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1. INTRODUCTION |

The purpose of this work is to extend the Filippov-Gronwall inequality 6],
, P. 120] from a Lipschitzian to a non-Lipschitzian differential inclusion. We
'abtaln a nonlinear inequality which we call the inequality of Filippov-Peano type.
an application of our result we show that the set of solutions to the non-Lip-
chitzian differential inclusion is Hausdorff-continuously dependent on the initial

Our method is based on the techniques introduced in the fundamental works

by Filippov - /[6}, Antosiewicz-Cellina (1}, Pianigiani [14| and on a Caratheodory
sion of the Peano differential inequality (8,12]. . A4 J ‘
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As well known, under some monotony condition Peano differential inequa ‘”7
ities have “integrated” analogues of Bihari-Viswanatham type 3, 4, 17] whid
are nonlinear generalizations of Gronwall-Bellman inequality [2, 8, 12|. These i
equalities play rominent role in the qualitative theory of nonlinear differenti:
equations, inte ""%satmns, difference lequations, functional equatlons, etc.

In what follows |z| is the Euclidean norm of z:€ R", d(z,y) = |z — y[,g
dlz,¥Y) = mfyey[ % yl and D(X s max{supz d(:c Y) sup,cy (X, y)}
the Hausdorff distance of the compact subsets X and Y of R™. The Banach spaceg
of continuous functions from I = [0,T] into R™ with the usual supremum norme;
| - |c is denoted by C(I). By AC(I) we mean the Banach space of absolutely !
continuous functions from I into R™ with the norm

T -

2], = |2(0)] + / a(t)]dt.

) 0

kel

Filippov [6] considered the Cauchy problem

i€ F(t,z), z(0)= :co,> = (11)

where F : *{0,T] x R® — R™ is a continuous multifunction Lipschitzian in 24
with closed values.” He proved that for each given approximate solution y(t),
i.e. an absolutely continuous function y _: 10,T) — R™ such that ‘the. distance

p(t) := d(y(t), F(t,y(t))) is integrable, there exists a true solution z(t) to (1.1)
verlfymg the inequalities of Gronwall type |

R
and : ol
|£(t) — 9(t)| < k(t)n(t) +p(t) ae. (1.3)

where k(t) is the Lipschitz constant of F(t,),

t t

n(t) = Sexp (/ k(s)dﬁs)r+ /iexp (/k(u)du)p‘(s)ds ‘ (141

0 0 8 .

and'§ = 13:((}) y(ﬁ}] (see also Aubm-Cellma (2, p. 120]). = 5 2l
This result of Filippov' was extended by’Himmelberg-Van Vleck {11 frorﬁ?
a jointly continuous to a jointly measurable Lipschitzian multifunction F. Mo&ﬁ
ifying Filippov’s successive approximation (6] and applying the techniques of [1,
7). ‘Ornelas [13} found a continuous version of the Filippov-Gronwall inequa’lltﬁ
for Lipschitzian differential inclusions. Solutions depending continuously on the’ﬁ
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‘initial conditions were also obtained in [5] by a careful use of Liapunov’s Theorem -
‘on the range of vector measures: [7] and the Filippov-Gronwall inequality.

In the paper by Pianigiani [14] the fundamental theory of differential inclu-
f;sxons sa.tlsfymg the condltlons of Kamke type was mvestlga.ted Some mterestmg
results'on the differential 1nclus10ns of Ka.mke type in Banach spaces ca’:n be fouﬂd
: 'the book by Tolstonogov [16].

Let zo € R™ be a fixed point, Ba closed ba.]l of radius b’ centred at zo, X
'bounded subset of K an& comp X stand’ for the family of nonempty compact
‘subsets of X. Let F be a map defined on an opern subset Y ‘¢ R"+1 (0 Zo) €Y,
‘with compact but not necessarily convex values. For sxmphmty, we can assume

‘that F is defined on [0,a] x B. Set M = sup{lxl T E X} T = min {a, }

=[0,T] and J =0,28]. - » 24
~ In this paper we consider the Ca.uchy probiem (1 1) where F I B £
»e;:omp X is continuous and such that a nonlmear condition of the form !

(F(t z)‘ (t,y)) < w(t, |z — y}) a.e. on [ | ; | (1:5)

'ils satlsﬁed for every z,y € B with a Kamke functionw : Ix B~ R, =06},
ie. w is such that:
(K1) w(t,0) =0 ae. on I,
(K3) w(t, ) is measurable in t for each fixed u,
(K3) w(t, u) is continuous in u for each fixed t.
(K4) w(t,u) < m(t) with m € LY(I).
If F is Lipschitzian in z, then w is linear in u, i.e. w(t,u) = k(t)u with
k € L'(I) and, of course, all the conditions (K; — K4) are satisfied.

2. THE RESULT

Theorem. Suppose that F : I x B — come is continuous and the cond1-
ftzons (1.5) and (K, — K,) are satisfied. Lety : I — B be an absolutely: continuous
function such that p(t) := d(y(t), F(t,y(t))) is integrable (p € LI(I )) Then there
exzsts ‘a solution z = z(t) to (1.1) verifying

Je®-vl <re) f ; .J(Zi..l;)h

‘where r(t) is the maximal solution of

i =wt,u)+p(t), u(0)=6:= |z(0) — (O)I atfren (‘2.,2).

Jf moreover, the following condmon is also satisfied:
(Ks) w(t,u) is nondecreasing in u for each fixed t, then we have
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~ Remark. Tt is well known that under the conditions (K, — K4) and the
assumption that p € L'(I) the maximal solution of the Carathéodory equation
(2.2) exists (see, e.g., [12, p. 41)). I F is Lipschitzian, i.e. w(t,u) = k(t)u, then
(2.2) becoraes the linear equation; & = k(t)u + p(t), u{0) — 5, hence r(t) is now
Just. n(t) given in (14). Thus, we.get the Filippov-Gronwall inequalities (1.2)

and (1.3) as a special case of our inequalities of Filippov-Peano type (2.1) and

(2.3), respectively. Moreover, unlike the theorem of Filippov our theorem can be
also applied to the non-Lipschitzian differential inclusions, e.g. to the differential
equation & = \/Z, #(0) = 0, t, z € [0,1], with the Kamke function w(t,u) = \/u, or
more general to differential inclusions of the form (1.1) with a Kamke function like
w(t,u) = k(t)u>forany 0 < <1l (k€ L(I)),i.e. F satisfies Holder’s condition.

P r o o f of the Theorem. We shall prove the theorem by modifying the tech-
niques of Antosiewicz-Cellina [1] and Pianigiani [14] and applying a Carathéodory
version of the comparison theorem of Peano [8, 12]. Define

K ={uecC() :u(0) =z, [2(t)| <M, teT}.

It is clear that K is a compact and convex subset of C(I). Let w(t) be a measurable
selection such that w(t) € F(t,y(t)) and |w(t) —g(t)| = d(y(t), Ft, (1)) =: p(t)
[9, 10]. We claim that there exists a continuous map g : K — L1(I) such that for
ae. t € I and every u € K, g(u)(t) € F(t,u(t)) and : : s

AR T Ky N 0 AR

Let {en}2, be a sequence of positive numbers such that €, |.0 as n T 400
e.g. €n = 2~". By (K3, Ks) and Scorza-Dragoni’s theorem [15], for g0 > 0 there
exists a closed subset I, of I such that u(I\ Iy) < eo, where u is the Lebesgue
measure in I, and w(t,u) is (uniformly) continuous on Io x J. Let 6o > 0 be such
that |t = s| < 8, |z — y| < b imply |w(t, |z]) — w(s, v])| < €0 (s,t°€ L) and
D(F(t,z), F(t,y)) < eo (s,t € I). By the compactness of K there exists an open
cover (U;)V, of K with diam (U;) < bo. Let (p;) be a continuous partition of
unity relative to (U;). For each u, put to(u) = 0,...,ti(u) = t;=1(u) + Tpi(u);
i=1,...,N. Foreach¢ =1,...,N, fixu; € U; and let v;(t) be a measurable
selection such that vi(t) € F(t,ui(t)) and Jw(t) — vi(t)| = d(w(t), F(¢, ui(t)))- 1

N .
Define g° : K — LYI) by ¢°(u)(t) = X x¥(t)vi(t) where x} is the char-'
i=1

acteristic function of »I‘(w) = [ti—1(u)sti(v)). For each t € [0,T) there exxsts§
i €{1,...,N} such that t € I'(u). Then, for every u € K, e, of 1

U0 (u)(0) (b (8)) < lolt)s Fe, us(8)) + DUEsus(e)s Pt u(d)) < o
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- tel. and

l0°()(t) — w(t)] = d(wlt), F(t, u:(t))) < dlwlt), Fit, y(t)))
E +D(F (t,y(t)) F (t u‘(t))) < wit, fy(t) o u:(t)l) = w(t I"( ) ~ y(t)'l) + &0

:for telp. : faui
Note that if ¢t € I*(u) N I'(v) then ¢°(u)(t) = go(v)(t) = v,(t) Since
{ti()}3N, is-a finite family of continuous real functions, it is an equicontinuous
family, hence for every 54 > 0 there exists # > 0 such that 1f |u — v|e < B then
u{t : |g°uw)(t) — g°(v)(t)| > 0} < 7. This implies that ¢° : K — Ll(I) is
Efcontmuous

For £; > O there exists a closed subset A of I such that u(I \ I1) 3 £
‘and w(t u) is continuous on I; x J. Let é; > 0 (6; < o) be such that |t — 5| <
Gz~ y] < by.and [u—vlo < & imply Jult, |zl) — wlt, ul)| < 1 (st € T),
?D(F(t z), F(t,y)) <& (s,t € I) and p{t : lgo(u)( ) = ( )(t)| > 0} < ¢&p. Let
(UHY:, be an open cover of K with diam (Ul) <8 and let p}(u), t}(u) and x!*
‘be defined as in. the previous step. Fix u! € U} and choose vl(t) € F (t ul(t ))
*sueh that |v}(£) - go(u,*){t)i d(g°(u}H)(t); F(t ug(t))) i

Define g'(u)(t) = E x!*(t)v}(t). Similarly as befoi'e we see that gt

xK S LMD is contmuous, d(gl(u)(t) F(t,u(t))) < ex (t € D)y lo*(u)(t) —w(t)| <
Wit [u(®) =~ y(Q)]) + &, (t € ) and

W) = @) < oM = O]+ 1wl () - )]
F < co+ (1) t) - (W) (1)

i:Hence .
%? W by sl ¢ (2)(t) > o} < it ig°(u‘)(t) 2 )(t)l >0} < &o,

By induction, for evey n = 0,1,2,... we can construct a con,tmuous map
9 K - L) uch that dlo™(u)(), Flt,w(8)) <en (¢ € 1), lo"() 1) ~ w(D)] <
w(t, u(t) - y(t)]) + en (¢t € L) with p(I \ I,) < €, and p{t : lg""‘l(u)(t) -
Eg“(u)(t)} > €n} < €n. Thus, for each u € K, {¢"(u)} converges in measure to
'some limit g(u), hence there exists a subsequence {g™* ()} converges to g(u) a.e.
lin 1. It'is clear that the map g : K — L(I) is continuous, g(u 1)(t) € F(t,u(t))
and lg(u)(t) —w(t)| < w(t, lu(t) y(t)l) for every u € K and a.e. t € I. Our claim
42 4) is proved. ; : , i 0

Define h : K — K by :

il i o msme:‘



80 - ©“Tran Van Nhung

t

h(u)t) = zo + / g(u)(s)ds,

O»

for every u € K. Since h is continuous, by Schauder’s theorem there exists a fixe '
point z € K such that —

(t) = h(@)(®) =20 + / AR
‘ 0

hence (t) = g(z)(t) € F(t,z(t)) a.e. Moreover, by (24) :

LSO < )= i)l + hole) 501 S
co Switls) - @) + o). o 1 @

Denote the right derivative of a function f at t by Drf(t). Since Dg|z(t) =
y(t)] < |&(t) — 9(t)|, (2.5) implies

Dala(®) - vl <l =)~y + ) s (20)

Applying a Carathéodory version of the companson theorem of Peano [8 7
12] we get (2.1) where r(t) is the maximal solution of (2.2). Now if (Ks) is also.
satisfied, then by (2.5), (2. 1) and (2.2) we have ‘ g

|£(2) — ()] < w(t,r(2) + o(t) = 7(2).

Our theorem is proved.
The following result on the Hausdorff-continuous dependence of the set of so-,
lutions to the non-Lipschitzian differential inclusion on the initial datais obtam .

by an application of our theorem.

Corollary, Let Dbea closed subset of B. Suppose that ‘the condmons of
the theorem above and the following condition are satisfied: f
(Ké) the unique absolutely continuous solution of the Cauchy problem 1 = w(t, u)
u(0) =0, is ut) =
Then themap S : D — AC(I) which associates to every £ € D the set of solutw
toz€ F(t, z), z(O) =t 05 Hausdorﬂ'—contmuous

Proof Let ¢ € D and zy € S(&). By our theorem, for every 82 €. ﬂ
there exists a solution z; € S(£2) such that o
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/l-’i’l(t«')e‘iﬂv(t.)ldtﬁf() {61+ €2l<f(T) i | (2:7)

B A B e 1 N O X

(Ks) and f:he ‘upper'simicortinuous dependence of the set’ oF sdﬁﬁerﬁs to (2.8)
- the initial data, given ¢ > 0:there exists 6> 0 such that I&«—f é"f{ i< 6. rmphes
T) < e. Hence, by (2.7) S(&1) € Bac(S(€2),€)! e : "
‘A'symmetric argument shows a?lso that S({z) C B AC(SG{ 1),@) %f {51 A fzf = 4
hence concluding the'proof. '

The dependence of theset ef solutwns* to Ka.mke d:ﬂ‘ererita&l *?m:lusrons on
e initial data was also studied by Pianigiani {14, Th. 4} whose ‘result is dlﬁ'erent
om that stated in the corollary in this paper. .
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