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A REDUCTION OF THE MULTIDIMENSIOI'{AL

QUAN TTZATTON AND U ( 1)-COVtrRING

TRAN VUI

Dedicated'to the memory of Professor Le Van Thiem

Abstract. Using the metaplutic ttprvsentation in terms ol the Baryrnann - Segal mdel
we I'ift the character o! the solaable rcdical of the stobilizer to U (L) - coaering. ApplWng the structure
and pairing ol uocuum states lor psitiue poluizatioru suggested, by P.L. Robiruon and J.H,Rawrcley
we present a reduction ol the ptuedwe of multidimeruional quantizalion to the case ol serni-sim-
ple groups. Our geornetric corutruction is connected utith the M.Duf.o's second rneihd by using
Mf -structures in placc ol metaplectic ctructurts, Frcm a semi-simple dotwn we corxtruct unitarg
induc,ed representations ol Lie groups by'rneaw of psitiae soluoble distributioru. They arc then
illustrded as representatiow obtained from the prcr,e&lrz. of geometic rnultidimnruional quantizotion.

1. INTRODUCTION

The multidimensional quantization procedure of Do Ngoc Diep [1-3] could
be viewed as a geometric version of M.Duflo's construction of the unitary dual
of Lie groups (see [a])" To avoid the Mackey's obstructions when reducing Kir-
illov's method of orbits to special contexts, M.Duflo lifted the construction to 22
- covering by using metaplectic structure. Our purpose is also to eliminate the
Mackey's obstructions to obtain linear representations from the projective ones.In

[g] lV using the technique of P.L.Robinson and J.H.Rawnsley (see [6]) we lift-
ed the construction to U(1)-covering via Mp"- structures instead of metaplectic
structures. It is a reduction of the multidimensional quantization to the case of
discrete groups by using U(1) - covering.

In this paper we shall reduce the same problem to the case of semisirn-
ple Lie groups. This reduction is connected with the M.Duflo's second method
of which-we proposed a geometric version.in [7]. From a semisimple datum we
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shall eonstruct unitary representations of Lie groups by means of positive solv-
able distributions (Theorem 1). They then will be illustrated as representations
obtained from a natural generalization of Kirillov-Kostant-Souriau's procedure of
quantization (Theorem 2).

2. U(1) -COVERING OF THE RADICAL AND SEMI - SIMPLE DATA

Let G be a connu.r"U and simply connected. reaf Lie group. Denote by $
the Lie algebra of G and by 9. its dual space. The group G acts in 9* by the
coadjoint representation. Let F e 9- be an arbitrary point in an orbit w, and G p
be the stabilizer of this point. Denote by 9r its Lie algebra, R(F) the solvable
radical of 9r and Rp the corresponding analytic subgroup in G.

2.L. U(L) - covering of the radical Rp of the stabilizer Gp
Denote by APU(l)(G) the set of al l  F in $* which are t/(1)-admissible

(see [a]) and positive well- polarizabl"i Xy,:') (.F) the set of all equivalent classes

of irreducible unitary representations of Cfl(t) such that the restriction of each

of them to (G$)u(l) i" a multiple of the character *lQ), then a member 6 €

XYt') (l') is considered as an irreducible projective represetation of the discrete

sroup GF \ G", (see [a]). We set

Bu(r)  (c)  :  { (F,6) lF e.  Apu(r)(c)  ,  6 exnXj t ) ( r ) }

For every (F,6) ,  gu(r ) (Q,  in  [a ]  wecan choose u(o,xH3))  -  po lar izat ion
(N , p,os) and construct a natural unitary representation of G. Here, we reduce
the same problem to the case of semi-simple Lie group. It is considered as a
semi-simple datum described in detail in subsection 2.2.

Let 5p be the semi-simple component of Gp in its Cartan-Levi-Maltsev's
decomposition, Gp - Sp.Rj'. From the local triviality of the ,Sp - principal bundle

,Sr * fir\G -!* ColC there exists a connection on the bundle. Then the Kirillov
2-from Bs of K - orbit O induces a nondegenerate closed G - invariant 2 - form
.6e on the horizontal part Tu(Rr \ G) defined by the formula

EnU)(*,i ') :Bn (r) (k.*, k.t),

where f e Re \G, ,t(/) : F € O, and ft* is the linear lifting isomorphism induced
from ft, (see [7]).

The symplectic group Sp(T1gn(nr \ C),Bn(/)) consists of all the real au-

tomorphisms which preserve the symplectic form EaU). Then Sp(T6u(nr \ C))
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has an U(1) - connected covering Mp"(T1gn(nr \ G)), (see [a]). We have a sur-
jective sroup homomorphism 6 hom Mp"("1y1r(f ir \  G)) to sp(\1u(nr \ G))
and the following sequence is central short exact one

1 -+ u(1) -- Mp"(rrnr(ar \ c)) -L sp(\su(Er \ c)) --+ t.

Proposition 2.1. There exists a group homomorphism j from Rp to
sp{r61a(ar \  c)).

P r o o f. Let I € Re thenTdg-t t 919, - 9l9r is areal automorphism
induced from,4d g-1. The following diagram is commutative

^  t  ^  A d g - '
9 i 9 P  - >

1*-
I

; ( ^ \
T ( D r ( f i r \ c )  4  \ 1

Puttirrg i(g) : k-rTdg-rfr* , we have

Bn(/) ( j  (g) x, i  (g)v) :  Bo(F) (k- j  (g)x,k. j  (g)Y) - Bn(l)(x, v),

thus 7(s) e sp(T1sa(fir \ c)). n
Denote by nfltt) the Lie subgroup of the Cartesian product of Lie group

Rr x Mp"(T1y1n(f ir \  G)) consist ing of al l  pairs (g,U) such that 6(U) : r(g).

Proposit ion 2.2. nf;{t l  is U(1) - covefing of Rr.

P r o o f .  W e h a v e

nfr t r l :  { (g ,  u)16(u) :  k ;LAd,s ' rk* }
where U e Mp"(T$)r(nr\c)) has the parameters (I,/)with $ e Sp(T11ya(Er\
G)) and.\  € C such that l . \2DetC6l :  l ,whereCO- i t t -  f f r )  commutes with
i € C , i 2 :  - 1 .

Since 6(U) : / every member of Rfl(t) has the form (s;(f,riag-r)) such
that

9l9r

Ir-
s(Rr \  c)

l . \2Detco- ,  Ad,g- ' l t*1= 1
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Putt ing l(g;(I ,  k; t f lo-t&-)) = (tr , fr ; tTds-tk-1 e Mp"(T1nu(Re \ c)),
and oi6iu): g.Then the fol lowing diagram

1 - +

" (TU), (nr \ c))

u(1)

Ioo
u(r)

_- nur{rr 6i

J,
- M p \ c ) )  - + t

_- Rr
- t .

'  l r
6 n____ op

- + 1

(76 n (RrI - +

is commutative, the proposition is proved.

2.2. (r,U(1)-admissible forms and semi-simple data.

We do not assume that O passing F € 9. is an integral orbit, i.e there does
not exist a unitary character yp of Gp.

Since I -+ U(1) -- Al$) -, Rr --+ 1 is a short exact sequence we have
futhermore a split short exact sequence of the corresponding Lie algebras as follows:

0 -* u(1) -* Lie.R$(t) --+ Bp --+ o.

Thus the Lie algebra of Rfl(r) is ,Rr 0 u(r), (see [0, gs]).

Definit ion 2.1. A point F e 9. is cal led (r,U(t)) - admissible (r f .or

radical, I/(1) for U(1)-covering) iff there exists a unitary charactery |flQ) : R!(t) ,
,Sl such that

( ar,$trtr(x,p) : 
itrtx)* p) wher" (x, p) € Reo u(r).

Remarks
i) If I is solvable, we have RF : G$ then the notion of (r, U(t))-admissible

form coincides with the notion of U(1)-admisible form that is described in [a].
ii) If f' is U(1)-admissible (see [s]) then it is (r, U(1))-admissible but the

reverse does not hold in general.

Denote by Yru,!') (.t') the set of all equivalent classes of irreducible unitary

representations of Cf;{rl such that the restriction of each'of them to RF(I) is
a multiple of the character nflttl. If .F G $* is (r,t/(r))-admissible then it is r-

admissible (see [7] and [a]),.o Yrlt(t)(F) is the set of equivalent classes of ,irreducible
projective represeptations of the semi-simple group Rr \ Gr, (see [a]). If F is,
(r,I/(1))-admissible and r e Yru,!L)1tr), the pair (^F',r) is called a semi-simple
datum.
2.3. Solvable positive distribution.
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Definit iorr 2,2. A smooth complex tangent distr ibution L c Q@r \ C))"
is called a positiue soluable d,istribution iff

i) i is an integrable and G-invariant subbundle of (Ts(Rr \ G))",

ii; i i" invariant under the action Ad ol G r,
iii) V/ € Rr \ G, the fibre Ly is a positive polarization of the symplectic

vector  space ( (Tor(nr  \  c) ) " ,  Bs l ( / ) ) ,  i .e

a) dim Lt : ]  aim TU)r(Rr \ c),
0 E"U)6, f  )  :  o,  for  a l l  * , t  e L1,

i  iBa(f)6, 1 2 0, for al l  X € Lt,where i i ,  th" conjugation of *, w"

say that i, is strictly positiue iff the inequality (r) ir strict for nonzer" * e L1.

Proposition 2.3. Suppose that L is a positive solvable'distribution then
the inverse image N of Le,- k*Lf under the natural projection

p : 9 c - - - g c l g p c

is a positive polarization in 9t. So F is a one dimensional representation of N.

P r o o f .  W e h a v e

dim N lgr: dim LF : dimle *L7 :

,  
: j a i - T u ) r ( n r \  q  : ; d i m o .

on the ot l ier  hand, B"U)6, i ' )  -  Bs(F)&-*, /c- i )  then J/  is  a posi t ive polar-
izat ion in 9c.  -

Suppose L c (Tn(fir \ G))c to be a positive solvable distribution such that
- - = - - ;
L n L and .L .* L are the complexifications of some real distributions. In this
case, the corresponding complex'subalgebra N : p-r(k.Zy) satisf ies the fol lowing
conditions: // n ,V and ,V +,V are the complexifications of the real Lie subalgebras
B : N n $ and Jut : (X +T)a 9. Denote by Bo and M6 the corresponding
analytic subgroups.

Definition 2.3. A positive solvable distributiott i ir called closed, iff all the
subgroups Bo,Mo and the semi-direct products B: Rp.Be and M: Rp.Ms are
closed in G.

In what follows we assume that L is closed. The following proposition can
be proved in a similar way as Proposit ion 2.3 in [8].

Proposition 2.4. In the neighbourhood of the identitv of Af;l) we have

r l | }(g; (A, Aas- '))  :  
"*p(;(F(x) + p),
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where <p € R satisfying the relation ̂ 2DetCAds-, - eiP. The integral kernel of

n|l) is given by the formula

u(z ,w) -  exp{  i t r t * l+  e )  +  } ,  o  " ,w  }  -h . . ,w  >} ,

where z,w e tutt lBt.

2.4. Dxtension of the character on Bu(t) : RH(t) x Bo
According to the Definition 2.3., Bs is a normal subgroup in B, and -Rp has

adjoint action on Bs. Moreover, we have the homomorphism o1 : nl3) -----+ RF,

thus Rfl(l) acts,on Bs. Hence we can define the semi-direct product Rfl(l) x Bs
and the following diagram is commutative

1 -+ U(1) '--+ Pu(t) I Rr ---+ 1

, i'u Iou" 1,",
1 +U(1) ------+ AH(r) X Be -+ Rp .Bs--. I

where pao is the quotient homomorphism between the corresponding groups. Then

Af ; { t l  x  Bs is  the U(1)-cover ing of  B :  Rr  .Bo.By put t ing Bu(r )  :  RHG) x  Bo

we have I e u(r) being the Lie algebra of Bu(t). Denote by A{tr l  the inverse
image of 86 in Bu(t) under the U(1)-covering projection.

Let 6 be some fixed irreducible unitary representation of Gp in a separable
Hilbert space f such that the restriction of rtuFll .@o) to Rfl(t) is a multiple of

the charact"t 4$(t), where oi is the homomorphism defined in Proposition 2.2 .

Def in i t ion 2.4.  The t r ip le t  (L ,p,6e)  is  ca l led a so luable G,qy. ( t ) ) -  po lar-
ization,, and L is called a waakly Lagrangian distribution iff

i)  o6 is an irreducible representation of the subgroup (no;utt l  in a Hilbert
space l/ such that

oolaur(t) n By(1) : 6o)nf;.0)

ii) p is a representation of the complex Lie algebra ,V O z(f ) in 7 such that

dos :  p  lae, r ( r )

Proposi t ion 2.5.  I f  Or  is  ( r ,  (U(1)) -admiss ib le ,  (L ,p,oa)  is  a  (6, r tur { t ) ) - .
solvable polarization then there exisfs a unique irreducible representation
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o : Bu(t) ----+ U(V) such that

o  l *usy :  (6o )n l (1 )  t rd  do :  p  l ae , ,1 r ;  .

P r o o f. Repeating the proof of Theorem 2 in [1] and using the fact that

o l r r r l ,ynnou(r )  :  (6o)nf , , ( l )  ur rd d,os:  o  laeul t l

we can extend 06 to o that satisfies the conditions in the proposition.

3. INDUCED REPRESENTATION OBTAINED FROM
A SEMI-SIMPLE DATUM.

3.1. Induced representation.
Let (fl a"irt|3)) be a semi-simple datum.

Proposit ion 3.1. With any solvable (6,qur(t))-potarization (L, oo, p)
there exists a natural construction of induced representation of G.

Proof .  I f  wechooseFo:0 e S thenGp'o :  G.  Accord ingtothedef in i t ion,
Mp"(91 gFo,EFo) :  U(1) .  We put  Gu( l )  :  G x u(1) .  F ix ing a connect ion F on
B r-, G-> B\G we have the correspondingones I, i on Gp r+ G --) Gr \G
and .Rp r-+ G -> Rr\G. Passing to the U(1)-covering of leaves, i.e the structural
groups are lifted to U(1)-covering. We obtain the following isomorphisms between
the total spaces of principal bundles

Gu(L') = Cg(t) = Gf(l) = Gy(1), (see [8], proposit ion 3.1).

we have a principal Bu(r)-bundle on B\G, a principal c$(tl-oondle on the orbit
o, a princinal Rfl(l)-bundle on r?p\G and two homomorphisms between therh as
follows:

Bu(t) *,6!(r) GIO) *, Cfl(t) n${tl * cy(l)

J J J
B \ G  c r \ G ,  k  E r \ c

where n and k are the natural projections.
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In view of the representation o : Bu(l) --+ u(v) let us denote by Eo,pi

Eolsu<r\,pi Eolnl(,1,, the vector bundles on B\G, Cr\G and,Rp\G associated

respectively with o and its restrictions on Cf;{rl ana Rfl(t). In the category of
' 
smooth vector bundles k* n*E o,r; k* (E or"u tr, ,r) 

utd E olnu trt ,p 
ur. equivalent.

The fixing connection F indu.us a connection also denoted by t on the bundle

Cf;ttl r--+ Gu(r) -, O, then we obtain an affine connection Vf on the associated

bundle v*Eo,p. At last we have an affine connection Vf ott bo1nut,r,, (brieflY

Eo,o). We put

Si," ,  (b, ,0) :  {s e Ss'  @,,0) l iEs :  o,vg e i }  ,

where Srr(fro,,) is the{liector space of ,Sp-equivariant sections of the bundle

fro,,. Thun the natural representation of G in S1,"" (fr",r) denoted by Ind (G,L,

(o")n"r(t),oo,p) is cal led the induced representation, (see [s], $13). n

3.2. Induced unitary representation.

For convenience in what follows we write P in place of the principal nflOl-

bundle nf;ttl '+ Gu(r) -> fir \ G. By using the group homomorphism

I : nur(r) -,  Mp"(T(1s(Rr\G)) and the metaplectic representation:

pt , :  Mp"(T1t)n(Re \  c) )  -  EndC'( "1yyr( f t r  \  c )

. (p"" [6], $2) wehave then the bundle associated to P viathe homomorphismpo/.

We consider the homomorphism (6oxa\0))(ro l) defined as follows

@" i r t \ $ ) | ,  " t ) (g ,U)  
:  @o l r tuF ( t ) ) (n ,  U )  e  (p  o  t ) {g ,u )

Denote by €!,0(P) the vector bundle associated to P via the homomorphism

@oiqYl))(p " 
t) with Ir I  ({11r(ar\c)) as the tvpical f ibre.

Theorem 1. With any solvable (6,r1p)-polarization (L, p,os) there exists

a natural unitary representation of G in a Hilbert space X i

P r o o f. According to Proposition 3.2 in [S], and since fr* is the linear
lifting isomorphism for each f'€ Rr\G there is a canonical linear map

Wy, : (TU)n(Rr \ c))" -- End (€!,0@Dr

such that it *,'t e (?1y,yr(.Rp \ G))c then
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lw r, (*),w r, (1)l : - IEru)6,1).
We assume that dimn TU)r(nr\G) - Zntt and the top exterior power .If'

is a complex line bundle in A-(f11ls(Rr \G))" with the basis vector denoted by
K; .  Put t ing

{ €:,oe))",, : {v e ei,;1p)r,l* e Lr, * w7,(*)r : o}

then t j ,r(f)t  is a tensor product of the complex l ine bundle.€'(P)i with the

bundle P(oo1qf;Q)) associated with the representation AoirtYQ). Arguing as in
Theorem 6.9 in [0] and Proposition 3.3 in [a], there exists a canonical isomorphism
of complex bundles:

€l,rg)L a e'g1L I KL - '*  P(6oirt |Q)).

Bv putt in e Q(P)i  :  €l ,r(P)L @ KL, we have [Qe)L] '  :  lP(6o1nu(r);12 @ Ki.
As in the above section, ft ir the connection in P(oolrtuF1)), it uniquely defines

a connection denoted by Vi in Q(P)L. Denote by Si,s, @e)\ the space of

al l  the sections of Q.Q)L for which fr|" :0, Vg € L and,,Sp-equivariant. Put

HL:  { "  €  Si , " ,  @g)L) l the densi ty  (  s ,s  )1  hascompact  suppor t  } ,  denote
by X Z the Hilbert space which is the complection of the space H i. The natural
unitary representation of G in Xl is the required representation. I

4. A REDUCTION OF THE PROCEDURE
. OF MULTIDIMENTSIONAL QUANTIZATION

We use the bundle ae)L : P(6oirt|0) I €'g)L I KL to construct the
procedure of quantization that is defined as follows:

(l: c'(n) --+ L(Xz),

where L(XZ) is the space of all (un) bounded Hermitian operators on Xi and V!

is the-covariant derivation associated with the connection ii or the G-bundle

Qe)L. We recall that i; is defined by the formula:

r * i= r+?u i , ,
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f r ! , :LE,* l , " r l t ,
where a is l-form of connection V!.,.Lg, is the Lie derivation along iy which is

the horizontal lifting of strictly hu#ltonian vector field corresponding to /.
Rernark. As discussed above if i denotes the connection on RH(I) -)

Gu(r) -* Rr \ G, then the connection form a can be computed from the rela-
t ion f a(f1) : pb16/), *h"te p; is the projection onto the vert ical directions.
These operators are given by the integral kernel from Proposition 2.4. in view of
Definition 2.4, Proposition 2.5.

By a similar argument as in [3] and [8] we obtain the follwing result.

Proposition 4.tr-. The following three conditions are equivalent:
i) The application f * i it u procedure of quantization,

i i )  curv VLG,r t )  :  - f ih"G,f i ) .  I ,
i i i i )  d,ez"(€,r t )  :  - f rn(€,d . t ,

where (,q ur. the horizontal lifting of strictly hamiltonian field (,17 on O

Theorem 2. If  curv i i '  : ' -*En then with any solvable (t,rt |Q)-
polafization (L, p,oo) the multidimensional quantization procedure gives us a rep-
resentation $ which lifts to the rcpresentation Ind (G;L,Go11rtl0) ,oo,p).

P r o o f.  Suppose that.ort i i  :  - i4n.From Proposit ion 4.t.  we obtain
the following representation of Lie algebra in the space LQI Z)

L: $ --+ L(XZ); X r-+ L(X) :  
l i* ,

where f x e C'"(O) is the generating function of the hamiltionian field {26 corre-
sponding to X € 9. It G is connected and simply connected we obtain a unitary
representation 7 of G defined by

? (exp  X ) :  exp (A(X) )  ,X  e  9 .

On the other hand, we define the representation ry' as follows

,b :9 - L(Xi l ,

X v-> g(X) : L€,* + i{v* + *(€x)},

where a is the l-form of iL such that f a is th" .orr.r"ction form of frL, and
px : {l --+ R is defined bv px(F) : f' (X). In the group level this representation
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r/ l i fts to the representation Ind (G,L,Qo)q|[ '),oo,p).Therefore, it suffices to
prove that the representation A coincides with the representation ry'. We have

d . ^  -  i , . ^ - - ,  h a l \  -  i  . ^ , , ,  A L- i p * :  
t r l w x  + 7 v F * ) :  u v x  * v i . *

-  L€,* + i {vx+ o( ix)}
:  $(x l ,

the Theorem 2 is proved. fl
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