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O1\ A GENER ALTZATION OF
A HARDY-LITTLEWOOD THEORtrM

LE HAI KHOI

Dedecated to the memory of Professor Le Van Thiem

Abetract. The Hardg-Littleworil theorem on a chatucterization of mduli of continuity and

an ertimation of deriuatiaes of holomarphic Lipschitz lunctions in the unit disk are generalized lor
the case ol rnore generol domciru.

1 .  INTRODUCTION

Let /(r) and g(r) be nonnegative functions defined on an abstract set X.

BV /(") << g(u) ,r €. X, we mean that there exists a constant C t O, which is

independent on t, and for which the inequali ty /(z) < Cg(r) holds for al l  re X.

I n t h e c a s e / ( r )  < < g ( r )  a n d g ( z )  < < / ( " )  , r € X , w e w r i t e  f ( r ) = g ( x ) , r e  X .

Modulus of continuity, by definition, is a continuous function s({) : [0, oo) ---+

[0, oo) satisfying the fol lowing condit ions: s(0) : 0 and 0 < s(t) * 
"(t ' )  

< s(, -

t'), 0 < { < l. We denote by ,S the set of all differentiable moduli of continuity
s(t) such that s'( l)  are decreasing.

Let G be a domain on the complex plane C and s € ,9.

H (G) denotes the space of al l  functions holomorphic in G with the topology
of uniform convergence on compact subsets of G; Lip"(G) denotes the class of all

functions f (") , G -- C for each of which there exists a constant M < oo such

that .

I  f  Q )  -  f  ( " r ) l  <  M .s ( l z r  *  zz l )  f o r  a l l  21 ,22  €  G '

One denotes by l l / l l"  the inf imum of al l  such M. Note that i f  s(t) :  to,O I a S 1,

then the classes Lip"(G) are usual Lipschitz classes.
The fol lowing theorem is due to Hardy and Litt lewood [1]. See also lZ, p.Z+1.
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the uni t  d isk and s( t )  :  1o,  0 (  a (  1.  I fTheorem A.
f  e  H(D) n l rp  

" (D)

Let D be
then

l f ' ( " ) l  <  " ' ( r  
-  l " l ) ,  z  €  D.

In [r] this result is generalized for the case of functions s € ,g, namely

Theorem B. Let D be the unit disk and s € ,S. Tfie following statements
are equivalent:

( i )  f  e  H (D)nL ip , (D ) , then

l f ' ( " ) l  <  " ' ( r  
-  l " l ) ,  z  €  D.

(ii) lim.upg* < oo.
i * 6 + ' f s ' ( f )

The following question arises: are there results of a such sort in a general
case, i.e. in the case of arbitrary domains?. In this note we shall show that for
certain (sufficiently general) domains the answer will be affirmative. The methods
are similar to those used in [3].

2. DEFINITIONS

Let G be an arbitrary bounded domain with boun dary 0G. From com-
pactness of 0G it follows that if w € C then the quantity d,- t: sup jz - url

is finite and positive, moreover the supremum is attained on 0G, i::" the set
P- ::  {z e 0G : lz - wl: d-) is nonempty. This means that for every w e C,
0u (u , d*) a aG + 0, where u (u , d,-) is the open disk of radius d,* and, with centre
u. The points in 0U(w,d-) a0G are called convex-points of G with respect to w.

For every z € G one denotesby p(z,dG) the distance of z to dG. We say that
G is a (p)-domain if there exists a point ws € C for which there is a convex-point
zs € Pt!. such that for some rr € (0, t) the following conditions hold:

(C1)  a l l  po ints  z  € I .o  t :  { " :  r r ro  + (1 -  r )2s, ,  O <, .  <  11}  be long to  G;
(Cr)  p(" ,dc)  > d, -o *  l ,  -  *o l ,  z  €  I "o .

Geometrically, condition (C1) means that on the segment joining u6 and z6
there is a point 21 such that the open segment joining 26 and z1 belongs'to G.
The (C2) says that for all points z from the segment joining 26 and z1 the distance
of z to dG and the distance of z to z6 are equivalent (in the sense x). Here we
notice that for all z €.Iro the inequality p(2,0G') < d,*o -lz - usl always holds.
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3. MAIN RESUTTS

Theorem . Let G be a bounded domain and s € S. Consider the following

two statements
/  \  , .  s ( ' )
(a /  l imsup"6 < oo;

(b) If f e H(G) ) Lip 
"(G) 

then

l f ' ( " ) l  <  
" ' (p( r ,aG)) '  

z  €  G.

Then we have
' 1) Statement (a) implies statement (b);

2) If G is a (p)-domain then statement (b) implies statement (a)

P r o o f. Suppose that (a) holds. Then there exist positive constants f6

and cs such that s(t) l t  < css'(r) for al l  t  € (0,tol. since s(t) l t  and s'(t) are

decreasing we get  s( t ) l ts ' ( t )  <  s( t6) / ts  
" ' (d*o)  

for  a l l  t  €  l to ,d-o l .
Hence

" ( t )  -  n  ^ t 1

;  S c1.s ' ( t )  for  a l l  t  € (o,d. ,o l ,

where C r  :  max{C6; s( te) / t6s ' (d,"  ) } .
N o w l e t  f  € H ( G ) n L i p " ( G ) .  F i x  z € G .  O n e h a s f o r 0 <  R < p ( 2 , 0 G )

n +

f

l f ' ( " ) l :  l znR I
J
o

f (z + Re;o_) - f (z) 
d.ol <

e io

S l l /11" . ' (n)  ln  < c ' . l l / l l " .s ' (a)

from which (b) follows by letting .R tend to p(z,EG).

Now, we suppose that (b) holds and that G is a (p)-domain. we shall show

that if (o) fails then one can construct a power series in //(G) nLip"{G) for which

(b) fails, a contradiction. Indeed, assuming (a) fails, we can choose a rapidly

decreasing sequence of positive numbers {t1} satisfying the folowing conditions

"( lL)  ,  )  ,2k,  le :  r ,2, .  .  .
tpst(tp) 

-

Let zsbe a convex-point satisfying the conditions (C1) and (C2) and let 26-trs:

l "o  -  ro l . r t t o ,0  (  do  12 r .  De f i ne  nk : l *1 , . *  - -  s ( tp )e - i (n t - t )do  l r rdX : , ,  where

[o] denotes the integer part of r. Then a power series f (") : 
.i "r(" 

- 'o)nr
lc: I

converges in the disk {z : lz - rol < d-o}.
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":,  '  On'the rvther hand, since f.ot z €,I2o,p(z;OG) =.d.,.  -

that

63

lz -r. w 6.1 ;' it,' follows

: ' " '  i '  : f - l

l I 'Q) l  -
"'22 "'b@nGD 

t j.lo;

' l f ' ( r ) l

F ' ( d - , - 1 " - * o l )

. 
'Note 

t'hat if z e. I"o then z.=
z - wo = (1,* r) '(26,t:uo). 'Hence

oo
t \ - 1  /  _ n r , ^ \ 2 1  - l l
I  L  c k n k \ z  -  * u )  |

/ c : 1s u P f f i :  s u p
z € I , o  s ' ( d - o  -  

l z  
-  w o l )  0 ( r ( r r

s ( t , , ) . t l e t n . l f e r l d , ,  s ( t f t ))suPffi t 'toei1nu

This completes the proof of the theorem.

4.  EXAMPLES.

a) The,'simplest examples of (p)-domains are disks. Moreover it is worth

noticing the following fact:
Let G be a bounded domain satisfying the condition (C1). If G contains

an image of I"o with respect to a rotation around zo by some angle p6, then G

satisf ies the condit ion (C2), i .e. G is a (p)-domain'

Indeed, in this case p(z,AG) : (d*o - l" - rol) 'sin 9o for al l  z € 1"o. Thus,

coriver and starlike dbmains are (p)-domains. i :

In view of this fact we can construct general examples of (p)-dornains by

the following way: Consider an arbitrary disk U(ro,d) and fix a point 2o € 0U.

Take an angle ,6o-n,where ,4 and B lie on different sides of the segment joining

26 and u6 being in U(w6,d). Then all domains G which are contained in U such

lf!k)1
s t (pQ,AG) )

oo
I  s  /  \ n f  - 1 [
I  L  cknk l ,  -  wa)  . r

r t : 1 .

"'(d-o 
- l" ;- ,,ol)

i , a ; a
,  . . 1x sup

leI.o

' i

' sup
z€I ,o

ruo + (1

'0o

\-
/J

k : l

) gnP
k

-  r )2o ,0 '<  n  (  r l  {  1 .  One has
,  ' t  . , .

s( rp )zp( t  -  r ) " , - '  I t rd -o

s t ( rd*o)

s ( t 1 ) n 1 ( r '  -  
* u d - " ) ' *  

-  t

sk d.-o st (t I np)

e 2 k
> s u p - - ,  : o o .

k e *
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that two segments Az6,Bz6 are on dG will be (p)-domains. It is clear that the set
C \ Gn can be modified arbitrarily.

b) Now we give a method to construct domains, which are not (p)-domains.
Take, for example, a regular triangle ABC. Put it in the coordinate system so
that  A(0;  b) ,8( -a;0)  and C(a;O),  where b:  ar t ,a> O.  We adjo in sequent ia l ly
by segments the points  C(a;O) - - -  Ct(O;O) ' *  C2(a lz ;b-b l2)  - '  C3(0;  b-b lz) - - - ,
" ' - - +  C 2 p ( a l 2 k ; b * b l z k )  - +  C z k + r ( o ; a -  b l 2 \  - - - + . . .  a n d  t h e  p o i n t s  B ( - a ; o )  - - - +

B1(o ;b l+ )  - .  Bz ( - " l z ;b  -  b l z )  - -  B3 (0 ;  b  -  Bb l s )  - - '  . . .  . . -+  Bzk ( -a l zk ;b  *
b lzu)  -  Bzk+r(O;a -  3b lZn+21 - - -+ . . . ,  then we obta in the in f in i te  z igzag l ines
C C L C 2 C a . . . C z n C z n + r . ' .  a n d  B B l B z B s . ' .  R z n B z r + l  . . . .  O n e  c a l l s  d e s c r i b e d
process a "zigzag transform" of the triangle ABC with respect to the side CB.

Now consider a regular tr iangle HKL. Let M,N,P be middle points of
the sides KL,LH,HK. We do "zigzag transform" for tr iangles f lPN, KMP and
LMN with respect to the sides NP, PM and MN respectively. It is easy to verify
that the obtained domains is not (p)-domain.

5.  OPEN PROBLEMS.

1 )
is true ?

2)
then the

Is there a domain, which is not a (p)-domain but for which the Theorem

Is it true that if two statements
domain G must be (p)-domain

and (b) in the Theorem are equivalent(u)
?
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