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WIIU SPACE DITATION
F.'OR SOLYING MININ4AX PROBLEMS
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' Thig,paper presents an algorithm for solving the following minima:r problem

min !(r) =min[ma>c fi(a)1, (1)

t G E ' 1 ,  ' c , e f f ,  l S t < m ,

where fi r : 1, 2r... rffi are strictly convex real-vo*lued functious defined on -Ro.
Throughbiit'thisgltper it fi* l rumed that the ftrnctions /i (i : l-,2,...;tlr) ee
continuously differentia'ble and

.lim /(c) - +oo.
lz l **oo

(2)

This proble'n* is "nonsri*ibdtr.is 6e"serrge.th,at the ffilFtion / needs not to be
differ,ettiable everyrv'here.
,',' "r@{gi.6lgd*ithm {s a moilificatio* of the scbgadient Edthdd witft.spa,ce.di-

lation tleveloped by Shor in [8] for solving problem (1). Shor's algorithm'.is,.a
nondecent method. Shor suggested to transform the space rnetric at each itera-
tioi so as to accelerate coni€rgehce oJ the subgradient method. He used operators



{

{
66r-

.a
of space dilation of the following type. Let .9 € Eo, lsl : 1, a ) 0. Then a linear$

operation E (S) surh that ,{
il

J ? . ( S . ) " " = c * ( c - 1 ) 5 , 9 ? c ,  r e R o  
f l

i ' . .  ,  i ; ,  , ' . -  . '  :  '  : . i  "  , ; - t : l '  ' '  H

is referred to as the spacedilation oper-ator acting in the direction S with the {
coefficient c. Shor's algorithm constructs an iterative process of the type i

I
Ek+L : tp * a|d,p, 

{

where d1 is a vector determining the direction and a1 is a numerical factor whose,i

value determines the length of the step in the direction of dt. The method of.j

choosing c1 in Shor's algorithm is practlgally impo-ssible since usually the value of i

constani p is unknown (see [7]). Therefore, we aim to construct a new alcorithm;

which modifies the method of choosing the step length. We use the operatori$

of space dilation for ffnding direction at each iteration and our choice of thc :teg {
t"nttU is based on Wolfe's idea. Global convergence of the algorithm is established. i

ThJ algorithm is conceptralp sinple and easy to be'lqDlemdnteat' 
'In 

partic"lT',

it does- not require tli!' sohition of an auxiliary.gioblem' for generatins ,rslarchlj
direction as in [ZJ,. [3J, [4]... Hence it can be used for solvine lqrge scale problerns.$

In Section 2 we present the algorithm, while its convergence is diseussed in

section 3. In section 4 we present a simple numerical example.

2. ALGORITHM

The algorithin uses positive parameters 9, mu m2 satisfying

O 1.mz(,mr < 0;5, ,  and 0 < P < 1.

Initially'weha-ve,pistarting;poiat' o] Q.R", f :o €, 4" "lld 
l&s = I,;

f ir ." ia""tity matrix. Surppose-a Pgin_t ak, & vector g*-t ood a matrixI E aA identlty matrix .Sup.poSe a p?tLt a*t & vector 9" 
'-.anc a malrqq {

are'known. to nna the neft- point ,k*r , the vector gk and tLe matrix.p*

algorithm reatizes the following iterative process's'ieP 7: * "0*:il;';'1"'l1t:il-r;* ""
wher€ t""l@)denotes,the gr:adient of f; at a. U IIW(#) = 0, ferminate.

compute

f-t :3Lt fJ6y ("*).
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There,exists tt > 0 satisfying condition (10) and

f($'-rrd#1>, f@\ - mrthlf |,?..

The finite iterative process to finding tt satisfying eondttiuAs*{iO}'*Ut"(tt,
proposed in [5], [7].
. i j. The above,renark:and thui6l'krtgitrg'$strLt ahow that the .elgoritbrn is
defined.

.  , ,  . - '  : ' r ;  : .  . i . .  :  .  '  i '  '  '  : . .  
. : r

Lemma 1. Assume that eonditions (2) - (S) are satisf ed and'Jet,,t*,
posi$ire value satisfying the canditians (tO) and (13). Then'coadilian (llS

P r o o f. Flom Lemma 2.1 in [5] we have

(s,itk) s milsklz

Therefore, it follows

(t!!nr - rkdft;ar) S'nr lsi12

for any i e l{xh - thdrl. Combining relation (9) and inequaliry (u)

( BI f!@k * tkd:h),sb; : (/,f (cft - rrdr\,a*) s *rlgrl,

f o r a n y i e l ( x k - t r d r ) .
This completes the proof.

3. CONVERGENCE .:

In this section we show that if the algorithm generates dn infinite

for any g e. 0f (rh - *dk\, where At{"\ denotes the set of all subgradients of
at,s. It is known that /j(it -thd,k) e Tt@h -tkdk) for any i e I(xk -*d'

{ '*}

(1).

{r*}.
lsl =

then {c&} converges to a solution of problem (1).

Lernma 2. If thealgoriGhrr'ter lnatesin S?E? 1,th:eli'r.re'sdltres

From now on we suppos€ ,that the algorithm ggnerates an infinite
We use the following notation. Let d be a compact convex set and ,9 €
1. Two nalues

d , ( c ) = m i n { d :  ( t , " )  - d 1 o ,  v r e  c }
- max,{d, : (s, c) - d > o, Vc e C}

(r
we obtain_
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i

i ,
i l
t .{
r 1
r l
i :
i t r

dtc) : 
ffi;or,\e)' 

are,sal\eil a ti\\tn'o\ tne'ts\ s ar'sst t\tqq$N $ {a{' u

hof the"i tc,rep,est iveh. We deroteD(C)=top,{h-vl  t  r€C've O}'

6 > 0 and e ) Orile d€fine
. l

-  l ' 1 ,

pa,"(s\ :0f (a,6) U (

where Af@,6) : conv U{df,(Y) :
sri,bdifierer*ia* arrd B"lz\,i {gi € 8n

zeatli)

lV - "l 
< 6) is ealled the Goldstein 6 -

:l1y'* z[,<'e]. For fni gimvor set€ c 'Btr

deft re the jf6llbrsitib firtstions :'

""(C) 
- idl€'z}h rii'he*e ' s'€ fto; "f'9:l = 1; 'i' :

it e,(cl / !
if. e"(C1 - p

+

( d"(c)
r(s(c)= l ffi'-

(  * o 9 r

F(c) : rltj, 
r"(c).

+:; , I*rtrura, $,. dseulp e'iilat.condtions (,2), (3) are satisfia d and:'Iet t"*)Lo
bethesequence,geretatedbythe'algotithm'Then 

't' :i: ' ::

g:: ifl ff-i'- ii*-1 ? b**tl.
i p r o o f. From inequality (10) anrl condition (2) it is wident that the

l*qo"r,"" {r("*)}L, is uon&rcTeqins and bounded from below, therefore there

i*xists

' lim l@\ 7,f,* ).ft * €F,lt4'r'fr' \- '

:: ' , fgt uS ncnnprovelhat ll+t -r!1- 0, as lc -a_ *oo: Arsu@,tti;tke'contrary,
-tUt 1ri:t - 

"\7 
0, ; ft -r *oo. Tiren ive can always choose-an infinite subset

if indices K c Jir sucit that.

t lrft+l - ,hl > 6 ) o, .. for all k e,K,
.  l *  

'  l - - v '

r  L r  t  t

, rk - E', ?h+L 
'-+ E" and, g7(r") - g , a{i ft * +oo

*r@k) = fftra(ce). Then
g \  ,

e'
?.
\
t'

(15)

and keK, where
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o s f 6\ - /("**t) S (01("e1, ,* -.pr*') ,
- (t /rh),tk B1,B[ g1("*)) : tklst' l'

< /(l) - t("t+t) r o, as lc , *oo.
lTl2

. :

This imBtie.s 1st;rt-att) =,_0,Td s'.e ?f{rl), f{tt!)'= f @lL7 /-,,y1icnf:"fll"!l
with the assumption that the function / is strictly eonvex. Thus foftt -'xlf|r.+'O;

as /c ----+ *m.
From the idescription tif the algorit'hm we have '!: :'1 .

tpk-'-,or-'':',"".'-','i,'1[;l],;-"?ri:r,;.!*,][.,r,,*-,1("*-'))
* lge-t l, > lp*-t l '  - z*rlgk-t l '  + lg**t l '

: lph-'l' + (r - z*,,)lgr-'l'.

From conditioa {3) it is clear that lpk-r - gt-rl,} lpt-tlr for all k. This{
.i.'

completes the proof. *i

Combining Lemma 3 and Theorem 3.1L in [aJ it is easy to obtain the follow-1

ing. I

Theorem l. Assume that conditisns (2), (3). arc satisfCd and

{"*}Lo be the seguence generated by the algorithm. Then for any u €

W;;  (  1,  s)  0,6 )0,  k eN,thereexists i t> t t  suci  t l rat

r  r  I . r \  -

F(conv Pd,clc"11 >

where a: ll0 and conv'C' denotes the convex hull of L '

Theorem Z. Assume that condition (2), (s) are sati.sfied qn d O 4 nff A/(

for s € Mr, ? {r e R", /(p) S l@t),x * s.} wherc # C !: a k-plwrc sener
by C (k < ; :1) and g----------------l is a minimum point of I. Then tfie,se*uence !?net
by the algoiithm {"*}Lo converges to the minimum point x* of f on Rn.

P r o o f. From temrna 3 we have

*litl I@h) - I* > f*'
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This contradictsl

I c l(za\.

Combining (17) and (1p) we set,o € aff Af ka) and zo e M.
to the assumption. Thus wdilave 1 > 0. Let us denote

W(rt) = {U€ *tr, :. lg - rl S r, s€'W-,..e".R1}.

From the assumption, that \,4 otrlt Ef,(o)" for a € Ml it is easy to see that
atr 6l{lr1"<n, for s € Mt. Hence dtA f@\b)l S Zq,for irny s € M c.Mr. Let
choose 17 >$ suclx,:$ef

^ l - 4

Since.,f is the'corrvex ro*iioa-i,jr every y € M,there ocists 6(y) > 0 such that *-  i i
af @) c a.f fu)(X), for z € Be@tft@) 

i4
Since the set M is compact and-M c U- _Botultn(y), it follows that there exist J

YeM i
finite pointa iyl,g?',,. . ;gt) 'C M'nreh that, , 

', . .'..{

ti

, ;- 
' 'M 

c'U'Brtut,to(vt). 
'  '  : 

: 
' : ,:.,

i : 1

Let us set d : qlin *6(gd) > 0. Then we. can qlways ehoose some fiaite
t < i ( t z  \ e  '  :  .

suf f ie ien t ly la rgeandewryah,k> f fwef indgd, .1s is t ruch thq t

rk € B56ry1r@t) and Ad@k) c B61r,y(y''). ' : :'

Thus for e ) 0, 0 ( e 4 tlf?:,we..'have

conv P5,"("*) S at@|Xq), for /c > K.

Assume that a vector o{r) e R", la(xll: I is orthogonal to aff Af @). Fn"* lU1}
definition of the width-of tbe set we obtaip

d"6o', ylcow p6,.(s&)] 4 d61ot1plfu,Xa)) 4 zn" k > E,

F(conv p6,"('*)) - ,tsin tF!ry ";,"!'lJ.l1fl:i e"[conv P6,"(rt)]
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So vire,h[ve d6rived"a ciitrtradiction '#ith theorem 1.'This impiiEs'
, t  l : ' ,  t . ,  - - . '

- '  
f , :  ,  ' . '  ' :  . ;  ' ;  i : ]  ' : t

4. EXAMPLE

The objective function to be minimized is

f  ( r )  :  mu{. f r  (") ,  h(")} ,  ; ,

,where r € R2,,f1 (") : ecl+,(r2 - a)'; fz(r) = (2q - q)o +c!.,For this problem,
ithe opti'nalosolution is 4* =,ffr.e).wittr I@.'):,8. Let IF denote the,number of
,calculations of the funetion values and IG that of the function subgradients.
' ,Our algorithm used the starting point tro : (Z,o) with /("0) -- 32. For
-f : O, 3, rrtt : 0.25, rrl2 = 0.1, we obtained

. K = 41, 19 :  43,  LP :622

i Xft = 1.00011606083, xtt = 2.0023198041

?. f (*t.\ =.8-@001641s3.

: 1 .

' 2 .

r": 3,

')', 4,
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