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o lingo (B)= p,{z eV [(z,al),. i, (bsy a,,)] S B}

The family {f‘al,.»..,au} is consistent. Conversely, each consistent family of probaf :
bility measures on spaces. R" (n=1,2,.. .) defines a c.m. An important method
to produce c.m.’s is as follows: Let M be a linear mapping from V' into Lo(Q). It

is easy to verify that the family ‘;{'ﬂql v.,,,,av,t;}_;givenby Ba, ian = LiMay,. ... M an} |

is-consistent so it generates a c.m.. on V. Conversely, every c.m. on V is gen- |

erated by some linear mapping from V' into Lo(€1) where. (0, %, P1) is an ap- |

propriate probability space. The characteristic function of a c. m. is defined by

pi(a) = [ exp{it}dpa(t),a €V’
R

If pisacm. onV thena Radon measure i on V is said to be a Radon
extension of p if B(Z) = u(Z) for each Z € C. In this case we say that p is a |
~ Radon measure. ; : ;

Theorem 1.1 (see [9] p. 296) The c.m. ponV is a Radon measure if and |
only if the linear mapping M generating u is decomposed by a V -valued random
vector f in the sense that = i |

VaeV' T P{w : Ma(w) = (f(w),q)} =1.

The following lemma is generally known but for lack of a suitable reference |
we prove it here : :

Lemma 1.2. Let f € L} (ﬂ) Then the linear mapping a — (f,a) from v
into Lo(f2) is continuous w.r.t. the Mackey topology on V'.
Proof, Givent>Oande > 0. Let p be the distribution of f. Since

p is a Radon measure there exists an absolutely convex and compact set K such
that u(K) >1—¢. Put U= {a e V': sup |[(b,a)] < t}. U is a neighbourhood
beK .

of the Mackey topology. Then for a € U we have P{w - |(f(w),a)| < t} =

y{b: |(b,a)| < t} > u(K) 21-¢€ie Plw: |(f(w),a)| > t} <e. The Lemma is
proved. ol

1. RANDOM OPERATORS WITH SAMPLE PATHS
IN A SUBSET OF L(X,Y)

o8 'Réciall that by a randdm operator A from X inf;d Y wemeana lihea,r mappiné

A from X into L3(0) such that ¥e > 0, lim P{|lAzall > €} = 0. L(®,X.Y)
denotes the:set of all random operators from X into Y. Two random operators
Aand Be L(0,X,Y) are called a modification of one another if for each z '€ X,
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Pw: Az(w) = Bz(w)} = 1. For each fixed w, the mapping z — Az(w) is called
‘a sample path of A. ' i

' In what follows, V denotes a Banach space whose members are linear con-

‘Binuous operators from X into Y and it is equipped with a norm stronger than
the usual operator norm. ;

Example 1 (The class of p-summing Oﬁerators) e '

- An operator T € L(X,¥) is said to be p-summing (0 < 'p < oo) if for
= (o) A iz

each sequence (z,) in X such that Y. |(z4,a)|P < oo for all @ € X' we have

ITz.||? < oo:- Alternatively, T''is p-summing if and only if there exists a
E1 S ; o = >

mstant C such that for each finite sequence (z,) in. X

N Tza)|P<CP sup ) |(zn,a)iP}.
b e S g R

minimal C for which the above inequality holds is denoted by 1T |l

An operator T € L(X,Y) is said to be completely summing if T' is p-sum-
%mmg for all p. We denote by I1,(X,Y) and IIy(X, Y) the class of all p-summing
éﬂpera,tors from X into Y and the class of all completely summing operators from
*X into Y, respectively. For p > 1, IT,(X,Y) is a Banach space under the norm
HT|In. In the case X and Y are Hilbert spaces II,(X,Y) is exactly the class of
H-S operators. For more information about p-summing operators, see [9].

Example 2. Let (S,%,)) be a finite measurable space. The symbol L,
‘will always mean L,(S,Z,)). Following Linde {7] an operator. T € L(X!,L,)
{1 < p < 2) is said to be a Ap - operator if the function ¢ : X’ — R given by
‘g(a) = exp{—||Ta||?} is a characteristic function of a Radon'measure ur on X. The
class of all A, - operators in'L(X", L,) is denoted by A, (X, Lp). Theset Ap(X', L,)

1/
“becomes a Banach space under the norm defined by [|IT||a = {f H:z:[[”dur} ;

where 1 <r < p.
' Now we are going to introduce the class of H-S type operators and the class .

of H-S type dual operators which are natural generalizations of the class of H-S
- operators between Hilbert spaces.

Definition 2.1. 1) An operator T € L(¢,,Y) (1<p< co) is said to be a
- H-S type operator if }_ ”Te,,””' < oo, where (e,) is the sequence of standard unit

- vectors and p’ is the conjugate number of p (1/p+1/p’ = 1). The set of all H-S
- type operators from ¢, into Y is denoted by -5 %95 g ‘
: 2) An operator T € L(X,¢,) (1< r < oo0) is said to be a H-S type dual
operator if the dual operator T* : £, — X' is a H-S type operator. The set ofall
H-S type dual operators from X into £, is denoted by U (X £5).
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" For T-€ 8(¢t;, Y) weput || T 2''=Y"||Te,||”" By the Holder’s inequality we
get &

S(Lp,Y) is a Banach space under the norm ||T||s-:

" ot T € U(X, 1) we put [Tl = |- Again, U(X, &) s a Banach space |

under the norm || T|u. ;

Theorem 2.2. 1) T €S (¢,,Y) then T is-a compact operator and for
each R € L(Y, Z) we have HT € S(&,Y). IfY is separable, so is S(£p,Y)-.
: 2) If T € U(X,¢,) then T is a compact operator and for each R € L(Z,X)
we have TR € U(Z,¢,). If X' is separable so is U(X,&;). By i b

Proof. 1) Foreachn we define a continuous finite rank operator T, by

T,z =Y. (z,ex)Ter. Then by (2.1) we have ||T—Tn||P' <Y ‘|T€k\|p' 0 as

s q : i2 BT L5 k=n+l
n.— oo. Hence T is a compact operator. For R € L(Y, Z) wehave .

Y IRTex|l” < IRIP' Y. | Ten|| <00 s0 RT€S(tp, X).

T < AT, and T < T 0 5L gy

It is easy to check that the function T — |T||o is a norm on"S(¢;,Y)- Moreover

R RSl

Now let ¥ be separable and D' be a countable set dense in Y. For each finite
subset I = {dq,...,dn} C D we define an operator T; € S(£Y) by-T1z =

k=1, , ; ]
0o : ‘ :

- Bllg = o B TP < & Then for each k we can find dix € D such that
; ‘ k=n+1 ! s26:3

T ex o di| < g/2%/?". Then for I = {dy,... ,dn} we have
= e
T =Tille = { 3 WTer el } ™ <.
, ‘ k=1 s 5

Consequently |T — T1lls < IT — Tnlls + \Tn — Tills <26
2) The proof is similar to that of the assertion 1).

Theorem 2.3. Let efther 1<p <r<2orl<p' <oo,r=2 Then we

haV& A.r(lp, Lr) = HO(LP, Ly:) = S(LP’ Lr)- ) : , .
: Pr o o f. By Theorem 3.1 [13] we have A (Ly, L.} C Tho(%y, L,). The inclu-
sion‘Ilg(¢,, L,) C S (¢;; Ly) is clear. Now it is enough to prove that S(¢,,L,) C
Ar(£,L,). Let T € S(¢,,L;) and p be the c.:m. on £, with the characteristic

Y (z; ex)dk. The family {77} is countable. Given € > 0. There exists nsuch that
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function exp'{"~ ||Ta||"} 'a € £}:" Suppose that M : ¢, — Ly(Ny) is the lin-
ear mappmg generatmg u. We ha.ve E exp{iMe,} = exp{ < | Tenll” } Hence
ZEIM&,.]” KZ”Te,,”” <o where K is a constant. From thxs we get

EIMcnlp < 00 a.s.. Put M) = {Men }1 M i is‘a random vector with

values in £, and Ma(w) = (M(w) a) a.s. for each a € l In view of Theorem 1.1
the c.m. ulsaRadon measure’ice. T €A, (L, L,). i 5 @19 ;

Theqrem 24. Letl1<r<p' <2 Then we have

Ar(Lpy ) = To(Lpsls) = U(Lp,2,).

‘Proof. At first, let us- remark that since 1 < r < p’ < 2 the space L’ is of
stable type r and embeds into an appropriate space L, (S1,Z1,A1). By Theorem
3.1 and Theorem 3.5 in [13] we have Ig(Ly,%,) = A,(L,,£,). Hence it sufficies
to prove that A, #(Lp,2,;) = U(Lyp,¢,): A straightforward application of Ito-Nisio’s
theorem yields that T € A,(Ly,%,) if and only if the series Z T*e,©,. converges

a.s. in L' where {©,} are i.i.d real-valued random varlables with characteristic
function exp { — |t|"}. Since r < 2 this property is equivalent to Z T enll* < e

ie. T € U(Ly,4,).

Corollary 2.5. Let 1 <r <2< p. A linear continuous operator from /%
. into £, is completely summing if and only.if it isa H — S type operator in the case .
P <roritisa H - S type dual ‘operator im the case p' > r.

_ We return to the problem of sample path properties of tfandom operator.

: Lemma 2.6. 1) Let A€ L(Q,X,Y). Then A admits a modification with
- sample paths in V if and only if there is a mapping A : Q — V such that
Vze X Plw . Ac(w) = Aw)e} =1..

2) In this case, if'V is separable then A is (¥, B) measurab]e

P roof The assertion 1) is obvious. In order to prove 2) for z € X
and y € Y' we denote by z ® y the linear continuous functional on V' defined by
{b,z ® y) = (bz,y). Clearly, the family F = {:1: Qu,ze X,y € Y’} separates the
points of V. Further, for each £ ® y the function w — {A(w w),zZQy) = (A:t:( J, )

_is measurable. Hence 4 is’ (¥, A(F)) - measurable. Thus the assertion 2) follows
‘fl:om the fact that A(F) = B'if V is separable.

Theorem 2.7. Let A € L(ﬂ £,,Y) where 1 < p < co. Then A admits
a modification with sample paths in S({,,Y) if and only if the series Z: ||Aen||”
Converges a. .
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P r oof Suppose that A admits a modification with sample paths.in

S(£p,Y). By Lemma 2.6 there is a mapping A : 0 — S(£,,Y). and a set, D of
probability 1 such that Aen(w) = A(w)ey, for all n and all w € D. Then for each

w € D we have i = ;
Z [ Aen(@)F =D 1 A(w)eall? < oo.

Conversely, suppose that Yy |lAen’||P’ < oo as. Put .
n

D= {w : ZAe,,(Q)””' < oo}

For each n define a mapping B, : 01— S5(£,,Y) by

n

By(w)z = Z(x, ex) Aeg(w).

|k=1
‘We have /
s , ‘n-_i’-m : b
[Brsm(@) = Ba@)IZ = Y [Aex(w)|?
: k=n+1

Consequently, for each w € D, {B,,(w)} is'a Cauchy sequence in §(£,,Y’) so it
converges in S(£,,Y) to some B(w). Consider a mapping A7 n— 5(¢,,Y)
defined by A(w) = B(w) if w € D and A(w) = O otherwise. Then for each
z€ X Alw)z = Y (z,ex)Aex(w) for all w € D. On the other hand; the series
k=1 !

Y (z, ex) Aex (w) converges to Az(w) in L%(Q). Hence P{w : Az(w) =A(w)z} = 1.
k - _ 4 £

: Theorem 2.8. Let X be a Banach space with the Schauder basis (h»)
and (k%) be the Schauder corresponding basis for X'. A random operator Ae€
L(0,X,¢,) (1 < r < o) admits a modification with sample paths in U(X,¢r)
if and only if for each k the series ) (Ahi,ex)hy is convergent a.s. in X' and

¥ (AR, ek) ;|| < oo with probability one.
k

P r o o f. The necessity: By Lemma 2.6 there is a mapping A from into
U(X,¢,) and a set D of probability one such that Ahi(w)'= A(w)h; for all +'and
all w € D. Then for each k and each w € D we have

Z(Ah;(w), ex)h} = Z (A(w)hi,ex)h] = Z(ﬁi,z‘(w)ek)h: = X*‘(‘w)e‘ik.’
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oreover since A(w) € U{X, £,) we have EIIZ*(w)ckH' < oo for all w € D. :
) suﬂicmncy Assume that & = Z(Ahn&lg)hk € L%(N) and Z: Hék(w)ﬂ' < oo
, Then thete is a set D of probabxhty 1 such that }: ”fk(w)”' < ,00 for all

w €D From this it follows that the series Z(z ek)fk(w) converges in X' for

o

each z € Z’ a.nd each w € D. Define a lmear operator B(w) for each w € D by
EB(w)z = Z (z,ex)€k(w) and let A(w) be a restriction of B*(w) to'X. We have

ZHA (@)er]” = ZHB“(‘» Jexll” ZIIB (Well” = Ellék(W)ll'<°° i

{'Hence A(w) e U (X £,). By putting A(w) =0 1f w ¢ D we deﬁne a mapping
A Q= U(X,¢). It remains for us'to prove that Az(w) = A(w)z as. Indeed -
gforeachz kand w € D we have ‘

(Alw)hi,ex) = (B* (w)hisex) = (his B(w)er) = (hi, &(w)) = (Ahs(w), ex).

So Ah;(&)) &= Z(w)h,- for each 1 and each w € D. It follows that

A(w)e = 3 (e, b A(w)h: = 3 (2, h?) Ahy(w)

t 1

 far each w € D. But for each ¢ € X, the series Z(x hY)Ah;(w) converges to

e ( ) in probability. Hence Aa:(w) A(w)z as. as requlred.

HIL (V, p) - REPRESENTATION OF RANDOM OPERATORS

A Radon measure 4 on V issaid.to.be of order P (p > 0) 1f f Hz”‘”d,u(z) < 00.
- For simplicity of writing we refer to a Radon measure of order 0 as an arbitrary
Radon measure.

Definition 3.1. A random operator A € L(Q,X,Y) is said to be (V p) -
representable (p > 0) if there exists a Radon measure u of order p on V such that
forall'zy,...,z, € X,y1,...,yn €Y' (n=1,2,...) and for all Borel sets B ¢ R™

~ we have - " '

P{w s [(Azl,yl),...,(Az,,,y,,)j € B} =u{b . [(bzl,yl),...,(bz,.,y,,)] EAB} -
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I_ﬁ this case u ‘will be termed the representing measure of A.

Remark 1) If V is separable and there exists -a modification of A having
sample paths in V then A is (V,0) - representable. Indeed, by Lemma 2.6 there

is a V-valued random vector A4 € L () such that Vz € X, P{w : Az(w) =
Z{w)a:} = 1. Clearly, the 'distribuiion- 'of A is the representing measure of A.
2) If V is nonseparable then the fact that A admits a modification with

sample paths in V' does not imply the (V,0) - representation of A as the following

example shows L do

Counter example: Let H be a separable Hilbert space with t'heE orthonor-
mal basis (e,) and (7») be a sequenceof independent random variables such that
~n obeys to the normal law of N (0,1 /+/logn). 1 v

Let p be the distribution of the sequence (vn)- It is well known that p is
concentrated on £., and the restriction of ¢ to £ is not a Radon measure for the
" norm topology of €., (it is only a Radon measure for the w* - topology o(fso,%1).
Further, £, can be identified as a subset of L(H, H). Namely, every sequence (ex)
in €., corresponds to an operator T € L(H, H) defined by Tz = Y (z, ex)ckek-
Define a random operator A € L(Q, H,H) by Az = } (z, ex)vkek. It is easy to

: ,

verify that there exists a modification of A whose sample paths belong to {.

. However, A is not (V,0) - representable.

Theorem 3.2. Assume that X and Y are separable. Then a random oper-

ator A € L(0, X,Y) is (V,p) - representable (p > 0) if and only if there exists a
V -valued random vector A € LY, () such that : g : :

Vz€X - P{w : Az(w) = A(w)z} = 1.

In particular, if A is (V,p) - representable then it is admits a modification
with sample paths in V.

Proo f. The part ‘if” is clear. Indeed, the distribution of Ais t_he repre-
senting measure of A. Now suppose that A is V,p) - representable. Let V; be
the support of the representing measure p. Since p is a Radon ‘measure, Vg 'is
separable (see [7] Proposition 1.1.1). Further, we can find an increasing sequence

¢ { e b st BT =
of compact sets (K,) C Vo such that lim HORG) 29 PheK = PR Then K i

{p=1a

a Borel?set wmh,u,(K ) = 1 Because X ‘ andY are sepéx;ébl\e there emstasgquengg
(z,) in X and a sequence (y,) in Y’ with sup lzn]] < 1 and sup [ly.|| <.1 such

that b = 0 whenever (bz,,y,) = 0 for all n. Consider a mapping 6 : Vo — R™
defined by - :
o 8(b) = [(b:l:,n,,yn)]1 .
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i‘ is contindbEs afid onaThe Hetice G(Kn) “““ “¢ompact and O(K)'= U (-)(K,,) is

\a separable Borel set. By the Kuratowski theorem ({15] p.15) the i 1nve1:se mapping
$=06" i . G(K) — Vp is measurable. Put (o = { [(Axn,y,,)] € G)(K)} :
?We have - ’ e A ig :‘ ekl > ‘

P(fl0) = p,{b f (6% 9n)] e-e(K)} = u{b . @be e'(‘K')} BK) = 1.
Consider a(map’p'ing G 1~ O(K) defined by G(w)-= [(Azn,yn)]; if w € Qo
and G(w) = ko otherwise, where ko is a fixed element in ©(K). Put Aw) =
¢[G(w)] A is measurable and has separable range A(Q2). C V;. Hence Ais a
V-valued random vector. For each z € X and €ach y € (y») we have

P{(Az,y) = (Aw ) )} = P{(Az,y) = (¢[G(w)]vz’y)} :
& u{b (bm,'y ( [Gb]x y)} Zp{b atl ¢[9b]} e T

Consequently, Ve X, P{w - Az( ) A(w)z} = 1. Finally b{w)h fwid

[ 1A Iar = [ dlenraut) = [ pirdue) < oo

Theorem is fully proved. -
e By L(P)(Q, X,Y) we denote the set of random operatox{g A from X into.Y
for which E||Az||P < oo for all z € X. By the closed graph theorem L(P)(ﬂ %Y )
can be identified with the space of ‘all linear. continuous operators from X into
1%(0).
_-Now to each 4 € L®)(0,X,Y) (p > 1) we associate a linear mapping. S,
from A (ﬂ) into the set of mappings from X into Y by the following formula.

' (SA'Ii)(z) - / h(w) Az(w)dP & gy}
Here the Bochner integral (3.1) exists since Az € L} (Q). By the Holder inequality

we have . ;
' | (Sah)(2) I} < v(A) R[]l - (3-2)

‘where v(4) = sup {E ”Az“”} i . From (3.2) it follows easﬂy tha.t Sa A is a’ lmea.r
ll=lI<
continuous operator from L{Q1) into L(X,Y) and [|Sxl| < v(A)
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~.Let v be a cylindrical measure on L’;(Q);djeﬁned‘ by

q{heL;,(n) {(h g,,) [ en}= p{w o gnCw) }

In other words, v is the c.m. on L/ (ﬂ) generated by the identical mappmg Id
Ly(0) — Ly(N). 1t is easy to see that ~ is a cylindrical measure of type p i. e
sup [ It[”d'yg(t) < oo.

lloli<1 r :

Theorem 3.3. Let A € L®P)(0,X,Y). Then A is (V,p) - representable

(p > 1) if and only if S is an operator from L; (Q) into V and thei nnage of : by

.S 4 is a. Radon measure of order p-on V. ; ; ‘ ;

"P'roof Suppose that A'is (V, p) -‘representable. By Theorem 3.2 there
exists a V-valued random vector A € LY (1) such'that Vz €"X, Az(w) = A(w)z
. From (3.1) we have

(SAh)a:vz‘:/ h(w)A(w )zdP

Since the Bochner integral [ h(w )A( )dP exists, this identity shows that S h =
[ h(w)A(w)dP € V. Moreover, for each'u € V' and h € L}(Q) we have

ri

(Siu,h) = (Sah,u) = / h(w){A(w),u)dP. i

Hence Sju(w) = (A(w),u) as.
Denote by S4(v) the image of v by Sa. The characterlstxc function of the
cm. Sy (v) is equa.l to »

Satw) = / exp {iSu() }ap = / exp{z A(w),u)dP

This equality shows that Sx(4) coincides w1th the distribution of A. Thus SA( )
is a Radon measure of order pon V.

Conversely, suppose that S4(7) is a Radon measure of order p on V. Then
forall z;,...,2, € X,y1,.-+,¥n €Y' (n = 1,2,...) and for all Borel sets B € R"
we have '

Sa() {-b eV : [(bz,ur)]] € _B} + 'y{h e Li(q) : [((Sm)a;',,,\y,,)];‘ c B} i
= 7{h € Ly(A) : [(h, (Azk,yk))]'; € B} = P{w : [(Axk,yk)]'l‘ E‘B}.

This proves.that- A is (V,p) - representable Theorem is proved.
The following theorem gives a sufficient condition for the (V, p) - represen-
tation of a random operator A in terms of its associated operator Sj4. '
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'° ' ‘Théorem 3.4. Let A€ L0, X,Y) and p > 1. If the operator Sa is
p—summmg operator from L;(Q) into V then A is (V, p) - representable. :

; P'roof. Because 4 is a'¢ylindrical méasure of type p and S, is p-summing

(p > 1) by Schwartz’s Radonification Theorem [9], S () is a Radon measure of
order p on V. Hence A is (V,p) - representable by Theorem 3. 3.
Let X ® Y be the tensor product of X and Y’ and o be a féasonable
crossonorm on X ® Y'. Its completion under this normis denoted by X&,Y".
Every member ¢ of the dual space [X ®oY"’ ] corresponds to some T € L(X Y")
such that (z® vy, ¢)= (Tz,y) (see [1], p.230).

| Definition 3. 5 We say that an operator T € L(X,Y) belongs to the class
Vq if the linear functional T on" X®,Y"' defined by ol

f( Z(zi ®w)) = i:('fin v:)

=1 1=1
; ; s e PRy
_ is continuous i.e. T is a member of [X ®aY’»] :

The norm of T € V,, is defined by ”THQ = ||7||. Itis easy to check that Vo
 is a Banach space unider the norm || T},.

Examples 1) If a = =, the greatest reasonable crossnorm, then V, consists
- of all linear continuous operators from X into Y.
: 2) If a = ¢, the least reasonable trossnorm, then V, is called the class of
integral operators in the sense of Grothendieck. For the properties of 1ntegra.l
- operators see [1], Chapter VIIL..... ;
: 3) If a is the:norm dg (1 < k < 0o).introduced by Sa.phar [10] then in view
- of Theorem 3.2 in [10] V;, is precisely the space of k’-summing operators from X
linto Y. :
Let A € L(0,X,Y). By the property of the tensor product A induces an
unique linear mapping Ta : X QY' & Lo(Q) with the property T4(z Q@ y) =
(Az,y). If A€ L(P(Q,X,Y) then Tou€ Ly(Q) for all u € X @ Y". The following
- theorems give conditions for the (Va,p) - representation of A in terms of the
' operator Ty4. ) ;

: Theorem 3.6. Assume that X andY are separable. For a random operator
A€ LP)(Q, X,Y) to be (Va, p) - representable (p > 1) it is necessary that

: 1)T4 : X®qY' — Ly(N) is continuous

‘ 2) The extension of Ty to X®aY', which is also denoted by T,, is a p-
| summing operator.

: P roof By Theorem 3.2 there is a V - valued random vector f with
E“f”” < oo such that

Vze X  Az(w) = f(w)z a.s. (3.3)

A
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For each b € V,,; bstands for themrrespondmg element in [X ®aY’] From (3.3) :
we have

Vu€X@aY' Taw=(u,fW) inLy(@). B
Hence [ |T4ulPdP < { TIf ﬂPdP}ﬂu]P’ which shows the assertmn IR BE 4

. Now from (3.4) we obtain Tqu = (u, f(w))'in L,(Q) for all u in X®aY’ For
Uy, ... yUn € X®oY' we have

Z zauile = [ {3l Fap < { [151rar) sup { > I o }“

which shows the assertion 2).

Theorem 3.7. Assume that X, Y are separable. For a random operator:
Ae LN, X,Y) to be (V4,1) - representable it is necessary and sufficient that
1) T4 : X ®aY' — Lyi(Q) is continuous :
2) The extension of Ty : X ®.Y' = Ly(0N) is a nuclear operator.

P r oo f. The necessity: By Theorem 36 Ty : X®.Y' — Li(N) is|
continuous and there is a Bochner integrable function f : @ — V, such that %

Ve XS Piu = (o, fl@)) i Li(R). (35).

By Corollary to Pettis’s Measurability Theorem [1] there exists a sequence (gn) ;
of countably ‘valued functions such that limg,(w) = f (w) uniformly on a set of
probability. Accordingly we shall assume that lim g, (w) = f(w) uniformly on 0
Moreover by discarding (if necessary) some of the members of the sequence (g,.)
we can assume that [} f(w) — g1(w)]f < 1/2 and ||ga(w) — gn-1(w)|| < 1/2" for aﬁ‘i
@ and all n > 2. Next write go = 0 and

gn - gn—l' = E bn,mIA,.‘m

where (bn m) is a sequence in Vo, (An,m) is a disjoint sequence in 0 (n > 1) andg
I, indicates the characteristic function of the set A.
Since f(w) =Y [gn(w) gn_1(w)] uniformly we have
n

Vo€ X8,Y', (uflw) = ):Z o (@) in L(0).

e |

From this and (3.5) we get

Vu € X®aY', Tau= ): Z bom)a, (W) inLi(Q).  (3.6)
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On the other hand
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3o lbumliP(Anm) = 3 Ellgn — gnll < Ellgs]l +% T M ey

The representation (3. 6) with the property (3.7) shows that 74 is a nueleaz'-' oper-
ator .

" The sufﬁc1ency Suppose that TA is a nuclear operator. Then there exist a
sequence (¢y) in [X@,,Y’] and a sequence (f,,) in L;(Q2) such that Z |#nllE|fa] <

oo and for each u € X®,Y’

T = Z(u,q&,;)fn(w) in Ll(ﬂ) : (3.8)

N

n 25 n+m : 3

- Put Sp(w) = Y dkfr(w). We have E||Sy — Snimll < X ' |6kl E|fe] so it
k=1 . k=n+1

¢onverges to 0 as n,m — oco. Hence, there exists a Bochner integrable function

S @ w— [X@aY’]’ such that E||S — Sp|| — 0. This implies that for each
€ [X@)O,Y’]' (u, Sp(w)) converges to (u,S(w)) in Li(w). In'virtue of (3.8) we

. get :
P oF Yu E X ®a Y' Tau = (u,S(w)) a.s. (3.9)

- Now for each w, S(w) corresponds to an operator B(w ) € L(X,Y") such that
F (z®@y,S(w) = ( (w)z,y) for z € X, y € Y'. Taking u = z® y from (3.9) we
obtain (Az,y) = (B(w)z,y) as. Since Y is separable from this it follows that
Az(w) = B(w)z a.s. for each z € X. To complete the proof we have to show that
B(w) maps X into Y for almost all w. Indeed, let (z,) be a countable set dense
in X. Then there is a set D of probability 1 such that Az,(w) = B(w)z, for all

w € D and all n. Thus B(w).'z: €Yforallz€ Xandallwe D. Thls completes
the proof.

For the case p = 0 we have the following theorem

Theorem 3.8. Assume that X, Y are separable and two random oper-
ators A,B € L(0,X,Y) are symmetric, independent in the sense that for all
zi,. xn,xl, e X, s YnsY1s---sYm in Y' two random vectors
[(A:c,,y,)} a.nd [(Bz‘,y,)] are symmetnc and independent.

Theq if C = A+ B is (V,0) - representable so are A and B.

Pr 5 o f. Let us remark that each u € X ® Y’ may be regarded as a member

n ;
of V! (namely, u = ) (z; ® y;) corresponds to the linear continuous functional
1
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n : i £ a5
b— Z(bx,,y,) We claim that X ® Y’ is dense in V' with respect to (w.r.t) the

Mackey topology. Indeed if this is not true then by Hahn-Banach theorem and the
fact that the Mackey topology is compatible with the duality (V' V) thereisbe V,
b+ 0 such that (b,u) = 0 for all u € X ® Y'. A contradiction. Now by Theorem
3.2 there exists a V-valued random vector C such that Vz € X Cz(w) = C(w)z
a.s. From this we ‘have Yu € X® Y’ Tcou = (C(w),u) a.s. In view of Lemma
1.2 the hnear mapping T¢c : X ® Y' — Lo(Q) is continuous w.r.t. the Mackey ;
topology (induced on X ®Y') Because for each u in X @Y’ two random variables
Tau and Tgu are symmetric and mdependent by Levy’s inequality we have 7" |

P{'[TAul > e} < 2P{|TAu + Tpu| > z-:} = 2P{|Tcu| > e}.

From this it follows that T is continuous w.r.t the Mackey topology. Similarly, :
this holds for Ts. Consequently, T4, Tp and Tc admit extensions to the entire
V'. Moreover for each u € V', Tou and Tgu are symmetric; independent and ‘

Tpu+ Tpu = Tou. | (3.10)

Let p, A and v are cylindrical measures on V generated by T4, Tp and Tc,
respectively. In view of (3.10) we have v = p * A. Because v = L(C) is a Radon
measure by Proposition 3 in [4] both ¢ and A are Radon measures. Now it is easy
to verify that A and B are (V, 0) - representable with the representing measures
w and X respectively. : o

Theorem 3.9. Let A€ L' )(0,£,,Y) and Y be separable where 1< P <
oo Then A is [S(t ,Y),p'] - representable if and only 1fz E||Ae,||P < 0.

P r oo f. Suppose that A is [S (Z,,,Y),p] - representable. Ac_cordmg to. |
Theorem 3.2 there exist a random vector A with values in S(£,,Y) of the strong
p'-order such that Vz € £,, Az(w) = A(w)z a.s. Consequently

Y Eldenl” = Y EIAW@)enl” = EY | Aw)enl?” = EIAJE < o

‘oo ; ] = ;
Conversely, suppose that Y. E||Aeq||P < oo. For each n we define a S(¢,,Y )
n=1

: n
- valued random vector B, by Bn(w)z = Y (z,ex)Aex(w). Then E||Bpim —
. g k=1

[} n+m U
Bul? = Y E|Aex|” tends to 0asn,m — co. Hence there exists a S(L, Y3
k=n+1
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- valued random vector A with E||A||Z" < oo such that E||B, — A" tends to
0as n — oo. This implies that for each z € £,, Bp(w)z converges to A(w)z in
probability. Since By (w)z converges to Az(w) in probability we conclude that
for each z €:¢,, A.'z:(w) A(w)z a.s. Thus A4 is [S (£,,Y),p ] - representable by
Theorem 3.2. - - ; g PR
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