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1. INTRODUCTION

The purpose of this work is to extend the Filippov-Gronwall inequality [0],
p. 1201 from a Lipschitzian to a non-Lipschitzian differentlal inclusion. We

a nonlinear inequality which we call the inequality of Filippov-Peano type.
an application of our reqplt wesholit that the Eet of solutioris to ithp non ljip.
itzia,n differential inclusion is llausdor.ff-continuously dependent,oq the initial
ues.

Oul,method.iq ba,$edron,the,techniqqes i$troduced in.the'furdapental works
Filippov'u,[o,l, An.tciew.ics.Cellina ftr{1"'Bianigiani,[14] and sn- a Ca,rath6odory

of,the:Peano'diff-erp,q9,rEl iaequa{ity [8i.,12J,, ,,,, ,: -\ '.:. i ':.
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As well known, under some monotony condition Feano differential inequa&$

ities have "integrated" analogues of Bihari-Viswanatham type [3, 4: l\ *hiq

are nonlinear generalizations of Gronwall-Bellman inequality [2, S, fZ]. These in{

equalities play a prominent role in ,the qualitative theory of nonlinear differential?

equations,'infugral.eiluations, difer"ence:eQuations, functional equations, etc. ;
In what follows lrl 'is the E-uclidean norm qf c € Rn, d(r,'y) : l" - ylx

d,(x,,Y): id,,ey ld - Vl an{ D(XiY) : ma:r{sup"ef d(n:Y},supr.y d(X,!)}, ' '

the Hausdorff distdnce of the comlact subsets X and Y of Ro. The Banach'space,

of continuous functions from .I : [0, ?] into Rn 
-with 

the usual supremum horn{{

| . lc ir denoted by C(/). By AC(I) we mean the Banach space of absolutelyru

continuous functions from .I into -R' with the norm 
:

r i
l , l^" :  lz(o) t  *  [  l r l t ;1at.

J
, 0

'Filippov 
[6] considered the Cauchy problem

i  e F(t , r \ ,  r (0)  :  
"0,

( t . t )  '

where F : [0, ?] x R* -+ nt' is a contirtuous multifunction Lipschitzian in c:

with closed values.' He pioved tlat for iach given appibximate solrttibn y(t),,

i'e' an absolutely continuous'fiinction y : [-0,,?] -' Rn such that the' distance
p(t) z: d(i!),]r(t,y(t))) is integrable, there exists a true solution c(t) to (1.U
verifying the inequalities of Grdnwall type :

l " ( t )  -  y( t ) l  S '?( t )

and 
rr(r) - i(r) l  J /c(t)a(t) + r(r) a.e.

where ,t(t) is the Lipschitz constant of F(t,'),

(1  2) i

t

(1 .3 )

(1.a1.
., r.)

q(t)

and'6 =' lc($) - y{o}[ (see also Aubin-Cellina [2, p. 120]). :ii

This'rasrilt,oi fitippov was'extended'by:Himtnelberg.$an Vl€ck {rlJ tiod
a jointly contiauous to a jointly rreasurable Lipschitzian multifunction F. Mo&S
ifyirrg Filippot's'.sgccessive approifuation [6] utta applying'the talhniq'iires of [1,r
Tl, Onia"s. [fe] found a continuousvitsion of the Filippov-Gronwall inequalit$
for Lipschitzian difierential inclusions. Solutions depending cotrtinuousl! on thd

t t t

- 6exp (/ *t'1r") . l'"*p ( ! 
npya")p(s)ds

, o o a
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t h a t " F i s d e f i n e d o n  [ 0 , , a J  x . B - , S e t M = s u p { l r l  :  r e X ! , T  =

.If, moreover, the following condition is also satisfed:
,{K5) w(t,u) is nonde*eauinf, im..u for cach frxed t; th'n"we,have
:

77

1 : [0, ?J and J : [0,2b1.
. 

,:1- 
lhib,paper we eonsider the Cauchy problem (t.t) whene .F, :

comp x is coritimrous and such thia,t a nonlineer condition of the form

t,. D(.tr{i;r)r.F(tiyfl S,eu(r,lo* yf) a.e. on tr,

i '  ; : .  r , : ' {

'I d frl,:*,

, {r:e}
*is 

satiqjed f3r 
lverV s,g €,8 with a Kamke function w : I x E+ -* .B+ :_- [0, oo),'1.e. a'l is such that:

{K1) at(t,O) :0 a.e. on f,r : . ,, : i ; i
(K2) w(t,u) is measurable in t for each fixed u,
;$(s) a{t,,u) is continuous in u for eac,h fixed t. -, ': ,,
(Kn) ,(t, u) < rn(t) with m € rr(I).

,:* e Lt (f) and, of course, all the conditions (K, - Ka) are satisfied".

t 2. THE RESULT

; . Jhgoreg. Suppose that F : ! x B -*."*pX is cgntinuous and thje contdi.
lfo^ fus) and (Ift . K) are aatisfie!. Let y : .f -+ B be an absolutely,continuous

ielc.sion euc-b t}at p(l). 
:= a[y\tl':r.(t,y(t))) is inresrab le,{p e rtg)). T}rel ttr-€se

itxistera soluf,ion g - r{!J..to fl.f) ue4ifying .,. i . _::.: . ::.

where r(t) is the maximal solution of

,(2't)

!; i ,r.

$!
(z:zl
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lttrl * t(t)1 < i(t) *e, ai I. (2.3)

Remark. It is well known that under tke coiiditions (K, - Ka) and the

*r"*;;;;'*h";; . ;liffi; **r-"i solution of the c'*tleoaory equation
(z.z) exists (see, e.g., [rz, p. 411). tr F j: Lipschitzian,_i..e. w!t,-u): ft(t)u, then

iz.zi U".orries the linear equation' i : k(t)u + p(i), u(o) : 6, hence r(t) is now

iust'r(t) siven in (f.a). fh*, we g'et ihe tr'itippov-Gronwall inequalities (1'2)

La O.dl L u rp""ial case of our inequalities o{ Filippov-Peano type (2.r) antl
(2.4). rebpectively. Moreover, unlike the theorem of Filippov our theorem can be

#;;ffi;;;;; ;;;-;tp'eitzian differential inclusions, e.g. to the diffcrential

"qootio* 
i - \ft,r(O) - O, t,, € [0, 1], with the Kamke function a.'(t, u) - 16, ot

*or" general to differential inclusions of the form (f .f) with a Kamke function like

or(t, ut = k(t)u.a for any O < c,( f (rt e trI.(fl)' i.e' f; satisfies ll6lder'scondition.
p t o o,f of.*he Theorem. Wc shall'prove the theorerb by modifuing tr!1" tech-

niques of Antosiewicz-Cellina [1] and Pianigiani [fa] and applying a Carath6odory

version of the comparison theo-rem of Peano [S' fZ]. Define

K - { u € C ( / )  : u ( 0 )  : E o ,  I ' i ( t ) l  S M , t e I } .

It is clear that K is a compact and convex subset of C(/). Let u(t) be aseaourable

selection such that ur(t) i r(t,v(r)) and'lur(t) - i(t)l : d(ri(r),r{t,v(t})) -' p(4

[9, 101. We claim that ihere exists a. continuoul map g i K :*- f,r(f such that fsr

a.e. t'€ f and every u € K, g(")(t) € F(t,u(t)} and

ls{oxfl.- u(t)l S '(t' lu{t) - s(r)l). (2.4|

Let {e*}ff:o be a seguence of positive numbers such that e,n I.0 as n f +oo,

e.g. en : i-d.--By (Kz,fr) *d Scorza-Dragoni's theorem [ts], for ee ) 0 there

exists a closed subset .Io of .I such that p(J \ /o) < es, where p is the Lebesgue:

measure in .I, and w(t,i\ is (uniformly) continuous on .Is x J. Let 6o > 0 be such

that ' l t  -  s l  < 6o, l t -  y l  < 6o i inplv lar( t , l r l )  
-  @(s, lv l ) l  < to (" ,1 '€ / '6)  and

D(F(t,rl,F(t,y)) < eo (s,t € l). By the compactness of K there exists an open

cover (U;)j!, 
"i'X 

with diam {,yr) < 60. .L.et (p;) U" a continuous partition of

uni ty l f " t i " i ,  t "  (Ur) .  For each,u,  put  t i (u)  :0,- . . r t ; ( " )  
. . t i - r ( t ' )  +Tp;(u\ ; .

r : l , . . . , JV.  f " i  * * f r  d :1 , . . . ,N ,  f i x  z ;  €  Ut  and le t  u ; ( t )  be  a  me-asurabh

se lec t ionsuchtha tu ; ( t )eF( t ,u ; ( t ) )an i l | r l ( t ) - , ' ( r ) | :d (u ( ' ) , r ( t ,u ; ( t ) ) ) .
N

Defineso z K -+ rt(I) by so(u)(t) :,Axf(tlu;(t) where xi is the

acteristic function of J"(u) ;: [t;-1(u),,t;(u)), :For eac]r t € {O'I)'there
t e {t,...,ff} such that t e li(u}. Then, for every u € K,

d(go("Xt), F(6 u{i)),} 3 {o;{t}'.r(1, u;(t)))'+ p(F(t' rr;tt})i r(t' u{*,p}''{ €0
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|€f .  an i l

lsu('r)(t) - ,{t}l : a(u(l); (t,uitt}}},5 er(qs}, rtt, y(D)
' + D(r(t, y(t))'r(t;"{t})) S ,.,(t, fs(t) - ",(t)l) 

1u(t,["(t) - y(r}f) + es
: - ,  : : ; ' . - t ; t . : , . ' , : . : r  . : :  . ' .  , . -  1 . -  . . : . i  . ] ' ,

.

, {ote that if f € lt(*)nf"(u) thea'gn(oX4 = so(u)(t) : ui{r): Since
.{tr(j}jl, is'a fiaite fa,ryilV of cottinuous real functions, it is an equicontinuous
&milg heace for eve4r,y > 0 there edsts P > O'such tfiat if lz - vlc < p then
,-#{t  :  lso(u)( t ) -go(o)( t ) l  > o} < r .  This impl iesthat so :  K +. f r ( f )  is
,continuous
: 

- -Fr" 
;i >..o,there oi"to'r:"1*"i ,ouu.t ir ir'r 

",r"h 
that p(i'\ir;) 

'"'ri

|1nd u(l,r) is eontiauoua on It x J. tet 6r > 0 (6t I 6o) be such tfut lt - el <
F.$r,  la-y l  < 6: , ,aqd l " -q l r  < 61 imply l r ( l , l r l )  - r ( t r ls [ l  (  er  (s, t  € I r ) ,
ro(f(1,c),F(r,y)),<€i {s;r € 0 and p{r : lgo(u)(r) - go(r)(t)l > 0} ( es. Let
itUroX!, be an open cover WK with.,.diarn (Ul)"< 61 and let p](u), t](u) and xrl"
"&be defiaed as ino,thg previous step- Fix u! e U! and chopse rri(l) e F(t,url(l))
$reh:*toed :, [$. (s]- g%*] Xt]f : {go (*}){*};'&(tr urt{t}) ) .,,,,
i 1yr

i Define e r(u)(r) : D xl"(r)ul(t). sidilaily as before,'w" *""t{i"r'lg, :
I  d = l

fff+-r;r14, is contfr.nnorrd;d{9}{ir}{t}, t;r}ft}}< 6ri (t e,I}1.1f1{uxr) =nrtr}l S

f{t, F(l},-,v(qJD, t,gl, {r E /r} *d,,, . : , :, .: ..., :; , . ;.,.,..,;,
! ,

r 
lst(u)(r;,-'oo("Xt)l S'1u;t{r)'d,{,rifft)l + lgo,('l}0) - go(,.},(f}j' , , .

{l

f  
seo+lgo(, lx t )*go(") ( t )1.

[Hence
trr
$ . r , : : , : . : : . . : - . 1  . ' -

$c',.,.rt$ ,:,[s,r[re)(t],r got,a)(r] >,eo] S:p{t ,l.}s!tdxt'} -,s9(!r},ft}l >,0} { 6q", ,., ,
$ i ' " : r i r : ' '
*.,. By induction, for evey lz : 0, Lr?r. .. we can construct a continuous map

F" : K + L'(I) such that d(s"(u)(t),F(t,"(r))) < e,. (t e /), lg"(uxr) - u,(r)l <
:,rq(t,l"(t) - y(t)l) + eo (t 6 I") with p(/ \ I") < e,. and p{t : lg"+l(r)tr) -
gi"(uxt)l t i'I ( Eo. Thus,'for each u € K, {g"(")} conveiges in measure to

ligit g(rr), heace there €Dcbts a subsequene {g"* (u)} converges to C(u) are.

. 5.3til lpt-ft: T"l.e , _K,,,1, Lr\ i' ";$;;'ls, s(u)[r)_€_ri,ft4t

Define h z K -- K by



i
, , ",h{tf}(t}= to + 

J o@l(sld.?, ,', ' :
r '  l . : .  : ;  : , " - '  ,  i r  

' O l .  ' ' . i - ,  
" ,  

:  . " ' .

fotevery ,t e,K. Since h is continuous, by Schauderls theorem there exists a

point  a€K suchthat

. . , - : , I , - : :
' l '  - ' ' : :  - - - :  i  . . -

. . . .
J

: 0

hence n(i = s(ix{) € F(t,r(t)) a.e. Moreover, bv (2.a\

li{t}; ri(t}l S,ls('X4 - r{{1)l + lrtt) - f(t)l
.....i <,ar{t, fo(r) :- g{tx) + p($)"

Denote the right derivativeof a function / at t by Pl?ftt). Silree D*lr(*);'
y(r)l s li(r) - i(t)1, (2.5) implies

pnis(r) - s.(t)l (,r(*,1+{t) '" yft)t) + p(t) o,€;

Applying a Carath6odory version of the comparison theorem of Peano
12J we get (2.1) where r(t) is the ma:<imal solution of (2.2). Now if (K5) is

r.iirfi"{ thin uy (2.5), (i.r) ana (?.2) we have

li(r) - t(r)l < o(t,r(t)) + p(r) = i(r).

Our theorem is plorred.

The fultorv-ing result onthe fl,ausdorff-continuous dependence of the set of

luttorrs,to Ghe non+Iiipscbitzian differcntial,.incltrsion on the 'inttii#da&a':is

by an application of our theorem.

Corollary, Let D be a closedlubset of B. Suppose that the conditions
the theorem above ahd the foIIowW condition are satisfied:
(K6) the unig-ue ahsoluie\r continuous solution of the Cauchy problimi, == w(t;(K6) tfie unig-ue abso
u(o) :,0; is u(9) = o.

"i'r*ri 
il; 

-r 
i - AC(I) whichassociates to every € e D the set of solu

to.Cl€ F(tr3), c(o). = f, is lfiiusdotflcontiauous. : , :i

P r o o f. Let tt € D and 11 e S{€r). By our theorem, for:ev€ry'b e'
there exists a solution rz e S(€,zl such that
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r'is the maximal sblution of

- bT(t)ldt < '(7r) -  l€ '  -  €zl  <.(r)

l ' f t l:  l ( r  -  < z l .

(z{r)
T
f
I lt{t)

J
0

(2:s)
(1(6) andthb upperrsirbicodtifrudssdependerite'ofrttie'sdt,ri$bols.tibns.to (z.s)

,fher:i6i6ia1'*ada,,g$venlei'),0.th€re:iXiSts' 6r> O'siie:h thet.i[sl;{*:9fi.< U irnptitfu
Tl < r.Hence, by (2.7),9({*) e a*s(S{fz};e). ' ,- -  , : ,  I  

; l i i l - ,  . ; i

E*c(s(€r),*)tf 1{r * €zF€i;, A.ey'mmettic argument shorrs a{so,that'${tz) €
, hence concludlag:fhe+roof.

r''T"k;,depttndtifi€s€f th6?.set of.soltrti,ons to Karirke difirerrtiel:*nelirsions bn
initial data was also'stualfed by.Pianigiani F4, Tt. a] wh"oseti:suit,is,different

;that stri,ted,in the eiltoltary in thii pap€r.
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