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. DYNAMICAL SYSTEMS WITH STATE
=3 - AND CONTROL CONSTRAINTS:
CONTROLLABILITY AND RELATED TOPICS

NGUYEN KHOA SON

Abstract. In this article we ‘survey some results on cardroﬂbb?htg/ of dynamical’ systems * ' -
in Banach apqaes with constrained states ‘and controls. R’dataomlnp ‘betiveen various notions -
of controllability is studied and their chargcterizations czpmaed in terms.of the system data
.are qiven for both continuous and discrete-time. systems, Applwatsom of the results obtained
for abstract system models to some concrete classes of systems such as those whose dynamaca
are described by periodic differential equations or retarded dsﬁ'ercntsal equations are presented.

© .Some. related .questions on. the. properties of .the. reachable sets and on-the. continuity of the
Bellman function for an optimal control problem are also con.ndcred.

L INTRODUCTION

The aim of this paper is to survey some results concerning the control theory
_of dyna,xmca.l systems with state and control constraints. “Consider the control
- system governed by the ordmary dxﬁ'erentla.l equatlon

e T ) S a3, 50w 2 e
,(i)eN(vt),c, X, u(t.)‘e_ﬂ(t')‘”C'U,_ S Ap - (12)

whex:e f R+ X X L F = 1s a. glven functmn, X and. i are lmear spaces of
. states and controls, respectlvely, N (t) and ﬂ(t) are non—empty constraint sets.
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and some related topics (such as observability, properties of the reachable s
optimality conditions and continuity of the marginal function of the associated
optimal control problem; etc.) for systems of the above type and application:
of the results obfaineéd far this ‘general model to‘concrete classes of dynami

cepts in the systems theory They alsd’ piay an Important role in many problem
in optimal control and optimal estimation theory (such as the existence of optim
solutions, the convergence of numerical algorithms, etc.). The first steps to form
lize these matters as a separate area.of research were undertaken by Kalman 34}
[35), who proved some algebraic tests. of controllabilty and observability, known
in the literature as the Kalman rank conditions, for finite-dimensional linear au- "
tonomous systems with no constraints on states and controls. During the past
three decades questions of controllability have been extensively examined for vari-
ous types of dynamical systems with more complicated structures and under more
general assumptions: linear systems with time-varying coefficients, nonlinear sys-
tems, systems- described by differential ‘equations with delayed arguments, dis-
trlbuted-param*etérs 'systems; “etc. “Recently; controllability problems have been
studied ‘also for implicit sys‘tems [26],163] and systems described by mulﬁ*valued‘
maps [25), [65].

The results to be surveyed in the present paper have been motwated by the
following three developments in thls area. :

The first is the study of controllablllty for abstract control systems within the
framework of the theory of one-parameter semlgroups of bounded linear operators
The common object of research in this direction is the system

s R i e Xt e g

where the operator A is usually assumed to be an infinitesimal generator of a
strongly continuous semigroups S(t); t.> 0, the state space X and the control
space U are infinite dimensional Banach spaces Initiated by the fundamental
work due to Fattorini [23], [24], where some necessary and sufficient conditions
of approximate controllability for linear systems in Hilbert spaces were presen-
ted, this direction’ has obtained further dévelopments in a numbet of works by
Delfour, Mitter, Triggiani, Korobov, Dolecki, and ‘many others. Since it would
bé& haif'd ‘to-list all interesting works in this area, we indicate instead the surveys
ot"4 RﬁSséY f’hj Curtain and Pritchard [13] and Conti (12, which contain along
with ?ste:inahc presentations also extensive blbhographles on this subject. One
good reason motlva,tmg the study of such abstract models is that they make it
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} Dynamical systems with state and control constraints 3

possible to treat, in.a mathematically unified manner, a variety of different dy-
‘namical systems, including those governed by integro-differential equations, partial
differential equations of both parabolic and hyperbolic type, as well as difference
d:;,‘erentlal equatlons Thrs fact is extremely well demonstra,ted in the context of
recent development of the theory of functional dlﬁerentlal equatlons (F DE) within
the sermgroups framework Among the pubhcatlons on this toplc we quote Halle
{36] Bernier and. Manltrus {6], Delfour and Manitius [14] and Salamon [73]. In
‘par ,eular, this approach allowed to carry out, for quite general classes of FDE
‘an analysis of controllablllty properties, leadmg from general abstract criteria to
practical venﬁaBle conditions, based on the matrices defining the orginal systems;
see, for example Manitius and Triggiani [44], Bartosiewicz [5], Salamon {74].

Second development motivating our mvestlga.tlons concerns with. infinite-
‘dimensional dlscrete-tlme systems of the form

’ y .$k+1,- = ATL + Buk, Tk E,X ur €01 C U. : (14)

1screte-t1me models are known to be more suitable for representmg economic,
iological and soclologlcal systems. They arise also, for example, when one need
drscretlze contlnuous-tlme systems for the purpose of numerical implementa-
lon ‘Kalman [35], Weiss [84], Gabasov [20] were among the earlier investigators
fof the controllability of discrete-time systems. A detailed survey of works carried
out in this direction is contained in a paper due to Faradjev, Shapiro and Phat
[22] For infinite-dimensional discrete-time systems, basic problems of controlla-
‘bility, observability and stability has been first treated in Fuhrmann [27], {28] and,
ore recently, in a series of works due to Przyluski [66], [67], and Przyluski and
lewicz [68] In Olbrot and Sosnowski [59], some duality theorems on control
d observatlon are presented for linear discrete-time systems in Ba.na.ch spaces.
‘he growmg mterest in mﬁmte—dlmensmnal dlscrete—txme models was motxva.ted
N part by the fact that this kind of systems provide quite a ‘useful tool for studymg
ome quahtatlve propertres of systems governed by FDE. ‘Although many control
roblems rega.rdmg the systems of FDE, as noted above, can be treated within the

ework of the theory of semigroups, however, one of main drsadvantages of the
e 1oned approach is that when applied to FDE it leads to the abstract model

3) with a unbounded infinitesimal generator A. This renderes the translation
fom abstract results into verifiable criteria expressed i in terms of the orxglnal ma-
quite a compltca.ted problem, even for a sxmple class o£ retarded systems
h one delay :

™

() = Ao:z:(t)-i-A;z(t— )+ Bult), ' =(t) € BY, fu(t)fé R, (15)

for example, 144] In.the meantlme, as-has been shown in [59], it is always
sible to_ transform linear differential equations with delays into dlscr;ete—txme
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for dyna,m, ,;xl sys ms( w1th restrelned controls These problems are well known
'1n ‘the. hterature optlmal control ln most of works the control constram 5
0 is usually assumed to be a bounded set contalmng () in 1ts mterlor (for exar
ple, Q is a Eun}t ball or a umt cube centered at’ the ongm in R"') T’ classi

materlals etc whlch ta.ke only posxtxve values Problems of constra.med controlla-
bility without thé above mentioned assumption were first'considered in'Sapérstone
and Yorke [75], where a criterion of global controllability for finite-dimensionalli-
near systems with a single positive input was established. Further developments i in
this‘direction have been done by Bramimer {8], Heymann and Stern (32}, Korobov,
Marinich and Podol’skii {37 for linear autonomous systems in' R"; Evans and
Murthy {21] [19], [20], Sontag [80] for finite-dimensional discrete-time systems
For the case of infinite dimension, the analogous problem has been examined ;
Korobov and Son [38] where some criteria of local controllability were proved fozr
the linear autonomous system »

S et B, MW X, wipenen

with A;B hein‘g ‘bounded linear operators:

In spite of all the research efforts mentioned above, the controllability theo
Cof dynamlcal systems is still far from complete. In particular, the controllabi
ty condxtlons for the system (1 6) with unbounded operators are still unknow
Questlons of controllabxhty for dynamlcal systems with both state and cﬁn,
constraints have been almost not, _yet considered in the hterature, although some
results were obtamed for discrete-time case, see e.g. Phat and Dieu [64]. We note
that most of the works on, controllablhty of FDE has been sofar con' entrated :
the case of unconstramed controls. and, although this theory has been present t'
well developed only few and scattered results are known for the systems descnb
by FDE with constraints on controls see [10] [11] [78].

Our investigations are ealled to solve some open problems in thls are,a
[46] we extended the results of [38] to the case of the system (1.6) with a .\unbound
operator A and obtained, in particular, criteria of local controllability and loc
approximate® controllability for this class of systems. In [48] we studied a mo
general class of nonautonomous abstract systems of the form (1.1) in Bana
spaces, with both state and’ cortrol ‘constraints. . Some fundamental propert
of the reachable set and the trajectory set of the systetn such as convexity “a
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ntifivity with respect to-the initial.conditions have been examined: In partmula.r,
wé obtainied-a-generalized version-of the well-known “bang-bang principle” for this
class of systems. The mentioned tesults are summarized in the next Section 2. .

Ih Sectlon 3 we present thé Eontrollability theory ‘of liriear discrete-titfie sys-

v téms in Banach 'spaces with constrained controls, developed in {47], {50]; {51, [53],

(54, f55] ‘Somne notions of controﬂahllty are introduced ‘and their relationship are

éxarrhned ' The main- results, criteria ‘of local afid globil’ Cbn’tréllabrlfty ‘expressed

. in terms ‘of the system’ data’ {A WY have 'been established for several of the

introd c‘ed controllablflty notions: In particular; the diserete-time systems with
compact opera.tors (wTueh ‘in*fact, aré proved to be @ suitable discretetime mo-
del ‘associated ‘Wwith'systems of F‘BE) are studied in’ det‘aﬁs usmg the méthod of
spectral “decompomtmn ‘of the state’ space 15 Far

Sectron 4 is devoted to discuss.some apphcatrons of the above development
The results of Section 2 are used to prove the necessary and sufﬁcxent ;condltlon
of optxmahty in a termmal optlmal problem for the abstract evolutlonary system
with state and control constramts The continuity of the Bellrnam functlon is also
establls ed Further, as an apphcaatlon of the controllabxhty theory of 1nﬁn1te-d1-

: mensxona.l dlscrete—tlme systems presented in Section 3, we prove for the nonau-

tonomous system z(t) = A(t)z(t) + B(t)u(t), z(t) € X u(t) € 1 C U with A(t)
and B(t) being periodic functions, some creteria of local and global controllability.
Recall now that our interest in controllability of infinite-dimensional discrete-time
systems stems primarily from the possibility of their applications to study FDE.
Although such a p0551b111ty was repeatedly emphasized in different papers, to our
knowledge, there has been not yet srgn’iﬁcént attéempts to apply this approach to
examine controllab:hty for any ‘otHer classes of FDE more geﬁeral ‘than the retard-
ed system (1.5). The results of [54], [55] are interided to fill this gap.” Using a
natural method of 'discretization and applying thereafter the results obtained pre-
v10usly for dlscrete-tlme systerhs we are “able to derive a criterion of’ approxnmate

'controllabllxty in the state space R X L, for a general class of retarded systems

5(t) = / dn(0)2(8 + h) + Bou(t), 2(t) € R, Hyen R )
Zh

where 0 is assumed to be a cone with the vertex at the origin. What is more

important, these abstract criteria are then transformed, by means of the techni-

cal apparatus of the so-called. structural operators - {due to Bernier, Delfour and
Manitius) into verlﬁa,ble tests expressed in terms of the matrices of the original
systems. A summary of these results is given also in Section 4.

. Torsimplify the presentation; we list some notations, and terminology used
in- thlS paper.  Let: R and € be the fields of all-real'and complex numbers; re-



spectively, 4nd’N 'be the set of all non-negative integers. The symbol R* will
denote the n-dimensional Euclidean space. : Given two Banach spaces- X and Y,
we defiote by ' L(X;Y) ‘the Banach space of all bounded linear operators from X
to V-and by L(X) the space L(X, X). The identity operator in L(X) is denoted
by 1. The null space, the range ‘and the spectrum of an operator A denotgd !
b}ﬂ KerA ImA c(A), x:espectwely Let X ‘be the tqpologx,cal dual of X and o
'with. the. wea.k topoiogy a(X, X*l ',Ehen { f,a:) denotes

operaxon As, if, A €. L(X Y) then A:‘ e L(Y* X*) When we. arg dega ng
Euclidean spaces, (,). is employed 1o, denote the inner. productﬂa.nd A* de

the transpose matrix of a matrix A. |I.|| will denote the norm of whatever spa,ce
under consideration. Given a < b, C(a,b, X) will denote the. topologlca.l -vector
space of all contmuous functions [a,b] — X endowed with the topology of uni-
m i g Pl (a,, b, X) denotes the Banach space of all equivalent’ classes
of strongiy measurable Furié‘tlons z(t) : fa,b] — X such that |Iz(t)|| is essentially
bounded on [a, b) and : 4 (a, b, X) is the Banach space of all equivalent’ classes of
mtegrable funct ,ns: la, b] — X. Throughout the paper, the Lebesgue measure is
used a.nd for tBe functions with values in a Banach space, the integral is lmder-
stood in the sense of Bochner. Further, a multivalued functlon ﬂ [a, b — X is

said to measura.ble if the set

{t € [a,0]: O(t) 0 5 # 0}

is measurable for every open set S 34 X A multivalued function F from a Banach
space, X th a topologlcal vector space Y is called upper semi-continuous (resp "
lower semx—contmuous) at a point zo € X if for every open nelghbourhood U(0) of
- the origin 0,in Y the exists 6 > 0s:t. F(z) C F(z0) +U(0) (resp., F(zo) CF(z) 4
U (0))s whenever |l — zol| < 6. F is called continuous at go if it is simultaneously
uper and lowe: ,senu-contmuous at zo. Finally, let M be a subset of a Banach
space X, then span M is the linear hull of M; the convex hull, the interior and
the closure of M are denoted respectively by co M, int M and M. The negative
polar cone of ‘M -is:defined by

M ={feX :(f,z) L0, VzeM}.

EVOLUTIONKRY SYSTEMS WITH STATE
AND CONTROL CONSTRAINTS
‘Ini'bhis section we:study some properties of the abstract system defined by an
evolutionary process. By the term evolutionary process in a: Banach space: X we
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i astrongly continuous operater. function.E(t, s) from {(¢,s): 0 < s < t < 00}

X) which has, the transitive property E(t, rYE(r, ) = E(t;s).and E (t t) = 1,
0. Thus E(t,s) is the infinite dimensional analogue of a fmdmmtal matnx
iated with the solutlons of a linear differential equa.txon in R".

- Properties of the reachable ‘set 'an'd the-solutions set

Suppose that X U ' dré real separa.ble Banach spacw “We consuier the
‘lutiona.ry system defined explicitly by

z(t) = :c(t zo,u) = E(t, 0)z0+/E(t S)B(s)u(s)ds, , t?:O 4 (21)

here E(.,.)'is ;‘aéﬁ‘evoiutiofhry: process, B () /[0, 00} — L (U, X). isa given.locally
able function. ‘A function u(.) : {0, 00) — U is:said to be admissible control
[ a subinterval-(t',t") of [0,00) if u(.) € Loo(t’,t",U) and

w(t) € N(t) ae on (Lt Db L (2.2)

ere {}(.) : [0,00) — U is a given measurable multi-valued function.

It is well known that for every admissible control u() the function z(t)
fined by the formula (2.1) is strongly continuous and can be ‘considered as a

)= MO EBOD, t20, )

‘Wlth the initial condition 1:(0) = z9 € D, where Disa dense set in X and A(t)
is a linear, in general, unbounded operator with the domain D(A(t )) = D. In the
: §equel we shall call z(t) the solution or the trajectory of the system. Controllabili-
‘ty, stabilizability and other properties of evolutionary systems with unconstrained
~controls have been extensively investigated (see, for'examle, [12], [61], [86]). Their
properties in the case of constrained controls, however, have not been systematical-
ly treated. In [48] we study some properties of the set of all solutions of the system
(2.1) with constrained controls (2.2) initiated at a given point zo € X and defined
on [0, T]'C [0, 00). We denote this set by G’(:z:o,T) Clearly, G(zo,T) c'C(0, T, X).
The' reachab’ie set of the system at tlme T >0is deﬁned by L

R(zo,T) = {2(T) : 2(.) € G(z0,T)}.



Theorem 2.1 [48]. The ¢losure of the solutions set ‘G(zo,T) of the system |
~ (2.2) Vs convez in the space C(0,T, X) and remains unchanged when the constrair
(2.2) Vs replaced by the corvez constraint st ads slole A BranfiTend

u(t) € cofl(t) ae. on [0,T]. -
‘Since the evaluation operator z(.) — z(T).from C(0,7, X) to X is contin

ous, from the above theorem we obtain Elpwds AT S e ' e
Corollary 2.2. The closure of the reachable set R(zo,T) bf the s'yys‘t‘e;n' "(‘2.1
(2.2) is conveg in the state space X and remains unchanged when the constraint
(2.2) is replaced by the convez constramt (2.3). 3 9% :

This result was first proved in [38], [12] for the autonomous case, based
essentially’ on“the Ulh’s generalization of the well known Lyapunav ‘theorem o
the convexity of ‘the range of a vector-valued measure (see, e.g. {71]). The general
case was treated in [48]i by ‘the method of discretization. ‘Now, let ‘denote b;
(1(t) the set of all extreme points of Q(t). Then by the Krein-Milman theorem,
cof¥(t) = Q(t), provided that () is convex and compact. Therefore, as another
consequence of Theorem 2.1, we obtain

08 P Heuigw s sHIEY RS Y10 S ! oo O i1l b
Corollary 2.3. Assume that the constraint set (1(t) 1s compact and convez. T hcﬁj§
the set”of all trajectories of ‘the systEm{L’I) 'generated by extreme controls u(t) e

ﬂ(t), ae. teE [O, T], is dense in G (:z:o A 4 (regarded g‘s%sit?)?‘eit%' of C (ﬁ,T,X)]

The above result can be considered as a generalization of th‘e'well'knowmg
classical “bang-bang principle”, whichy mqg-hly:spea.'kingg, claims that if a point
z in the state space R" is reachable along a trajectory of the linear dynamic
gystem by some control u(t) € R™ with lu(t)ll £ 1 then it can also be reached by
é'$i1”1table ubang-bang control”‘u(t)which takes ‘only ihé"ej‘i‘t’reﬁié values +1 an

We .consider now- a more general situation.. Suppose that the t,iay,j,ectéofy' ‘
thesystem (2.1), (2.2) must satisfy the state constraint . | ‘

" (1) € Nit),. \%’t;e;A[d,‘i"};u" oo

3 05 A D T dedog g2vin §.18 DeisLG ; y begisiiginoo ddiw U4
where N :~{0v-,‘T]r — X is.a given lowe,r',sgmﬁogtmuoussmultievalued function sud

that for each t, N(t) is cl,osedconuex set‘fjwith ‘,nox‘;}empty"interig;j in X. Such:
trajectory will be called admissible trajectory. Denote by '

E(zo,T) = {z()' €z, T) : 2ty € N(t), " 'Vt € [0,T]}
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the set-of adnitssibié trajectories and by . +

Lo(-%,T) {z()eG(zg, T) : z(t) € i,ntrN(t") \._/‘,toe[o T}

Bity s go
: HaT

the ‘set cf adm"csszble intertor traJcctones mmated at zo. The folanmg theorem

extends: the pre‘v:ous result to the case of systems with: both state: a.nd control
constra.mts

Theorem 2.3 [48] The closureof LQ(.’L'o,T) 15 convez in the space C(0,T, X ) If,
an add:t:on, Lo(zo,T) 1s nonempty, then the closure of L(:co,T) ts also convez and
‘remains unchanged when the constraint (2. 2) is replaced by the convez constraint

(2 3)

As a consequence, the analogous result holds also for the reachableset, but
we omit the formulation. It is important to notice that the condition that Lo(zo; T)
’lS nonempty (i.e. the system possesses at least one admissible interior trajectory
from a:o) is essential, as was shown by a'simple example'in'(41]. We remark also
that in all the above results we can establish only the convexity of the closure
of the trajectory set or the reachable set. This § is; in ‘fact, a'specific feature for
infinite-dimensional syst.ems The closure convexity is however quite a convenient
. property, particularly in cases, where the separation theorems of convex sets play
2 crucial role.

Another property of the reachable set which is basic in some optimization
problems is its eontinuity with respect to parameters perturbations. Taking the
initial condition as a perturbed parameter for the evolutionary system (2.1) with
‘the control constraint (2.2) and the state constraint (2.4) we.can prove the follow-
ing result. :

Theorem 2.4 [48]. Let X and U be reflexive separable Banach spaces. For every
T > 0, the set of admissible trajectories L(zo,T) is lower semi- -continuous when
regarded as a multi-valued function from X to C(0,T, X). If, in addition, the set of
admisssble intertor trajectories Lo(z:o,T) ts nonempty at zo € X, then L(zo,T) s
contmuous at zo whcn regardcd as a multz valued functmn from X to C' (O T Xu).

As a corollary we can formulate the a,nalogous result for the reachable set.
 In particular, we have
blg
j Corollary 2 5. The reachable set R(:z:o, T) of the system (2 1) (2 2) (2 4) wzth
"X =R" and U = R™ s a continuous multi-valued function of zo whenever the
| system possesses an. admissible intertor trajectory from-zo.. :
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2.2. Local controllability of evolutionary systems with constrained con-
trols '

As noted in Introduction, problems of controllability have sofar been system-
atically examined only for the evolutionary systems with unconstrained controls.
The case of the classical constraint @ = {u € ¥ : |juf| < a} is treated in-some
‘recent papers {1}, [9]. 'We present now our results concerning with controllability
of the evolutionary autonomous system with a more general type of control con-
straints. Remark first that in the autonomous case, the formula (2.1) is reduced
s _ "

t
zft) = xo+/Et—sBu (s)ds, t>0,
where { E(t), t > 0} is a strongly continuous semigroup of bounded linear operators

in the Banach space X, .B € L(U, X). Formula (2.5) gives a mxld solution of the
differential equation: ol st i

#(t) = Az(t) + Bult), t20, z(0) = zo, ) Y

where A is the infinitesimal generator of the semigroup E(t):

Et)z—=z

Az = lim - 4526 Syi 14 il

forz€ D, D bging a,degse set in X. The set of a.dmmissibleicom;;ol_s is deﬁned by

h'n ’{ ()eL (0,T,U):u(t) €0 ae. on[OT]} (21)

where 11 is’d given subset of a Banach space U. The only- requu'ent 1mposed on
- is ; 48
Jug € N : Bug = 0. ‘ (2.8)

\Tllle rfé‘facha,bile set of the system (from the origin) is defined by

R :f‘U{Rg‘:: TZO}, ! S 30 BRIy

5

Definition 2.6. The evolutionary autonomous system (2.5) with' constrained con:
trols (2.7) is said to be loca.lly controllable 1f 0 E int R® and locally apprommatel”

controll‘a.ble if'o é mt R

DIt

The following theorem gives the characterization of loca.l conbm}}abllrty
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Theorem:2.7: [46). Suppose (1 is a convez set with nonemptyinterior and satisfies
the condition (2 8). The system (2.5), (2.7) is locally controllable zf and only if

a) the assoc:ated system with unconstrained control is globally controllable,
l i =X, and

b) there e:msts no ezgenvector of the dual operator A* corresponding to a real
etgerwalue and belonging to the negative polar cone of the set BQ; t.e..

B L i . Ker(A*_'_}‘I) (BQ)O {0} Y ER (29)

Thls result has been proved in [46] for the case of differentiable semigroup E(t)
and was extended to any strongly confinuous semlgroup in [76]. The, proof is
based on some properties of Co-semlgroups and the properties of the reachable set
presented in 2.1, with the use, as a crucial tool, of the well known Krein-Rutman
‘theorem, which we reformulate here for the purpose of reference.in the sequel.

Theorem K - R [40]. Let C be a convez cone with nonempty intertor in a Banach
space X and let{Ez{q) yi€ T} € L(X) be a family:of commutative bounded linear
operators mapping C into itself, i.e. E(y)€ C C for ally.€ T'. Then there exists
a functional f € C° € X* which ts a common eigenvector of the dual operators

E(y)*:

where A(y) >0, ¥y € L.

When the convexity of 1 is not assumed we can prove that a) b) is the suf-
ficient condition for local approxunate controllabxhty of the system. We note that
global (exact) controllability of infinite-dimensional linear systems with uncon-
strained controls is studied in Slemrod [79], Korobov and Rabah [39],and others.
~ For example, in [39] it was shown that if E(t) is a group then (2 5) is globa.lly
~ controllable iff

JmeN: span{BU,ABU,..., A" 1BU}=X,  (2.10)

‘where A i is the generator of E(t). Tt is 'worth noticing that the above mentioned
‘Krein-Rutman theorem has been extended for multi-valued operators and apphed
to obtain criteria of global controllability of discrete-time systems® deséribed by
convex processes in a recent paper due to Phat and Dieu [65].

3. LINEAR DAISCRETEA-TIME SYSTEMS WITH CONSTRAINED CONTROLS

This section is devoted to present a systematic study of controllabxhty of
hnear discrete-time systems!in infinite-dimensional spaces. - (i



3. 12 Deﬁmxtm‘ni%and the relati’onshxp ‘between’ coritrollability cqncepts‘ T
k.

Consxder the control system (A B ﬂ) descrlbed by the dlfference equa.tlon

G zk+1-Azk+Buk, :tkEX ukEﬂCU

WO O3

where X and’ t‘f%} ?reéﬁ*mn%%ﬁ sﬁiﬁéﬁ'ﬁ”&%@é (Ptﬁﬁtf&?s*"f‘es‘ﬁétﬁ%“”
LX), B € L(U, X)- and s’ a{nonempty convcz subset sa.txsfyxng the followi
additional requlrement

bhise Rht bl wldy YM, S srenin G

2

+Jug €12: Buo=0.

g

i3 ngf“i 34 ‘.” 3 4 : o .

"ELet us deﬁne, r edch mteger ?‘c tﬁe féﬁ

Ry =) A Baifor k21 and Si={zeXx:=Are R} "33

1= 1

and we set R -*U{Rk k €N}, S =U{Sk: ke N} We obs&rve that by wnt.ue :
of (3 2) the séts Rk and Sk are mcreasmg, ie. B34

Ry C Rg4a, Sk C Sk41,

therefore the reacha‘blc set R and the controllable set S are also convex.

Definition 3.1. The sys‘tem (3. 1) is said to be
(i) locally controllable in time k, or (LC)x; if 0 € int R,k,
(ii) locally null-controllable in time &, or (LNC); if 0°€ int‘Sy;”
(iii) locally controllable, or (LC), if 0 € int R;
(iv) locally null-controllable, or (LN C),; if 0 € int S

The meaning of the above controHability propertles is clear: for example,
(LC’),c means that each state in some ne;ghbourhood of the origin can be. reachedf
from the origin by the system (3.1) in time k.

Definition 3.2. The system (3 1) is said to be
(i) locally approxxmately controllable in tlme k, or (LAC);,, if 0 € int Rk,

=/ (u) locally approxnnately ‘null-controllable in time k or (LAN C}k, if 0
mt S Ky

(iii) loca.lly apprcxmtely contwﬂable, (LAC), 1f D =3 mt«R, sl amanit]



Dynamical systenis with state and control constraints 13
(‘N) Torca}ly app‘i!ommately null-controllable, or (LANC ¥ 1f O:€int S.

For instance, (LAC) means that there exists a neighbourheod U(0) of the
origin such that for each z € U(0) and € > 0 there exists a control sequence u; € (1,

i=,_67g_—_iasueh that i 4 0.0
e ” ‘_ZA"“Bu,_ U<s

[} 1=1

In:othér words, this 'means:that: we can reach from-the- origin, in-a finite time,
arbitrarily close to every state in some: nelghbourhood of the origin by the system
(3:1) with a suitablé control sequence,” = - i

We can also consider the global controlliibilii‘y properties, corresponding to
the local ones above. For instance, global controllability, or (GC), means that
R = X and global approximate controllability, or (FAC), means that R = X. We
observe that the above different notions of controllability may-arise quite naturally
in various control problems regarding the discrete-time system (A4, B,{1) and we
pose a task to examine the relationship between them. The similar problem was
considered in Dolecki [16] and Conti [12] for continuous-time systems without
constraints on controls. Note that if the state space X is finite-dimensional then
the notions' of approximate controllability given in Definition 3.2 are abandoned
and the relation between some other notions is easily seen. For example, in view of
(3.4) and the' convexity of the sets S and Ry, it is clear that (LC) implies (LC)
and (LN C) implies' (LNC);, for some finite K'€N. The situation is more delicate
n the casé of infinite-dimensional systems, as was showni by examples in [47]. The
fdﬂowm*g %heﬁrem clarlﬁes some relations, wﬁich are most specific for thls case.

Theorem 3.4 (47). Supposc that the state space X is infinite-dimensional. For
the linear discrete- time system (3.1 ‘g wzth a convez control set 0 sat:sfymg (3:2)
the following implications hold

(i) (LC) = (LC)k, if int Q # 0;

(i) (LNC) = (LNC)g, if intQ # 0 and'A’is onto : AX = X;
] G s I oty e s 2

(1v) (LNC) = (LANC)i; ...

(v). (LAC) = (LC)ky i Qi ‘bounded and 0 6 mtﬂ
(v1 (LANC) = (LN C)k, if Q1.is bounded, 0 €,int Q.
and A is onto : AX = X;

(vi) (LNC)y =

(LC)k, #f A 45 onto: AX = X..

For briefness, we ‘omit the phrase “Jk € N such that” on the‘ nght hand side of
he implications (i)- (W)) $3 _1iam
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The proof of the above theorem.is based mainly on.the Banach open mapping
theorem and the Baire cathegory theorem, a.nd on the use of the followmg lemma,
w&hlch 1s ‘of mtenest in:itself. . 2 chma e 3 s 3

Lemma 3.5. Let Mj (j = 0,1,...) be a sequence of convez sets with nonempty
intertor in a Banach space X such that 0 € M; C M;,, and 0 € intU{M; : j = |
y+++}. Then there ezists an integet Jo such.that 0 € int Mj, .

. We gather:some relations between various controllability: notions:in the fol-
lowing ‘diagram; where implications are denoted by arrows =s;some arrows are
drawn together with certain additional conditions, under which they hold.: Name-
ly, these conditions are briefly denoted as follows (a): {2 is bounded; (b) 0 € int 0;
(c) 1ntﬂ;gé0 (d) A is onto._ o

e e
HEANC, et N acae by, maldosad A,

e e ey

B Y (LNC), (LC) (LAC,)'

' One may ask under: whleh condltlon the 1mphca.tlon (LAC) (LAC) k holds ‘
(for some k € N). It will be shown later:that for:linear dlscrete-t.xme systems
associated with the retarded FDE (1 .7) with. no control constraint, the reachable
set Rk increases with k. < n and remains constant the,reafter, Consequgntly, for this.
class of systems, the above mentioned implication holds; in fact, we have (GAC)

—. (GAC),.. In general, this question is not solved yet. The same, .question can..
be. pose(I also For the unphcatlon (LANC) (LANC),, Moreover, to mvestlga.te‘
the relatlonshlp between-the corresponding global cqntmllablllty propertles is stlll},
an open problem. :

3.2. Criteria of Jocal controllability,

We note first that for the system with no-control coiistraint;’s (4, B,U), {
the notions of local controllability and global controllability coincide. 'In this
case, the criteria of controllability and null-controllabﬂlty have been ‘éstablished
in Fuhrmann [27]. We reformulate them here' for the sake of convenience.

" Theorem F. The linear a’:ls"crete—time system (A, B, U, ) 15 (. G'C’) t,ﬂ'

3k€N: X =span{BU,ABU,A*BU,...,4*7'BU}. . . (35
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and (GNC)-iff

3k €N: ImA* C span{BU, ABU,..., A*~'BU}. (3-6)

For the property (GAC), a useful test is proved in our recent paper:

Theorem 3.6 [54]. The linear discrete-time system (A,B,U) 15 (GAC) iff

3k € N : Im A¥ cspan{BU,ABU, A*BU,...} (3.7)

Ker A* N Ker B* ={0} ind Ba . {3:8)

- For the system with constrained cohtrols, the following theorem gives the
necessary and sufficient condition for (LC).

Theorem 3.7 ‘[47]. Suppbse that the control set Q 1s convez, has nonempty inte-
rior in U and satisfies the additional condition (3.2). Then for the linear discrete-
time system (A, B, Q1) to be (LC) it is necessary and sufficient that

a) the corresponding system with unconstrained controls (A, B,U) is (GC)
or, equivalently, (8.5) holds, and

b) the adjoint operator A* has no eigenvectors, with non-negative eigenva-
lues, belonging to the negative polar cone of B, i.e.

Ker (4° — AI') 1 (D < [0}, VA Dhllonc e (3.7)

A sketchy explanation follows: the necessity of a) is obvicus: the necessity of
o\ & %‘S{\S Astiwed Srom Yne comttary. Suppose ) and b) howd. \?t.om ) 1t follows
at'the reachable set R is a convex set with nonempty interior in X. Moreovgr,
clearly invariant under A. Then, (LC) follows from b) via Theorem K-R.
obviously reduced to the

For the finite-dimensional case, the condition a) is
' familiar Kalman rank condition

" rank|[B, AB,...,A" 'B] =n. (3.8)

. Moreover, in this case, the assumption that O has nonempty interior can: be re-
moved and we obtain the following result. : '
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Corollary 3.8. Let Q1 be a convez set of R™ satisfying (3.2). The linedar discrete- ”

time system
'y ¢ " Tgy1 ='Azp + Bug, zeR', uweflcR™ (3.9)

is (LC) if and only if

a) the transpose matriz A* has no complez eigenvectors-orthoganal to B,
and

b) the transpose matriz A* has no real eigenvectors, with non-riegative eigen-

values, belonging to (B)°.

' Theorem 3.7 and Corollary 3.8 can be considered as the extentions of the
results due to Brammer (8] and Korobov [37] to discrete-time systems. Note,
however, that our methods are quite different from those used by these authors,
which were based on the “oscillatory” character of the matrix A and the properties
of almost periodic functlons and, clearly, do not apply to mﬁnlte-dlmensmna,l
systems. . :

Next we proceed to deal with the property of null-controlla.bility Since (LC)

implies (LN C), the conditions for (LNC) are expected to be weaker than ‘those
for (LC’) In fact, for ﬁmte-dimensxona,l systems, We have the followmg result. -

Theorem 3.9 [51] Let 0 be a convezr set of R™ satzsfymg (3 2} The linear
discrete-time system (3.9) s (LNCY if and only if

a) the transpose matriz A* has no complez e:genuectors, w:th nonzero czgen—
values; orthogonal to B, and ; ‘

b) the transpose matriz A* has no real eigenvectbrs, with positive eigenva-
lues, belonging to (BN)°.

Corollary 3.10. Let (1 be a convez set of R™ sattsfymg (8.2) and having nonemp-
ty mterwr The linear discreéte-time system (3.9) i 1s (LNC) if and only if -

vale ntl Y

rank|B, AB,...,A"VB] = rank [B,AB, ..., A" B, A", " (3.10)

b) the transpose matriz A* has no real ezgenvectors, with positive eigenva-

Iues, belonging to (BN)°.

Remark that the condition (3.10) is simply a reformulation of (3.6) for the cas
where X = R™ and U = R™. However, a direct extension of the above result t

dseeslis e

= a} thc correspondmg sy,stcm with unconstram;d controls is (GN C) or, equi-.
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infinite-dimensional systems (with (3.10): replaced by-(3.6)) .is-not true, as shawn
‘by the Example 2.1 in [50]. In fact, the problem of (LN C) for infinite-dimensional
systems i{s”ﬁ:‘ibre d'ifﬁcult‘ and we have sofar obtained only some p?.‘irt'i'cular; results.

Theorem 3.11. Let ) be a convez set,with nonempty interior in U and satisfying
(9.2). Suppase, in addition, that there ezists m € N such that the quotient space
X/Ker A™ is finite-dimensional. Then the system (A, B,0) is (LN C) if and only
if (3.6) holds and | g e

The proof of the above result is based on' the: fact tha.t(A,B,‘»ﬂ)ls(LNC’)xf and
only if the quotien system (fi, B, (1) on the quotien space X /Ker A™ is (LN C) (see

Lemma 2.2, in [50]) and on the use of the implication (LN C)%’(LC’),%wellas
T‘hgorem 3.7 stated above. Next, let denote by S; the controllable set in time k
of the system (4, B,int 1), i.e.’ A gy

i |
.4 ='{x €X:—A*re ZA"'""'B(int ﬂ)} :
=1

The followiﬁg theorem gives a sufficient condition for (LNC).

Theorem 3.12 [50]. Let Q0 be as in_Theorem 3.11. Then the system (A, B,Q) is
(LNC) if

a) 3k € N : 5, # 0 and (3.6) holds and
b) (3.11) holds.

Fag ¥ F)

The proof is based on the factorization theorem due to Douglas [18] and Lemma
3.5. We note that if the operator A is onto then the first condition of a) in the
above theorem is trivially satisfied while;the second one is:replaced by the condition
(3.5). Thus we obtain gL £ , L s
Corollary 3.13 [52]. Suppose that Q is a convez set with nonempty-snterior in
U, 0 € 0 and that the operator A is onto. Then, for the system (A,B,0Q) to
be, (LN C), it 15 necessary and sufficient that the, conditions (8.5)-and (3.11), are
satisfied. : AR R T TR .

.+ It is worth noticing that this result can be also. derived directly from The-
orem 3.7 and the equivalence (LC), +=»(LNC) which is valid under the abave
assumptions (see the diagram drawn in the pngv;ous»subsecblon) b g Aol
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3 ‘3 Crlterla of: global controllablhty {

] We consxder now the property. (GC) of the system with eonstra,med controls
(A, B,0). We note first that if 02 is a cone in U (with vertex at the origin) then
reachable set R is also a cone in X. Therefore, in this case, the conceps (LC) and
(GC) c01nc1de and hence Theorem 3.7 and Corollary 3.8 give also t€he criteria for
(GC The same is true also for null-controllability. For exa.mple, the following
result is immediate from Corollary 3.10.

Corollary 3.14. The system inR" with a'single non-negative input T = A:ck+
buk, ug > 0 1s (GNC) iff rank [b, Ab, ..., A"~ 'b] = rank [b Ab,. A" 1}, A"] and
the matrtz A thas no real positive etgenvalues R 54k AT

Analogously, the main result of Evans and Murthy [20] on global controllablhty of
the systein with | a single non-negative input in R" 'is‘a simple consequence of our
Theorem: 3.7. The cases where €1 is not a.cone, however, is more interesting f from
practical points of view (for example, Q is a bounded set or @ polyhedral set in
R" defined by a finite number of linear inequalities). To deal with these cases, we
need recall the followmg notions from convex analysis (see, e.g. Rockafellar [70]).

Definition 3.15. Let ' be a convex subset of R" containing 0. The set
Cy(l) = {f € R :sup(f, ) < 0}
‘ S = : !
is said to be the barrier cone of T and the set
C,(T)=n{AT: x>0}

1s sald to Be the recess1on cone of P %

5y

To derive the criteria for (GN C') we first observe that (@’N cy 1mphes (LN C)
and therefore our task is reduced to find such a property’ (*) that (GNC) =
(LNC) + (). Indeed, for the finite-dimensional Ghee, we ha.ve the followmg result
(compare with Theorem 3.9). I saoqum : & {TRIOW0

Theorem 3.16 [51] Let Q) be a convez set afR"‘ satisfying (3 2) Suppose that
a) the system (3.9) is (LNC), and

b) the transpose matriz A* has neither complcz eigenvectors ‘with eigenva-
lues' A € C, |\ > 1, orthogonal to C, (Bﬂ) nor- real czgenvcetors wzth ezgenvalucs
AER, A > 1, belonging to (C (BO)®. o ,
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+Then' the-linear-disoretesime system (8.9) 1s: (GN C). Conversely; if the
system (8:9) s (GNC) and, in addition, x FTRTLELY. (AP PRR e

(C.(BQ))° = Cs(BN), (3.12)
then the conditions a), b) hold. b it it |

We remark that if  is a cone then Cb(Bﬂ) (Bﬂ) and G BR). = BR.
Cherefore, the:condition b) in:the above theorem is included, in view:of Theorem
3.9, in the condition-a). In:fact, in this case, (LNC) is equivalent to: (GNC),
as we have already noted in the begining of this subsection. If {1 is bounded,
then C;(BN) = {0}, C;(BN) = R™ and hence (3.12)-is satisfied. Therefore, as an’
mmediate consequence of the above theorem we obtain the foll:owmg criterion for
(GN C) of the systems with bounded controls. Vg :

Corollary 3.17. :Let the control set () be conver, bounded and sdtisfy (3.2). The
linear discrete-time system (3.9) is (GNC) :_tf it 1s (LNC) and |A| <'1 for any
A\ € o(A).

Note that the condition (3.12) is not so restrictive as it seemns. In [51] some
examples of the control set 0 satisfying this condition are glven In particular,
when 0 is a polyhedral set in R™ defined as the intersection of a finite number of
half-spaces {u € R™ : (f,u) < o}, i = 1,k, this condition is satisfied. Moreover,
in this case, the above result leads to an easﬂy checkablé test. Theorem 3.16 has'an
equivalent. formulatlon which doesinot involve the cones Cp(BQ) and C(BQ), but
we-omit it here.. See also [49] for:the continuous-time analogue to the above results.
In [50] and [53], these results are extended to the case of infinite-dimensional
systems (3.1)=(3.2) under the assumption that the operator A satisfies the following
additional condition. :

Hy*pothes:s H. Therc czzsts @ positive number r<1 such that the set 01 = {) €
C e A€ o(A)y A= r} conststs of a ﬁmte number of ezgenvaluzes of A with. ﬁmte
multiplicities. RGeS 3 ;

Note that the above Hypothesis is clearly satisfied for aﬁy c.o,xnpa‘,ct’ operator A &
L(X). We formulate, for example, the criterion of (GNC) with Qoundedﬁcontrols,.’

Theorem 3, 18 [53]. Let the control set ) be bounded and satisfy (3.2). and let
bhe. operator A satisfy the Hypathgsts H. The mﬁmtc d:menszonal d:screte time
system (3.1) is (GNC), iff it is (LNC) and 1Al £1 for any z\é O'(A)

We note that: in the above theorem, the control set' f1'is not necessarily assumed
,0'be convex.. Regarding the property (GC') we have the following negative result.

~



20 sisTrenes o . i1+ Nguyen Khoa Son

Theorem 3:19" [53]. If the state space X is infinite-dimensional and the opcrator
A satisfies the Hypotheszs H, then the system (8.1) with bounded control set fl.is
not (GC) .

For the finite-dimensional case, however, (GC) can occur and a test for t thxs ;
property is glven by the followmg (compare with Corolla.ry 3. 17) ’

Corollary 3 20. Let’ the control’ set ' be convez, boundcd and satzsfy (3 2) The 1
system {3 9) is {G’O) :ﬁ’ it 18 (LC) and |a\f >1 for any A & a'(A) TR

Fmally, we shall 'say that the system (3 9)1 is complct;ly ,controllable if 1t is
(GC’ )~andi (GN.C)simultaneously: Consequently, Theorem 3.9 and. Corollanes 3.8,
3.17, 3.20 yield together the following - b N , i

Corollary 3.21. Let 0 be as in- C’orollafry 3.20. The system (3,9) is cornpletciy
controllable if and-only if

a,)(yEC" A"‘y—-Ay, (y,Bu)-OVuEﬂ)=>y—0
)(yER" A*y—z\y,,\>0 (y,Bu) 0Vu€ﬂ)=>y 0
c)AEa(A)=>|A|—-1

3. 4. Apprommate controllabxhty

" “We have been sofar'concerned mainly with the property of exact controllabi=
lity' which is krown as’ ‘quite a restrictive concept for infinite-dimensional’ systemsf.
Tt ‘has been’ shown for example, that linear’ evolutionary" ‘systems with compaéf‘
_serdigroups in infinite-dimensional spaces ‘are never exactly ‘controllable in finite
stime [82]. On the other hand, it is well known that the semigroup S(t) genera.té&%
by FDE is compact for ¢ large enough [73]. That is why, for the systems governe&
by FDE; approximate controllability is a more interesting problem -and is moriz%
widely examined: Motivated by the purpose of application of discrete-time models
to this class, we treated in [54], [55] the problem of approximate controllability: ié
the mﬁnlte-dlmensmna.l system |

S Aneg ey 0 T ogiplays gl @ip! vmioksY (3.

where A€ L(X) is a ‘compact_operator, B e LU, X) and the control 'set 1'is
cone (with'the vertex at the origin), We recall that the system is sa,ld to’ be (GA ;
if its rea,cha.ble set R'is dense in the staté space X B=X. ¥

w1 Fromi the spectral analysis of compact operators, it:is well known -that
exieiryfrr»»;»o; the space-X can-be decomposed-into;the:direct -sum of two clo
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subspaces invariant w.r.t. A such that
B - R IR 17 1)

 where P, is finite-dimensional and the spectrum of the restriction of A to P, (resp.,
to Q,) coincides with the part of o0(A) which lies outside (resp., inside) of the disk
{X €C: |)| < r}. This implies, by Genfald-Beurling spectral radius formula, that
l(A/r)kz|| — 0 as k = oo for any z € Q,. Let us define the set

R ={zex: Jim [[(4/r)"2] = ’erf>‘ 0‘}: iod nikHgn)

’Phen from the above, we have ﬂ{Q, r> 0} ¢ X Moreover, clearly, Ker A' C
Xoo, Vi€ N. ; , , .

Deﬁmtion 3f.22‘;,$he"opera§or'A € L(X) is ,sa.;id,t.,o,-.,s_atigfy the sm;ﬂl solution
condition (SSC) if there exists ; € N such that Xo, = Ker A7.

The (SSC) means that each solution of the linear diﬁ'er‘ence equation x4, = Az
which tends to the origin more rapidly than any r* as k — co (“small solution”)
must be vanished identically after certain finite time _] We need the followmg two
auxulary lemmas 5
Lemma 3.23. Let A € L(X) be a compact operator such that thef adjoint ope-
rator A* satisfies the (SSC). Then there ezists j € N such. that

Im A* =spanu{P; .r>0}

The above result can be considered as a discrete-time'analogue to the'known result
due to Henry (31, Cor.2] and Manitius [42, Lemma 4.3]. Now, let us denote by ,
the projection on P, (a.long @) associated with the space decomposmon (3.14).

Leémma 3.24. Suppose A€ L(X) 1s'a compact operator ‘and BfY is a convez cone
m X. Let'R be the reachable set of the discrete-time system (8. 1‘.9) If, for some
pos:twe numbcrr 7r,.R P,, then

L - ot AGRIRS 4 9tay (3.16)

The proof of the above lemma is based on the generalized open mapping theorem
due to Robinson [69]. We state now the main result.
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Theorem 3.25 [54]. Let A € L(X) be a compact ‘operator such“that "A* satisfies
the (SSC). We assume that intQ # @ and BN is a conver cone. Then the
infinite-dimensional system (3.18)1s (GAC) if and only if

3Im e N Im A™ c 5pan {BU,ABU,A*BU,...} - (3:17)

Ker (A" im ML) 0 (BR) =A0)s se¥AR 04 i56 + (1« (A8

The main points of the proof follow: .Let (3.17) and (3.18) are satisfied. Taking
r > 0 and projecting the above relations on the finite-dimensional subspaces P,
we obtain that the projection of the system (3.13) on P, satisfies the conditions
a) and’'b) of Theorer 3.7 and is therefore (GC). This implies 7, (R) = P,. By
Lemma 3.24 we have P, C R and, since r is arbitrary, 5pan U {P, : o0
This shows, by virtue of Lemma 3.23 that 37 € N : ImA’ ¢ R. From the last::"f?s‘
relation, (G’AC’) of the system is“easily derived from the contrary ? O] ¥

§
i

4. APPLICATIONS e

We are going to describe some applications of the results presented in the
previous sections to the following problems: the optimal control problem for the |
abstract evolutionary system with state and control constraints; the exact con-
trollability of nonautonomous'linear systéms’ with periodic coefficients; ‘and the
approximate controllability of the general retarded system, governed by & linear
functional differential equatlon with positive controls. As another application of
our above abstract results, in'{57| we considered the approximate controllability for
a class of systems described by partial differential equations with positive controls.
Those results, however, are not surveyed here to avoid lengthy presentation.

4. 1 Optxmal control

Let us con81der the evolutlonary system (2 1) with the control constra
(2.2) -and the state'constraint (2.4).. Assume that all hypotheses statedin.§

2:1,.regarding ‘this. system hold.. Given:,zo € X and T >.0, let. us denote,
Section 2.1, by’ L(:c ) the set of all admissible tra,}ectenes of the system, pn [0
by Lo(zo) the set of all admissible interior trajectories and by 12( zo) the reachab
set of the system in time T : R(zo) = {z(T) : z(.) € L(z0)}. We consider

following optimal control problem (P):

p(zo, 2(1)) = mf
.‘L’() G L(xo),
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where the cost functional ¢ : X x C(0,T,X) - R is assumed to be convex and
continuous. Then, it is clear that a trajectory z(.) € L(zg) is a'solution of the
above problem( P) if and only if it'is also a solution of the following problem (P’):

©(zo,z(.)) — inf
z(.) € L(zo).

We recall that by Theorem 3 3, the set L(xo) is convex if the set of adm1551ble
interior trajectories Lo(zo) is nonempty. Let denote by dp(z(.)) the subgradient of
the convex funiction z(.) — ©(zo, z(.)). Then from the above observation and the
known results of the optimization theory. (see, e.g. [33]) we obtain the following.

Theorem 4.1 [48]. Suppose thatthe set -Lo(zo) is nonempty..-Then. for.a trajec-
tory £(.) € L(zo) to be a solution of the problem (P), it is necessaty and sufficient
that there ezists a functional f € dp(%(.)) such that

(f,&(,)).= min{(/,2()) : z(. ) € L(Io)}

There remadins, of course, the problem of translation of the above optimality cri-
terion into the concrete conditions expressed in terms of‘the original system (for
example, in the form of the Pontriaghin maximum prmcxple) ‘but we'do not treat
this here, noting only that this kind of problems is w1dely explored w1th1n the
framework of the classmal ‘theory of optimal control. :

‘Corollary 4.27 Let h: X >R be a convezr and contmuous cost functional and
Lo(zo) be nonempty A tra]ectory (. ) = L(zo) i5 @ solutton of the tcrmmal corztrol
problem

h(z(T)) — inf
x(f) € L(zo)

#f and only if there ezists a functional f € 8h(%(T)) such that
(£,3(T)) = min{(f,) : 2 € R(zo)}.

Let us denote by J (:1:0) the Bellman function of the problem (P), i.e.

J(zo) = mf{go(zo,‘z(.)) :z( ) € L(:z:o)}
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The property of continuity and. differentiability-of the Bellman function is known
to play a remarkable role in some control problems (in-particular, in’ the method.
dynamic programming) ‘and has been the-object of research in a number. papers,
for instance, [7], [62]. For the evolutionary system (2.1) with state and control
constraints we have the following

Theorem 4.3 [48]. Let X, U be reflezive separable Banach spaces. The Bellman .
function of the optzmal control problem (P) ts a continuous functzon of the mztza!
state zg. - ,

1
=
2

The proof is'based on the Theorem 2.4 and on some fundamental: results a'bout
semicontinuity of convex functionals due to Aubin [2]. 'We remark that a similar
problem was considered in [56] for optimization problem on the solutions set of
a nonlinear differential inclusion, where ‘the: lower semicontinuity of the Bellman
function  J{zo) has been proved.

4.2. Controllability of linear period'ic systems

Controllability of nonautenomous systgeins:'has been ‘extensively considered
in the literature for the case with unconstrained controls. The situation is less
satisfactory for constrained controllability. There has been only some treatment
done by Kerimov [36] and Schmitendorf [77], [83] for finite dimensional linear
systems, where theicontrollability conditions are given in the foxm of ma.xumzatlon
of certain linear functionals. In [52] we have adopted quite a different approa,ch
which is based on the discretization of the process and the use of controllablhty :
criteria for the associated linear discrete-time system. This method is proved to be\f‘
‘particularly effective for nonautonomous systems w1th periodic coefﬁments e “

verifiable tests. Let. cons1der the following llnear system ( (t) B(t) )
i(t) = A(t)z(t) + B(t)u(t), z(t)eX, u(t)eQcCU t2>0, (4.1)

where X, U are Banach spaces, A(t) and B(t) are, for each t > 0, linear bounded
operators and continuous in ¢; {l is a nonempty subset conta.lmng 0. For eac ‘
T > 0, the set of admissible controls {17 consists of functions u(.) € Lo (0, T,U)
with values in (1 a.e. on [0.T]. For each adm1551ble control u(.) and each zo € X,
the unique solution of (4.1) initiated at o is given by ‘

z(t) = @(t)zo + (¢ j¢ ¥ (.s)ds,
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where; for'each t, ®(t) € L(X), is invertible and satisfies the equation ®(t) =
(Y@ (t)y ®(0) = I.: Clearly, the above system is a special case of the abstract
volutionary models (2.1). Let denote by S the null-controllable set of this: System,
5 the set of all initial states zog € X for whlch one can find T 2 O and a

ondltlon a:(T) 0 The system (4.1) is called locally:null-controllable, or (LN c),
‘int:§ and: globally null-controllable, or (GN C) if §=X.

i

Assume now.that A(t) and. B(t) are periodic. functlons with perlod w>0:

‘w) = A(t) and. B(t +w) = B(t), for all £.> 0. Let define the linear bounded
operators & X, X.and B : Loo(0,w,U) — X by setting

Az = ®(w)z,

w) / Q'l(t)B(t)u(t)dt.
0

To the system (4.1) we associate the following discrete-time system
Tkt = Aik + Buy, .:i:k E X, u;€ ﬁw C‘Loo(o,w,'U). (4.2)

The following result is easily derived from the definition, by usmg the properties
of the resolutnon operator ®(t).

Lemma 4.4. The nonautonomous system (4. 1) with A(t) and B(t) being w-peri-
odic functions is (LNC') (respectively, (GNC)) if and only if the associated dis-
crete-time system (4.2) is (LNC) (respectively, (GNC)).

The above lemma makes it possible to use the criteria of controllability for
discrete-time systems presented in Section 3. We note that in the case under con-
slderatlon the operator A is invertible, so that the concepts of controllability and
null—controliabihty of the system (4.2) are equivalent. Therefore, from Theorem
3.7 and Lemma 4.4 we can easily establish the following result.
l‘heorem 4.5 [52] Let Q be a convez set with nonempty interior and 0 € Q. Let

A(t) and B(t) be w- pertodic functions with w > 0. The system (4.1) is (LNC) iff

a) the system with unconstrained controls (A(t),B(t),U) is (GC);
" b)-the adjoint monodromy operator ®* (w) has no eigenvectors f with a pos-
tw& esgenvalue such that (£, 97 Ht)B(t)u) <0, Vu € Q Yt € [0,w].

&nalogously, Theorem 3.18 together with Lemma 4.4 yields



Theorem 4.6 {52]." Let N be convez bounded set containing 0. -Let:A(t) and

B(t) be w-pertodic functions with w >0 and with the monodromy iaperatz'or @(w)

sattsfymg Hypothests H. Then the system (4.1) is (GNC) tf and only zf
a) this system is (LNC) and :

Cb) A €1, VA€ a(@alw).

We note that, for nonautonomous linear systems with unconstrained controls
(A(t), B(t),U), criteria of controllability have been established’ by different au- |
thors and are well known in the literature. Thus, we can combine them with our
above results to obtain complete characterizations of- controllability for the class
of periodic systems under consideration.

4.3. Approx1mate controllability of lmear retarded systems with posi
tive controls ‘

We shall be concerned with the linear autonomous retarded system (L, By, (1) ’
described by the following functional differential equation -

5(t) = L(z) + Bou(t), =z(t)€R", u(t)eCR™, (4.3) ¢
where z¢ denotes the function § — 2 (8) = =(¢ & 0) ] € [— —h, 0].
We shall suppose the following:

1) L is a bounded linear functional from C(—h,0,R"*) into R" given by

where 7(.) isan X n real matrix function of b{mmded vanatlon such that 17(0) =0
for § >0, n(8) = n(=h) for § < —h and 7 is left-sided continuous on (—h,0), the :
integral being understood in the Stieltjes sense.
2) N is a cone in R™ such that int col # 0. For every T > 0, the set
of admissible control Q_T_ consists of functions. u{:) in the space L, (o, I',BT);thh :
values in Q2 a.e: on {0,T]. : o .ad [V Ben (a8

3) By is n x m real matrix.

It is - a characterizing feature for retarded systems that; in the systems
this type, both trajectory value z(t) and:its behavior on the whole interval o
retardation are of interest for applications. That is why function z; is usual
considered as a full state-of the systems. The function space controllability of th



Dynamical:systems with state and control constraints 27

systems of the form (4.3) has been extensively studied during.the last: decades
(see, e.g. [4, 43, 44, 58, 60, 74]) but most of works were dealing with the case of
‘unconstrained controls. One of the most successful approach to this problem is
based on the useof strongly continuous semigroups. theory in the state space X =
R" x Ly(—h,0,R") for representing the solutions and studying their properties.
We. shall denote by (0% ') an element in the space X. It is well-known that
the homogeneous equation z(t) (zt) mduces a strongly contmuous semigroup
S (t), t > 0 of bounded linear, operators in X Let 2(t) be the solutxon of (4.3)
correspondmg to the initial condltlon

20)=¢°% 2(0)=p'8), 0E[-h0), p=( 0" EX

and some admissible control u(.) = Q7. Then z(t) := (2(t), z) is the mild solution
of the following abstract 'diﬂeren’tial equation in X: ’

1 i(t) = Az(t) + Bu(t), - z(0) =9, t€[0,T}, .

where A is the infinitesimal generator of S(t), B is a bounded linear operator from
R™ to X defined as Bu = (Bou,0).

For a given T > 0 the reachable set (in the state space X, from © =.0) in
time T of the system (L, Bo, (1) is

: _
" {/S(T—t)Bu(t)dt tu() e ﬁT}

and the approx1mately null-controllable set in time T'is Cr = {p € X : =§(T)p
Rr}. 'We define R = U{Rr : T > 0} and C = U{Cy : T > 0}. ‘We say
that bhe system (L, By, (1) is globally approximately controllable; or (G’AC) if
R='X a‘nd globally approximately null-controllable; or (GANC), if C = X.
Our' task is to derive the necessary and sufficient conditions of (GAC) for the
system (L, Bo,(1).' ‘Note -that (GAC) means that for every € > 0; p° € R™ and
o' € Ly(~h,0,R"™), there exist'T > 0 and an admissible control u(.) € Q7 such
that the corresponding solution of (4 3) (with' the null initial ‘condition) ‘satisfies
(T )= ‘PO ”zT - l” iy & €. ‘As m the prevmus subsectlon, let us deﬁne the
bperators ;

P:X - X, Pz=S(h)z, 5 (4.4)

h
Q:U — X, Qu /s — t)Bu(t)dt, (4.5)
0
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A ':lrk+’1 ==4P$k +Quk7 £ Zk‘ & X

’ . he iraneltlve property of S’(t 4
(’,AC' ) 1f and only 1f ﬂi a:

P* satlsﬁes the (S SC ), spectﬁed by the leﬁnmon 3 22.. Thex:efc)re, Theorem 3. 25 |

apphes and we are led to the following result.

Theorem 4 7 [54] [55] Let ﬂ be a conc m R’” such that mt Moﬂ # 9 The

retarded system (L, Bo,0) 1s (G’AC’) if and only if
a) the system with unconstrained controls. (L, Bo,R™) 15 (GANC),
b) Ker P* 0 (Qf1)° = {0}, ok il it s
¢) Ker (P* = AI*) N (Qﬂh) = {0}, VA >0, - tH gs banfeh 4
where the dperator P and Q are defined by the formula (4.4), (4 5)

Of course, the above criterion is not an easﬂy verlﬁa.ble test for controllabll-‘

Ll ‘

S

ity and we have to translate it into a more explicit statement. It is known that
the translation from abstract results into verifiable results for concrete classes of
systems is not always an.easy problem: even for s1rnple systems, this leads quickly
%o cumbersome calculations. Fortunately, for the case under consideration, this
translation is successfully done-in [55], relying on:the properties. of the structural
operators Fand G associated with the FDE 2(t) = Li(2;). Asresutls we obtained
the characterizations of (G AC) expressed - completely in terms:of the original sys-
tem data {L, Bo, 1}. We note that the structural operators were introduced first
by Bernier and Manitius in [6] for liniear differential equations with delays and were -
extensively studied in many subsequent publications [42, 14, 73] They are proved

to,be an extremely. useful tool in the qualitative analysis of FDE-of both retarded
a.nd neutral types, as well as in the problems of controllability. a.nd observablhtyr :

for these classes of systems. To avoid lengthy notations.we. formulate here only
some particular results; which have been obtained from the above theorem with

the aid of the structural operators.

- Assume 7 is of the form

n(‘a);‘; —on(—oo 0y (¢ ZAtX(—oo, n) (0),
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where x denotes the charact“enst’xc furiction’of the interval I C R, A; are n x n
‘real matrices and 0 = hg < h1 < +++ < hy '="h. In this case, the system (L, BO, 0)
t&kes “the ‘form Bentinle T . ~f'g_ “ﬁg“’ e T

e

(t) = Agz (t) + Z A,z t — h; ) + Bou(t), ; (t) € R, u(t) 3 Nl - "‘,‘(4.7)

e 3 1—- - 5
AT By 1 iy Y YRRy R

The characteristic matrix of this system is defined as Shais
SR =i vedo balion sy ke ot gt el £k & f,

{ N S B » 48 #
=1

SRR w8y G rubrik X & & TR af R L T R

Tﬁgbféﬁl”dz 8[55] ' Consider the “vetardéd System’ (1.7). lEet Qbec i cone with
int coﬂ 7 0. Then this system 15 (GAC) :ﬂ'

a) rank [A(A) Bo] =N, VA e C; 2608k
0 b) (y € YAty =0, (yy Bou) <0, Vu€ Q)= y=0;
) (ER", A*(A)y =0, A€R, (y,Bou) <0, Vue ) =>y=0.

A by Yol sy ey

Corollary 4.9. Consider the retarded system with a single non-negative input

N, ) A QLT : % S By B dleaast
z(t) = Aoz(t) + Z A;z(t — hy) + bu(t), =z(t) €RY; ~ufty>0-
29 15 !.-‘—’1 ¥ GogRRsRITE St ey i35 i 3

This system. 18 (GAC). iff e
~ a) rank [AQ),b] = n, VAGC i ke
") det AN;éof"
o oa) det. A@# 0,VAER.

~~~~~

We note that the condition a) in the aboveitwo: criteria are-the necessary and sufﬁ—
cient conditions for approximate null-controllability of the corresponding retarded
systems:with unconstrained controls (see;:e:g.[60}).

MA Y
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