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Lct {X^I be an ir&cyuble martingale. Then, the lollowing maoimd ulerydlity twl&:

|  /  \ 1  I
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L  \ r s * < 1 1 '  "  / J -  p -  I  .

dterc. p ) I dr o calutarl- andll .lls denotec the Luxemlwg't-nortn.

Throughout this pa,per we shall work with a fixed probability space (O,1, P)

and a seguence of o-fields Bo C Br

B * c A .
The martingal€s or submartingales are always supposed to be adapted to

the sequence of o-fields {8r}r.on.

. For a pair of Young's conjugate functions (o, v), we shall denote by rp (resp.
/') the density function of O (resp. itr), and we shall set by f the increasing function
frqm Ra to Ra defined by

€(") : up\u) - o(") : v[e(")].
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For a sequerce of random variablee {&}r.* we shall set
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t* llXll* be the Luxemburg's norm of the random variable X. Our aim is
to prove that if tD is a gerr-eralized Young's function,'that is

and {X,"},,eon is an integrable martingale such that 0 < llx"llr ( *m, then

t  /  . g  \ ' r  1
a le( - .n+- - ) l< - - j -  (3 )L ' \ p l l X " l l o / J  -  p - r

w h e r e  p > L  i s a c o n s t a n t .

It is well known that the inequality (3) was proved by J. Neveu in the case
where Q is a Young's function, that is

"-I}L 
er(z) : +m

see [3]. In the case O(t) : tp, I 1 p <-oo, from (3) we obtain

l ls, l lo s*1l lx, l lo

w i t h p :  P  .'  p - l

For O(l) :  t  log+(t), we get

u[ : : l , lx" l ]  < *( t* : :R E[ lx^ l r "g+;x" l ] ) .  (5)

2. YOUNG'S FUNCTIONS

Let. g : R+ * R.+ be an increasing function, continuous from the left
and tp(0) = 0. Its'inimitive function
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is a continuous increasing convex function on R and O(0) : 0. Suppose that

, l gLTp (s )  
: +m

and we define a function / : R+ -* R+ being the inverse of p by

,b(") : sup{o : 9(a) < u} for every u ) o.

It is clear that $ is increasing continuous from the left, r/(0) : e
l im  d (u )  :  +m.

s * {oo  '  '

Denote the primitive function of tl; by V, i.e.

i
V(u )  :  l r h@)a " ,  u€R . , . .

t,

It is easy to verify that

tu < O(f) * !trr(u), t,u € R..

(7)

(8)

and

(Young's inequality) and

ru : o(r) + !r(u) +) ? € lv(t),p(t +0)] <+ t e Vb(a),r i(u +o)]

for every t,u € R1. Furthermore,

(1  1 )

V(u) :  sup [ tu -  O(r) ] ,
t€R+

O(t) : sup [tu - V'(r)].
u€R+

- The pair (Q, V) is called a pair of Young's functions, O (resp. ilr) is called
the conjugate function of ![ (resp. O). The function 9r (resp. r/') is called density
of O (resp. V)"

A Young's function O is called generalized Young's function if its density
function gr satisfies the condition

(e)
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probabiLet (O, /,  P) be a ) .'ii';fi f;i * ;*#" ?"X J{mgl

suclr t.hat

, sfo(ry)l,s r"- i
[r,r-,hlt 1"]r'J , [(*),]*

is a subspace of, trt (n, A, P). Fur6.hernar4,tJru Cfidression

bns

(1e)

(8s) { tfi,#ni{J *}{ # tb#lt =,} (20)



"@

dellnes a norm on Lo being the Luxemburg's norm of X, and there ocist positive
constants C1 and C* such that

, : : crllxllr.S llxllt < C*llxll"" (21)

for aII random variables X e La.

" : The space tra i, complete and is called Orlicz space. For more details about
the Orlicz spaces and the proof of this assertion iee [Z], [e].

4. MAXIMAL INEQUALITY

I .

In this section we will use the notations as introduced above

Assertion 2. Let Q be a generalized Young's function and,{Xu)'.* b€,b mar-
tingale satisfying O S llX"llo ( oo, rz € N. Then, for every constant p > I

r  t  S-  \ ' l  I
Elf(  - r+-- , - ) l< - - i - "  (22)- L ' \ p l l X " l l o / t -  p - 1 ,

Proof .

It is clear that

r r
€( " )  :  up (u )  -o ( " )  : up (u ) -  

J  v \a r=  l t dp ( t )
o o

for all u € R1. Furthermoru, *" nurr"

s.f o

El((*)] : Ef I taett)l (o > o) I
L  \  o  / J  

o

and

grl o

"1,(*) l  :E, l^1, i le@l
s* - r / a

sI'{+t,(+) -,(Y)l}, es)
lc= I
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"[,(*)] = E,{ryt'(*) -'(Y)l }
=i,{ry[',(+) -,(Y)]]: ulY,(?)l Q4)- f : ,  (  @  t ' \ @ . /  \  a  / J )  L  a

By virtue of Young's inequality we get

"try.( ? ) ) :',:[ [6] I ; li';\i,,,
where 0 < 6 < 1. From (2a) and (25) we have

' [e(?)] <brt '(#)l  +ar[e(*)] (26)

rr a[e (+)] ( *oo then

(,  -  6)E[,(?)]=u,t.(#)l  e7)
The inequality (Z?) was proved under the condition (ZO). We shall show

that it always holds under the condition of the assertion. In fact, we have

,?*?, min ( lXt | , c) : min (s," , c) : Tn

and by the same reasoning as above we obtain

' [,(d*s)] : "t,(?)l . E'{+1,(+)-,(?)l }
: [ "{?r,(+) -,(Lfl ] } = _8,{ Yl,(?) -'(?)r }
: n{lv{r;} : u{ ry4 

*'"(:"'")]}.
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Now, letting C t oo and usingstr6i BghF$tbffftftt$lCnp1& {*}*d >

(2e)

0 eredw

(30)(as)

which implies that
ngdl oo* >

(Ts),
The proof is eomplete.
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