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1. INTSODUCTION

" '': Let X be a real reffexlve'Bandeh space with the norrn ll .ll "nd 
X* be its

gditint space with thc norm lf :1t;. We wtlte:' (n* ,xl instead"of 
""(t)'for 

c* e X*
. . r n d g e x . I . c t A b e a m - a c c r e t i v e . o p e r a t o r i n X , i . e . [ t , 6 t - ' ; . ' . ' . . i ' : . : . i

i) (.A(c + h) - A(r), J(h)) > 0, Vx,h e X

*hete J is a dual mappiag of X, i.e. a mapprng from X onto X*, satisfying the
mndition

(J(r),a) = Jlrff2 : llJ(r)ll!, Vc,€ X

rnd
iil R(/ + )/) - X for each .\ > 0 witere R(A) denotes the rangq of A adA /

b an identical operator in X.
We are interested in sotving the equation

| ithostodditio$*l,cundftionr on'the.st'rteture ofi d, sudr.x,sti.onbF6lurdfomly
,'rccretive propertn the.preiblem',f1.1'Frisr'in'gerierali'an ill-pcised'one [*1.;:fu thid'

':.
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we mean that solutions of (f.f) do not depend continuously on the data .f. To

solve it we have to use stable methods. An widely used and effective method is the

variational Tikhonov regularization [O] that consists of minimizing the functional

; i : F;5(c)':1114(d -'lalf2 +,oll"ll2,

where a > O-is a para,,nieter of regUlarizatjon"'and fiare 4pproximatiOnq'f61 /;

l l / u - l l l  < 6 '

The aspects of existence, convergence and stability for the solutions of (1.2) have

been established in [s,0].
F:or problems' involving accretive operators there is another version of

Tikhonov regularization that consists of solving the equation

A ( x ) + o ( r - n * ) : f a ,

where s* is some fixed element of X.
This equation has been investigated in [f , Z] and [8]. For findingthe solution

ta.,of (f,Sy on" ean use iterative methods in in&nite-dimensional spaces X it p,

b;6]. g"t in ordbr.to realize them first we must approximate (f .a) try'a'sequence

of finitediuiensional problems as follows'
Let &'b" a seluence of finite-dimensional subspaces of X such that

X t C X z e " ' 9 X " c " ' g X

and P' be a sequence of projpctions from X onto X,. and Poc --+ rtYn € X. Here

and below, the symbols --r and - denote the strong convergenge and the wea&..

convergence, respectivelY.
Consider the Problem

(1.2)

(1.3)

A " ( r ) * a ( x - r * ' )  =  f 6 n ,  r € X ,

where fao : Pnfo, x*n : Pnr* and An : PnAPn. It's easy to see that if ,4,is'

accretive, An areaccretive, too, The existence and the convergence of the solutions

,6,^ of lf .nf io,the solutiorL,$.,tof {1.3},for each a } 0,has been'studied in [O].
It is stilt,open the questiosn under which conditions the sequence r;6,,,.._o-1-

verqes to a solution of (f.f), &!i d, 6 -t 0 and z --+ @. We note that for the
.1ruri"rtiorr"l Tikhonov regularization thi5 question has been studied in [3]. h [4,] it,

was shown that the solutions of the variational Tikhonov regularization convergei

to a solution 3s of (1.1) if ll(I - P")roll - o(c(n)) for the case when A is linear

and bounded.
In Section 2 of this paper we prove that this result remains valid for the

operator method of regularization (f .4) and we,also give a necessary condition fdr'

i l l -posednessfor(1.1) . InSect ion3weconsideranexa.mple.

(r.4)



gi. Tbesrem ,, ̂ E !lu.] g, o(n) -+ 0 as a - og and#E* ehr6$ sffi$S
ffiea tlrc solnrion oL tw (t.e) cwvirry r,o rha,sot&ba,o- d pJ.j."" 

*

t , .  F r o . o f . f l o g ( f . * I f t ' t  " "  
j j "  ' } t '  ; ' ' i ' .

: - 'l ,"*, 
* 21'.-

re+€g*Iw.. i f ,?d.. f*4F.". . ' : : . l1. i ' . . : . .1: . . : : ' . . : . , , i . i i i . l1;11+1i;r ] | ; : . } ' . . . ] . , . ; . j : l : ' : i . . . ; i - l , t ;1. :1 ' . l '11:;
: . ' : - j . . , . ' . ' i . . . t 1 i . ' - ! . * . . , i i . " . , , | . ,

tf|*5o

X lfs*r" - q,'H + *{t*o :* $oar Jr, (olo, t't&*}.}* ,&,:F;q,* x,."16,fu .,...,,r

. f

I  
'  - f i i l , ' * . 6 i r '  

g f l l f : l t $ r n

;i!ta:t''ben, the inequali$ {f ,il grvq . ; , I 
, 

_: i.
t
$f..

i "' : r *ffd"$-' /, &tt tt '-r qp.
.ti
*,
1 .

,r:

t



.t6.

Because Ao is accretive

$f,gluy.en Suong

(A'(" ')  - A^(sL*), 'Jn('n - roo)) 2 o, vr € x' En;:Pon'

Since J*(") : "J (c) for c,n € Xo [Al the last inequality is equivalent to

(A(r*) - 4,,,("1,n),J,(sn- c.*)) 2 o. :

By letting rz + oo we get

(e ( " )  - f ,  J (a - r r ) )  20 ,  v r€x .

Therefore A(rr): / [101. By our assumption that (t.r) has a unique solution, the

sequence 
"[,. "oo.'"rges 

wea"kly to the solution. Finally, the strong convergence of

c[o follo-we fnon (a.a)'and the conditions of the theorem' :

Remork. We can coasider the case, when instead of .d we know only its

approrimations A1 which elio ale accretive'

Now consider the relation between nonlinear ill-posed problems and their

linearizations. This relation is nbt strong as one might think for liaear ill-posd

problems. A nonlinear ill-posed problem may have a well-posed linearisation at

certain points, even at a point where the.nonlinear prollen is ill-posed. On the

other hand, a well-posed nonlinear problem may have ill-posed linearizations. In

[3] II. W. dnel gave a sufficient, condition for ill-posedness for nonlinear probl€a'

in the case where / is compact. ,Here, we present:a necessary condition for'ill*

posedness in the case when A is Fr6chet differentiable.

Deftnition. An operafior A in X is called strongly accretive if therc exists

a constant yn > O suclr that

(A(a + h) - A(x),J(h)) > *l l" l l" Ya,h e X'

We prove the followihg result'

Theorem 2. If ilt some neighbouthood of a point rs at which ptoblem A'il
is iU-pose-d aa! the ope'.atoy.A has a Frrr;het d*iwtive.A'("o) at.ss, lhen At(xol,

can ictt be t*fuOnsly ar:cretiive operalot

P r o o f. Indeed, if ,4'(zo) is sttongly accretive, from
't

x
J
I
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A(c) - A(ro) +.A'(cs)(r - co) * ro, i



3S

ff*{"} - d(so)ll > mlls - rolll2,

[,:,*. 
fpUu'ry{f{}.b u*'UU*'pbint'r6 eontiadictias the hypo*he*is.

t ,  
t , " - . . . , , , . ,  

. :  '  ' " .  r : . - : :  ' ' ' " ' - -  r ' r  ' i
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,$,,EX{MPLE

;, We consitar the linear iategral equation of the secoad ki$d
;
:  - -  f  . ,  . , , . \ - _  . ,
$ tt")- / r{u,t)c(*}dt=f(s),
\ " J
s o
F.7

$, *hore /(") e iofff], the spaee af p - eunnable functions in o - finit€ measnre set
trifl g fio. Let the kernel function,&(e,t),besq€h that the operator l( in to{Ol
: defined by

f
i : : .  : ,  :  1!- . : ,  , r . . , , .  :  :  .  r ,  . {#q}t$}= / ,&(e*t}o(a}a . ;  , , :  ,  : .

J

has 'rffi eigeinvaitae I = 1 aild fftrll = 1. Theil the operator f - .K'is arcretfue.
tnileed, 

-

foe u**e.



J.qlraye'iigr,of't:

We consider  the subsets Oi ,  J  :1 ,2, .^ . 'm,  such that  U nr  :  O and
, : 1

denote bv /r(t) the characteristic function of o;. Then we,car choose

P*f:t wrt-,11u, 1il40,'
l=l U 

o' '

where p-l + g-r : 1 (see, e.g. [tOJ).
We can also apply the resulis obtained in Section 2 to solve the rronlirrear

integral equations of Hammerstein's type

!i

j

"(")

f I
-  /  t (" , t)r(c(t))dt:  /(") ,

J
n

under the condition
l r ( r ) l 5 o + 6 l t l ,  4 , 6 > 0 .

In this case the operator G defined by

f
c(z)(s) :  

J 
k(s,t)F(r(t))dt

n

maps ,o[nl into l,off]l [11]. If we suppose, in addition, that F is Lipschitz con-

tinuous'with Lipsihitz constant llfll-t, then it is easy to verify that f - G is

accretive.
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