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THE HURWITH THEOREM FOR
BANACH-VALUED MERO M ORPHIC

FUNCTIONS IN II\FINITE DIMEI\SION

NGUYEN THU NGA

Abstract. The a*n ol the note is ta prcue the Hurwith theorcm lor Banach-ualued rnerc-
morfitic tunctioru in inf,nite drnercior- The main results ol the note is follouing:

Theorern. Iit G k.(rn oryn subset in a Banuh space F and S bc an analytic set
in G withcodim S > 2. If f is o rneromort'tie lunctionon G \ S urith volues in Banach
spce F then I con be meromorf,tically ertend,ed, on G,

Theorern. Let CP(E) denote a Banach pwjectiae space assu,iated with a Banach
spce E, If t it mercmorphic lunction defined CP(E) uith ualues in a Banack sp,ce F,
then f is rutiorwl i" e" f = P /Q, where P and Q ore hornqeneoru polgnomials uith ualues
in F and in C respectiuely.

In 1950 Hurwith has proved that every meromorphic function of CPz is
rational, i. e. f : PlQ, where P and Q arc homogeneous polynomials. In this
paper we prove the Hurwith theorem for Banach-valued meromophic functions on
Banachprojective space.

Let X be a Banach complex manifold and G be a dense subset in X. A
holomorphic function f on G with values in a Banach space tr' is called meromor-
phic on X if for each z € X, there exists a neighbourhood U of z and holomorphic
functions g, o orr u with values in.F and in c respectively such that

f lun" :  g lo luoc

Put
P(/) : {z e X : / is not holomorphic at z).
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By the paracompactness of X, it follows that P(/) is either empty or contained
in a hypersurface of X. For a Banach space .8, let CP(E) denote the Banach
projective space associated with E. It is known in [1] that every analytic set ,S of
finite codimension is algebraic, i. e. ,S can be written of the form

S  :  Z ( P t , . . . ,  P " ) ;

where Ptr... , Pu are homogeneous polynomials on .U"

Using the results in [1], we shall prove the ratiolization of meromorphic
functions on CP(.B) with values in a Banach space"

1. EXTENSION OF BANACH.VALUED
MEROMORPHIC FUNCTIONS THROUGH AN ANALYTIC SET

First, we study the extension of meromorphic functions through an analytic
set of codimension 2 2

Theorem l.L. Let G be anop"n 
"rbsu 

t in a Banach space E and S be an analytic
set in G with codim S >2. If  f  is ameromorphicfunction on G\ S withvalues
in a Banach space F, then f can be meromorphically extended on G.

In order to prove Theorem 1.1 we need the following lemma.

Lernma L.2. Let 0 € Op,o, where OB is the sheaf of germs of holomorphic
functions on E, be breducible then there exists a neighbourhood U of O such that

Codim Z(8,  DP)v > 2 (y  e U) ,

where Z(B,DP) is t.he zero-set of p and Dp.

Proof .

gy [1], it is sufficient to show that Z(P,DP) does not contain a pricipal
germ. Assume for the contrary that Z(B,Dp) contains a pricipal germ. Then
there exists o €Os,6 such that Z(o)o C Z(8,n|)o. From the irreducibi l i ty of o
and B, we have

o : 10 for some element 1 € Oa,o [1]

Hence
Z ( 0 ) o c z ( o ) o c Z ( D P ) g
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Take y € E such that D(Bl )o(d # 0, where L -- Cy. We san write D(Bl r,)k)(y) :
|k("\g(") for all z in aneighbourhood of zero in .L with g(O) *0. Define a holo-
morphic function h on a neighbourhood of zezo in C by

h()) : 0$v).

Then

h'(,\) : @ilnd(y) : pk(ty)s(y)
:  he( l ) (p( ) ) ,

where eP) +0. Obviously, this is impossible.

Proof of Theorem 7.7.

Let f be a Banach-valued meromorphic function on G \ S. Choose a de-
creasing basis of convex neighbourhood {U1} of zero in .8. For each r* € F* the
dual space of F, we denote fi ttr" meromorphic extension of n* f on G. By the
Remmert - Stein theorem [1], P(/) can be extended to an analytic set I/ with
Codim V : l.

Take z € ^9, without loss bf generality, we can assume that z:0 €,S. Since
the ring os,s is factorial [t], uy Lemma 1.2. we can find a neighbourhood w of
zero and o e O(W) such that

V nW : Z(o)o -  o-L (o) and

Codim Z(o,Do)u 22 for al l  y eW.

For each (k,") € N x N, put

A p , n { r * e F *  z  o n r * ! e o(uk)}.

Then J7* : U Ak,n and .A1,o are closed in F*. Indeed, for each a e F*, i! can be
written of the form gl B where g,P e o(Un) for some fr > 0 such that 9y. is prime
respect to 0v for y € [/r. This implies that

P@7) o(11,: z(g)o c v n rlx: z(o)o Aux.

o"lu,: lglv, for some i and 1 e O(Ui).

oHence
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Thus o"Fi e O(Ui\ and the equality F- - .U. krn

Let {r}} c Ak,o and {oi} converge to r*

and converges to o"fi in O(U;r) i. e. s* € Ak,,o.

41

.Ap,,n is proved.

in F*. Then {o"fi c O(Uk}
Hence .At,r, is closed in F* "

Using the Baire property of F*, we can find (k, rz) such that on r* f holomor-
phic on Lr,p for all c* € F*. Now assume that :zs € z(o) \ {Z (") n Z (Do)}. f n"n
there exists.a biholomorphic map u of a neighbourhood of O € Ca * ker Do(ns),
where a€E andDo(ro)(o)  :  l  ontoaneighbourhoodof  16 suchthat  / .  ucan
be written of the form

f  .u( \ , r ' ) :  t  a1, ( r ' ) \k
Jc:-oo

Since ou(0,0) : 0, we can write o?u(\,r ')  : .) 'u(), r ') .  Where u is a holomorphic

function in a neighbourhood of zero.
and from the relation

From the holomorphicity of onn* f on Up

n*o"(u() ,2 ' ) ) / (u() ," ' ) )  :  u( , \ ,  r ' )  t  ^" t*  a 'k(r ' )^k
t t :-oo

it follows that c*a6:0 for k < -n. This yields the holomorphicity of n*onf on
Up\{Z(o) n Z(Do)} for all r € F*. Thus / is extended meromorphically at 0.

Theorem 1.1 is proved.

2. THE HURWITH THEOREM FOR BANACH-VALUED
MEROMORPHIC FUNCTIONS ON BANACH PROJECTIVE SPACE

Theorem 2.1. Let CP(E) be a Banach projective space assoc:iated with a Banach
space E. If f is meromorphic function defrned on CP(E) with values in a Banach
space F, then f is ntional, i" e. f : PlQ, where P and Q are homogeneous
polynomials with values in F and in C respectively.

Proof .

Take a hypersurface H in CP(E)
is algebraic hypersurface in E, where 0
projection.

containing P(f). ny [1], d-r(/r)U{o}
: O \ {O} ----- CP(E) is the canonical



o-r(rJ)u{o} = z(Q)

for some homogeneous continous polynomial Q of degree rn. Using Theorem 1.1
and Lemma'1.2, we can find e ) 0 and a holomorphic function on

B ( e )  :  p e E :  l l u l l  < e )  s u c h t h a t

i ".1.0 
is holomorphic on B(e)

t '

{ coaim z(o,Do), > 2 (Vy e B(r))

I z(") c z(Q)

By the implicite function Theorem, we have Q : 0o for some holomorphic function
p on B(e). From this, P : Q.1"0 is also holomorphic on B(e). From the relation

e@) f (o(r)) : So('FlT) /r('m) : W r('ffi)

it follows that

llrllm / F \P(x): 'a."-p(laT ,)
This shows that P is a homogeneous polynomial of degree m on E. Thus, Theorem
2.1 is completely proved.
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