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TO PO TREN KHONG GIAN CAC DANG
SONG TUYEN TINH LIEN TUC LIEN KET VOI
DAI SO TOAN TU KHONG BI CHAN

TRAN VAN AN

Abstract. In this paper, we introduce locally convez topologies on L 4 145 (D1, D3), and
describe these topologies in case t 4, is metrizable, + = 1, 2. Then, the relations between these
topologies are established.

0. MO PAU

Khdi ni¢m khéng gian cdc dang song tuyén tinh lién tuc lién két véi dai s6
todn ti& khong bi chin - khéng gian L4, A (D1, D3) dwoc K. Schmiidgen dé xuong
va mé t4 trong [4]. Muc dich xay dung cda 6ng la nhim t8ng quéat héa céc két qua
quen bi&t tir Iy thuyét dai s8 von Neumann, ching han dinh ly song hodn tip von
Neumann va dinh ly tri méit Kaplansky cda khong gian tuyén tinh La4(D, D).

Trong bai nady ching t6i xdy dung cdc td pd trén cic khéng gian céc dang
song tuyén tinh lién tuc L4, ﬂg(Dla Dz) ndi trén, mé t4 mét cich twong minh céc
to po nay trong trwdng hop cdc t8 p6 dd thi ty,, t4, 13 khd metric va thict lap
méi quan hé gitra chiing. Cic két qui nay cling coi nhur sw mé& rong cic khéi niém .
t6 po trén E,q(D D') dwgc néu ra trong [1] va [4]. Ta bdt diu bing c4c dinh nghia
va k¥ hiéu cin thiét. :

Gia st X 13 khong gian Hilbert phirc. Tich vo hu'orng cua ¥ du'orc ky hiéu
13 (.,.). Goi D 14 khéng gian con tuyén tinh tru mét cia ¥. D3t L+ (D {a =
End(D) : D C D(a*) va a*(D) C D}. Khi d6 L*(D) 13 mét *-dai s6 vo'i phép
nhan la phép hop thanh cic todn ti vi phép déi hopa — at =a ID Mat 0*
--dai 6 A trén mitn D 1a mot *-dai s6 con cia LT(D ) ma né chtra 4nh xa dong



70 : Trin Vin An

nhit I cda D. Gid st A 13 mét 0*-dai s6 trén D, t6 pd do thi t4 12 t6 pb 15i dia
phuwong trén D dwoc xic dinh bédi ho céc nda chudn ¢ — |lap||, a € 4. Gid s
An={a€ A:a=uat}, Ay ={a € A: {ap,p) > 0,Yp € D} vd a > b néu
a—be Ay véia,be Ap. ~ '

Gid st A; va Ay 13 céc 0*-dai s6 trén cidc mien D; va D; twong dng cia
cung mét khong gian Hilbert ¥, Ky hiéu D_2' la khong gian véc to lién hop phic
ctia khéng gian véc to Dy = D, [tﬂz],, nghia 13 D] bing D} vé mit tip hop, phép
cong trong D_z' chinh 13 phép cdng trong Dj, nhung phép nhan véi vé huéng trong
I_DZ dwoc thay bédi d4nh xa (A, 0) — A -p, A€ECvapE D—é Anh xa o — (., p)
14 mét don 4nh cta khéng gian Hilbert ¥ vio khéng gian véc to D_z’ Do d6 c6
thé xem ¥ C D} va ta cling dung k¥ hiéu (¥, ) dé ky hiéu gi4 tri ctia phi€m ham
tuyén tinh tuy ¥ o cla D} tai ¢ € Dy va ta vi€t (p, ) thay cho (¥, ).

Ta goi L4, 4,(D1,D4) 13 khong gian véc to tit cd cac 4nh xa tuyén tinh
z tr D; vao D_z' sao cho dang song tuyén tinh lién két ¢, dwoc xic dinh bdi
cz(p,¥) = (zp,¥), ¢ € D1 va ¢ € Dy, lién tuc trén Dy[t4,] X Da[t4,], nghia la
ton tai a; € Ay va ag € A3 sao cho [cz(p, V)| = |(zp, ¥)| < |la1p||||az¥| véi moi
(p,%) € Dy x Dy. Khi d6, (theo [4], trang 311) 4nh xa = — ¢, 13 mdt song 4nh
tuyén tinh cda L4, 4,(D1,D4) 1én khéng gian véc to tit ci cic dang song tuyén
tinh lién tuc trén Di[t4,] X D2[t4,] (dang song tuyén tinh trén Dy x D, ta hiéu 13
ham gid tri phirc trén D; x D, ma né tuyén tinh v&i bién thé nhit va lién hop
tuyén tinh véi bién tht 2).

1. CAC BO PE

Trong phan niy ta dwa ra mét s6 bd dé b8 tro ma ching cin thiét cho céc
phan sau.

BG dé 1.1. Gid st A la 0*-dai s6 trén D. Khi d6, véi mdi ho hitu han céc
a; € Ap,1 =1,2,...,n ton tai b € A sao cho (a;p,p) < (bp,p) vdi moi p € D,
f =ali 2 1428

Chitrng minh. '

Gid st a; € Ap, 1 =1,2,...,n,khi d6 todn t& b= 1(a? + a2 +.- -+ a2 +1)
13 todn ti can tim.

B3 dé 1.2. Néu D[t 4] khd metric, thi tdn tai diy {a,} C A} sao choty dwoc sinh
béi{a,} va cic a, thdéa man:
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(i) aip=op
(i) (a%p,p) < (an+1,9)

(iii) [lanell < [lant1el
vot morp €D vaneN

Chitng minh.

Vi D[t 4] kh3 metric, c6 mdt co s& lan cin ciéa 0 la ddy gidm cédc lan cén
tuyét di I6i Uy DUy D -+ D U, D .... Trwéc hét ta chon a; = I. Do tép hop
Wi = {p: el = ||a1<p|| <1} la In6t lan cén cla 0 trong D[t4], nén ton tai lan
céan U,t1 trong s6 cic lan cin U;,Us,...,U,,... néi trén, sao cho Wy D U;,. Lic
dé ton tai cdcc; € A,1=1,2,. ssaocho .

U, D {p: sup |leip| <1} ={p: sup (c]cip,p) <1} (1)
1<i<s 1<i<s

Theo B3 dé 1.1 ton tai ag € A sao cho (¢l cip,p) < (azip, ) véi moi p € D va
t=1,2,...,8 Dodé tu’( )tacd Wy DUy, O {p: (azp,p) <1}. Tir cdc bao ham
thtc cudi cung nay ta cé |la1p||? = (p,p) < (azp,p) véi moi p € D. Hon nira,
tlr cdc bat ding thirc [|la1¢]|* < (as00,0) < [laze|larpl| ta suy ra [laipl| < [lazpl]
v&i moi p € D va ta ¢

U, D {p : (a20,0) <1} D {pt |lazp||* < 1} = {p: [lazpp|l < 1} = W75,
Gia str da chon dwgc cic a; € Ap, ¢ = 1,2,...,n saocho
lell = llarell < llaapll < - = < laqell, {a?  o50) < (aip,0) 0 (2)
véi moi p € D va
Wio1 D Ui, D {p: (aip,0) <1} D {p: [lawpl® <1} = {p : laip|| < 1} =W;
(3)
véit=2,3,....nvat; <ty <---<tn_ 1. Khidé ton tait, > t,_; sao cho
W, = {p:|lanp|| <1} D U;,. Gid st z1,22,...,Zm 1& cdc phin ti& thuéc A sao
cho
U, D {p: sup |zjpll <1} ={p: sup (z]z;p,p) <'1}.

1<5<m 1<7<m

Ta chon a,4; € Ay, theo B3 dé 1.1, sao cho:



72 Trn Vin An

(z;'xj(p, ‘P) % (a:n+1(P, ‘P) véi m(.)i pE D v:?z .7 =1,2,...,m

va ta cé

Uty 2 {0 : (anp,0) <1} D {p: |lanpl® <1} = {p : |lanp|| < 1}
=Wn 2 U, O {p: (ant10,0) <1} D {p: Han+1soll <1} ‘
=A{p tllant10] £ 1} =Way, (4)

Nhu vay tir (2) va (4) ta nhin duoc:
(i) (are,0) = [lanp|? < (ant10,0)
(i) llan@ll < flans2e]

véimoi p € D.

Dong thoi tir (4) suy ra ring t 4 dwoc sinh bdi ho céc nia chuan (lan(-)|)n €
N. B8 @& dwoc chimg minh hoan toan.

2, Té P() Th

Gia st My, M, la c4c tip bi chin twong ting trong Dilta,)s Data,]. Véi

- mbi z € Ly, 4,(D1,Ds) ta dft: Pag xar,(z) = sup {(zp,¥)| . Khi dé
(SO,!/))EMg)(Mg

Pr, xm, () 14 mét nira chudn trén L4, 4, (D1, D5).

Ky hiéu 1, 1a td pd 16i dia phwong sinh bédi ho céc nira chuin {Pm, xm, (*)
trong d6 My, My 1a cdc tip bi chin twong tng trong D[ty ], Dylta,]} trén
L AL Aq (Dl ) D2)

Gia thiét ring D;[t4.], ¢ = 1,2 13 c4c khéng gian kha metric, khi d6 theo B8
dé 1.2 ton tai cac day (a (¢ )) weft © (ﬂ;)h, t = 1,2 sao cho céc diéu kién sau dwoc
- thda man:

(i) T6 p6 do thi t 4, cla D; dwoe sinh bdi diy cic nia chudn (Ha,S:)()H)

; neN’
1= I,

D(ii) o) = Ip, (@ 0,0) < (a),0,0) va a0l < (60|l véi mei
pe€DivaneN,i=1,2.

Dinh ly sau diy mé t t6 pd 7y trén L4, 4,(Dy, D) trong truwdng hop céc
khéng gian D;[tg4,], + = 1,2, khi metric.
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Dinh 1y 2.1. Gid st D;[t4,], ¢ = 1,2 la cdc khong gian khd metric khi d6 mét co
sd lan cdn cda 0 trong té pé 1 1a ho céc tap

Ulen) = {z € L4,4,(D1,03) : [{zp, )| < D enllaPellfjafP 9]
: n=1 .

V(p, %) € D1 x Dy}

trong dé6 (€,) Ia day cdc sé duong bat ky.

Chitng minh.

Ta kf hiéu h(e,) (%) = z enllaVo|llal? v|| véi (0, %) € Dy x Dy Gid stk

M,, M; la cac tap bi chdn trong Dl, D, twong rng. Dit

B =5 sup ||a(1)<p|H|a(2)¢H, ta ¢6 ¢, < 00 véi moin € N. Gid st €, 12 s6
(e, ¥)EM; X M,
dwong sao cho Cnén < 27" véin € N, khi d6 néu z € U(e,) ta b |(zp, ¢)| <

hie) (o, ¥) < Z 27" =1 véi moi (p,¥) € M1 X M,, nghia 18 Pag, xm, (2) < 1,

hay
U(en) C {a: € L, 4,(Di;sDg) : Prgysem, (7) < 1}

Nguoc lai: Gid st (g,) 1a day céc s6 duwong cho tru'o'c, ta dit

A(E")

0 néu h(s )(‘PJ/J) =0 hoidc h(a,.)(‘Pﬂb) ==L
(o) =

il (o, 9) n8u0 < b (o 9) < 00

M, = {/\gw)” ‘ol €Dy va b =0 hotic [[p] >a > o}

M, {,\ff;?,,) -9l € Dy vh o = 0 hollc ||pf| > a > 0}

véi a 1a s6 ¢6 dinh.
1

En-a

Khi d6 ta cé ||a(1)( 9)| < véi moi 0 € My va moi n € N, Ha(2)( | <

g voi moi € € My va moi n € N, nghia la, M; 1a tap t4, bi chin, M, 1a tip
s
t4, - bi chin.

By gid gl stk € L 4,(01,D4) 530 cho Piryxae, (2) < 174 (,9) bt Ky
thude Dy x D,
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- Trudmg hop ¢ = 0 hodic ¢ = 0 ta c6 ngay |(zp, ¥)| < h(c,)(p, ¥)

- anbng hop p # 0va ¢ #0néu h(,n)(cp, %) = oo, hién nhién cb {zp, ¢)| T
he.) (o, ¥); néu h(e,) (0, %) < oo, khi d6 ton tai s8 » > 0 sao cho |lup|| > a va
lu]| > a vi theé ta cé

l{zo, ) _ 1z(ue), ud)|
hie.)(@:%) R, (e, ub)

= [(z0, €)] < 1

# = (en) a o (5'!)
trong d6 0 = ’\(utp,u¢)~uqo eEM;, va §= )‘(,‘p,,up).,,.p € M;
nghia 13

{ze E!I;Az(pla Dz’) :P]\,{l xMz(z) < 1} &4 U(En),

3. TO PO 74

Gid st A; 13 cdc 0*-dai s8 trén D; va r{ 13t pé 16i trén dia phwong A; twong
trng, ¢ = 1,2 sao cho c6 médt co s& 1an cin cda 0 gdm céc tap tuyét dbi 15, hit va
(A:)+ - bao hoa trong (4;)s. Gid st B; 1a co s& 1an cén cda 0 theo t6 pd v va c6
cic tinh chit: '

(B1) néu U € B;,V € B;, thi ton tai W € B, v6i W C U N V
(B2) néu U € B; va moi a # 0 thi alU € B;
(B3) méi U € B; la tap tuyét déi 16i va hat
Véi méi cdp (U,V) € B, x By, xét tap hop

Wy, = {z € L4,4,(P1,D3) : ton tai (a1,a2) € U x V sao cho
(20, 9)[* < [{a10, 0} X [{a29,%)|, V(p,¥) € D1 x Dz}

Dé the’iy rdng ho céc tép {WUV : (U,V) € By x By} lap thanh mét co s&
lén cén cda 0 trong mot t6 p6 ndo d6 trén khéng gian La,4,(D1,D3).

Ky hiédu 75 13 t6 pd 16i dia phwong trén L4, 4, (D1, D§) ma mot co s& lan
cdn cia 0 13 ho {WUV : (U, V) € B; x Bz} Dinh ly sau ddy mé td t6 p6 I6i dia
phuong 7 trong truwong hop cdc khdng gian Dt 4], ¢ = 1,2 khi metric.

Dinh ly 3.1. Gid sd D;[t 4, ] t.5:lad: Ia cdc khong gian khd metric, véi t6 pé t 4,
duogc sinh bdi ho cdc ntta chuan (Ha )”)neN tvong ing, 1 = 1,2. Khi dé ho
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cdc tap:

Y(ew) = {:l: € L4,4,(D1,D3) : ton tai k€ N dé
: :
(zo, ¥)| < D enlleMNolllalP ]l véi moi (p,%) € Dy x D2}

n=1

trong dé (€,) 1a day cdc s6 duong tuy ¥, lap thanh mét co sé lan cin cda 0 trong
t6 po Ty

Chitng minh. :
Vi Di[t4,], ¢ = 1,2 khd metric nén theo B§ d& 1.2 ta ¢ thé xem ho céc nira
chuén (||a,( )( )”)nGN’ '=1,2 cb céc tinh chét:

oo =0, (@ p,0) <(atliop), lae] < o 0|

véi moi p € D; vi n'€ N, i = 1,2. Khi d6 theo [6] mbt co s& lan cin cla O trong

rif, t = 1,2 1a ho céc tép:

{a € A;: ton tai k € N sao cho

k
e, o) < 3 enlla®pl2. v6i moi p € D}

=1

(6)_

trong dé (e,) 12 day céc s6 dwong tly ¥.
Bay gid gid st (g,,) 14 day cac sd dwong cho trwéc, xét tap hop

V(en) = {2 € L4,4,(D1,D;): ton tai k € N dé
k
(o, )| < Y enllaPelllalP ]l véi moi (p,4) € Dy x Dy }.

n=1

4 . n
Chon v; = €; va v, bang qui nap sao cho 2( > 1/2) . 1/2 < €,. Khi d6
J=1
theo trén
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k
V(gj) = {a1 € Ay : ton tai k € N &8 (a1, p)| < nyn“a&l)p”z, Vo € Dl}

n=1

V) ={az € 42 : ton tai L€ N & (029, ¥)| < Y YallaP 9%, Vo € Dy}

n=1

13 14n cén cia O trong t6 pd 'r{, r£ twong &ng. Bdithé, ton tai U, € By va V| € B,
sao cho Uy C V(E'l)), Vi C V(('n?)' Xét lan can sau day trong 7y

Wu, v, = {z € L4,4,(D1,D3) : ton tai (ay,a;) € Uy x V4 sao cho
1<$@,¢>P S|<a1¢,¢0”(a2¢a¢>| V(W,w)EEDlx D2}=

Liy phan t& tiy y = € Wy, v, khi d6 ton tai (a1,a2) € Uy x V4 sao cho

@0, )2 < |tar, )] (az ¥, $)| v&i moi (0,9) € Dy x Dy. Vi ay € Uy VY,
k

nén ton tai k € N sao cho [{a1p,p)| < Z '7n||a£ll)¢||2 véi moi p € Dy, lai do

¢
a, €V, C V(( )), nén ton tai £ € N sao cho [{az9,¢)| < Z ]|a£l2)¢|[2 véi moi

P € Dy. Tr d6 ta cb i

(arp, @)l [(az, ) (Z'ynl!a(l)wll )(ivn!laﬁf)wil?).

Gid siv k > € khi d6 ta suy ra

k 1/2 . 1/2
e, )| < (- tmlle®el?) - (3 vala@wll?)
n=1 n=1
k

k k
< (X i 2liaPel) (3 2 HaPul) < 3 enlla®el Py

=1 n=1 n=%

Diéu ndy kéo theo z € V(g,). Béi thé ta c6 Wy, v, C V(e,). Ngwoe lai, véi lan
can tly ¥ cda O trong t& pé 7, khéng mit tinh téng quit ta c6 thé gid st ring
né cé dang:
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Wyv ={z€ B;ql‘,;z(Dl,Dé) : ton tai (ay,a3) € U X V sao cho
I(.’B(p, >|2 < | al@, ” 021/) "/) l V((Psd)) = Dl X D2}

trong d6 U (twong Gng V') thudc B, (twong @ng B2). Xét cc day ¢, = aM*el ¢
A1 va b, = aS,zH (2) e Az. ViU (twong trng V) thudc B; (twong tGng B,) nén

tontals()vaeg)saochos() cnerat-:&) b, €V véin =1,2,... dong thoi
k

k
.l el c,eUvabi=Y 2—"e£2’°bneréim@ik=1,2,m

n=1

Dit €, = min {(27"e{) /2, (27 &{P)1/2), khi d6 ta c6lan can

V(e2) = {z € L4,4,(D1,D3) : ton tai k € N sao cho
k
(20,9 < ) enllallellllafPv | véi moi (o, 9) € Dy x Dy}

n=1

dwoc chira trong Wy v. :
Thét viy, néu z € V(e2) khi d6 ton tai k € N sao cho

k

k
e, 9)* < (3 a®dlleel) < (3 27"l aDy)?)
n=1

n=1

k .
% (Yo 2 e@(aPl?) = leip o)) (B )]
n=} :

véi moi (p,9) € Dy x Dy, nghia la z € Wy y.

4. QUAN HE GITA TO PO 1, VA TO PO 14
T Dinh 1y 2.1 va Dinh ly 3.1 ta ¢é ngay
Hé qué 4.1. Néu D;ts,], 1= 1,2 Ia cdc khéng gian khd metric, thim, C 75

Chii § 4.2. Trong [5] K. Schmiidgen da dwa ra thi du chétng td ring: c6 mét khéng
gian con tuyén tinh trd mat D va mét 0*-dai s8 A sao cho trén L 4(D, D’) t6 péd hoi



78 ‘ Trin Vin An

tu déu trén céc tap t4 - bi chgn cia D khic véi t6 pd ch¥n ndi lién két. Luu ¥ ring
trong trwong hop D; = D; = D va A; = A3 = A ta cé: L’,Al,q,(Dl,Dé) = LD, D)
va 7y (twong ing r5) 13 s mé& réng cda t6 pd hdi tu déu trén céc tap t4 bi chin
(twong tng, t6 pd chin ndi lién két), dieu dé cling chirng t6 ring néi chung Ty #T5.

Dinh ly sau day cho ta mét dieu kién dd dér, = Tf

Dinh ly 4.3. Néu Difty,], i = 1,2 Ia cdc khéng gian Montel khd metric, thi
Tp = Tf.

Chitng minh.

Gid st rdng t6 pd d0 thi ¢4, dwoc sinh bédi ho cac nira chudn (||a$,i) (-)||)n€N
twong tng, ¢ = 1,2 c6 cdc tinh chét: (i), (ii) va (iii) cla B6 d& 1.2. Ta chi cin
chirng minh rdng U(e,) C V(2e,).

Gid sir rdng ton tai z € U(e,) nhung z € V/(2¢,). Khi d6, do z € U(e,,) nén

[z, )| < Y enllaPop|l]|aP || (1)

n=1

véi moi (p,9) € Dy X Dy. Do z & V(2¢e,) nén véi mdi k'€ N ton tai o) € D; va
Y € Dy sao cho

k
[(@or k)| > Y 2eallal okl ol gil]. (2)

R=)

Bang cich chudn héa ta c6 thé gid thiét ring vk, 1x dwoc chon sao cho
{(z@k,¥k)| =1 véi moi k € N. Tir (2) suy ra ring:
" - Néu k < n, thi

lafP k]l lalPwell < max {|lall: ]| llaPell; i=1,...,n—1}

- Néu k > n, thi
(1) (Dhepodh < £ 11 4
llay okl lay” el < 2.

Bé&i thé véi n c6 dinh

sup [la{Dp]| laP vk < M,
keEN
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trong 86

1 ¢
M, = max { = {lapi[ ol = 1,2,...,n — 1},
€n

Lic d6 ta ciing 6 ||ok|| ||a$;2)¢k|| < M, véimoi k € N va ||| Hagl)gok[] o
M, v&i moi k € N. Nhung vi klngv llekll = ¢ #0va klgfv l¥kll = d # 0, nén tir dé

ta co:
sup ||a£ll)gok|i <M% vi sup Ha&z)tl)kn <Mt
kEN kEN

nghia 13, day (pk)ken bichdn trong Di[t4,] va day (Yk)ken bichdn trong Dyltg,].
Do Di[t4,], ¢+ = 1,2 1a céc khong gian Montel, nén ton tai diy con (px, , ¥k, )ren
cda day (pk,¥k)ken hoi tu téi phan t& (po,%0) € Dy x D;. C6 dinh s6 m € N,
néu k, > m, thi tir (2) ta cé :

3 | 1
Y el | lafPel <5 -
n=1
Cho k, — o0 ta cb
Y- enllafoll a$Pwoll < 3 -
n=1
Vi m tuy ¥, nén ta suy ra
- 1
Y- enllalpol lawoll < 3 3)
n=1
T cidch xiy dyng cdc day (pk) va (Yk) ta cb
Kzpk, k)| =1 Vk € N. Ditu nay kéo theo |(zpo,%0)| = 1. (4)
K&t hop (3) va (4) ta cé:
oo
D _ enllalloll 1l woll < |{zo, o).
n=1

Didu ndy miu thuin véi (1), vi thé ta c6 75 C 1.
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Cung véi hé qud 4.1 ta cé diéu phai chéng minh.

Loi cdAm on. Tiéc gid xin bay té long biét on cda minh d8i véi Gido sw
K. Schmiidgen, nguti da giti cho nhirng cdng trinh chi dan d€ viét bii bio nay.
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