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1. INTRODUCTION

of a hydr'oelectric Power Plant.
The problem of optimal control of hydroelectric power plants was

ted by many authors 1"i. 1r1, [8], [9]). But there are many still unsotved questi

in practice. In this p"p"t,'we will concern with such a problem which can

described as follows.

In the recent years, aso-called Method of Orienting Curves was developed for

solving optimal .ont"ol problems with state constraints (cf. [2]' [5]' [10]).. some

practical problems wefe- solved by means of this method, e' g', the navigatiol:

problem of zermelo (cf. [oJ), Steiner's problem of finding inpolygons of a givea

conveK polygon with mininat circumference (cf. [7]), and an inventory problerrei

( c f . [ t o l ) .  .  F A .  r .  ^ , _ _ _ _  
i

The ain of this paper is to describe the Method of Orienting Curves (MOCX

for solving a class ofopti*"t control problems which are linear in the. conlro$

variable, 
""Ia 

to show how these results can be applied to find an, optinal contro$
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f$tc aethod of oriaatiag cawa ...
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L?,g; The volume of the storage lake of the plant at the time t is denoted by
trt:

fotil*rl. The flow ,throughthe turbines'and t'he natural ilflrlx to the reservoir at
F  \  r r

&e time t are ar(r)[*" li and b(t)[m3/s], respectively. Then the variation of the

n be rePresented'bYrtorage vclrrme e# m 
'representei'lv I r; ': .

i ( t ) = b ( t ) * u r ( t ) .

i' L.t / be the head, i.e., the height'difference between the surface of the

hreservoh and the,turbinee,' Obviously,'{,depeuds'on:the'voluGle"r- Then the

l*ur* produced'at the time t rs.'equa{"to get(r(t\)w(t), where g is the gravitation
;i;;";;*t, and c is the efficiency of the plant. It is possible that c depends on r(t)

ilJrAf 
'Unt 

for the seke ,of.sinplieity, h.r" 
" 

ib assumetl'to be a positive constant.

f i o(.) represents a positive so-called Valuation fufction, then the tiital:rtited
, energy in tire time interval [0, T] is given by '

p*tr*'l*t.rglal,dbiivers the electric enersy produced in [0,?(] if o(t) = 1. If b(t) is

io pi"ce*islconstant tariff function, then this intergral is the total profit obtained

lh-[g,1"]. Here, we confine ourselves to the case where a(.) is a constant as well

* itou cas" where o(.) is continuously tlifferentiable on [0,?], e.g., o(.) may be
'oroportiotial to the national demand for eleetric energy'
I Our aim is to ma:cimize the total rated energy within the fix time interval

,p,fl. I;f,\ P- and p+ be the lower and upper bounds of the flow through the

iotUiner. Let co and 11 be the given rralues of the volume at the start and the

+nd, and ar (t) and a2 (t) be the minimal and ma:rimal allowed level of the reservoir

vstUme 
"t 

it u tiin€'t,,,.iespectively. IJsing the transformatibn u{t)';= -r(t}, 0t :=
-p+ and 9z - -fl*, we get the followirrg optimal control problerq

Minimize o(t)z(r(t)) u(t\dt, (1)

;ubject to

i(t) = 6(t) + u(t), r(o) : to, x(Tl : 'r,

c r { t )  S " ( t )  So r ( t ) ,  t €  [o , r ] ,

$' fu 3*{!1,192.
'  T h e s e t  G : : { ( t , € )  € R , ' l 0 < t S ? ,  a 1 ( t )  5  € <  o r ( t ) } j s e a l l e d t h e , e t q r e

,$4ion, and any open set G"' of R2 containing G is an edendd state region. It is
r l

hbt unrealip.tic tq assurns:that l
rl;ti

T

t o ca(t) t(r{t)} w (t\ dt.
o

T

J
0

(2)
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, i ,: .:;:,i:,, , ata},.>,p.5,.,.q{}.> q-"asd,:g$+ >'$rft* {a, f} e 'Gr"'' 
,

i', ,il1lt6€ gq, ffiFe)3 , :@S,lru,W '&* .
sidgsc*, . ' . i " ' : r ' , , . r  : ,  , ,  ; : , . . , , i ,  " ' :  . " :  r . ,  : '  ' r r :  r ' - ' . ,  :  : : ,

t(e, f, a) = fr(t,€) + fz(tr€!n,,

. : '  
-  j

a. e. in lo,f l ,
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: . .
i, we are interested in normal optimal procsses of (P)' i'.e",optimal 

rocqqqeo

rhich fullfil pontryagin,s ma:(imu* pti""ipru (PMP) given in [3, p' ?3a] for the

Lagrange multiPlier )o > 0' '

Let (r. (.), t 
;(')i be an. ort-i1al procesY 'lf JP): 

A subinterval -I c [o' ?l will

be calteit a,contact\iiJr"Li"r;;1.1 *iirt o;(.), i='1 or 2, if z.(t) = a;(t) for all

t e l,,andeviry *i"*ril;with f' , i-o"a ii(i l0 contains at ieast 9n-9't'€ I'\/

such that ,-(t) + oi(t)'
Frpp rro* oI'l-3. ,tar.,dg,for the set of all tliple (o.('),ul{'),p-(')) where

(r.(.),ul(.)) i" .at.r*.r opii*;t qrocess {.(r)' "ld 
p"(') is the corresponding

solution of the rdj#;;Ji;i" iontryagin's ma>cimum principle' Furthermore'

c.(.) has only finitely many -contalt 
intervals with a-;(')' i : l'2'

It iswell.knownthatthestateconstraintscause,,,. ' ,ydiff icultiesinsolving
'(P). :Bhe,sta.t€ ;;;;;ht"implrthB eristerrce of'the measurd tth''lt2;ffi'Tid,grange

multipliers in PMP. These *"*1oo i"t*"*i*"'hnl'L* t*re Opitrnal''trajectory

keeps staying .r'il* ,rt . boundaries after it meats these boundaries' Unfortu-

nately,these*"""o,",aresti l lunknorvn..ThepurposeoftheMoCistoovercome
these dificulties by taking ael.rrantage of some sfecial kinds of solutions of the

foilowing sYstem:

P(z) :  Q, r(z) :  u '

p(t) : -p(t){/re (t, r(r)) * Izs(t,t(t))?r,(t)l+

* ,11s( t , r ( t ) )  +  L re( t ,c ( t ) )u ( t ) '  (8 )

it{t) - J1 (t, c(t)) + fz(t,c(t))u(t),

u( t )  € arg max I / ( t ,z( t ) ,u,p(t) ,1)  a '  e '  in [o 'T] '
v€\fu '9zl

wheie q e R and (a,y) € G while -Il, is deflncd bv. {(t, €, u,9,,}) := Qf (t' d' ') -

xL(t,f,u). rn g'']nli;j'Ja $al.ve*ion 
of PMP without state constraints'

Let us denote. ,the '$et of all solutions '(t(.); 
" 

(.) , p(') ) of' '(€) fo1 some certain

parameters 
", 

y,- qW s,,y,q..{ (",( '),.1(') 'p(')) 
"e 

s.",u,,l. '  then c(') is said to be

a stationary r,r*iinl th#"gh (r;vi.l wl'ou:int"t"tcd in the following kinds of

them.

Definition 2.1. If for some I € R, there exists ("('), 
"(')' 

p(')) € 52,v,',q such

that

. v,(T) = rr,qftd (t, c(t)) e G for a|l t € laTl' (9)

then c(.) is called a final functionand its graphis said to be a final curve through

( r ,u )  e  G.

, To continue, we need someJwther notations. The lower anil upper boundary

, Br and Bzaf.tie state region G are the graphs of a1(.)'and,az(.)1't'wB'xtively'



lFgW'Wt

t t , ' r t i)) € G for t €lz,pl,
(","{r)) e B; for i: | or 2,

(p,"(p)) e B;' for i t''i,
i t :

tfren c(.) is said to be tn .gq-edtlF"f,unqtion a4d its 8rryh is an oriuting cuff€

it*ugi'*" tuffidl point (i, s) 615l 
' ' ''

Ia rt*i$.-*.;;yl i-*; f.1mlintt pot,rrt,o{lhis orientiy*. c,rrve if it bo&d*1,

ifusa-{'ija'*iit 
: ' :' ''i . i':: .' 

' : :::.: j
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ilte method of orienfing"cEry€a ,., 45:
t:ir,
r"\
$ l  :  . ( " , y ) € B i ;  i * i  :

i 
"., 

y : n(z) : aj("\, then (2, oikD is called a, n@rrow pass point.

i. Next, we state the MOC which delivers the optimal state function c-(.) of'1,l') kr. [z], [ro]).

Algorithrn
t : '

, i , ,  S t e p 1 .  B e g i n i n ( 0 , 1 6 ) .  S e t  t = O , t o = 0 , a n d c * ( t 2 )  - x s .
::
.: Step 2. Consider (t2,x"(t2)),
'.':: - If there is a final curve through (tz,c.(tr)), go to Step 5.

If there is an orienting curve through (tr,r* (tr)), go to Step 3.
- If neither of the above cases appear, then it is guaranteed that (under the

assumptiorl S* + 0) r.(t2) - d, i t(t t), ; t :  I  or 2, and there exists tt  > ts such
that (r,adr(t)) is anarrow passpointfor al l  telt2,tt ] .  Then go to Step 4.

Step 9. Let c(.) be an orienting function through (t2,f(ta)\ with
(t+t,s(rz+r)) as its transfer poin{. Then we have c.(t) - c(t) for all t € ttc,te+tl.
Set I :- Z + t and go to Step 2.

Step l. Determine ta-,.1 with:
- (t,o;r(t)) is a narrow pass point for all t e lts,t+t),
- Either tc+t : ? or there exists an orienting curve or a final curve through

( tc+r ,  a ; r ( tz+r) ) .
Then c*( t )  :  o ; r ( t )  for  a l l  te f ts , tz+r l .  Set  /  : :  l+  l  and go to  Step 2.

Step 5. Let c(.) be a final function through (te,r*(t2)). Then c.(t) : r(t)
for all t e lt2,"l. STOP.
, It was shown in [fO] that the optimal state function r.(.) of (P) can be
determined completely after realizing a finite number of steps of'the above algo-
,rith4 if S. + 0. In this case, ,S* has only one element. Consequently, the problem
:{P) possesses at most one normal optimal process which has finitely many'contact
intervals with the boundary of the state region G. Moreover, if all three cases
'nentioned in Step 2 do not appear, then ,S* : 0.

, 3. SOLVING (.P.) By THE METHOD OF ORIENTING CURVES

, We now try to apply the results just stated in the previous section to get the
l optimal process (". (.), 

".(.)) 
of (P-). For this aim, we need a ftrrther investigation.

r First, the structure of final and orienting curves are studied. This information
lps us to know more about the variation of the optimal volurne of the storage

g'la&e during'the time interval in which the volume is less than the ma:rimal level
*i:
*.

$'
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i

and greater than the minimal level (see Theorem s.r in-[roJ). Second, we give'the '

way to check if a point on the boundary of thestate region is a narrow pass point,'l

i."" ;;;ih" op.tipa1Wateq.yohrme ptlains the maxrma! or the minrqll level', l

3.7. Stotionary, Orienting, o*d Find Functions

For (P*), the system (S) can be written as'follows

, ' :
p(z\,,=,g, x(")..=,Ur . . :  .  -, ,
' /r\ - -o(t\t' (r(t))u(t1',  ptr,  t .

n (q -b ( t )  +u ( t ) ''ri 
. u(t):e arq-mg t[p(t) - a(tlt(r{t))]'} a' e' in [o'fl '

u€ l?r ,Fz l

, i

Supposethat ("(.),,r(.),p(.)) is a triple of functions which satisftes (13)-(15)i l
Define

d(t) :: p(t) - o(t)r(c(t)).

Moreover, for (P*), the function h(', ') defined in [+] is

:
(13) 1
( t l ) ' ,

(15)

, [16).]

(17)

'h,(t,g1 : -a(t)b(41'(€) *'i l(t)st€)' (t,0 e G""' 
,i

Note,that,under the conditiqn ($r,htt'{) < 0'for,all (t''€) 'QG"''. 
:

Thiorem 8.1. Let z'e lO,Tl and z'2 z.,Let furthet that ("(.),"G),p(r))-

be art elemen.t of Sr,o,* whiehsatisfies (t,t(t)) € G for aJIt.el",r'\. Thar ' ,,

t
f

6$) : 6k) + J 
n(r,r(r))dr,

- " \

u(t) - gr a. e. in {t e to.Tl I d(l) < 0}'

u(t)  :  Fz a. e. rn {t  € [o,T] I  d(t)  > o] '

,Theorem,S'.i[ iS,a d,iiect,csusequence of terrna 3*f iR [2]' 'S:imflies''

following :'.:'' i :
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Theorern 3r2r,.,suppose ,t:I'at,lz1,,z2l c [.o,?J, and, z € [21,221. suppose
ii:rther tlat (r(r\,"(.),p(,)) € S,a,y,,,q *d (r,r(r)) €'G", for 

"ni 
Z lzr,rr2l. ihen

there exists s e [0, ?] suci tiat

ii(t) >o forrall t'€ (21,o),

d(l) < Otor all,t € (u,rt).

Theorem 3-8. Let z € lzl,zzl c [o,f] and (z,y) e G. suppose that
(:(-):u(t)),satis frx (ts) wiih 4?t - y and (r,"1iy) e i* ior ar| t,e lzi,zzl; Then
r(.) is a stationary function.througft k;d if ,and;only if t}ere'*isi.s s €',Igt':p_rl,
with

(18)

u(t\ : B2 for t € (21, s),

u(t) = p1 for t e (s, z2).

, P r o o f. Clearly, the "only if" part follows from Theorem 8.1 and Theorem
'3.2. For the "if" part, it suffices to prove the existence of a parameter g and a
r function p(,11, Irr,Lrl J R such that

(1e)

(20)

::
::
i

("(.),  u(.), p(.)) e sz,y,qt

E ,

, Lst'us set g :- o(z),t(y) - 
{u{t,n(r))dr, 

and denot" by p(.) thesolution of

{u) with.p(?) = q. By virtue of fin1 *a rheorem B.r, to- prove (20) we only have
to verify (r8).

By taking Remark 3.1 in {2J into account, we get

:..of this curve.

,F) ut (fO), respectively; the above obserr"atisn gives us the stracture,of a, final
of an orienting cuwe, too. €oncretely, lf ,(z,V) e'G,'lt,",l c [O,fJ, and if
.) is-" final or a"n orienting function through (",g). defi'ned orrt1r,rt1, &"tt there

i

f
6(t) : 6k) + I n(r,r(r))dr.

J
2

. . finc.e h(t, €) < 0 for all (t, €) e G"', the functio" d(.) is deceasing on
Izr,zzl. The inequality (18) follows from the fact that d(") : O. n

i - {ence, a given triple (z,y,s),.where (z,v) e G and s € [0,r], completely
determines a stationary function c(.) through (2, y) bv means of iheorem 8.3.
Inthis situation, c(.) will be called thestatibnary function defined by (z,y,s).
Moreover, s is said to be the snntclring time, and (",r(s)) is the snrtciing poiat
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exists s,€ [q,?'J such thaf .th€ contiol.function tr{;}, corresponding to'c(.)'can bet

determined Uy (rey (here{az'] plavs the role of {zi, "rll.' 
::i : t1

For ,simplicity, denote by f( . ; z rg , fl;I the soltition of the differential.equati,on i

t ) * b ( t l + f r ; "  i : L , 2
sx

(21).{

with the initial condition r(.zl - g, The following is useful for our further consi-
deration. Its proof is simple and will be omitted here.

Lemma 8.1. supp ose that (z,y) is an arbitrary pointof G. supp oqe furthet:
that there exist zr,,z2 € [OrTl', zr S z S zz with (rt,qt"t;z,g,Ft\\ € Bftri

( " r , r t ("r ;z,v,F))  e Bt" ,  and ( t ,  q( t iz ,v, f t ) )  € G for al l  t  e l r r , r r l .  I f  or ta '6f ' ,

the followings holds

(i) 
", 

: T, ot

(ii) z2 <T attd. for everye )> 0, ,thereexisfs t" e (zz,zz * e) such that 
;
I

' I

nf t " ;z ,Y,gt )  >  az( t " ) ,  (22) ' ,

t h e S * = 6 .  :
Lemma 3.1 gives a concfusion which is rather obvious in practice. In the case'i

where o1(.) and a2(.) are constant, suppose that there is a time subintervallzl,zzl:
such that ihe naturil influx comes so much t^hat the increasing water volume still,

overreaches the level d2 - dr even the flow through the turbines is kept at the,

maximal control value p+ during this tiffirj subinterval, i.e., T (Upl - p+)dt >

d2 - 6"L. Then the mentioned optimal control problem ho ,ro?olution. 
:i:

The following delivers a similar rneaning.

Lemma S.2. Supp ose that (z,g) e G. Suppose further that there exiet
zt ,22 € [0,?] ,  zt  S z 1 z2 wi th ("r ,q(r t ;z,V,gz)\  € BE",  ("z,rr("z lz,y,p2l)  e,
B | " , a n d ( t , q ( t ; z , g , 0 z \ \ € G f o r a I l t € | , ' , , , | . I f o n e o f t h e f o I | o w i n g s . h o I d s

:
( i ) ' r : T , o t  9

(ii) zz < T and fsr everle ) 0 thereexists t, € (22, z2 * e) satisfying

'  q ( t " ;  z ,U,0z)  (  a r ( t , ) ,
':.4

,ts

We are nory in a position to give the way how to contruct a flnal or a,tr

orienting curve through a given point {"rd e G. For our purpose' we only ne.eQ

to consider the case,where {rry) belongs to the optimal trajeetory,'ire.,9 = t+'(a}q
'  

Consider  4( . ;  z ,V, l r )  and 4( . ;  z , ! ,02) .  ,  \

. . Jgr*,': .s

theh S* =0.



, F,ther,irtcists zt ) z sird that either

q(rt; .",  U , 0t -- 
.az(zt) 

and for 
.al l .  

e > 0, '  :  ' ' '  : '

there exists t" € (z' , z' + e\ satisfying (22)', or (24)
. :

q( ' t ;z ,v ,0z)  :  a t (z t \  and for  a l l  e  > o,

there exists t""Q'(zt,z' + e) satiq,fying (23) (25)

holds, then it is easy to see. that S* :0.

If there ip r e tr,z) such t_ha! n(t;2,y,fl;) € G for all t € [z,f] grd
n{T;zo! , f l ; ) : f iT l then4( . ;z ,y ,0 ; ) isaf ina l funct ionthrougtr ( ' ,y . ) . ,

Otherwise, there is 2 e [2, ?l such that one of the followings occurs

( i )  2 :  T, (Z,a(Z; z,v, gz) ' |  € BE",and (t ,  q(t ;z,v,9z)) € G, t  e lz,2l ,
(ii) 2 1 T, ry(Er2,yll2) - az(21,,(t, tr{t; z,v,0z\) G G, t e lz,2l, and for any

s )  0  there ex is ts  t "  €  ( t2 , t2*  e)  such that  q( t r iz ,V,9z\  > oz( t " ) .

We consider (ii). The case (i) can be treated similarly

" Let us confine our:attention to the function 4(.;2, az(Z\, Ft).
i - If lhere exists z" € (2,?l such that

( " " ,n ( r " i2 ,a2(2 \ ,B t ) )  e  B" r "  and,  ( t ,q ( t ;2 ,a2(2 \ ,p r ) )  €  G,  t  € '12 ,2"1 ,

then the stationary function r(.) defined by (2, y,2) is an brienting ftrnction
.'*htough (",v). i ':

-  f f  r l ( " ;  2,o,z( lJ,gl :  ra and ' { t ,q( t ;2,*r( f r \ ,pt))  e G for t  e [ i ,?] ,  then
the statisnary function c(,) defined by (r,,y,i) is a final functionthrough (",v\.

If there is 2 e|Z,\ such that (t,ri,(t,Z,az(Z),pt)) e G, t € 12,i\, and for
all e > 0 there is t" € (2,2+ e) with q(to;2,a2(2\,0r) > o.z(t,) '  then we know
that .Z cannot be a switching time.of any final or any orienting function which we
are looking for. This situation means to the regulator that it is too late for him to
change the flow lhrough the turbines from the minimal to the maximal level. He

,.should have been changing the flow to the maximal Ibvel at a,certai:r time lgfor,g
i .

, i. li this case, we looh for another switching time s € lzr2l andia time'l E lz,,Tl
which satisfy one of the following systems

n(s i z , v ,9z )  :  Y ' ,

r(f;s, i ',0i = 3,rt or

'4(s; z,g,, f lz\  = Yt ,
q(u is ,g ' ,9r1 -  az(v) .

(26)

,N

(27)
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If there is an s € [z,i] which satisfios (re] aild {t,n(t; z,gt,,0r)),'€:G for all
t € [s, ?], the3 the stationary function c(.) defined by (r, y, s) is a final function
through (r,g). :

If there exist s €,,fzu7l, v € [z,f) wlich satisfies (27) and there is p € (r,Tl
such that

(p , r r (p ;s ,v t , f i )  €  B f  ,
( t ,4{ t ;s,y ' ,  Ft))  € G for al l  

f ,  
€ [" ,p] ,  !  :  :

then the stationary function r(.) defined by (2, y, s) is an orienting function
through (r,i l .

3.2.'Borrier functians'wtd narraw pcss potnfs

Let (c*(.),u.(.)) u" an optimalprorcess of (P.). Then by virtue of Lem-
ma 3.4 in [2] and Theorem 4 in {"al w€ can conclude that s*(J h*.no contact
interval with a1(.) which contains more than one point, Moreo-vei, through an
arbitrary point of grr* there is no orienting curve with "real" transfer point on
.B1. Concretely, we have

Lemma B.B. Supp ose that S* *  6,(" . ( . ) ,  u.( . ) ,p.( . ) )  € S*,  a^nd z€ [0,?).
Suppase further that x() is 4yt ofierting function through (2,n.{z)) witJr traasfer
point (u,x(u)) e Bt. Then there is d final or an orienting function xt(.) through
(z,r(z)) with transier point (u',r'(v')) € P" wherc u' > u.

Lemma 3.3 is a consequence of Theorem 5,2 in [t0] antl Lemma 3.1.
By virtue of Lemma 3.3 for any orienting curve through a point on the

optimal trajectory we can a^ssume that its transfer point belongs io the upper
boundary 82 of the state region G. Hence, when realizinB the algorithrn given ih
Section 2, we can set it:2 for all l ,

As we knew, fiom a point (z,x-(z)) on 8,2, grc* keeps remaining on 82
during the time subiintervallz,z\ as long." (t,or(t)) keeps being. rr""row p'**,
point for all t €[z,zt]. This is the reason why narrow pass points are consideredi
But how can we check if a point on 82 is a nantnrr pass point ? The fbllbwing,
gives an answer for this question.

Theorem 3.4. Suppose that z is anarbitrary point of [0, T]. Then (2,a2(z)l
is a narrow pa.ss point if and only if the stationary function t(.), defined by.
(2,a2(z),2) is a barrier function (i.e,, z is tle switc.hing time of f(.ij. 

i
P r o o f. ObviouslS we or[,y have to prove. the "only if' part. 9$
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. .:, i 'srrppdie-that (zia2(z))'iu. rarrrow?as$,pcriqt,and,.a(") is.a.ba*i,,iq,ftnction
(through (r,ort4)l which satisfies (rZ) witU,r', -: I. Let.0{.) rud,u(.) be rhe
control' functions which exist correspopdiag to iO.,1nd c'(,), respectivgly,,.We get

rr(t) S ir(t): P, for r € ("r,r),

" ( t )  >  i l ( t ) :  p ,  ' fo r  I  e  (2 ,22) .

Hence
r(i) / i(tl for all t E lz1, z2l.

Together with (12), this equality ensures the existence of z,r,2,, e lz1,z2] with
z!, < z'r, and,

(z!e,eQ.tJ) e B:" u {(0, so},(T, rii\, k : r,2,
: (t, t(t)) € c for r € l"i, rll

: wlrich proves i(.) to be a barrier function through (2,&2(z)). The proof is com-
plete. I

In practice, the conclusion means that a point on 82 belongs to the optimal

frzu:9toV (i.e., (2, 
"r(")) 

is a narow pass point) if there exist z1 € l},zf, 22 e
{r,Tl such that the followings hold.

:' (i) If the flow through the turbines is kept at the minimAl level p-o then the
;rtorage volume will arise from a1(21) at the time z1 to the maximal level o2(z) ai: the time z.
' (ii) ff the flow through the turbines is kept at the ma><imal level p+, then
i.the storage volume will fall ftom a2lz) at the time z to the minimal level a1(22)
u-at the time 22.

' 
8.9. Some remgrlii on the optimal twjcctory of (p:\

' 
fhe condition (3) ensures that 1 optimal gtate fulctiol r- (.) of ({*) has at

ryast finitely many toniact intervals witn fhetoun-daries 
_"r (.)'u"a jrf.1.-3{*"f*"

the algorithm described in section 2 can del'iver the optimit'rototio-tt'ifffr''frnitely
riy steps. As result, apart from the trivial cases that (P-) has no solution or

fhere is a flnal curve through (0, 
"o), 

we can point out the times to,tl,.'. ..,tzn+r
*hich satisfy

( i )  t o  -  0  (  t r  3  t z  1  . . .  1  t z n  1 t 2 n q 1  : 7 1  i

(ii) There.exists an orienting funetion c1(.)- through (to,cs) with tiansfer
(ti,,o, (et )).



{iii}.s,herei'isaq orientingfurwtioRar+i{:) throtgh @trrt lt r}'}'with trans-

fer point  ( t r** i  ,o, i ( tzx+r)) ,  k :  1,2, , . . . ,n.
'{iv):For 

all,i e ltzt +t,'t'i*+zl,'(l,A;(lfl is anarrovr passpoint, k = 1,'2',l. .,n.

(v) Through (tzr,, o7$,r)) ther'e is a final function c,n+t(.).

Then the optimal state function t- (,) b defned by

I t z r , t z *+ r1 ,  k  :  O , t ,2 , . . . , n .
n

U [fr*+tr tn +zl,
k:0

- .  I '  -  _  
t -  , _  : 1 . _ r .

optimal process of (P')

u-(t) : i"(t) -,b(t) ', t € [0, fJ'

Consequently, the optimal flow through the turbines is given by

w. ( t \  -  6( t )  -  t - ( t )

for alt , €'[0, Tl.
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