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1 .

According to the work [2]-[a], thu Lojasiewicz number is an useful,invariant
of the singularities at infinity of polynomials. The aims of this paper are following.

(i) To relate the Lojasiewicz number at infinity of an algebraic plane curve
to the Lojasiewicz numbers of the compactification of the curve in the projective
nttt"',rr, 

using the result of (i), to give a new characterization of the irregularity
at infinity, different from the cha^racterizations, given in the previous works [1]-[4],
[sJ, [o], [9], [10], [1r].  Besides these results, this paper contains also the descript ion
of the Newton-Puiseux expansions at infinity of affine curves.

2 .

Let P(r,U) e C[z,y] be a polynomial of two complex variables.

2.1. Definition. (i) The ualue ts € c rs called, regular at infinity, if there
a r e 6 > 0 , r ) l , s u c h t h a t

P : P - t ( D o )  - B , n D o
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is a locally triuial C* -fibration, where

D 6 : { t e C , l t - t o l  < 6 }

and
B n :  { z  :  ( r , v )  e  C ' , l z l 3  r ) .

(;i) If the ualue ts is not regular at infinity, it is colled' critical ualue, corre-

spond,ing to the singularities at infinity of P.

(i;i) The curuev : P-r(t6), uhere to is a critical value, correspond,ing to

the singularities at infinity of P, ig called irregular at infinity.

Let 0 € C be a critical value, corresponding to the sir,rgularities at infinity

of P. For 6 ) 0 and r ) 1 we define

pab\:  iqf  lsradP(r,y)1, ,
l ( c ' v ) l = r

1 r . y ; e r - r  ( E 5 )

where Du : {t e C, ltl < 6}.
Let
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t,*(v) : l im l im 
lnPo(r)

6+0 r+oo ln  f
(2 .1 )

2.2. Definition [2]. Nurnber L*(V), defi,ned, by (e.t), is called Lojasie-

wiiz's number at infinity of V .
LetV:  { ( "  :  y :  z)  €  cP2,  

"dP( f , , * )  
:  O}  be the compact i f icat ion of  I /

in CP2
L e t  F  :  

" d p ( 2 , 1 ) .
Let Ar, . . .  ,Ak be the points of intersection of,V with the "l ine at inf inity"

z : O of CP2. Each point A; belongs to one of two open set U1: {.(r :  y ; z),t :

1)  and [J2:  { ( r ,  y  i  z ) ,A -  1} .  Let ,  for  example,  A;  €  Ut  L: ,  
. te , (V)  

be the

Lojasiewicz number of the germ al A; of the analytical function P(L',A,2), defined

by C.T.Kuo and Y.U.Lu in [7].
We define the number

L(V) : , j3: .* to,(V)

Our results are

2.3. Theorem. Let P-r(O) be on irregular at infinity algebraic affine plane

curue. Ler d, be a degree of P(r,y). Then we haue

t . * ( v ) + 1 . ( v ) : d ' - 2 .
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2.4. Theorem. The curueV : P-t (0) r" irregular at infinitg if and onty if

In order to prove these theorems, we need a version at infinity of the Newton-
Puiseux theorem, which will be given in the next section.

3 .

3.1 Definition. The polynornial P(r,y) is called, convenient att infinity, if
, Pa(O, v) # O and, Pa(r,O) * O, wheie Pa(x,y) is a hornogeneous part of the highest

d,egree of P(r,y).

Rernark. If P(r,,y) is convenient at infinity, then

k k

Pa(r,y) :  f I  (prr:  qiy)" ' ,  \S;:  d,,
i =  1  i : L

where P; * O and q; * O; i :  1, . . . /r.

3.3. Proposition (Newton-Puiseux expansions at infinity) . Suppose that
P(r,V) is conuenient at inf inity and let y : P-1(0). Then there erist d roots
y:  a i ( r ) , i :  I , . . .d ,  uer i ly ing the equat ion

P ( x , a ; ( r ) ) :  o .

Each such a root a;(r) has the form

rt6 - k r
. - - i  - r  ( i ) * r

a ; (p ) :  c ; r r  I  t (o )o ,  i r j  +  c ( i )p * ' ( ; ) / n1 ( i )  +  t  c ( i )1 ,1 r?##  * . . . - r
j : - l  j : - L

+  C( i ) s ( i ) rm( i ) . 1 ; v /n t ( i ) " ' no1 ;v ( " )  +  f  C ( i )n61 ,1x rn ( i )n1 ; ' 1 * i  l n r ( i )  . . .  ns1 ) ( i ) ,
j : - l

I

wlpere 
" ;  

€  { - f f , i  :1 ,  . ' ' k }  and the numbers * iU) ,n j ( i )  are in tegers.  Moreouer ,
the series

L ( V ) > d - 1 .
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a i ( r "  
( d ) " ' z r 1 i 1 ( i ) ; ,  f  - .  L , .  .  .  , d

conuerge for lrl > rs, where rs is sorne positiue number

P r  o  o f .  Let  Pa(r ,y)  :  l l f=r (p; r+q;y)" ,  and p ' :  ,Pa4-  Q'  S ince P( ' ,v)

is cohve-nient at infirrity, we have

k

'  v ) { z : 0 } : U ' 4 t '
,  i : l

where 
'A;  

:  (1,- f r ,0)  
"  

C{ ' .  Le!  y consider the equat ion rdP(L,y) :0,  local ly

at A,;. We make i'change of variables

75

Let

u i : y + P o .
Q;

.  r , . 1  u r - f t ,
f  ; (u; ,  r )  :  , t  P ' ( ; ,  - - ; "1.

k

f ; (u;,r)  : [ f l (p j  *  qiu; -  qie;)" ' ]  -  qi :  .r ; '+
J 7 "

I  U ; - L

+ ,oe(;,_.;").

Then

One puts

, k

gl;(ui): t l I  (n1 + q1u; - oie;)*] - qi '  .ui '
i + i

and

'  , , . - a
h ; ( u ; , " )  :  

" d - ' Q ( - ,  
k ) ,'  

. o ' z t  z  "

then the mult ipl ici ty of g(u;) at u;: 0 is s; and h;(u;,2) is a polynomial of

variables u; and z. Thus /,(u;,") :  gi(ui) * zh;(u;,,2). Applying_a version of

Newton's algorithm, described by R.Walker in [[7] for the gerrn of f;(u;,2) at the

point A;, we have exactly s; solutions u 'r k), . . . ,u;"r(z) of the equation i ( ' ; '  z) :  O,

satisfying the condition
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u r i @ )  - - + o a s  z - o ,  j : 1 , . . . , s r j .

Each of these solutions has the form

Ha Huy Vui

" (z)

,t6 ^',

: t  co , j " j  *cp4
i : I

rk1

+ I ct, jz
r : 1

^ l  + i
n r  + . - . +

nL oo ^to+i

* Cnz;T-4 + t Cn,iz;F4 ..
j : l

Moreover, the series u(r"\"'"i) 
"orrlnerges 

for l"l < r for some s ) 0 sufficiently
small.

Let
a ' ( z ) : - r y + u 1 " 1 ,

therl a'(z) is one of solutions of. zdP(L,!):,0, locally at A;, and at(z) -* -fr as
z --+ O.

Noiv, the proof of Proposition 3.3 follows from the following

3.4" Lemma. There erist one-to-one correspondence between the solutions
at(z) of the equation zdf(!,*) :  O andthe solutions a(x) of the equation p(r,y) :
0. More precisely, i f  y: a'(z) is a solution of zdf(t,u"\ :  O then y : a(r) :
," '(*) . is a solution of P(r,y) :  O. Inversely, i f  A : a(i) is a salution of P(r,y) :
O, thert A-: za(*) is a solution of 

"oP(L,!) 
:  O.

P r o o f. Evident. Thus, the Proposition 3.3 is proved.

4 .

We recall some results of [7] and [3]
4.1. Let -A; be, as in Section 2, a point of intersection of 7 with the "line

a t i n f i n i t y "  { r : 0 }cCP2 .Le ta l r (u ) , . . . , a ' ; r r ( " )  be thepu iseuxexpans ionso fT
at the point A;. Let Lo,(V) be the Lojasiewicz number of the germ at A; of the
function P : zdP(], j) For each a!;i@) we construct the series Vt;1Q) as follows.
Let

E; : T4f 
u(ai1@) - o|x@)),

where u(.) is a valuation of fractional,series. The series Vfi(z) is the series a!;1Q\

with its term of degree fj(d) r"plr.ed by zc:G),{ is a generic coefficient, and all
higher order terms omitted. Then, according to Theorem A of [7], we have
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! , , c , (V ) :  .+ax  - t ' | "  - t ,
, : 1 r . . . , s i '

where ,:;" : u(P(z,e'r:4@D.

4.2. Let a1(r),...,aa(r) be the Puiseux expansions at infinity'of.v. For any

f  :  1 r . : . rd ,  one pu ts

ei : yp+u(o;(") 
- oi(c)).

one denotes by p;(") the series o;(r) with its term of degree f; replaced by €rst, €

is a generic coefficient, and all lower order terms omitted. Let l; : a(P(rrg';(")))'

According to Theorem 1.3.2. of [3], if V is an irregular at infinity algebraic curve'

then

t *(v): , j l ,1l,ol; 
- 1.

D .

P r o o f  o f  T h e o r e m 2 . 3
Let M! be the set qf Puiseux expansions of 7 at the point A; (with the

notations of Sections 2.4). Let a!r(z) e Ml and pt;(z) be the fractional series,

obtained ftorr. a';(z\ as in Section 4. Let

l '  (o'r) :  a (F (2, e';@))) '

Then
( ("!,\ : I o(eik) - o'rk\\,

where o'nk) runs through all a'1rQ) € M'i. By Lemma 3'4

t ' (a! ; ) :  t  a(r ,p;( ] l  - " rot | ) ) ,
q,,(r,)€M;

where ak(;\ runs through all elements of the set

M; ={or("), 1al,(z) e M!,a1,(x1 = 
""i1f,)}
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- and pi( t)  :  , ,p i(*) .Thus

We observe that

He Hqy.Vai

(5 .5)

It follows from the proof of Proposition 3.3 that

o ( e , ( L l - o * ( 1 ) ) - - l-  ' I '  ' f r "

for o6("\ # M;. Therefore

'-
/z

ap( t )SM;

On the other hand,

By Secton 4.1

= {  ,  , L ,  , 1 , ,  
'  

,  . ,
Lr@r( i ) -o i t l l l  :  - t  a(p;(" )  - " i@D: - t (a; ) ,  (5.4)
t :  I  i : l

where  l (a ; )  :  a (P(n ,gr t ( " ) ) ) .
It follows from (5,1)-(r.+) that

,@4!)- "*tl l t : 
-(d - #M;): -d * s;. (s.s)

l '("!rl: €d * [-r(q) - (-d + 
"r)l 

:.(, - I '(o;),

and by (5.5)

tn,(V) = 
"W,Q'(ol|- 

r
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to,(T) 
: f r : : rr : :  :

oi€M;

Thus

L(V\: ,$3I,n Le,,(v) : (d - 1) - ,Sii ,o ,fril,,t("i)
= (d -  1)  -  min t (a ; ) .\_  _,  

i : | , . . ,a  ,  ,  ,

Since I/ is irregular at infinitn by Section 4.21 we have

. r 4 i n  . t ( o ) - l -  t . * ( v ) .
i : t , " ' r d

Then

t (V) = d - L - (,=T,tl,o l("i) - r) - t,

or
l . ( v ) + t . * ( V ) : d , - 2 -

Theorem 2.3 is proved.

6.

P r o o f  o f  T h e o r e m 2 . 4
Suppose that V is an irregular at infinity curve. Then, by Section 4.2,

t *(V) < -1. It follows from Theorem 2.3-that t(V) > d - L.
' Conversely, supposing that L(V) > d - L, we have to show that I/ is an

irregular at infinity curve.
6.1. Lemma.-f,et b1(r),...,6a-r(") be the Puiseux expansions at infi'nitg

of the curueW - P;1(0) ..suppose thot t(V) > d,- L. Then there etist b"o,

ss  €  {1 ,  . . . , d  -  1 } ,  s . t .

a(P(r ,6""  ( r ) ) )  <  o.

79
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. l
a io ( r ) :  

" " i " ( i ) .

Then

l ( o ; ) : d - l ' ( a ! ; , )  < O .

Let us denote

f;" : ,?lT a(a;,(r) - a;(r))

and let

f ; o : u ( o ; o ( " )  - " i " @ ) ) .

By Lemma 3.14 of [3], there exists 6"o (") € {6, ("), . . . ,  Da_, (")} such that

f;o : u(a;o (") - oi"@)) : u(aio(") - d", (")) :  r)(aio(") - b"" (")).

We obrerve that

v@,@) -  6""  ( r ) ) '  3  u(a, ( r )  -  o ; " ( r ) )  (6 .1)

for  a l l  r  e  {1 ,  . . . ,d , )  -  { io} .
In fact

:
u(a,(x) - or" (")) ) u(a;o(") 

.  
oi"@)) : u(a;o(") - 6"" ("))

and therefore, applying Lemma 3.12 of [3] for three series ar(r),aio(x),b"o (c), we
get  (6 . r ) .

We see then

and hence Lemma (o.r) is proved.



A formula for Lojasiewicz numbers "' 81

we continue the proof of Theorem 2.4. Let denote by t(z) :  P(r,b""(")).

Then, by Lemma 6.1,

t(r) -- 0 as r --+ oo

Since6""( " )  isaPuiseuxexpansio i ra t in f in i ty  o fW :  P; l (0) , thepoints( r ,b"" ( r ) )

are nothing else but the'points of ramif ication of the Riemann surface Vt@):

P-1 (r(r)). Then, by using the arguments of the proof of Theorem 2.2.1 in [3], we

g e t , f o r r ) 1

L(y - B,) : L(VrOl 
' B,)+ number of points of ramification of V161 in

VtG) - 8,,
where L(.) it the Euler characteristic.

Since (r,b"o(")) e Vt@) - -B,., we get

L (v -  B , ) *  l (%1"1  -8 , )

which shows that 0 is a critial value, coresponding to the singularities at infinity

of P. The theorem is proved.

7 .

7.1 Recently, Professor P. Casson-Nogeies communicated me that she has

received also Theorem 2.3, independently.
\ 7.2. As we know, if a germ of an analytical function satisfies some conditions

of nondegeneracy, then its local number of Lojasiewicz can be computed via its

Newton's diagram ([a]) .  tn the l ight of  Theorem 2.3.,  i t  would be nice to have a

formula expessing t i re 'number L*(Iz) in terms of Newton's diagram at inf ini ty of

V .
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