
The family {#o,,,.",.,oo } is .gonsistent' conv:ryry' each consistent famitt 
:fjLt$

bilib' .m€asuies no'"p** n" ;(!:= \r?:'" )..auqn* a c.n' An inportut *r:1oo;1 
,

tr pioao"" c.p.,s i" l" foU*rr i t;t U be l-linear mapprng ftovlr'-into Is(O)' It

is easy to verify that the{a,rnily {r,or,.-.,o'-}"git'en bv tt"r,'...,oo : t'{,Mo"';,' ',M::l

il;#;[; ilgener4tes a.-s:m. oii-'Vt coittetsetv, "y"ty-t.qr g",f i" s11=i
erated by some nnlar mapping from,Ti inlo 1o!O1) where.(tlp /i',"J)rY t3,tg_ j

I

Daag,Iftlng WW

1 t ro1 , . . . , 6n@\  =  r {o  ev  :  [ ( c , c r ) , . . . ,  ( t , o " ) ]  e  8 ] '

ffi;# ffi;;il;; ,i";'"1 ii" .-ii*'.t"oistic function or .'".''*-. is defined Lv

t @\ : / exp{it}d u"(t|, o € V' '

rf, * a c.m. on Y then a Badoa Er€asture g onV is said to be a Radon

extension of p if F@) : p(z) fot eanh z e c. In this case we say that p is a

Radon measure.

Theorem 1.1 (see fel p. ZsA)'The c.m. p onV is a Eadon rnea.sure if"anil

only if the linear ̂ ^pip;n/ M generatinrg'p is d'econposed by aV'valued random

;;|0* i i"'tlre s"rrse i-h"i

Vo€Vt  
'Pt ,  :  Mo(w)  -  ( f ( t ' r ) ,c ) ) :1 :

The following lemma,is,.generally.known but fol lack of a suitable referenc€

we prove it here
' 

Lemm a t.Z. Let I e LV(n1. ft"r, tfie linear mapping o -. (f ,a) ftomV'

intp .[s(O) is continuous w.r't' the Mackey topology onV''

P r o o f. Given t > 0 and e >'0. Let pc be the distribution.of /' -Sinry
p i, * n"dor, -""""* there exists an absolutely convex-and compact 19t K sucli

i f , * t  r r (1g1 > 1-e.  Put 11 -  {ae I" '  : }P-[(b,o)f  St ] '  U is aneighbourhood
b€K

of the Mackey topology. Then for o € U we have P{ar , l(f('r),")l S 4 :
i { i , l ( b , o ) t  i t }  z  i * l > 1 - e i ' e r  P { o '  l ( / ( u ' ) , a ) l  > t }  < ' '  r h e t e  a i s
proved.

II. RANDOM OPERATORS WITH SAMPLE PATHS
IN A suBsET oF r(4v) .-

, Recalt tbat b.y a 14*doIB opgrato: '4' from X i{o Y '"u *1q a line13rT3*F

A fr";';t " i+t;i;"rh. thit ve t o, 
"lSoP{lleco[ 

> e] = o' ,(n,X',Y]

denotes, the]set,of ,all randosi operators'fiom X,into'Y.' T'Wo *andom' opelators

A and B e L(t1,, x,Y) are called a modification of one another if for.each n €'ft,



ef:tend^om linear operators ...

w :  A a ( w ) : 8 c ( r ^ r ) ) : 1 ; For.each fixed ar,the"mapping , - &(pI,!E,ea[|3a
ra,mple path of .4.

ln what follows, 7 denotes a Banach space whose members are linear ctjit
rous operators from x into Y and it is equipped with a norm stronger than
.usual operator norm.

Example f (The class of p-summing operd;tors)
An operator' ? € L(X,y) is,said to be p.surrurr-ine i(0 < p <

sequence (r,")

llTn"ll, ( m.

in  X such that  I  l ( r " ,@) lP < m for  a l l  a
n = 1

^Alternative$, Aris psurnming if aad. only,if

€ ' x l

oo) if for

we have

t*rere exists',a

C such that for each Snite seqqence (cJ itt X

| f ir""pp < cP,,:p. {f ' l(n",o}f },.  n  l l " l [ S 1  ' , r ,

minimal c for which the above inequality hords is denoted uv llrlh.An operator r € L(x,Y) is said to be completely summing * i ils PSUrF1 An operator I € L{X,Y) is said to be completely summi
ik*ing for all p. We denote by tlo(X,y) and tIo(X,F) the class of all psumming

rators fiom X into Y and the class of all completely summing operators from
,,",,f into Y, respectively. For p > 1, IIp(x,Y) is a Bana.h rpu." orrder the norm
fl|". In the case X and I/ are Hilbert spaces tro(X, f ) i; exactly the class of
'&s operators. For more information about p'rn**iog operatogs, see {g].
:rt Example 2. T,et (^9, t,l)'be a finite measurable space. The symb ol Lp
i*ill always,mean Lp{s,t,t). Fo}lowing Ljnde [z] * operator T e L(x,,ioi
. { 1  :  

p < 2 )  
i : s a i d j o b e  a t o - o p e r a t o r i f  t h e i u n c t i o n s :  { , *  E g i v e n b y

. r-{o) =^Tp{-ll""llp} is,a characteristic firnetion of a Radon.rReasure pr onX. The,'f,lass of all ao - operators in'L(xt ,.Lo) is denoted by ap (x, , L).Ttre sei Le(xt , Le)
:,becomes a Banach space under the norm defined by ll"ll,r : 

{/ Ilrll,arr}'/'
r h e r e l s r < p .

' Now we are going to introduce the class of H-S type operators arid the class
of H-S type dual operators which are natural generalizations of the class of H-S

::,sp€rators between Hilbert spaces.

' nefinitioa z.t. t) An operator T € L(q,y) (1 < p < m) rs said' tit.be a
''fi-s type operator if lll,Te^lln' a *, where (e,.) is t.he seq'uence of stlndard unit
t! 1-,,. n: trgrtors and p' is the conj'ugate number of p (Ilp*llp,- l). The set of all H-S. type operators from lo into y is denoted by S((.r,y).

2) An operatorT e L(x,t,) (r < t < oo) rbsaid to be a fi-s type dual
operator if the dual operatar T* : t!, -* X, is a I{-S type operatar. ?}re set of. all
fuS type duzl operatars from X into l, is denoted by U(X,tr).
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Fbr.1, € S(feiYJ ,rve,,put';ffig'r= [iF".11" By thbrlfoliler't'iaequality we
t t  :  . : . ,  ' i

set : ' ' i lr"ils|lrll,lttl l" aad-' ltfl l <llril" 
' '. ' (zir)

It is easy to check that the function f -' tlTl!. is a norm 6n ̂ 9'(Ip,:If): Molbovet .
S ( l e , y i b  a B a . n a c h s p a c e u r d g l l h " S q g [ f [ ' ' "  . ' ,  .  -  .  . ' '  n i ' : "  i
:: 1, rL r ep6r4i,ryepui t111.[o:lgtlL"'As9in'V(X'2') isa'Bar'raph snace"]

under the norm llfll". , 1

Theorem 2.2. 1) If T e S(tp,Y)' then T is a compact operator and foi

each R e I>(Y,fr, n. h^* HT e S(tp,Y). lf Y is separable, so is S'{4' f)-': - .,.
2l If T e U(X,l,) then T is'a'compact opelator and fot each R e L(zJXl,

,  
- t  - '  -  

- \  : '  _ - _ . .  -  r r  !  r i l t t ,  \

we have TR eud:L:i'. i X' itseparaDle so is [r{X't')'

p r o o f. 1) For each n wei'd€fiqe a contin$ouc'finite rank operator I" by
, l  .  u a n  a  t l r f  z  f  t n r - .  l l O '

Tne :'.f- (r, "r)rci. 
Then by (2,1) *e'h"v". tt?t - r1,.1lp' = 

*=Ln 
&:,lf'? * o-,f

,PEl.t ' ' . , , ,  1. ' l  ;  ,  .  :  ,  i . - :  '  I

,n :" *-.=fi*e. T 'is a compact operator' For R e L(Y' Z) we'have '

D ilnn;lrf < llfiilol T llr'"llo: < oo so RT e s(20,X).

i .  .  . :

Now let 1/ be separable and D be'a countable'set dense in y'" For earh finite;

,rrlr"t ' f : tdr,... 'a.1 C D we define an operator T1 e S'(te\f) bg T1t:

i (r, er\dr. The fa^mily {"1} is countable. Given e ) 0. There exists n ,orc}r thst
. i

k+ t .

llr - ?l,"llf' : . i - 11far1lP '( e. Thenfor'each*'w€,'sa:lfind dt'€ 'B's'lrut 
*-  

k = n * l

[ | u r - d r l l  <  e l , 2 t ' l t ' . T h e n f o r f  : { d t , " ' , d o )  w e h a v e  -  ;  , ! l

r  A  . . - , t L / P '
l l ? " -  ? l l l , :  tL l l r " t -a* l [o  ]  

(e '
i  , r  .  ' '  '  ) f = 1

Consequentlv ll" -Til]" S llf - T*ll, + ll?" -Trll' <2e
1 ' " rf is similar to that of the assertion 1)'2) The Pro<

,  Theorem 2 .3 .  Le te i iherL<P '  <  r  <  2orL<p '  <  oq ' r=  2 '  Thenwe

have L,(lo,L,\ : I ls(tp, L;) = S(tp,L') '

i ': .P 'o d.f. By:Theorem 3.1 t13l we harre 4(10,L,'l c llo(dp:-I"):jhe inclu-

,io*,ilU&, Iz,7 C'Spr;lr) i" a.a1 
' 
N.ow.it is enough:to Prov'e'thff-fif;1Bl)'5

tr,(tp,L,). Let 1"-e' 
'd6rinr) 

and'p'be the c.m' on (o with fhe eher*eterietflG'



@tepti*S6f'rrridoa liac* opcrrtoff ... .?

fudcfiotr,XO.t.: flfa[r]',,c €'ti., Suppose,tltat,JH : ,{p -+ Io(nr,) ib'the lin-
ear mapt'ring,Eeneratirrg 1.. We have .E exp{ilwe,.}: exp{,- ll?".11"}. Hrjrrce
I ElMe,lo' : K fllTe^llo' < oo where K is a constant. F.ona it i" or" g.t

il*te*lo' < - ..r-. po, FI(r) = {Mur("}}f ti is a random vector with

valses in $ arrd Ma(w) = (.r?/-(q.)*") r.i. for each o e li.In view of rheorem 1.1
the c.m. p is a Radon measuriili*. lF e L,(Lp,Lr).

Theorem 2.4. Letl ( r ( p' <2 Then we have

tr,(Lp, Lr) :  I7o(Lp,t,) :  U (Lp, t, l .
'P  

roof .  At f i rs t ,  le t  us, rema* ' thats inee 1< r ,<p '<2thespa€qtr f  is - ,g f
stable type r and embeds into ar appropriate space Lr(st,!r,lr). By Theorem
3.1 and Theorern B.E in [fel we have IIs(.[p,],): L,,(Lp,tr). Hence it sufficies
to prove that Ar(Ip,t,l : U(trp,e,|. L straightforward application of lto_Nisio's
theorem yieldb that ? e L,(Lp,tr') lf and only if the series !T*e,.er.. converges

a.s. in .L! where {O"} are i.i.d real-valued random variablel with characteristic
function *p { 

- ltl"}. since r 1 z this property is equivalent to I ll?-e"ll" < m

i.e.  f  €.U.(Le,e,) .

porollary 2,6. Ixlt I <.ti < ?'< pt. A' /inear continuous operatar fron lu
' 

ryto l, is corrtpletely su.roqging if aad ealy if it is.4 H - S type operator in the case

ip '"  
r  o: i t  is ,aH .S typedualoperatot in: t l re ca.sept>.r .  :  : . . ,

,, ' We return to the problem.if sanlile path properties of tandom operator.

r'emma 2,8, 1) Let A € 6(o, x,Y),. Then A a.dmits a modifrcation with
;:sample paths in V if a,nd only if there is a mapping A : O ---+ V such that' Vs € X , f{ar ; .Aa(w}= I{u)c} == f .
'. 2). In tJris,case, if 7 is.sep arable thenZ i" (f ,B\ - mea.swable.
' 
,. P r o o f. The assertion 1) is obvious. rn order to prove 2) for r e x
and y € IZt wti denote by i O g the linear continuous functional on 7'defiried by
{},r8y) : (6",v). clearly, the family F - {sog,c € x,! ey'I separates the

, points of V. Further, fg each c &,g the function u --+ (e("), s g v) : (,1,a(w),y)
:.b mehsufable. Hence 7 is'(r, /(F)) - measurabile. Thus the.assertion 2) foilows
'*bom the fact that X(F) = g:if Ir is separalde.

Theorem 2.7. Let A € L(a,4,Y) wherel < p < oo. Then A admits
" a, modifreation wit,h s,amp Ie paths. in s {lo,Y) if aad only if fhe series t llArn l[p'
fonverg:es a. s.



6 ,D. qag.tt!48:'S.!qry

. ,,p t o o.f. S.uplpose that *,admits,a qodificatiott,,wit'h sa'mBle g-&&*s

{(Jp,Y)t By le*m*,zs there.is q mapping'4 : 'O - S(4,p,f],Tf a qe!,Dp'f

p"it"Utit* i 
"uch 

tha-t Cco(u{ = f(r1eu for all z a'nd alt 
1e 

D. Thet} fe1;eae,}r

w € D we have

, t '
, .  ' .  i  

.  :  
' . ' . ' ' - . '  ' , i

Conversely, supPose that f llA""1lo' < oo *.s' "Put'
ft

(  r  

'  j '

D : 1 ,  ' D A e n ( w ) l l o ' . - )( -

Fo each n define a mapping Il,,, : O * S(!p,f) by

l L  : a

n^ko)r= f (", ee)Aep(w)
: ' f t = l  -  

l

We travc

llB^+^(r) - B*(r)ll3' : Y 11aer(o)llP'
k=n* l

Conseqrrently, for ea,th u e D, {f"(t)} is' a'Cauchy seQuenee ih'S(le,{) so it

converges in's(fp,Y) to sonie B{r) Consider a mapping 7 :' 61"-'+ 5(tp;1l{)

defin.j Uy 7(u)' :'B(w\ if w € D and 4111 : 0 otherwise; Then fbr **c&

r Q x }(ry" * i(", e1,\,her(u\ for all w € D,. on the dthef halfd, tlie series
:1

lc:1

D(r,ep){4(a{ o"o..go to ,Ac(oi in X!,(O). Hence P{u : At(w) '=' 6'(g,)s} : 1'
i

Tbeorem Z.B. Let X be a Banach spac,e with the ScJrauder'ba.sis ( nrl

and (hi) be the schauder corresponding basis for x'-. A tartdom .apetaf0l A €

t tn.'i.'A (f < r ( oo) admits a modification with sampJe paths in U(X'[,)

i';;';;iri? rrt 
"urh 

i the series D(nr'r,'r)hi is 
"onnitsent 

a's' in X' a'nd
I

t ll D(Aa;,'t)hlll' < rc wit'h ptobabilitv one'
. & t

? r o o f. The necesslty: By temma 2,6'there i5 a mapping Z from f? inGa

U(X,lr) and a set D of probability one such that All;(t..r)'= A(w'1lt;'fer all d;srd

all e € D. Then for each lc and each a.r € D we have

f {nlri1r),"x')hi - I (Z'(cu)l';, ek)hi - f (i'i,7. (w\ee\ni : T"'(')'*'
;  i  i  

j  r i  r  i '  :



of*aadoa finerr opcr*6al ...

since.E(ur).€ Gr,{S, g,,},:rve,bre E,llZ..(*}ex lf', {oe for all d e D.
. k

ffie mfficiency: Aesurc:that €* = f,{Ah;;eplhi € IPx(fI) eind E ll€r{1a}ll' < *
F ; ^ ' . - -  3 -  .  ' h

#t". Then there is a set D of probability.l rych that l1l:€r(r)ll''<,oo for all
" tl

$ e D. From this'it'follo*s.that the.seriea f,(c;u*Xr(t") €orlverg€s in,x, for' i  
t .

".'H*:h 
q e 4 and each t^.r € D. Dpfine,a linear ofurator E(w) for each w € D by

r " S ; \

ii* tr)c : .I @,eylr{p(w) and let 7(r^r) be a restriction of B*(tr) to,x. we hav,e' " '  f t : l
:

:  
E i l7.(r)r* l l '  :  f l lB..(or)el l l '  = I l lB(t i )epl l '  -  I l l€r(r) l l '  < oo.' , , ' -  t  t  f t  T  

" i "  ' : " '  .
"'

i$aa.u A(.) e u(x,t,'.'. By putting e1u1 : o if w''e D we define a trrapptng
ii , n -+ q{X,l,). It remains forus'to prove that.Ar(a;) :7(r)" a.s. Inddetl
*rbr each d, &'anil- w e n we have
*i
J
$'

f {Z(r,r}n;,"r) = (,a.1tr}a;,u*) : (n;,,a@)er) : (4, &(r)) * (ela,(ar),eF).
;
i So Ah;(w) : A(w)h,' for each i and each c,.r € D. It follows that

Z(w)x: t(r,hi)A(w)h; = D(", h)Ah;(w)
t t

for each w e D. But for each r € x, the series DF, h)Ah;(w) converges to

Ax(w) in probability. Hence Ax(w) -A(r)r a.s. as required.

EJ. (V, p) - REpRESENTATION OF RANDOM OPERAT'0RS

. ,ARadsnBeqsurepon.'yissaidtobe-of ordgr p (pa 0)if/ l lzl lnd.p(x,( eo:
F-or.siqplicity d writing we refer to a R3d94 Fea.sure.of ordeio'* * il,it"uny
Radon measure.

Definiti'on $..1. A randam opeyatgr A €. L(n,x,y) is sard to be (y,p) -
representable (p > 0) if therc exists a Radon measure p, of order p onV such that
f o r a { l r r i 1 , . . . s . E n € X , U l . . . . , U n  e  Y t  ( n = 1 , ? r . . . ) a n d . f o r a I I B o r e l s e t s B  C  n "
we have

, .  P { ,  :  l (Axv ,e r ) , . .  . , (Aao ,y , ) l  € t }  =  u { t ,  [ {a " r ,e r ) , . .  . , (bsn , r , ) j  .  B } .

I



D*asrgrins'l1l61ng

In this cdsei It will be terrned the tepre'seding aeasure of A' ' 1 ' :

Eemqrk 1) If y is sepatabh and there exists a rnod,ifieation, of, d ]rayinB
samnle paths in v then A is (v,0) - representable. Indeed, by Lemma 216 there

;;?fi"i"."a"*1,".tor'7'e LV(o) 
''ott' 

that Vc € X, P{' : At(w):
-,1{r,r)c} 

=: tj:icl€arly, the distrirtrui.ion,of '',tt,ii: t}n fepl,mnting measure bf ,4.
' 

il If V is nonseparable then the fact that L admits a modification with

,r*nl;;;;h. i;;";;;;; i*pii *r'",(v,0) - representation of .4 as the following

example shows

Counter example: Let E be a separable Hilbert space with the orthonor-

mal basis (eo.) and (fr) l" a sequence of independent random varipblesisuch that

1," obeys to the tot*"i law of ff (o, t/"t/iogn;'

tet p. be the distribution of the sequence (1,n). It is well known that pr is

concentnated on .8oo. and the restriction of ,p to {o*, is not a Radon mea'sure for the

norm topolog5r of. Qo (it is only ,a Ra.don measure for the u* - topolagy o(t*,{-11,

Further, t* can be identified as a subset of L(H,I{}. Namely, evely pquence (ep}

in l- corresponds to an operator T e L(H,I/) defined by Tt: . f- 
(t ,e1,)c1,e1,.

/ c : 1

Define a random operator .4 e .L(O, H,H) by Ax : 
E@,ey)1pe6. 

It'b eisy to

verify that there exists a modification of A whose sample paths belong to doo,

However, A is not (y,0) - representable'

Theorem S.Z. ,Assu.me tihat X andY are separable. T'hen a randam oper-

ator.A.€ r(O, X,y) is(Vrr) - rbpresentable(p 2 0);f and only if ihere exr'stsa

v-vahrcd ran am vect'ora e r'P"{n} quch t}at i :

Vc€  X P{ ,  :  Ar (w) :Z(u)s }  :  1 .

In particular, if A is (Y, p\ - representable then it is admits a modification

with sample paths in V.

p r o o f. The part ,if is clear. Indeed, the distribution of A is the repre'

senting mea^sure ol A.'Now suppose that A is'{v,p) - represeiiffible:'€et Fo o't

the ,support of the representing nreasure gl. Sinie p is a Radon''merxure, Vot i9

,"p.r"Li" (see [Z] proiosition f .f .t). Further, we can find an itrcrereing sequct'rtfi

of compact sets,(K") c v6 zudr that li-m p(K*\: 1. Put r = U. K*; Then K is
, . ,  , . . : - . . , , , . . . ,  , !  .  : _ :  ,

a Borel,set with p{K) = l. Becaqt-e;4 ang;y'qre sqparable tlrere exist a s.equ€JK$

(c*) in X and 
";;;""; 

(v,) i" iit with '"p11",fl i r'and i"pflv"ll < 1.$xh

that b:0 whenever (brn,yn):0 for al l  n' Consider a mapping 0 : Vs -) f t@

defined by
a(b) -  [ (6r^,Y-)] f

,j

;

1,
:i



SEnm*ryre...

r{rto) == r,{u : [{bc.;e")]f €'s(n)} * p{r ,

i , l 9  
'  , ' , .  , ,  o i  :  1 j .  : i : ,  ,  I  . u , . . i - l  i  

' . '  
.  1 : , - .  i '  : . .  ; : . : . ' , : " , , , , : ' l

qiap@lg, C i :: .'$1,.+i6{tr}ffi n*& *v. 6 (r,r)'.* .ft e, crri*" ) ] tf, if e} 6 &

.Coneequenffi 'V*€'-F'Ptt :lte(arf ==E$all)*,I '."'F'lnrW r '-] ': 'rr' j '., '; ' i4 i

i*

Here't*e tsoc}nrer'ftmegral (f.t!'exets since An € L?"$).:Bythe Hoiderinetlrro{ity
we have

! jrii 
ll(s;r)(c)lt s u(A)ffiff tl]ttl F.z)

-*w\gq.e u(r) : srqi 
'{rgl"p}*&. 

rrom (3.2) it folldqrs 
"a"iyj'tlrat 

';b, iC a]ttned
- i i " ' :  ' \  , l l c l l s l  , i  \  '  ' - u '  ; ' . . , ' , '  : : '

continuous ory€r*eor'fFs41i.l'effiB)l.$t*o I{X, }rf.iutil 1l,9XH'5'ryfAu):'' 'i": :' i' ;-,ij"':i

b)
f

=/  l la l loap(b)<oo./ ttxt*lllrn P * f fr*lor]il'ap{



12 , , ,,,,,,Fs9:olfirgg,,E**triq

. . l ; & F s . x . b e - a a c y ! i l } e i " ' ' 3 1 & 5 { 8 ' ) , d . @ e d ' . b y . . . - . . ' , - . . ' . . .

' .r,lh€E;(€t)r, :{t?,ffitf .8}*p{* ,,'[o*&fifl],e'a], , .r]
(

In other words, 
" 

j: lh" 
c.m: on t:!n) generated bI jh: identical mappin! ld :

to(O) -' te(n}. It is easry to see that 1 is a cylindrical measure of type it i. e.
rop _f ltlld1',c(t) < *.

l lc l ls ' t i  
'  j  r  + '

t .  i

Theorem S.$. tret a E 7@1n,X,f). Then A is (V,p) - representable
(p > 1) if aad onlyr,if 8,a is anope'rdsar,fsoaei{[}} i*toV ar-rd:#irg.'inryed+#;F

"5r1 
: ii'*. Gefion {ii''bagure: of' orddr F'oE,V.

- 
? r o'i5 f. Suppose l'hdb A'is't'Y;p) -'rqpresehtabl'e. By Theorem 3.8 {ihefe

exists a Y-vrilru&idndrtu ttiif&'N:€'Z$(n1""6i:h'that Vc €' X, As(c,:) =*.fl{i&)*
a.s. .. From (3.1) we have

, : . '
(sah)t: I npll(w)xrtP
'  , J

Siace the Bochner integrat Jlu(ar)Z(w\dP exists, this identity shows that ,Seh:

t n1w171w\dP e 7. Moreo'er, for each'u € I/' and h e L;({l) we have

f
(Sir,h) = (,9ah,z) : 

J 
h(u)(A(w),,u1d,P., '

Hence Siu(ar) : (Z(cu),u) a.E.
Denote by Sl(f) the image of 1 by Sa. The charatterietic'functioa of.the

c.m. ,S1("d ir equal to

sfrtti,l : / * tfsiu(o)')d, = 
Iore {;(Z(u ),vldP.

Ttii' {?y'sliows that 5j(1) coincides with ther distrtbution of-H; Thu6' Se(r)
is a Radua':mearsure of order p onV.

Conversely, suppose that 511(1) it . Radon measure of order p on V . Then
f o r . a l l  e r s . . . r a n € X r g t r . . . . , r g a . € Y t  ( n : I r 2 r . . . . ) e t d f o r a l l B o r e l s e t i e B  e R o
we have

s,r te){ t€,Vz[F"n"y*) . ] iF"} .=r{ae4{n) : [1(s, ,1Qrr , ! '&} ] lFE}:
- t { , ,€ r ; (n) '  [ (4, ( /pr , ! , * ) ) ] i ,  n ]  = 

" { ,  
:  l (Ar1,v*) l l  €  B} .  "

This proves that,A iu (%p) ;..representable. Thdorem io proved.-The 
following theored'givee a sufficient condition for the (V,p) - represen- i

tation of a random operatot'C,ter{eres,.of :its::aF6@ftated operstsr,S*. i
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E. 'Thdoretiir .3.4. Let, = I(p)(o;,X;y\ vrnd ? > t. ..If the operatar s,a is
,;r5umming operator from L'o(Q into v then A is (v,p) - represent)ble. , l

,,,* P'r o o f. B-ucausd f is *tcylirtclricit mdasure of type p and ,Sr1 is psumrning
fu,t tl bvsch_wartz's Rad.onification Theorem [g], se(") is a.RJor, *ea^sor" of
order p on v. Hence A is (v,p) - representable by Theorem 3.3.' Let X I Y' be the 

'tensor 
product of' X 

-and 
Yt 

""a " 
be a feonable

,.tfiDssonotrr on X 8Y'. Its completion under this norrn,is- densted b)" X6.yt,

,,svery-meTb"t / of the-dual spac".[16.11]'conusponds to some T e L(x,ya)'ch'that 
{q.O u, gl - (Tz:;y) (see [ iJ, p:80]: ,

l, D"finition 3.5. We yy that an operator T e L(X,Y) belongs to the class
,,,Yo if the linear functional f on'X6*Yt defrned by
. n f l

i = l  i = l  
:

.r ir continuous i.,e. f is , mentber of [X6*yt'.

t The nortn of f € lzo is riefinea Uy llflf, : ll"ll. It is easy to check that I/o
r b a Banach space urrder the norm il41".

i' E*amples 1) If a : zr, the greatest reasonabfe crossnorm, then lzo consists
i of all linear continuous operators from X into Y .

E: " ?')If c: e;,th€ least reasnabl,ei:rqsmorm; then,y' is ealled the -cla,cs o{
; integral operators. in the sense of Grothentlieck. For the properties of integral
g operators see [lJ, Chapter VIII.

i - _- 3) If a is tteao,rm,dr (1.< * ( eo)-,inttod.tce-d by Saphar [ro] then 1n.vierrr
i'd Theonem.3.2 in [10] Ya. is precisely the spane of fc,-suumirrg operators from X

into Y.

t Let A € ,(n, x,Y). By the property of the tensor product A induces an

fr T-0": Iinea^r mapping ?a : X E Y' ', "tr0(O}with the property Ta(x A y) _

L t-At'v). If n , Ttot(fl,x,Y) then f,1u'€ te(n) for all u € X I r'. The following
!! theorems give conditions for the (V.,p) - representation of .4 in terms of the
F.operator ?e. 

''

i T}"orem 3.6. ,Assune that X andY are separable, Far a randomoperator'i A € L@(n,x;Y) to be (v,,p) - representable (p > t) it is necessary tfiat
? t) f^ : X 8o Y' -- ro(n) is continuous

i ? 
ffie exteasian of TA ta X6rY,, which'is also denoted by Te, is a p-



.Exng-Jlangp'*.@: ,
;

For eaah.b,6-lr6;$:s1arib foritlte*orrcsporiilin'g elementin [XA'Yr]f., Mm (s.s) i

we have

, :,: Vu€,x8o,#l , . T^11'= ("i(r)) ,h tr ('Q)",, , ii (3.4) I

Henee f'tr,adPdP S {/ fi1ft*arpufir'whieh sho,eve thb.&sb i), 'j ' ' 
,,'] 

'

,, Norp,fr-orr,,(s.n) we obtain'?,,1u = 1u,,f1,,r1; inf,pt0) for,all u in x6oY'. For
ul.r.. , ; :co'L € XA.Y! we have

ti(o)

T nrno.lt' : I {f l(,,,, f(,))lo}ar s { I ntn'ur} ',ip, {D l(u,, dt'}

which sholvs the assertion 2).

Theorem 3.f. dssrrrne that X,Y are separable- For a random

, a ;(t)1O ,X,Y) to be (Ir;, r) - rcpresentable it is necessary and sufficient that
1) Te : X 8a Y' '- tr(n) is continuous
i7 fn" exfensioa of Ta . X6" {t i.t,ft{f,.l} is a nuclear operatar.

P r o ,o .f* The necessify: By'Theorem 3.6' ?e : X6oYt '*

continuous aird,there iS a Boehner integra,ble function / : , B *'Vr su ft.6't ,

Vv e X6oY' ,, Tlu : (", f(")) in 11(O). (s.5) 
,

By Corollary to.Pettis's Medsulability Theore'm [t}there exists a sequence (0") 1
of'€ountably'wrlued'functions.such''that limg"(t^l) = /(ar) unifoimly on a set ofd
probability. Accordingly we shall assume that limg"({r) ='f(,.t) unifbrrnly o1' S}ji

Moreoo"t by discardtng (if neeessary) some of the rnembers 6f'the seqribni'e (gt){

\^'e ean {rme that,[/(a.r) - gt(")ll < 112 arid lls"(o\ - 0o'r(r)ll < r/'Z* for a*]j

rE and all n ) 2. Next write go = 0 and f.*
t

g* - Ln-r= Db"'* I^o'^ {' . m ,,.-x
: : {

where (bo,*) is a seqlence in I/-d, (Co,-)-is a disjoint seguence in O (re > l) ""4$
/e indicaies the characteristic function of the set .A. 1-^ -'-d;;;;t('); 

T tgJt l .- g,.-r(h,)l trniformlv we have
i5, .  3

vu e x6oY', (r, i(r)) : t I(.r, io,,n)Ia-,^(w\ in r1.(o). i
n m ; . dI T

iFrom this and (3.5) we get
, *

vu e X'6,.Y', Tau =DI(r,6,,,-).ra*,-(ar) in.D1(o). (3.6)t
n m
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On tte,other hand

t5

rI,'t",,*llPtAn,^) :'r 4ils.. - gn-Lll S nllsrll +:! ( *,, (3'.4
,z tzl

The repres eltatio4 6.Q w:iin the propg.ty (3.7) shows that'Ta is a nuclear oper-

Suppose that Ta is a nuclear operator' Then there exist a

i;if ;;;;';o";;." (/*) i'r,(ri) such that t lld"llrl/"l <

m and for each u e X6oY'
; . : i I  : ; .

Tnn - f1r, 6*lf,.(r\
' n

in 11(o). (3.8)

We have Ells* - sn+mll S "f 'l ldrllnllrl so itP u t S ; , ( u ) :  t Q x k @ \ .
k:1

Cilnverges to 0 as nrm --+ oo. Ilbnce, there exists a Bochner integrable funetion

S : cd --+ 
lX6.f,]'such that EllS - S"ll -r 0. This implies that for each

u e fX6*Y,)' \v,S"(r)) converges to (u,',S(a.,)) in 11(or). In"virtue'of (3.S) we
get

Vu € X6o Y'  Te,u:  (u,  S(r))  a.s. (3.e)

Now for each u, ,S(c.r) corresponds to an operator B(w) e L(X,Y'?) sueh that
(r 8 y,S(r)) : (A(u,')c,V) for r € X, y,"e,Vt. Taking. tt : t8 y from (f.e) we

obtain (Ar,v) : (A@)q V) a.s, Since Y is separable from this it follows that

Ax(w) : B(ii, r.r. flt .r.h 
" 

€ X. To c<implete the proof we have to show that
B(r) maps'X into Y for alpost all o. Indeed, let (r") be a cquntable set dense
in X. Then there is aiset Dof probability l such that,,{2,,(w) -'9'(w)r," for all
w € D and all n.''Thus B\w)r€Y for all c € X and all u € D. 'This'coilplets

the proof.
For the case p : 0 we have the following theorem

Theorem 8.8. Assume that X, Y are separable and two randorn oper-
ators A,B € L(fi,X,Y) are symmetric, independent in t.he sense that for aII
c L t . . . r t r v r n l r , . . r x ' *  i n  X r A t r . . . r A n r y l r . . . r V k  i : n  Y t  t w o  t a n d o m  v e c t o r s

[(r{rt, yr }} i *d' l(n rlr,yil"} I e,re symmet ric and independent.
Then if C - A +'B rF,{y,0) - representahle s.o arg A and B.

P roof. Let usremarkthateach u€ X8Y'may be regarded.as amember

sf Vl (namely, o = i(",. I yt) corresponds to the linear continuous functional
I
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U - iltq:, Vi). We claim that X I Yt is dense in Y' with respect to '(w.r.t) the
1

fUa*ey topologr. Indeed if this is not true then by HahlBul$ !lt":rpm and the

taCt that the lvtackey topology is compatible with the dualtty (V' ,V, th€r'e is b e V ,
b *'a such that (6, u) - 0 for all u € x 8Y'. A contradiction. Now by Theorem

8.2 there e>cists a i-valued random vector d such that Vr € X Cr.(w) 7e @)a
a.s, 'From this we havevu € xSyt Tsu: (d(tr ) ,u)  a.s. ' In v iew of  ternpl ,

1.2 the linear mapping ?o : X I Y' '* I'o(O) is continuous w.r.t-.. the Mickej;

;;"1;; (hd;;;; ieY'). Because for each u in XeY' two random variables

i;;';;eF;;;;;rv.*"tti" and independerit, by Levy's inequality we hav[
- .

^ (  ' ^  , l  > ' )  < r r { l rp * rnu l>  ' }  :  , " { l r cu l t  " } .f { l f a '  u - t t a u l " l : '

From this it follows thit Te is continuous w.r.t the Mackey'topology. Simila.rly'

this holds for ?6. Consequently, TA, Ts and, ?cr admit extensions to the entire

7'. Moreovbr for each u €V', Tau and Tsu are symmetric; independent and

Tau*Tsu :Tsu . (3.ls}

Let p,, tr and v are cyliadrical measures on I/ generated by T4-Tn *! ?,
respectively. In view of (3.10) we have u : F * l. Because t' : !.(C) is a Rado4

*.*oru by proposition i in'[4] both p and ] are Radon aea.sur€s. Now it i$ efiEy

to verify that 4,and B rr" [tr,O].- representable with the rbpresenting measures

p and I respectivelY.

Theorem 8.9. ^Let A E 7b') (n,lp, Y) and Y be separable yhete 1 < p (

m fir"r, a ;r-[i1f'y),;'] 'rcpresentable if and onlv if LEllAe,,llo' < *'

p r o o f. Suppose thar / ts ls(te4),p'] - r"nri"rrr"ble.. According to.

Theorem 3.2 thene exist a random vector 7 with values in S(lp, Y) of the strong

p, -o rdersuchtha tYr€ tp ,Aa(w)_A(w)xa .s .Consequent ly

\n11.t"*[o' : f r11;14r"llo' : EY ll7(o)e"llP' : EllTllS' < *.
,t ll rr

o o ,

Conversely, suppose that t EllAe*lln' < oo. For each nwe define a S(Q,Y)
n : l

- valued random vector Bo by Bin(w)r: .i (a,e1,\Ae1,(or). Then Ell,Bo+,n -

,  t*m 

lc:1

Aoill' = 
'5" 

Ell*erll?' tendsto 0 as,n,m 1+ oo. Hence there exists a S(lo,Y)
k :n* l



&qpje,p_et&s of.raadoa.lftrec{ o;reretors ... ,, , ,.*1

- valued random vector.4 with EllAllE' ( oo such that EllBn-Allf' tends to
0 as n --+ oo. This implies that for each c € tp, Br(w)r converges to 7(ar)r in
probability. Since B"(wln, converges to Ax(w) in probability we conclude that
for each r €.tp, Ac,(wl =V(wlx a.s. Thus r{ is [,S(le,y),p,1 - representable by
Theorem 3.2.
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