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ON THE RATE OF CONVERGEI\CE IN THE
CONDITIONAL CENTRAL LIMIT THEORtrM

FOR STATIONARY MIXII{G SEQUET{CES

BUI KHOI DAM

Abstract. Let (X6, n € N) h a stationuy, g - mhing sequene, of real ualued ranhm

ooriables with E(X,,) = O and E(X?,) = l. PutS* = i X;, s?, = ES|. Inthis note,

the rcte ol couergence in the conditional central linit theo;;rfor atationary mixing sequenceg
is shown os follows:

a*(B)  -  sup lP(s,  rs ,  <  t lB)  -  o( t ) l  =  0(n-( r /z- r ) ;
teR

E l x r ; r r "  a *  l o r s o m e p  ) 8 ,  e ) 0  6 @ l < C . n - \ ,  , u p * 4 6 p - q
2

and

d a ( Y , o ( X 1 , . . . , X , n ) )  -  0 ( z - ( t / z + a ) 1 l o g n ) - r ) ,  r  >  I

uherc. Q is the stondud norrnol distribution snd

"t : 1(p,6) = L/p * e * L/(p * a6p).

1. INTRODUCTION

Let (Xr, t? € N) be a stationatyt (p - mixing sequence of real valued random

variables with E(X,,) : 0 and, E(Xz*) : t. Fut ,So : i X;, szo : ES:," Let
i = l
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B e o(X^, n € N) with P(B) > O. The aim of this note is to investigate the
convergence rate to the normal law of conditioned distributions. Namely, we show
that

A^(B)  -  sup lP(""  
t  S*  < t lB)  -  o( t ) l  :  o( ,2- ( r  /z- lD)

t€B

under the assumptions

ElXflo*" < oo for some p ) 8, e ) 0, e(n) 3 C.n-q, e > O

d { Y , o ( X t , . . . , X , ) )  :  o ( n - \ / 2 + o ) ( l o g  n ) - ' ) ,  r  )  1

where O is the standard normal distribution

1: i lp ,6 ) :  f  * "+ - - -1 - .
P  P *  4 b P

If (X") is a sequence of i.i.d. random variables with mean 0 and variance I
then the classical theorem of Berry-Esseen gave the best estimation of the rate of
convergence to the normal law (see Petrov [4]):

A,(o)  -  sup lP(n-r /z  s ,  <  t )  -  o( t ) l  :  o(n- r /z) .
t € R

I f  (X,) is astationary,,p- mixingsequenceof randomvariableswith E(X1) :
o, E(X?):  1,  E(Xf )  < oo,  and

o < lim 
E(sil ( -r-m

n

then Stein [6] proved that A,(O) : o(o-rl2).

The conditional central limit theorem obtained firstly by Renyi [5J asserts
that

l imA"(B) :  I t jol lP lP(5..n-L/2 < 48) - o(t) l  :  s
n  teR

for all B € o(Xn, n € N) with P(B) ) 0, where (X") ir i.i.d. sequence of random
variables. The conditional central limit theorem plays an important role in the
theory of random summation, in random walk problems, in sequential estimation
and in the field of Monte Carlo methods.



On the tate of converg'ence ...

In [3], Landers and Rogge showed that

A'(B) :  o,(o-L/z)

if

Elxr lo < +* for  some p )  3,  d ' (B,o(X1,.  .  . ,  X,))

:  inf {r1raa; ,Le o(xr,... ,x,)}: r(;Vun*aqu)

Therefore, our result can be considered as a simultaneous generalization of
the results of Renyi, Stein, Landers and Rogge

2. RESULT

We shall present the result in a slightly generalized form by considering a
bounded random variable Y instead of the set B.

Theorem . Let (Xn,n € N) be a stationary, (p-mixing sequ ence of random vari-
ables such that

(i) ElX|o+" < oo for ,some p ) 8, e ) 0,

(ii) mixing coefficient satisfes p(n) I C.n-q, C being constant and 0 > O.

( i i i ) dL (Y ,o (X1 , . . . ,X ' ) )  :  i n f  { l lY -Z l l 1  z  Z  i sd (X r ,  . . . ,Xn )  measurab le }  :

O(n-Q/z+o)Uogn)- , ) ,  
"  

>  1.

Then , 
-

i :B l t ( t (* . , ) 'v)  -  o( ' )E(v) l  :  0("-(r /z-e(p'6))1

1 1
where r(p,6) : I  I  e + 

p + 46,p

Proof .

Without loss of generality, we can assume that.O(Sl) : n, (see, e.g. Billings-
ley [t ,  page U2]). Denote N1 : {zi, i  e N}, Yr : E(Ylf ix\ where .f i ,  :
o(Xr , . . . ,Xr) ,  /c  e  N1.  Then (Yp, f ix )  is  mart ingale sat is fy ing EIY -Yxl :

O(n-G/z+6) ; .  Choose

15
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no : max{& € N1, /c (
r ------I- l

,rlr: LtxFTzzt=Tl + 1

we have

l"l,(h,. ,) "] - o+E(n | : lu{ l,(h
: ["{v(h< r) - o(r)l [(y - y,") + I

n

2

< 2 E l Y - y " " 1 +

+ lr{n, "t,(?,< 
r) - o(t)lr,,l } | : rt * rz * rs.

For estimating the term E(/( 
h.t) 

- O1t;lf*) *u write ,S;i

, (h < tlrr,) : r (ffi . ffi - ffrto1

e€Jv?
n 6  ) & ) 2 n 1

r (

"luV G. 
< t) - o(,) Irr,l (Yo - vrp)l

hl(1,s,* | < (zk)r / z+6)lrn)

ffi l(ls,o I > ek)t / z+6)lrn) .

. ' )  -  olry]r) l

(Vo -Yr, t)  + %,]) l

i: D X , ,
v : i * L

&€ lvt
2 r r ,  ( & ( n ^

i < j .

: p ( t  . - L -
\ . r / n  - Z k  -  

t / n _ 2 k

+ P ( (  . - 4 - -
\ ,1 /n _ 2k t /n  _ 2k

It follows from the above equality that

lre < tlao) - o(t)l s zr(;s, *l > (zreltr'*ulro)

.p{psff i .%lr-) -o1r1l
* P(P- rr = ffi ffill*) - o(')l
< 2plszkl > (ztit/2+6lro) + ze&) * r::g lp(ffi. ")
- o ( , ) 1 . f f i . h&
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Hence, we can deduce that

&€ rvr
& )  n '

For the next term, we have

1rt/z+t (log klr pe

1 7

Iz 1 X nllvo -y*l'pflsrrl > (2k)r/2+6))
n 1 ( & € N 1  '  ;

+ D 
'p@)Elz1,t*4 

I] Pk)'/':'E)Yt;!rd
n1 (, t(N1 

- r- '  |  '  
\ /2" orf t*,  \ / ;='E

_, _L )- 
2kElY* - Yn/zl , C r.-

{Ztre n, ?**),-ffi- 
* 

G ^,*r*,ElYP 
- YP12l

1 cn I "6r, 
nl > (zk)L/2+6)

f t€ Ivr
k ) n '

+ 2CL2 D
k € N r*i*'

C r s 5 -  I  _ ,  C t n F

a k,0";tr-,fr k,
. 2 n i '  * ) " i

c, ,  f 'P( l ,sz* l  > (2k)L/2+6)
& €  N r
l c ) r r '

* c *  s  1  1

k,itllr** (ldtr
'  f t )  r r1

. czr-r --7
v n

where C denote constants depending only on p, 6.

using result of Lai (see [2, Theorem 1, page o9s]) and noticing that

n € N1t tut) [rz;r#;-] + f

we get

f  "(1", 
r, l  > (zt rtz+261 :

k  I  L  . C r c
Gr;t;a 1r;s/,); - fr

Czr

\/n
- 

(z*)eQ/2+26)-2 plszr,l > (zk)r/z+201 .
k , =
l 2  o r
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slnce

f  I  l ' .  - C z t
,+@ Ir . ry=,f"
l F  N r
l c l n l  

r  l

, r p * 4 6 p - 4
2

Similarly, we can estimate -I3 as follows:

Is 1 csp( lsr , . ,  |  > (c(rrr) \L/2+26) *  z4(n)

+,: :Blr(H.,)  -ot  ) l  .#
- 2 2 n t

J2"" n - 2n1

We choose C(nr) : nl/2n#m-.l. Then we can estimate all terms of the
right-hand side of the above inequality as follows: First, by Markw's inequality
we have

P(lsr^,1> nlPnxi ."-)  < " l f# '1"*,  S+.' 
"T 

orlz 
- 

{n

Further, we have obviously

1 2 n r . 2 l

\/ar"n-2n1 
- 

1E-tre1fr'
Therefore, we get finally'

p ( n t ) < n - o <  -  
l ,  I  . - L

u P T * P - A  
=  

n l / 2  
'

I  l q  I

I ni' 
'nz(iTif 

I

6-; f f i :m'

, - "  cn
' "  -  

nr l r ( r -Of=-r+zh-)
To complete the proof, we must show that :

1 1 : z E l y - y n o l S + .
vn

But this is obvious by the property of martingale (Y1).
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