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Abstract. The aim ol this note is to eromine necessory and suficient conditioru lor the
lu,w ol pints hating the polynomial tgpe bounded oboue by a constant to be an otrxn set in the Zaisbi
toplqy.

1.. INTRODUCTION

U. Daepp and A. Evans [D-E] have given a criterion for the openness of the
Generalized Cohen- Macaulay ( abbr. GCM ) loci of a factor ring of a Cohen-
Macaulay ( abbr. CM ) ring. In particular, from this paper one can easily give
examples showing that Nagata criterion is not valid for the Buchsbaum or GCM
property (cf. [K] ). Inspired of their results we study the openness of loci of points
having polynomial type bounded above by a constant. The polynomial type of a
local ring was introduced first in [C1] and [C3] as follows:

Let  ( ,4 , rn)  be a local  Noether ian r ing wi th  d im A:  d ,  t :  { r r , . . . ,  ra}  u
system of parameters of A and i :  (nr,.. . ,nd) a d-tuple of posit ive integers. We
set

I  e (n ,  r )  :  l (A I  (n ! ' ,  " ' , ' l  )  A )  -  r l 1 " .n4e ( , ,  A ) '

In answering a question of R. Y. Sharp, the first author has shown in [Ci] and

[C3] that the least.degree of all polynomials in n bounding above le(n,r) is a
finite number and independent of the choice of s . We call this new invariant the
polynomial type of l, and denote it by p(.a)
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This invariant shows how far a local ring is from being a CM ring.

Erample f . i) .4 is CM itr p(,a) - -1.

i i)  A is GCM itr p(A) I o.

Let R be a Noetherian ring. We call the polynomial type of J? the number

r( r?)  : :  sup{p(^Rq);Q e Spec(R)} .
For any integer k > -l we set

p < k ( R ) :  { P  €  S p e c ( E ) ; p ( R p )  S  k } .

The main result of this paper is the following theorem.

Theorem 1.1. Let R be a homomorphic image of a CM ilng. ff p(ry < r,
then p<s(R) (the set of GCM points of R ) is open in Spec(.R) if and only if every
prime ideal contained in ps(R) has only finitely many over prime idea/s.

If e(R) )- 2 , then p<k(R) is never opeh in Spec(.R) for every integer k with
0 < k < p ( R ) - 2 .

To prove this, in Section 2 we will study a more general situation, namely
the openness of loci defined by a function /: Spec(B) --- Z,where Z is the set
of all integers. In the last section we apply the results of Section 2 to the function
defined by the polynomial types in order to prove the main Theorem.

2.  OPENNESS OF LOCI

Let f : Spec(R) ----+ Z be a function satisfying the following properties :
( i) /  is bounded below,
(i i)  /(P) S /(Q) for 'any P g Q from Spec(ft).  Moreover, \ f  f  Q) ) ny::

min{ / (Q' ) ;  Q'  €  Spec(R)}  ,  then / (P)  < f  (A) .
For any integer /c ) rzy we set

/<*(R) :  {P € spec(,R) |  f(P) < k},

/ r r (R)  :  {P  €  spec(R) ;  f (P)  >  k }

and

f r@) :  {P € Spec(R);  / (P) -  /c} .
' 

For any ideal J of R, we denote by Iz(J) (resp. V,"(J) ) the set of prime
(resp. minimal prime) ideals lying over J. Let O(r?) g Spec(r?) denote the
subspace of maximal ideals of .R with the induced topology.
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Theorem 1., Assume that f>n(R) is closed in spec(.R). Then f>x+t(n) n

O(R) is closed in n(R).

P r o o f .
V  ( J ) . W e  s e t

By the assumption, there exists an ideal J of R such that f >*(n1 :

N: Y*(J)  \  ( / r+ , ( f t )  n  o(n) ) .

Of course, we can assume that /;'1,a ,@) * 0' Then N I 0' Let

" =  ) r .
P € R

In oder to prove the theorem we only need to show that

f>x+ t (E )  no ( f i )  : v (o )  nn (n ) .

The inclusion e is clear.
To prove the inclusion ), let P e V(a) nn(E). Take I € N such that

Q  C  P .  S ince  Q  eV(J ) :  f>x ( .R ) ,  t hen  I@)  >  k ' I f  Q  f  P , tuom the  p rope r t v

1 i i )  " f  
. f  * u g e t / ( P )  >  k ;  i . ' N o * l e t  Q :  P .  S i n c e Q  e  N  a n d Q  €  o ( n ) ,

ifr"" q 4 fr*r(nj. tn"tefore /(P) > k + 1. Also, in both cases we have P €

f>r+r(n) n O(R). This completes the proof'

Theorem 2. Let k > n! be an integer. lf f <x(R) is open in spec(R) , then

every P e f1r(R) h* only frnitely many over ptime ideals. The converse is frue

under the assum ption that f ap-1(R) is open in Spec(R)'

p r o o f. Let D denote the set of all prime ideals having only finitely many

over prime ideals. For an arbitrary P e Spec(R) \ n(]?)' let /(P) denote the

intersection of all minimal prime ideals properly containing P.

To prove the first statement we will show that f >n(R) is not closed-if f r@) (

D. Take a prime p e f *(R) \ D. Let U be an arbitrary open neighbourhood of P.

Then spu"(n)  \v( " )  !  u  for  someelement  x€ R\P.  Note that  for  any pr ime

ideal pi wiitr' p, + I(pt) each minimal over prime of Pt is an associated prime

ideal of I(p,).In particuiar, it follows that Pf has only finitely many minimal over

primes. dn the other hand, if dim RIP' > 1, it is easily seen that P' has infinitely

many over prime ideals. since P # D it follows that P : /(P). Hence there exists

a  p r ime  q2  p  such tha t  
"4Q. '  

S ince  P  e  fo (R) ,wege t  f romthe  p rope r t y  ( i i )

of /  that fTe) >,t  + 1 which impl ies that Q e />r(n) n Spec(R) \  v( ' ) 'This

shows that  (7n />r(n))  *  0  , i .e .  /> t (B)  is  not  c losed '

To prove the second statement we may assume that /;'t-1('R) is closed and

/ r . (n )  C  D .  Le t  I> r - t :V (J ) '  We  se t

n
( J )

Pb r :
P€V^ \ /* (n)
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bz:  n r@)
Q€t (R)\r l ( ,R)

and

b : b r i b z . ( * )

3. OPENNESS OF LOCI VIA POLYNOMIAL TYPE

we begin.this section witl a lemma showing that the function

p : S p e c ( R )  - + Z , Q * p ( R q )

sat isf ies the condit ions of funct ions considered in the sect ion 2.

Lerrrma 3. Let.17 a b:ty" prime idears of R. Assume that Rg is.a
non- CM ring. Then p(Rp) < p(Rq).

.  P r  o o f .  I f^dim(f iq lpnq) > p(Rd, ihu'  bv [cr ,  corol lary 3.6] ,
(Re)pao = 

!, is a CM ring. Since.,Rq it a non-CM ring, pia;,) : - t < p@q,).
If dim(Rq lpnd S p(Rq) , then by [cz, corollary s.2], we get

p(Rp)  1  p(Rq)  -  d im( .Bq)  I  pnd < p@d,

I t  suff ices to prove that /11(E) :  V(b).To prove the inclusion C ,  let
r^ 9 l*@). since P € v(J),  there ex, ists e € v^(, /)  such that e c p. I f
Q  4  f r ( r? ) ,  t hen  hg  Qc  P .  I f  Q  e  fn ( ^R) ,  t hen  q  ?  pand  e  e  f * (R) \  o (n ) .
Hence  bg  I@)  C  P .  A l so ,  i n  bo thcases  wege t  t ha t ' p  e  V (b ) .

Now we prove the inclusion f. Let p € v(b)" First note that f*(R)'g
V,"(J)' Thus there are only finitely many prime ideis in the right side ,f i-i. If
there exists'Q € vy(J) \/r(f t) such thai e c p , then we are done by using
t]te propertv (ii) of f otherwise, we can find e/ e f*(R) \ n(ft) such that
Q'. g I@') c P By the assumption, e' € D . From this it follows that
Q ' *  I (Q ' )  .  Hence  Q 'E  P  wh ich  imp l i es  tha t  / (p )  >  f@) : , t ,  as  requ i red .

Lernma 4. (1C2, Theorem 4.11 ).
CM ring and k a positive integer. Then

Let (A,m) be a homomorphic image of a
the following conditions a.re equivalent:

witfr dim(.A1P) > k , Ar is a CM ring.

i) p(A) S k;
ii) For any P e SpecA

The fol lowing lemma exte;rds [C-S-T, Satz 3.8]. I t  also gives an inductive
definition for p(A) when A is a homomorphic image of a cM ring.
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Lemma 5. Let (A,*) be as in Lemma 4' Then

p(A) < sup {p(.Aq);Q * rn} + r.

Moreover, if A is non- CM , then the equality holds'

P  r  o o f .  W e s e t  k : s u p { p ( , A q ) i Q  t r n ) +  1 .  T h e c a s e  f t : 0  h a s  b e e n

proved in [C-S-T, Satz 3.8]. Now we assume that & ) 0 . We will use Lemrn-a 4 to

sho* that p(A) ( /c. Let P € Spec(R) with dim(AlP) > /c. choose a prirne ideal

e such that p g A + m and, dlm(AalPAeD > p@q). Applying Lemma 4 to

Aq we get that Ap is CM.,Hence, again by Lemma a, p(A) < k'

The second statement of the lemma follows from Lemma 3.

Now we can Prove the main result.

Theorem 6. Let R be a homomorphic image of a CM ring . If p(R) A | ,

then p<6(R) is open in Spec(R) if and only if every pilme contained in p6 (,R) has

only fiiitely many over pilme ideals. If e@) ) 2 , then e<k(R) is never ctpen in

Spec(R) for every integer k with0 < k 3 p(R) - 2.

P r o o f.  I t  is well- known that p-t(f i)  ,  the set of cM points, is open in

Spec(R). Therefore the first statement is deduced from Lemma 3 and Theorem

Z. To show the second one it should be noted that any prime ideal having only

f initely many over prime ideals must have coheigh't 51 . Thus, i f  ps,r,(.R) is open

in Spec(R) , then by Theorem 2 and Lemma 5 we must have p(R) S k + 1. The

proof is complete.

Theorem 6 and Lemma 4 give a criterion for the openness of the set of GCM

points of a factor ring of a CM ring as follows:

corollary 7. Let (A,*) be as in Lemma 4. Then the set of GCM point's

of A is open in SpecA if and only if p(A) S 1.

E r ,amp le  9 .  Fo r  d )  l , l e t  Ba :  e [ l y t , . . . ,Ya+r ) ] l (Y tYa+ t , . . . ,YdYa+r ) ,  w ] re re

ft is a f ield and Y.,.. . ,Y4:1-1are indeterminates. We denote by 
"; 

the natural image

of  Y. ;  +  Ya+r  in  Ba,  i :  1 ,  . . . ,  d ,  then r  :  { r t ,  . . . , rd}  forms a system of  parameters

for Ba. It can be verified that

I  ao (n ,o )  :  m in {  n t , . . . ,  nd } .

Therefore p(Ba)S 1. Hence the set of GCM points of Bais open in SpecB,1.
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