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A REDUCTION OF THE MULTIDIMENSIONAL
QUANTIZATION AND U(1)-COVERING

TRAN VUI

Dedicated to the memory of Professor Le Van Thiem

Abstract. Using the metaplectic representation in terms of the Bargmann - Segal model
we lift the character of the solvable vadical of the stabilizer to U (1) - covering. Applying the structure
and pairing of vacuum states for positive polarizations suggested by P.L. Robinson and J.H,Rawnsley
we present a reduction of the procedure of multiddmensional quantization to the case of semai-sim-
ple groups. Our geometric construction is connected with the M.Duflo’s second method by using
Mg -structures in place of metaplectic structures. From a semi-simple datum we construct unitary
induced representations of Lie groups by.means of positive solvable distributions. They are then
illustrated as representations obtained from the procedure of geometric multidimensional quantization.

1. INTRODUCTION

The multidimensional quantization procedure of Do Ngoc Diep [1-3] could
be viewed as a geometric version of M.Duflo’s construction of the unitary dual
of Lie groups (see [4]). To avoid the Mackey’s obstructions when reducing Kir-
illov’s method of orbits to special contexts, M.Duflo lifted the construction to Zg
- covering by using metaplectic structure. Our purpose is also to eliminate the
Mackey’s obstructions to obtain linear representations from the projective ones.In
[8] by using the technique of P.L.Robinson and J.H.Rawnsley (see [6]) we lift-
ed the construction to U(1)-covering via Mp®- structures instead of metaplectic
structures. It is a reduction of the multidimensional quantization to the case of
discrete groups by using U(1) - covering.

In this paper we shall reduce the same problem to the case of semisim-
ple Lie groups. This reduction is connected with the M.Duflo’s second method
of which we proposed a geometric version in [7]. From a semisimple datum we
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shall construct unitary representations of Lie groups by means of positive solv-
able distributions (Theorem 1). They then will be illustrated as representations
obtained from a natural generalization of Kirillov-Kostant-Souriau’s procedure of
quantization (Theorem 2).

2. U(1) -COVERING OF THE RADICAL AND SEMI - SIMPLE DATA

Let G be a connected and simply connected real’ Lie group. Denote by §
the Lie algebra of G and by G* its dual space. The group G acts in G* by the
coadjoint representation. Let F € G* be an arbitrary point in an orbit w, and Gp -
be the stabilizer of this point. Denote by Gr its Lie algebra, R(F') the solvable
radical of Gr and Rp the corresponding analytic subgroup in G.

2.1. U(1) - covering of the radical Rp of the stabilizer Gp

Denote by APU((QG) the set of all F in G* which are U(1)-admissible

irr (F) the set of all equivalent classes

(see [8]) and positive well- polarizable;

of irreducible unitary representations of Gg(l) such that the restriction of each

of them to (G%)U(l) is a multiple of the character xg(l), then a member ¢ €
XU

irr _(F) is considered as an irreducible projective represetation of the discrete
group G% \ GF, (see [8]). We set

BUM(G) = {(F,6)/F € APYN(G), 5 € XLV (F)}

For every (F,5) € BV(1)(Q), in [8] we can choose a (5,Xg(1)) - polarization
(N,p,00) and construct a natural unitary representation of G. Here, we reduce
the same problem to the case of semi-simple Lie group. It is considered as a
semi-simple datum described in detail in subsection 2.2.

Let Sr be the semi-simple component of Gr in its Cartan-Levi-Maltsev’s
decomposition, Gy = Sp.Rp. From the local triviality of the Sg - principal bundle
S — Rp\G % Gr\G there exists a connection on the bundle. Then the Kirillov
2-from. Bq of K - orbit {2 induces a nondegenerate closed G - invariant 2 - form
Bgq on the horizontal part Ty (Rp \ G) defined by the formula

Ba(f)(X,Y) = Ba(F)(k.X,k.Y),
where f € Rp \ G, k(f) = F € Q, and k, is the linear lifting isomorphism induced
from k, (see [7]). :
The symplectic group Sp(T(syn(Rr \ G), Ba(f)) consists of all the real au-
tomorphisms which preserve the symplectic form Bq(f). Then Sp(T(syp(Rr\G))
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has an U(1) - connected covering Mpc(T(f)H(RF \ G)), (see (8]). We have a sur-
jective group homomorphism é from Mp®(T sy (Rr \ G)) to Sp(T(syu(Rr \ G))
and the following sequence is central short exact one -

. 5
1 - U(1) = Mp*(T(syu(Rr \ G)) — Sp(T(5)u(Rr \ G)) — 1.
Proposition 2.1. There exists a group homomdrphism J from Rp to
S(T(sim (B \ G).

Proof Let g€ Rp then X(lig"l :G/6r — G/ GF is a real automorphism
induced from Ad ¢g~!. The following diagram is commutative

:Ic/lg_l

Liryg 2t 1AM 101Dy g
Tk* Tk*

'(9)
Tipyr(Rr\ G) —— T(sn(Br\G)
Putting j(g) = k='Adg—'k. , we have

Ba(f)(1(9)X,5(9)Y) = Ba(F)(k.5(9) X, k.5(9)Y) = Ba(f)(X,¥),

thus j(¢) € Sp(T(s)n(Rr \ G)). O
Denote by Rg(l) the Lie subgroup of the Cartesian product of Lie group
Bp X Mp*(T(syu(RF \ G)) consisting of all pairs (g,U) such that 6(U) = j(g).
Proposition 2.2. Rg(l) is U(1) - covering of Rp.
Proof. Wehave

Ry = {(g,U0)/6(U) = k; 1 Adg™"k.}

where U € Mp®(T| s g (Rr\G)) has the parameters (A, ¢) with ¢ € Sp(T(syu(RF\
G)) and X € C such that [A\?DetCy| = 1, where Cy = (¢ — i$t) commutes with
teC " =23 ‘ :

Since §(U) = ¢ every member of pr'“) has the form (g; (/\,A~dg‘1)) such
that

|\*DetCy—1 Adg k.| =1
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Putting I(g; (/\,k;'lzidg‘lk*)) £= (A,k;‘l;ﬁig"lk*) € Mp*(Tsyu(Rr \ G)),
and 0;(g,v) = ¢. Then the following diagram

1—>U(1)—->Rg(1) % s aly)padid oy

o | ol

1 =U(1) = Mp*(T(s)u(Br \ G)) 2 5p(T(syu(Rr \ G)) =

is commutative, the proposition is proved.

2. (r,U(1)-admissible forms and semi-simple data.
We do not assume that  passing F € §* is an integral orbit, i.e there does
not exist a unitary character yr of Gp.
Since 1 — U(1) — Rg(l) — Rp — 1 is a short exact sequence we have
futhermore a split short exact sequence of the corresponding Lie algebras as follows:

0— u(l) — LieRg(l) — Rp — 0.
Thus the Lie algebra of RF is Rr @ u(1), (see [6, §5]).

Definition 2.1. A point F € §* is called (r,U(1)) — admissible (r for

radical, U(1) for U(1)-covering) iff there exists a unitary character nF( ). RF( )
S such that

1([«‘(){) + ) where (X, p) € Rr & u(1).

(dnp ) (X, ) =

Remarks : '

i) If G is solvable, we have Rp = G% then the notion of (r,U(1))-admissible
form coincides with the notion of U(1)-admisible form that is described in (8].

ii) If F is U(1)-admissible (see [8]) then it is (r,U(1))-admissible but the
reverse does not hold in general.

Denote by YU(I)(F ) the set of all equivalent classes of irreducible unitary

representatlons of G F( ) such that the restriction of each of them to RU(I)

a multiple of the character n VW IfF e G* is (r,U(1))-admissible then it is r-
admissible (see [7] and [4]), so Y 0 (F) is the set of equivalent classes of irreducible

projective representations of tilrer semi-simple group Rp \ Gr (see [4]). If F is,
(r,U(1))-admissible and 7 € Yt[r]r(l)(F), the pair (F,7) is called a semi-simple
datum.

2.3. Solvable positive distribution.
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Definition 2.2. A smooth complex tangent distribution L C (T(Rr \ G))€
is called a positive solvable distribution iff
i) L is an integrable and G-invariant subbundle of (Tg (Rr \ G))©,

ii) L is invariant under the action Ad ofPGF, '
iii) Vf € Rp \ G, the fibre L; is a positive polarization of the symplectic
vector space ((T(f)H(RF \ @))€, Ba(f)), i.e
a) dlII’lLf = 1 dimT()u (Rr \ G')
8) Ba(f)(X, Y) =0, forall X,Y € Lf,
) ZBQ(f)(X X) >0, for all X € Lf, where X is the conjugation of X, we
say that L is strictly positive iff the inequality (4) is strict for nonzero X € Lf

Proposition 2.3. Suppose that Lisa positive solvable distribution then
the inverse image N of Lr = k.Ljy under the natural projection

g C ¢
PG — G /GF
is a positive polarization in G€. So F is a one dimensional representation of N.

Proof. Wehave
dim N/Gr = dimLp = dimk.L; =
1 1

On the other hand, Bg(f)(f(,f/) = Bg(F)(k*X’,k*f’) then N is a positive polar-
ization in G€.

_ Suppose 5 C (Tu(Rr\ G))C to be a positive solvable distribution such that
LNLand L N L are the complexifications of some real distributions. In this
case, the Correspondmg complexsubalgebra N = p~1(k. Lf) satisfies the following
conditions: N NN and N + N are the complexifications of the real Lie subalgebras
B=Nngand M = (N + N)n G. Denote by By and M, the corresponding

analytic subgroups.

Definition 2.3. A positive solvable distribution L is called closed iff all the
subgroups By, My and the semi-direct products B = Rp.By and M = Rp.M; are
closed in G. *

In what follows we assume that L is closed. The following proposition can
be proved in a similar way as Proposition 2.3 in [8].

Proposition 2.4. In the neighbourhood of the identity of Rg(l) we have

e (g; (A, Adg™?)) = exp(+(F(X) + ),

STRS
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where ¢ € R satisfying the relation /\zDetC/;dg_l = ei¥. The integral kernel of
U(1)

ng  ’ is given by the formula

. & . 1
u(z,w) = exp{%(F(X) +p) + % <CHw> m <w,w b

where z,w € MC/BC.

2.4. Extension of the character on BV(1) = Rg(l) X By
According to the Definition 2.3., By is a normal subgroup in B, and Rr has

adjoint action on Bo. Moreover, we have the homomorphism o : Rg(l) — Rp,
thus Rg(l) acts on By. Hence we can define the semi-direct product Rg(l) X By
and the following diagram is commutative

1—>U(1)—>R;{(1)-———-——+RF —1

Tid TpBo Tpsu

1-U(1) —»Rg(l) X Bo — Rp-Bg — 1

where pp, is the quotient homomorphism between the corresponding groups. Then
Rg(l) X By is the U(1)-covering of B = R - Bg. By putting BUY() = RII,{(I) X Bg
we have B @ u(1) being the Lie algebra of BY(1). Denote by Bg(l) the inverse
image of By in BY(1) under the U(1)-covering projection.

Let ¢ be some fixed irreducible unitary representation of G in a separable
Hilbert space V such that the restriction of ng(l) - (605) to Rg(l) is a multiple of

the character ng(l), where o; is the homomorphism defined in Proposition 2.2 .

Definition 2.4. The triplet (I~,,p,6o) is called a solvable (6,7;%(1))- polar-

1zation, and L is called a weakly Lagrangian distribution iff
i) 0o is an irreducible representation of the subgroup (Bo)Y (1) in a Hilbert
space V such that '

oole(l) n Bg(l) o (5(,]_),7;{(1)
ii) p is a representation of the complex Lie algebra N @ u(1) in V such that
dog = p |B€Bu(l) .

Proposition 2.5. If Qp is (r,(U(1))-admissible, (L, p,00) is a (5,75 "))-
solvable polarization then there exists a unique irreducible representation
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o:BYM) U(V) such that

U(1)

o |agor= (Go;)np") and do = p 3oty -

P r o o f. Repeating the proof of Theorem 2 in [1] and using the fact that

U(1)

90 | gut oy = (505)np " and doo = p [pgu(1)

we can extend op to o that satisfies the conditions in the proposition.

3. INDUCED REPRESENTATION OBTAINED FROM
A SEMI-SIMPLE DATUM.

3.1. Induced representation.

U(1)

Let (F,60;np " ’) be a semi-simple datum.

Proposition 3.1.  With any solvable (&,ng(l))-polarization (I:,ao,p)
there exists a natural construction of induced representation of G.

Proof. If wechoose Fyp =0 € § then Gr, = G. According to the definition,
MpC(Q/QFO,EFO) = U(1). We put GV = @ x U(1). Fixing a connection T on
B — G —> B\ G we have the corresponding ones I', ' on Gp — G —> Gr\G
and Rr — G —> Rp\G. Passing to the U(1)-covering of leaves, i.e the structural
groups are lifted to U(1)-covering. We obtain the following isomorphisms between
the total spaces of principal bundles

GV = Gg(l) = G’Ig(l) = Gg(l), (see [8], Proposition 3.‘1).

We have a principal BY(!)-bundle on B\G, a principal Gg(l)Qbundle on the orbit

(1, a principal Rg(l)-bundle on Rr\G and two homomorphisms between them as
follows:

BU() HGg(l) Gg(}) di GII{(I) Rg(l) - Gg(l)
! i ’
B\ G « x Gp\ G X Rr\G

where 7 and k are the natural projections.
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In view of the representation o : BV(}) — U(V) let us denote by Lot
E , vy 3 E  _vay the vector bundles on B\G, Gp\G and Rp\G associated
glG et o|R 0

respectively with o and its restrictions on G’g(l) and Rg(l). In the category of
smooth vector bundles k*7*E; ,; k* (Ea]G',’.(”,p) and EGIR;f“),p are equivalent.

The fixing connection T induces a connection also denoted by T on the bundle

U(l) — GU() — O, then we obtain an affine connection VT on the associated

bundle T Ea ,p- At last we have an affine connection VT on EO_IRU(l) . (briefly
. <

Ea,p). We put

Si.8r(Eo) = {3 € Ssp(Eqp)/Vis =0,¥E € i} ,

where Sg.(E ap) is the“%ector space of Sp-equivariant sections of the bundle
E, - Then the natural representation of G in SL Sp (Ea,p) denoted by Ind (G, L,

: (UU]')ng(l),Uo,p) is called the induced representation, (see [5], §13). O

3.2. Induced unitary representation.
For convenience in what follows we write P in place of the principal R Bk

bundle R, (A0 2 g Rr \ G. By using the group homomorphism
l: Rg(l) — Mp®(T(syr(Rr\G)) and the metaplectic representation:

W Mpc(T(f)H(Rp \ G)) — Endé'(T(syu(Rr \ G)

(see [6], §2) we have then the bundle associated to P via the homomorphism pol.
We consider the homomorphism (60; ”F( ))(u. ol) defined as follows

(G002 ™) (w0 1)(9,U) = (Go;np ) (g, U) ® (1o 1)(g, V)

1

Denote by &, ,(P) the vector bundle associated to P via the homomorphism
(Goine ) (o l) with V @ (T(s)u(Rr\G)) as the typical fibre.

Theorem 1. With any solvable (6,nr)-polarization (fz,p,oo) there exists
a natural unitary representation of G in a Hilbert space X;

P r o o f. According to Proposition 3.2 in (8], and since k, is the linear
lifting isomorphism for each f’ € Rp\G there is a canonical linear map

W i (T(sya(Rr \ G))€ — End (&, ,(p)) s

such that if X,¥ € (T(syu(Rr \ G))€ then
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W5 (X), W¥)] = ~LBa(f)(%. V).

We assume that dimg T(syg (Rr\G) = 2m, and the top exterior power KL
is a complex line bundle in A™(T()u (Rr \ G))€ with the basis vector denoted by
K. Putting

(el (PY: =lpeel (P)p/XELp>Wn(X)p=0
i

then &, (P )ﬂ is a tensor product of the complex line bundle £’ (P)f' with the

bundle P(an nF( )) associated with the representation O'UJUF( ). Arguing as in
Theorem 6.9 in [6] and Proposition 3.3 in [8], there exists a canonical isomorphism
of complex bundles:

£l (P o€ (P)t @ K — P(5ojnZY).
By putting Q(P )~ =&, (P )f’ ® KL, we have [Q(P )~]2 = [P(&ojng(l))]2 ® KL,

As in the above section, VF is the connection in P(d0o;n F( )), it uniquely defines
a connection denoted by VL in Q(P)L. Denote by Si s, (Q(P)*F) the space of

all the sections of Q(P )L for which V%’s = 0, Vé e i«and Sp-equivariant. Put

Hi ={s¢€ SE,SF(Q(P)E)/ the density < s,s >; has compact support }, denote
by X; the Hilbert space which is the complection of the space H;. The natural
unitary representation of G in X; is the required representation. [J

4. A REDUCTION OF THE PROCEDURE
OF MULTIDIMENTSIONAL QUANTIZATION

We use the bundle Q(P) P(oajng(l)) ® 5'(P)f‘ ® KL to construct the
procedure of quantization that is defined as follows:

():c2(0) — L(Hz),

2

. I;*
I’mbu A

fof=r+

where L£(¥}) is the space of all (un) bounded Hermitian operators on ¥; and 6%

is the_covariant derivation associated with the connection VL on the G-bundle
Q(P)L. We recall that V¢ is defined by the formula:
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e At
VEf 2 Lt:.r 3 ﬁa(ff)’
where a is 1-form of connection Vg, ng_ is the Lie derivation along £~f which is
the horizontal lifting of strictly hamiltonian vector field corresponding to f.
Remark. As discussed above if I' denotes the connection on Rg(l) —

GYY . Ry \ G, then the connection form a can be computed from the rela-

tion %a(ﬁf) = p(ps, éf), where ps is the projection onto the vertical directions.

These operators are given by the integral kernel from Proposition 2.4. in view of
Definition 2.4, Proposition 2.5.
By a similar argument as in (3] and [8] we obtain the follwing result.

Proposition 4.1. The following three conditions are equivalent:
i) The application f — f is a procedure of quantization,

ii) curv VE(€,7) = -1 Bq(é,7) - I,
111) d@i, a(f, ﬁ) = _Bﬂ(fa ﬁ) ¢ Ia
where £~ ,7 are the horizontal lifting of strictly hamiltonian field £€,n on

Theorem 2. If curv VI = ‘——%B?g then with any solvable (6,77?(1))-

polarization (f}, p,0) the multidimensional quantization procedure gives us a rep-

resentation v which lifts to the representation Ind (G; B (603-)17%(1),00,;)).

P r o of. Suppose that curvVi = —%BQ. From Proposition 4.1. we obtain
the following representation of Lie algebra in the space L(X;)

A:G—L(H;); X—=A(X)= %fx’

where fx € C*°(Q) is the generating function of the hamiltionian field ¢éx corre-
sponding to X € §. If G is connected and simply connected we obtain a unitary
representation T of G defined by

T(exp X) = exp(A(X)), X € G.
On the other hand, we define the representation 1 as follows
¥:G— L(Hz),
X0 $(X) = Lg, + 1 {ox +a(x)),

where « is the 1-form of VZ such that —?a is the connection form of \:7i, and
px : {1 — R is defined by px(F) = F(X). In the group level this representation
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i lifts to the representation Ind (G, L, (oa,)nF( ) ,00,p). Therefore, it suffices to
prove that the representation A coincides with the representation . We have

ik Reiw_ 1 5L
Yx = g(¢x+7vgx) =zex + Vg !

b + 2 {px +a(Ex)

the Theorem 2 is proved. [J
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