weak s-olution of problem (Z.I)-(Z.g)

Lemma 2.1. .(Jnd,er assumpttions (I), (ill), (V) the jollowirpg inequaiity
holds

l o (p ,h ) , | <  c ( l l p l l +  l ) l l h l l  Yp ,h  e  v .  
'

P r o o f. By virtue of $uniakovski inequality with all elements p,h € tr/ we
have

f
l o (p ,h ) l<  |  l { x (p )s rad ,ps rad ,h+p@\Fgrddh ldh l+ l  I  f  @)ha |  , ,

J J
G G

r
s  c l lp l l  I  l lh l l  +  c(  |  |o l  +  r )2dx) ' / r l ln l l  s  c l l lp l l  +  1) l lh l l

J

as was to be shown.
In view of Lemma 2.r we can define the operator A € (v - r*) as follows

s ( p , h ) :  ( A p , h )  Y p , h  € V ,

from which it follows that problem (2.a) is equivalent to the Cauchy problem

p' *  Ap:0,  p(r)  :  pa e H, p e W. (2.b)

Lemrna.2.2.r Suppose that cond,itions (I), (m)-UD are satisfied,. Then
operator A is continuous.

P r  o o f .  With p,  pn > h eW wesee that
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Assume that the sequence {P,"}, Pn e

V. Then we can choose a subsequence

p n n ' P ( r )

s

We introduce the operator An : Xn

I  A n u r u  )

S u p p o s e  t h a t  { p " ' }  ,  f r  : 1 , 2 , . . '

converges lo po in H. We define

I  f n , u  )

f .

l lep* - 'qpll; s c{( / l^(0") - r(p)lzlsrad'pl2d'')'t ' + llp" - pll}' (2'6)
J
G

Using the continuity of function ) we get

\ (pnr(" ) )  *  I (P(" ) )  a .e.  in  G.

Then by virtue of Lebesgue theorem we see that

f ^
I im I lx,g.,r) - ^(p)l2lsradplzdr------+ 0.

r'* t"

Since the last equality is valid for all subsequenceces which converge to p(r) in V

we have 
f

ty' J l)(p') - r(p)lzlsradpl2dr : 0' (2'7)
G

From (Z.O) and (2.7) we obtain Lemma 2.2. By the Galerkin method (see [5i, for

"xr-piu) 
*" sh.il show the existence of a weak solution for problem (2'5). In view

of the separability of the space V there is a countable complete system of linearly

independent elements {h1 ,h2,...} in the space l/  (and therefore in the space I/) '

Suppose that I{,"(: Vr) i .  the l inear envelop^e of the f inite system {h't,hr,. .-,hn}.
we shall  identify rr," with Hi '  Ptt x,: L'(s' f1") with the scalar product

f
1  f , u '  :  

|  
( / ( " ) , u ( s ) ) d s  Y f , u € x n '

V converges to the element p in the space

{p"x} such that

a.e.  in  G.

-, X;.

1  Au ,u  )  Vu ,u  €  Xn .

is a sequence of elements pon €

f " 
€ X; as follows

: 1 f , a )  Y u € X n .

f1,, such lhat pon
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Then the Galerkin equation corresponding to problem (Z.S) has the form

Pn, i  AnPn :  O, Pn(o) :  Pon, un € Vn. (2.8)

Note that w.e can take pn as follows' - . ; ,  :

tL

n" : 
I 

an;(t)h;,

where the coefficients arr; depend only on t. ,' ' '

Lemma 2.3. Th,e operotor An: Ho -a Hn is comtinaous.

P r o o f.  From 15] with u,u,h € Hn we have

l.(t*u - Aor.r,/,) | < C:(n)llAu - Aul l- l lrl, 

; rr . '|

O f r

lAnu - A.al I c(")llAu - Atll.. (2.s)

Suppose that u* converges to u in Ilz. Then u& converges to u also in 7. Conse-
quently, in view of the continuity of A and (2.9) we get

S JfjL lA,,u* - a^ul < c(n)AL I lAur -.Aull- : s.

The lemrna is proved :r

Ttieorbm 2.1. Under conditions (tI), (|il), (V), (VI) the,re erists asollrtion
of problem (2.5).

P r o o f. By virtue of (2.8') we can deduce problem (2.8) to system of
'  d i f ferent ia l  equat ion for  onr( t ) ,  i : l ,2 , . . . , f l .Because of  the Peano theorem and

, Lemma 2.3 itis enough to obtain a priori estimation for p*(t). For t €,S we see
that

t
f . ,

o :  l ( p ' n +  A n p n , p n ) d , s
J
o

1 ,  . \ , 6  1 .  f  f  f
> , ln"(t) l ' -  

-5ln"" l '+c, 
J l ln"(s)l lzds -c 

J J { ln"l+t) lp"ldrds.
0  0 G



Art cvofutloa'no#liisat -tli*ed, problem

From this it foEoltrs that

. l r \ '

where CrrCz and C3 are constant, indepbndent of f and z.

Using Gronwall inequality we obtain

. t

So Theorem2.l is proved. It is'easy to slrow the following

Lernma 2.4. Und,er the asumptions of Lemma 2-9 we haue

estimations

llp"ll""@,v) a ct

llp',llr\s,v.y i c'

28

t t
f f

1i" ( r ) l i1  +"Cr  l l lp" (s) l l2drs  1Cz ' rc"  I  lp" (s) lzds,
J J
0  " "  0

(2 .10)

(t 11)

(2.r2)

(?.13)

t ' / .  t 4 l

(2 .15 )

the following

Lemma 2.5. [Jnder the assumptions (I)-(VI) the sequence of solutions of

Galerlcin equations (2.8)-;s compact in L2(5.,H).
This lemma is an immediate consequence of Lemrna 2.4 and the results in

[6] .

Theorem 2.2. Suppose that the cond,itions (I)-(VI) are satisfied. then

problem (e.S) has at least one solution.

, P r.,o o, f. ,In view' of Lemmas 2.4 and 2.5 there are a subsequence,dp6.) of

thti sequence {p"} and an element p e Lz(S,I/) such that

p i -p  in  Lzr (S ,v ) , ,

p i - p  i n .  L z ( S , H ) .

From Lemma 2.1 and 25 we have

l lAp"l lr,1",rr.1 < C(l1pllsz1s,v) + 1) < C.

Therefore we can clpose a subseqrrence {p} such,that ,

AP; , '  f  in  L2(5 ,V. ) ,
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with all elements r €UHn and, p € t(^g) weget, . | .. i

,  .  ' f  . -  , . -
< pt; t  Ap;, pr > .:  ( |  e(t)(p:;(t) + Ap;(t)\dt, r),

J
s

f , f
(  |  e( t )n ;Q)dt , " )  +  (  |  v ( t )en; ( t )d t , r )
J  J .  ;
s s

i : ' ,

. ,
we see tha t .p ;  converges  to  p ' in  D. (S ;V)  (see [5 ] ,  page 109) .
in the last etjuality we bbtain "

virtue of (2.4)

0 +

BBcause of (2.1a)
By letting t -+ m

( P ' ( e ) + f ( e ) ' t )  : o '

In view of the density of t-tHn in I/ we have

p ' +  f  : o  i n  L 2 ( s , v . ) .

From (Z.A) and (2.16) we see that

: r  ' '  ! ' . '

(2.16)

.: P(o) : P". : i" (z.LT)

Now in view of the definition of operatoi /, we have.with ali;lertrents h e LzlS,V\:

f f
Ap; ,h ,  :  

J  J  { lx (n ; )oradp;  + p(p; ) | lgradh -  f (e)h}d, rds. , , .  ( r . t t )
S G

By virtue of ihe continuity,of the functional D(u) : [_.[ X(dtra.d,u'grrid,h d,rd,s we

see that 
's G '

f f f f

,[3 / J [\(dor"dp; srad'h]drd's J J 
^t l^@)gradp srad,h dxd's. (2.le)

^ s G  S G

Using (2.t4) we can choose a subsequence {p;1} of the sequence {p;} such that

k  t .  \  .p;x - \  p( t , r )  a.e.  in g x G:

From this and.the continuity of the function .\ it{o}lows that'

\ (p;*( t , " ) )  -  X(p(t , r ) )  a. i .  in S x G.
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In view of Lebesgue theorem we get

f f

I*(/ Jltxtnnol.-\(,p))sradhl2dxds)tt2:a 
(zn:o)

S G

Sinee the last equality holds ,for all subsequences converging to p in the space

L2(S,I l),  from (2.2o) we obtain

f f
l im( /  / t ( r (p r )  - ) ' (p ) \s raah l2drds) t12 :o .  (z ,z t )

t + @ J  J  _
S G

Using 1z.Zo1 and, (2.2L) we have

f f
l im l' I I l$@,) - I(p))g'adp sradhlzdtd'sl : s' (2'22)

i + a J  J
S G

Then by virtue of the condition (IV) we get

lim [ [ r@)dnrad"h d,rd's: [ [ p@;)dsrad,h d'rd's' (2'23)
r** 

I l" t, t"

Analogously we can show that

f  f  f  f  . .
rim I I t@)n dxds: I I l toln dxds. (2.24)

,-* J, t" t, t"

From (2.rc\n(z:24) we see that

f f

, l l l l" .  Ap;,hr: 
I  l l^{o)nr"d'psrad,h+ 

p'(p)igrad'h- f (f ihld'nds

: <  Ap ,h '  >  .

This completes the proof.

Theorem 2.8. Assume the hypotheses of Theorem 2,2. In ad'dition asEurne

that there is ,o nv,rnber B1 ) N such that for,the solution p of the problem (2.5)

the following inequality satisfi'es

f f ^ z

I t I lsrad,plB'dtloFt ds ( *oo' (2'25)
J - J
S G
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' Then the problem (Z.S) has a unique solution. :

P r o o f. Suppose that p1 and p2 are two solutions of the problems (2.5)
and p1 satisfies the condition (Z.ZS). Then we have

where

+ t
f f f
I  @p, -  Apr,pz -  pr)ds :  1 I  { [x( ,pr)sradp2- ] (pt)gradpl lsrad,(p2 -  p)

J  J J
o  0 c

'  + (p(pr)  -  p@))dgiad.(p2- pr)  + U@) -  f (p i )@, -  p) \drds (2.26')

il:l j*tffir:1il:T:r;:,::" right part of (226') with a'l: ffi and

t
f f
I I lx(pr) - )(p' )lsrad(p2 - pr)drds :

J J
O G

I

f f
: -  I  I  lX(pr)srod'(p,  - .pt)  + ( I (pr)  - , ' \ (pt))s 'ad,psrad(pz -  n) ldrds

J J
O G

t t
f f ^ f f

> C |  |  lgrad(p2 -  pr) lzdrds -  C$r I  I  lgrad(p,  -  p) l2dxds-
J J  J J
O G  O G

t
l . a f r f ^

-  ? I  t t  I  lp, -  pr lat i l ' )z lat (  |  lsradpl lB'  a')2/F' 4" '  (2.27)
b t  J  

- ' /  
l "

O G

Otherwise for 62 ) 0 we see that

t
f  f  -  f t
I  l0 r@r)  -  p (pr ) )0 ts rad(p2-pr )d ,xds> -C I  lp r -p l l s rad{pz-p1) ld rd ,s

J  J  J o
O G

t
f f

)  - c62  |  |  l g rad , (p r -p ) l zd ' r iB -?  t  I  b r -p1 l2d , rds .  (2 .28 )
J  J  o z J  J
o c  o c

, i
o : 

; lpr(t)  
-  pr(t) l '  + 

J @nz- Air,pz - pr)ds, (z.ze)
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We have also ,

t
f f f f
I  l t t td - l fu ' ) )  (p r -p ld , rds<c  I  l l r r -n r lzaxds  (z .zo1

J  J " * _  J  J
o G  G

By'virtue of (2.26)-(2.29) we obtain

. t t

[ @0, - Apt,pz - p)ds > (c - c$t - c6r) [ llp, - prll'd'-
J '  r
o o

r
( -  , .  f  ,  , n .

@ + 7 + C - C$r - Cz6z) I lP, - Ptl'd"' o ? t "

t
r t  f  f  f  . a-+ I  Ul  b,  -  pr1at* '1z l . . r ( l  lg ' "apr1e'4a12/e ' \d 's '  (2 '30)
6 J "J "J ' -

o c G

Using the imbedding theorern (see [t]) for u e HL(G) we get

l l " l l r " r " l  3C l l " l l f t , t " l l l " l l 1 , ; i "1 ,0 (a (1 ,  
' - ' \

where e< #* i f  N > 2aand p is arbitrary i f  N 12a. Therefore, bychoosing

o:  *  we see that
P r

llpll'",,(c)< cllplfft,B&,Uolli!'1"f' (2'31)

From (2.31) with a2 : +, gz : 
{* and 62 > 0 it follows that

s7

f f f
I  t t  I  lp, - pryr 4'12/at ( |  lo'"apr1sr 4'12/ety

J  
- ' J  

J
o c G

t t

s cs6s I nr, - p,lld, - t l,r, 
- p,l'(l b'oan'f' adtfn 4"'

J  o "A  t  e .Bz )o ' o G

f n
ft(s) : ( l lgradpl (",")lF' dr)o;"n .

I

G

Put
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Inview ot (2.25) we have /c(s) e ,t(S). Using (2.30) and (2.e2) weget
L i'  f  ,  e. i

I @p, - Aprtpz - pt)ds > (C - C$t - cz6z - j:cr6r) I lp, - pl2ds
J o r J

t

-  ( zc  +?  -c$ r -c262**? l  IO*e ( " ) ) l p ,  -p r l2d " .  (2 .33 )
b 2  a r d s  ' {

By choosinB 6r ,d2 and 63 such that  C -Cth-Cz6z-  
*C"0"  > 0 f rom (Z.Zo)

and (2.33)  we see that  lp2 ( t )  _  pr ( t ) l '  S 
"  

i t  +k(s) ) lpr ( " )  -pr (s) l2ds.  By v i r tue
0

of the last inequalilty and the Gronwal lemma we obtain pt (t) : p2(t) as was to
be shown.

Theorem 2.4. Under the assumpti.ons ol Theorem 2.9 the sequence {pn}
of solutions of Galerkin equation (e.A) itrongly'ronr"r/", to the solution p of the
problem (e.S) in the spaces C(S,H) and L2(5,,V).

P r o o f. According to the results in [5] (see Lemma 1.5, page 209) there is
b sequence {ur,"}, un € Ct(,S,I/o) such that wn --+ p in tu. From (Z.S) and (Z.a)
we have

f  . ,
o :  l ( p " ( " )  

- p ' ( " )  *  A p n ( s )  - , a p ( s ) , r " ( s )  - u " ( s ) ) d s
J
o

l ,  r  . .  
t f  

.

0

-2l lp, -  nl lc6,q l lp - wnl lcq,n) -  l lp, -  pl l r ,"1s,v; l lp '  -  * ' . '1lpz1s,v-)
-  l l tp"  -  Apl l7z6,v- l  l lp  -  wnl lyz6,v) .  (2 .84)

' Since W is continuously imbedded into C(S,fI) and the sequences {p,,} and {p,}
are bounded in C(,9, H) and L'(S V*), respectively, from (2.34) we obtain-

t

0 >;  b .Qy -  p | ) f  - ; lpon -  p" l2  + 
|  @o- -  Ap,p*  -  p)ds
o

-  c l lp  -  u " l lw .  (2 .3b)
Using (2.33) and (Z.fS) and the Gronwall lemma we see that

,qL Ib"  -  p l lc ls ,a;  :  0,  J*  l lp"  -  p l lp"  6,y1 :  o.

Theorem is proved.
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3. ITERATIVE METHOD

This section is devoted to an iterative method for obtaining an approximate

solution of the problem (2.5). Assume Po to be a given element of the space

Lr(S,y) n C(S,H). We shall  construct the fol lowing iterative sequence {p;}.

P ' ;  *  B;P; :  o ,  Pd(o)  :  Po € H,  P;  €w,  i  :  L ' ,2 ,3,  " ' ,

where the operator B; is defined by the formula

(B;p,h)  :  [ { ) (p ; -  srad 'p srad 'h t  * (p  -  p ; - )h+
J
G

+ p(p;-)Fsradh- f  (P;-)h)dt .

Theorem 3.1. Suppose that all conditions iry Theorem 2.1 are satisfied.

Then the sequence {p;) defined by the iteratiue method, (g.l), (9.2) strongly con-

uergeE to the solution p of problem (2.5) in the Epacel c(s,H) and L2(s,v).

P r o o f. It can easily be seen that with given element p;-t €W the operator

B;: L2(S,y) -- L2(5,V.) is strongly monotone and Lipschitz continuous. Hence

problem (S.t-) has a unique solution p; €W. We consider the space X : L2 (S,I/)n

C(S,V)  wi th  the norm

l l " l l ? , *  :  l l r l  l l t , x  +ao l l z l  l ' r "1 r , ry ,k ,  r  €  X ,

where

l l , ( " ) i  l 'd " ) ,

(3 .1 )

(3.2)

(3 .3)

From (2.5)

(p (p ; - t )

(3.4)

l l " l l3 ,n :  
: :B( ' -o( t )  l r ( t ) l ' ) ,  l l " l  l27z 1s,v) ,k:  : :g( ' -nt t '

f ^
+ ( I lgradplB' d'r)o?o 1a",

J
G

t

I
0

f
rr I {62

J
o

(p t ( " )  -

here 4,62
and (2.1)

t
f

0 -  I
J
o

k(t)  :

l ^:  
| ln;U) 

-  p(t) |"  +

- ),(p)gradp grad(p;

- 1t@)Fsrad(p; - p)

-  p)  + m(p -  pr-r))(pi

f (p))(p;  -  p)dr lds.

and a6 are constants which will be choosen in the future.

we see that

p ' ( " )  +  B;(p; ( t )  -  Ap( t ) ,P; (s)  -  p(s) )ds

grad,p;grad(p;

t

f f
/  {  /  [ r (p '- ' )

J J
o  G .
- p) + (^(p;

-  ( / (p;- ' )  -

- p )

- p )  +
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We shall estimate each men$CIf,llfiqM ffkllfi$#flel(*4). By an argument similar
ksth*oeqqg l&runfm$nf.TFg#tnb&srVi$#Bti ns ol bolovgb ai noirrga eir{T
essqa srit 1o lnsmsls nsvig

.{,q} sPnsupsa svitsrsJi

(r s) J l a^,f:te lui4or
O G

s sd oJ r{ emuaaA .(d.S) msldorq sdl lo noiJuloa
gniwol lo i  srh JrurJanor  l lsda eW . ( !1 ,?)O n (Y,?)sJ-,ui9lg"i{'l':t'"!'1. 

t,() .t g ffta | :Jdds >

(3 .5 )

-noo glqnorta (s.t) ,(r.8) lioiltsrn s'srtorslr sr\t gd brn{sb {;q} srnsupsa s{t nsiT
Oth4l+i*)fiib hane{U,?}'} r.rrnqa sit ni (t.S) msldorq \o q nortuloa sr\t ot ?,sg.rru
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From (3.4)-(3.8)
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1 .
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-uxr,,oiiu,,r;.:sgbJ,[l;t];ij:H,1*"Ji,[i;;l,il***:1x
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The proof is complete.
Note that in the above iterative method

(Z.S) we resolve the sequence of linear problem

Le Ngoc Lang and Ngo Van Luoc

instead of the nonlinear problem
(3 .1 ) ,  (3 .2 ) .

l .

2 .

3 .

4 .

o .

6 .
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