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Abstract. In this paper, the Method of Orienting Curves for solving a class of linear optimal
control problems is described and then is apphied to find an optimal control of a hydroelectric power
plant.

‘ 1. INTRODUCTION

In the recent years, a so-called Method of Orienting Curves was developed for
solving optimal control problems with state constraints (cf. [2], [5], [10]). Some
practical problems were solved by means of this method, e. g., the navigation
problem of Zermelo (cf. [6]), Steiner’s problem of finding inpolygons of a given
convex polygon with minimal circumference (cf. [7]), and an inventory problem
(cE. [10]).

The aim of this paper is to describe the Method of Orienting Curves (MOC)%
for solving a class of optimal control problems which are linear in the controg
variable, and to show how these results can be applied to find an optimal contro!é
of a hydroelectric power plant. ' 4

The problem of optimal control of hydroelectric power plants was inveastiga.-f‘:;i;'T
ted by many authors (cf. (1], [8], [9]). But there are many still unsolved questions
in practice. In this paper, we will concern with such a problem which can
described as follows. '
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[ ‘The volume of the storage lake of the plant at the time ¢ is denoted by
ﬁt)[ms] The flow through the turbines-and the natural influx to the reservoir at
the time t are w(t){m?®/s| and b(t)[m3/s], respectively. Then the variation of the
storage volume can be represented by site e SR

T

' () = b(t) —w(t).

. Let ¢ be the head, i.e., the height difference between the surface of the
ervoir and the turbines. Obviously, £ depends on the volume z. Then the
nergy produced at the time ¢ is equal to gel(z(t)) w(t), where g is the gravitation
" constant, and ¢ is the efficiency of the plant. It is possible that ¢ depends on z(t)
‘and w(t) but for the sake of simplicity, here ¢ is assumed to be a positive constant.
If a(.) represents a positive so-called valuation function, then the total rated
‘energy in the time interval [0, T is given by -

T

/gca(t)l(z(t))w(t)dt.
0
‘This intergral delivers the electric energy produced in [0,T] if aft) =1. If a(t) is
‘a piecewise-constant tariff function, then this intergral is the total profit obtained
in [0,T]. Here, we confine ourselves to the case where a(.) is a constant as well
as the case where a(.) is continuously differentiable on [0,T], e.g., a(.) may be
‘proportional to the national demand for electric energy. _
: Our aim is to maximize the total rated energy within the fix time interval
[0,T]. Let B~ and 8% be the lower and upper bounds of the flow through the
turbines. Let zo and zr be the given values of the volume at the start and the
end, and o (t) and a3(t) be the minimal and maximal allowed level of the reservoir
volume at the time ¢, respectively. Using the transformation u(t) ;= —w(t), f1 ==
—B* and B, = —B~, we get the following optimal control problem

¥ _
Mssiuiize / oft)(x(t))u(t)at, (1)
?ubject to
#(t) = b(t) + u(t), z(0) =20, z(T)=zr,
(451 (t) S .’E(t) S az(t), t € [0, T], (2)
o By < uft) < Ba.
‘ Theset G := {(t,£) € R2 |0 <t < T, a(t) < € < ap(t)} is called the:state

\region, and any open set G** of R? containing G is an extended state region. It is
mot unrealistic to assume that
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{te[o THE!: §€ 2} 2 80) + b = 45(0))

isa ﬁmte set and that

b(.) is continuous on [0, T}, _
e MR (&) >0, and '(€) > 0 for (¢, ) € G**. : '
The probflem (1)-(4) will be ca}led (P*), and only the follwmg case is. co
sidered : PR o

A s i e
P R A AR S .

Obviously, (5) holds if a(.) is a constant.

9. METHOD OF ORIENTING CURVES

The problem (P*) is a special case of the following optimal control pro.b‘l'
( P): ; : il }

Minimize

Lol u@)its L(t,60) = Lults€) + Ialts€0s -

o"‘\'_]

under the constraints

:B(t) = f t,:z(t),u(t))', f(ta E,‘U) = fl (t,.f) + fZ(ta 5)”&"

Here, the functions L;(., &) and fy(.,€) are continuous, the functions Ll(

fi(t,.), and La(.,.) are continuously differentiable for (¢, {) € G**. Besides . a1 ¢

ans az( ) are piecewise continuously differentiable on [0,T]..
For our further mvestlgatlon the following hypotheses are mserted

Bi< B at) <aslt) snd H{t€)>0 @
for (t,¢) €'G**, and

ftseult), B) # éi(t), a e in[0,T], i=1,2andj =12 {
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We are interested in normal optimal procsses of (P), i. e, opt'ima.l processes
which fullfil Pontryagin’s maximum principle (PMP) given in (3, p. 234] for the
Lagrange multiplier Ao > 0. -

Let (z*(.),u*(.)) be an optimal process of (P). A subinterval I C [0, T] will
be called a contact interval of z*(.) with e;(.), 1 = 1 or 2, if z*(t) = a;(t) for all
t € I, and every interval I' with I' 5 I and I'\I # 0 contains at least one .t € P51
such that z*(t) # ai(t)- :

“From now on , 5* stands for the set of all triple (z* (.),ut(.),p*(;)) where
(z*(.),u*()) is a normal optimal process of (P), and p*(.) is the corresponding
solution of the adjoint equation in Pontryagin’s maximum principle. Furthermore,
z*(.) has only finitely many contact intervals with a;(.), 1 =1,2. ,

It is well-known that the state constraints cause many difficulties in solving
(P). The state constraints imply the existence of the measures p1, a5 Lagrange
multipliers in PMP. These measures determine how long the optimal trajectory
keeps staying on the state boundaries after it meats these boundaries. Unfortu-
nately, these measures are still unknown. The purpose of the MOC is to overcome

these difficulties by taking advantage of some special kinds of solutions of the
following system: :

pz) =¢, z(2) =4
p(8) = —p(t)| fre(t, 2(2)) + Fae(t 2(B))u(®)+
+'L1£(t’x(i))‘ R L2€'(t,3;'(t))u(t), " 7 : (8)

5(t) = filt,=(t) + f2(t, z(t))u(t),

u(t) € arg max H(t,z(t),v,p(t), 1) a. e. in [0, : 4
: 06[31 1ﬁ2] »
wher'e q € R a.nd (z.,y) € G Whlle H 15 deﬁned by H(t, £,v,q,)\) = Qf(ts E,‘U) a8
AL(t, &,v). In fact, (8) is a local version of PMP without state constraints.

Let us denote the set of all solutions (z(-),u(.), p(.)) of (8) for some certain
parameters 2, ¥, ¢ by Szy,q- If (z(.),u(.),p(:)) € Szy, then z(.) is said to be
‘a stationary function through (z,y).” We are intereted in the following kinds of
“them. : ; ve el

Definition 2.1. Iffor some g € R, there exists (z(.), u(.),p(.)) € Sz,y,q such
that

z(T) = zr and (t,2(t)) € G for allt € [z, T}, (9)

then z(.) is called a fnal function and its graph is said to be a final curve through
Az, u) € G,

To continue, we need some further notations. The lower and upper boundary

B; and Bj of the state region G are the graphs of a;(.) and az(.), respectively.
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Le.,

By ={(t,€) |t€[0,T], £ = ai(t)};
B, e {(t, E) I te [O’T]’ f =a2(t)}

The sets

Bt =B U{(0,6) | a1(0) SE< T} U{T,E) | en(T) S € <zr}
 B§® = BU{(0,6) | 20 < £<az(0)}u{(T,£) lzr < €< az(T)}

are called the eztended lower a.nd e:ctended upper boundary of G, respectlvely

Definition 2.2. If for some ¢ € R there is (x() uf. ), (. )) belonging to
Sgyq sueh that there exist p and v with '

gt pid p S,
‘('t,z(t)) €G fort € |z,p],
(v, z(v)) € B; for i =1 or 2,
(0, z(p)) € B;* for j #14,

0)

then z(.) is said to be an orienting functton and its graph is an orienting curve
through the initial point (z,y) €G

In this case (p, z(p)) is the terminal point of this orienting curve if it holds,
additionally to (10), that

" for all § > 0, there exists t € (p, p + 6) with (¢, z(t)) e Ty

(v, z(v)) is called the transfer point of this curve if, additionally to (10)-(11),

(t,z(t)) & B; for all t € (v, p).
Definition 2.3. Let ¢ € R and (z(.),u(.),p(.)) € Sz,y,q- Suppose that
1 € {1,2} and that s
2 €|z1,22) C[0,T], 21 <2,
(2k, 2(2)) € Bf* U{(0,20),(T,z7)}, k=1,2, (12)
(tyz(t) €G, t €z 2l i 4
then z(.) is called a barrier function through (z,y).
“If, additionally to (12)
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'(Z,y) < Bj; J#i
il P z‘(jz) = ;(2), then (z, a_.,(k))'>is called a narrow pass point.
Next, we state the MOC which delivers the optimal state function z*(.) of

(P) . [2], 10).

Algorithm

Step 1. Begin in (0,zg). Set £ =0, to = 0, and z*(t,) = zo.

Step 2. Consider (te, z*(te)),

. - If there is a final curve through (t¢,z*(t)), go to Step 5.

— If there is an orienting curve through (t¢, z*(ts)), go to Step 3.

— If neither of the above cases appear, then it is guaranteed that (under the
assumption S* # 0) z*(¢;) = a;,(te), t¢ = 1 or 2, and there exists t, > t, such
that (7, oy, (t)) is a narrow pass point for all ¢ € [t¢,t}]. Then go to Step 4.

Step 8. Let z(.) be an orienting function through (¢, z*(t¢)) with
(ter1,z(tes1)) as its transfer pomt Then we have z*(t) = z(t) for all t € [tt,te.H]
Set £ := ¢+ 1 and go to Step 2.

Step 4. Determine ¢4, with:

- (t, @i, (t)) is a narrow pass point for all ¢t € [te,te4],

, - Either ty4; = T or there exists an orienting curve or a final curve through
ter1, o, (tes1)).

Then z*(t) = a;,(t) for all t € [tg,te4+1]. Set £ := £+ 1 and go to Step 2.

, Step 5. Let z(.) be a final function through (t¢, z*(t¢)). Then z*{t) = ={t)
for all t € [t,,T]. STOP.

It was shown in [10] that the optimal state function z*(.) of (P) can be
‘determined completely after realizing a finite number of steps of the above algo-
‘rithm if S* # 0. In this case, S* has only one element. Consequently, the problem
(P) possesses at most one normal optimal process which has finitely many contact
‘intervals with the boundary of the state region G. Moreover, if all three cases
‘mentioned in Step 2 do not appear, then S* = 0.

3. SOLVING (P*) BY THE METHOD OF ORIENTING CURVES

: We now try to apply the results just stated in the previous section to get the
' optimal process (z*(.),u*(.)) of (P*). For this aim, we need a further investigation.
- First, the structure of final and orienting curves are studied. This information
 helps us to know more about the variation of the optimal volume of the storage
la.ke during the time interval in which the volume is less than the maximal level
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* and greater than the minimal level (see Theorem 5.1 in [10]). Second, we give the

way to check if a point on the boundary of the state region is a narrow pass point, 4
i.e., when the optimal water volume attains the maximal or the minimal level.

8.1. Stationary, Orienting, and Final Functions

For (P*), the system (8) can be written as follows

Il

p(z

i z(z),’.—_‘:y:,r - e guig ot (13)
plt Pl

)

(1) = —a(®)t/ (=(0))u(t)- | -

() = b(0) + u(t) e (15)
(

u(t) € arg max {[p(t) — e())(z(t))]0} a. e n [0,T].
vE[p1,P2] ,

4 Suppose that (z(.),u(.),p() is a triple of functions which satisfies (13)-(15).
Define ' B

8(t) = p(t) - e(t)(=(t)). - (

Moreover, for (P*), the function A(.,.) defined in 4] is

it €) = —a(bR)L(E) - aLE), (1,6) € G,
Note that under the condition (5)y-h(t,€) < O.for-all (L) €G-

 Theorem 3.1. Let 2 eo, T) and 2> z. Let further that (z(),u(f.), p/())
be an element of S,y which satisfies (t,z(t)) € G for all t€[2,2/]. Then '

:
#(t) = ¢(z) + / h(r,z(r))dr,

L b S At
SRR g e BRARRCR

- uft) =PBra e in {t € [0.T] | ¢b) 7< 0},
u(t) = P a. e. in {t €[0,T) | 4(¢) >0}.

‘Theorem 3.1 is a direct consequence of Lemma 3.1 in {2]. It implies ‘
following ’ : : L
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; Theorem 3.2. Suppose that [z1,22] C [0, T} and 2z € |z1,2;]. Suppese
further that (z(.),u(.),p(;)) €8, y,4 and (t,z(t)) € G** for all t € [zy,23]. Then
there exists s € [0, T} such that % : : :

¢(t) >0 forall t € (z,s), S i
L GO AT fosolis soistu i ot D)

Theorem 3.3. Let 2 € [z1,2] C [0,7] and (2,y) € G.  Suppose that
: ($(.), u(t))satisﬁes (15) with :c(z) =y .and (t, z(t),)_e G for all t € {21,22]2 Then
z(.) is'a stationary function'through (z;y) if and only if there exists s € |z1,22]
with gt , : _

u(t)'= B2 for t € (2,s),

u(t) = fy for t € (s, 23). (19)

: Proof. Clearly, the “only if” part follows from Theorem 3.1 and Theorem
- 3.2. For the “if” part, it suffices to prove the existence of a parameter ¢ and a
- function p(.): [21,23] — R such that

(200, 80), () € Sup ¢ smruad (g

Let us set ¢ = a(2)(y) = § h(r, z(r))dr, and denote by p(.) the solution of

R
- (14) with p(z) = ¢. By virtue of (19) and Theorem 3.1, to prove (20) we only have
: to verify (18). :

~ By taking Remark 3.1 in (2] into account, we get

t

6() = o(2) + / i, 50 .

z

Since h(t,€) < 0 for all (t,£) € G**, the function ¢(.) is decreasing on
|21, 22]. The inequality (18) follows from the fact that ¢(s) =0. OO
Hence, a given triple (z,y,s), where (z,y) € G and s € [0,T], completely
| determines a stationary function z(.) through (z, y) by means of Theorem 3.3.
. In this situation, z(.) will be called the stationary function defined by (2,y,s).
oreover, s is said to be the switching time, and (s,:c(s)) is the switching point
f this curve.

Since a final or an orienting function is a stationary function wich satisfies
) or (10), respectively, the above observation gives us the structure of a final
of an orienting curve, too. Concretely, if (z,y) € G, [2,2'] c[0,T}, and if
(-) is-a final or an orienting function through (z,y) defined on [z, 2/ ], then there
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exists s € [0,T) such that the control function u(.)- correspondmg to z( ) ‘can be5
determined by (19) (here [2,2'| plays the role of [21,22])- 1
For simplicity, denote by n(.; 2, ¥, B;) the solution of the dlfferentlal equa:l:wn

e e = b(t) 4.Bin: =12 (21)f

z

(

with the initial condition z(z) = y. The following is useful for our further consi-
deration. Its proof is simple and will be omitted here.

Lemma 3.1. Suppose that (z,y) is an arbitrary point of G’ Supposefurther
that there exist 21,22 € [0,T], 21 < z < 2z with (z1,n(2132,9,81)) ‘€ Bf,

(22,n(225 2,9, 1)) € Bs®, and (t,n(t; z,9,81)) € G for all t € [z1,2;]. If one Gf
the followings holds :

(i) zg =T, or : L

(ii) z2 < T and for every € > 0, there exists t. € (22,22 + €) such that

Nlte; 2y, 81) > ea(te), (22)]

the S* = 0. '
Lemma 3.1 gives a conclusion which is rather obvious in practice. In the case
where a;(.) and a3(.) are constant, suppose that there is a time subinterval (21, zgl'
such that the natural influx comes so much that the increasing water volume still
overreaches the level a; — a; even the flow through the turbines is kept at the‘

& G i L 3 22 ig T
maximal control value % during this time subinterval, i.e., [ (b(t) — p*)dt >

23
as — a;. Then the mentioned optimal control problem has no solution.
The following delivers a similar meaning.

Lemma 3.2. Suppose that (2,y) € G. Suppose further that there exist
21,22 € [0,T], 21 < z < z with (21,7(2152,y,62)) € B5*, (22,n(22; 2, v, B2)) 6
¢z and (t,n(t; 2,y,02)) €G for allt € [21, 22]. If one of the followings holds

(i) z2=T, or

then S* = 1.

(ii) z; < T and for every € > 0 there exists t. € (22,22 + €) satisfying A
2 n(tc;zay,ﬂZ) < al(tg), : (23¥
: i

We are now in a position to give the way how to contruct a final or a.né
orienting curve through a given point (z,y) € G. For our purpose; we only need
to consider the case where (2,y) belongs to the optimal trajectory, i.e. y = z*(2):

- Consider n(.;2,y,61) and n(.;2,y,02). b % |

!
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. If there exists z' > z such that either--

n(2';z,y,81 = az(2’) ‘and for all € > 0, z :
there exists t, € (2,2’ +¢) satisfying (22),or  (24)
- n(2';2,y,82) = a1(2') andforall e >0, it
there exists t. € (2, 2’ + €) satisfying (23) (25)

holds, then it is easy to see that S* = 0.
If there is ¢ € {1,2} such that n(t;z,y,6;) € G for all t € [2,T| a.nd
(T z,9,B:) = zr, then n(.; z,y, 8;) is a final function through (z, y).
Otherwise, there is Z € |z, T] such that one of the followings occurs

(l) z=T, (Z,'l(z, %Y, ﬂ2)) *, and ( ,n(t z, y,ﬂz)) eG,te [z,z],

(i) 2 < T, n(2;2,9,P82) = agf(z), (t, n(t;z,y,ﬂz)) € G,t € |2, 2|, and for any
€ > 0 there exists t, € (t5,t2 + €) such that n(t.; z,y,82) > az(t.).
We consider (ii). The case (i) can be treated similarly

Let us confine our attention to the function n(.; Z, az( o) ﬁl)

~ If there exists 2’ € (2, T| such that

(2", n(2"; 2, az(2), ﬂl)) € B$*® and (t n(t; 2, az(2), ﬂl)) €q, te [E,z"],‘

then the stationary function z(.) defined b"Y“”(z Y, ") is ‘an ‘orienting function
‘through (z,y). 55 ,
~ ¥ n(Tyz, ag(z) B1) = zr and (t n(t; 2, ag(z) B1)) € G for t € [z, T}, then
the stationary function z(.) defined by (z,y, Z) is a final function through (z,y).
— If there is 2 € [z, T] such that (t,n(t, 2, @2(2), 1)) € G, t € [2, 2], and for
all € > 0 there is t, € (2,2 + €) with n(t,; 2, ag( 2),B1) > as(te), then we know
that Z cannot be a switching time of any final or any orienting function which we
are looking for. This situation means to the regulator that it is too late for him to
change the flow through the turbines from the minimal to the maximal level. He
should have been changing the flow to the maximal level at a certain time before
z. In this case, we look for another switching time s € [2,2] and a tlme VE [z T]
which satisfy one of the following systems -

77(3; z,Y, ﬁ2) == y,a

, 26
n(T;s,9',61) =zr, or (26)

n(s;2,9,82) = ',

7
77(”;37!],"/31 = a2(V)- (2 )
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If there is an s € [z, ] which satisfies (26) aixd*‘(tr,n(t; z,9',81))€ G for all
t € [s,T], then the statlonary function z(.) defined by (z,y,s ) is a final function
through (z,y). ;

If there exist s € [z, z] vE [z, T) whlch satlsﬁes (27) and there is p E (v, T]
such that :

. '.:(i;'”(P;s,y"ﬁi)')‘-ée sz,
(t, ﬂ(t;s,y',ﬂi)) g G’ forallt e V[s,p], :

then the stationary function z(.) defined by (2,y,5) is an orienting function
through (z,y). ' ; i

3.2. Barrier functions and narrow pass points

Let (z*(.),u*(.)) be an optimal prorcess of (P*). Then by virtue of Lem-
ma 3.4 in (2] and Theorem 4 in (4] we can conclude that z*(.) has no contact
interval with a;(.) which contains more than one point. Moreover, through an
arbitrary point of grz* there is no onentmg curve with “real” transfer point on
B;. Concretely, we have :

Lemma 3.3. Suppose that S‘ ;é 0, (z*(.),u*(.),p*(.)) € S*,and z € [0,T).
Suppose further that z(.) is an orierting function through (z,x (z)) with transfer
point ( z(v)) € B. Then there is a final or an orxentmg function z'(.) through
(2,z(2)) with: transier point (V',z'(v')) € By where v’ > v.

Lemma 3.3 is a consequence of Theorem 5.2 in [10] and Lemma 3.1.

By virtue of Lemma 3.3 for any orienting curve through a point on the
optimal trajectory we can assume that its transfer point belongs to the upper
boundary B, of the state region G. ‘Hence, when reahzmg the algorithm given in
Section 2, we can set 1, = 2 for all £.

As we knew, from a point ( (z)) on B;, grz* keeps remamlng on Bz
during the time submterval 2,2'] as long as (t, as(t)) keeps being a narrow pass
point for all ¢ € [z,2]. This is the reason why narrow pass points are consxderetf
But how can we check if a point on B; is a narrow pass point? The fbllowmg
gives an answer for this question.

Theorem 3.4. Suppose that z is an arbitrary point of [0, T]. Then (z, az(z ))
is a narrow pass point if and only if the stationary function z(.), defined by
(2,@2(2), 2) is a barrier function (i.e., z is the switching time of %(.)).

3
|

P r o o f. Obviously, we only have to prove the “only if” part.
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Suppose that (z, as (z))ls a narrow pass-point and z(.) is-a barrier function
(through (z,02(2))) which satisfies (12) with'é = 1. Let ‘#(.) and u(.) be the
control functions which exist corresponding to Z(. ) and :c( )s respectively. We get

u(t

) < at) = ﬂz fdrté(?i,z),
u(t) > @(t) =

for t € (2, 25).

Hence
z(t) > z(t) for all t € [z, z,).

Together with (12), this equality ensures the existence of 21, 2} € [zl,zz] with
2, < z),7and’

(2, &(2t)) € B{* U {(0, z0), (T, zrﬁj},_ k=1,2,
(t,%(@t)) € G for t € [2}, 2}

- which proves Z(.) to be a barrier function through (z, o2 (z)) The proof is com-
- plete. O

In practice, the conclusion means that a point on B; belongs to the optimal
trajectory (i.e., (2, (2)) is a narrow pass point) if there exist z; € [0,2), 2z, €
(2, T] such that the followings hold.

( ) If the flow through the turbines is kept at the minimal level P then the
 storage volume will arise from o(z;) at the time z; to the maximal level aa(z) at
- the time z.

(i) If the flow through the turbines is kept at the maximal level 8+, then
the storage volume will fall from a3(z) at the time z to the minimal level ai(2z)
at the time 2,.

3.3. Some remAark‘é on the optimal tfaj'ectqry of (P*)

The condition (3) ensures that an optimal state function z*(.) of (P* ) has at
most finitely many contact intervals with the boundaries al( ) and as(.). Therefore
 the algorithm described in section 2 can deliver the optimal solution after finitely
| many steps. As result, apart from the trivial cases that (P*) has no solution or
. there is a final curve through (0, z0), we can point out the times to,t1,...,t2n41
whxch ‘satisfy

=0t <t <---<Hy, < tgnss = T,
(ii) There exists an orienting function z;(.) through (to,zo) with transfer
point. (t1,az(t1)).
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(iii) Thereis an orienting function a:k+1( ) through (t2x, a2(t2x)) with trans-
fer point (tzks1, asltars1))s k =1,2;. ; eatiits |

(iv) For all t € [takt1,t2k42)s (t,-az(t)) is anarrow pass point, k =1,2,...,n.

(v) Through (ton, @2 (t2n)) there is a final function zn41(.). |
Then the optimal state function z*(.) is defned by

.’Ek+1(t) if te [tzk,t2k+1], E=0,1.2.. .1

*(t) = Tl B i
i az(t) if te ’;UO[tzk'+1,t‘2k+2],
By the algorithm, (1:*(), u*(.)) will be the unique optim‘albprqc»‘essb of (P"‘)
where u*(.) is the optimal control function defined by :

u*(t) =z*(t) —b(t), tel0,T].

'Consequently, the optimal flow through the turbines is given by

w*(8) = b(t) — £*(t)

for all ¢ E‘[O, T]
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