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1. INTRODUCTION

. , , The aim of this paper is to survey some results concerning the control theory
cif dynamical systems with state arid control constra:ints. Consider the contrcl
system governed by the ordinary diferential equation

( 1 . 1 )

(1.2)

where / : E+ x X xU.--+ X is a given function, -{ and (J are linear spaces of
I ntple$ and controls, respectlvefy.;,nf(t) and n{t) ape5ron-empty,constraint sets.

$,:

t r -
S:',*:'s'
f f '
F
E
I



'Ngutlio'Khoa:Soa .i

Our attention is mainly focused on the study of various notions of controllability

and some related topics (such as observability, properties of the reachable

optimality conditions and continuity of the marginal function of the associi

optimal control problem, etc.) for systems of the above type and applicat

ol th" results obtaindd fer lltis rgqrielal lae-clel to''ccmcrete clasqes of dy

systems.

The notion of. controllability is certainly one of the most fundamental con

cepts f" tft; ryrii*i tt"o.y. ftreliaisoplay'aniiritportant role in many probleno*

in optimal control and optimal estimation theory (such as the existence of op

solutions, the convergence of numerieal algorithrx, etc.). The first steps to formad

lize these matters as a seirarate area,of research were undertaken by Kalman [3al]

las], who proved some algebraic tests,q.f gqatrollabilty and observability, known

in the literature as the Kalman rank conditions, for finite-dimensional linear au-

tonomous systems with no constraints on states and controls. During the past

three decades questions of controllability have been extensively examined for vari-

ous types of dynamical systems with more complicated structures and under more

general assumptioas: liuear s;rstems with time-v4rying co'efficients, no.nlinear sys-

tems,,,systems dese,sibed,-by'differential ,equations with delayed arguments, dis-

tributed-param€tefs igystems; 'etc. *Reeeritly,,controllability problbms haVe been

studied'also ftii.irfipti.tt u*-l*6T, 163]'and'systems described by niiilfi'valued

maps lzsl, fosl, , i

The results to be stirveyed'in'the present paper

following three developments in this ar'ea'
have,'been,m<itivated by the

The first is the study of controllability for abstract eontrol systems withil the

framework of the theory bf one-p.ara,meter sgpjSrouW of bounded linear operators.

The common object of research in this direbtion is the system

i(t) - e,z(t) + Bu(t), ,i t 0, r(t) e x, u(t) e u,

where the operator A is usually assumed to be an infinitesimal generator of a

strongly continuous semigroup," s(l), t ) oi thg,st?.te.space X and the control

space (J ate infinite disrensional Banach spac",l' Initiated by the fundamental

work due to Fattorini [23], [2+1, *h"re some necessary and sufficient conditions

of approximate controllability for linear systems in Hilbert spaces.,were presen-

ted, this direction has obtained furttrei developments in a numbei'of woiks by

Delfour, Mitter, Triggiani, Korobov,'Doleeki, and many otheis' Since'it Woulil

be"haid to-'tiqt all interesting works in this area, we indicate instead the surveys

odnglgg1'ffui, Curtain and Pritqhard [tsi and Conti [rz], which contain u!"*
*itnrSrtLfoaiic presentations also extensive bibliographies on this subject. One
good reason motivating the study of such abstract models is that they make it

(1.3)



Dynanriaal cyrtems u/ith state a.ud control constrafurts 3

possible to treat, ig,.a aathematically unified rrla$ner' a vaxiety of .d,ifferent dy-
namical systeps, including,those governed by integro.differential,'eggations, partial
differential gqu,ations of both parabolic and hyperbolic type, as well as d!fference
differential equations, Tliis fact is extremely well demonstraied'in the cdntext of
ricent development of the ih"ory of functional differentiiaf'equalions (l'DU).within,
the semigroups framework. Among the publications on ihis topic we quote Halle

[30], Berlier and Manitius [6], Delfour and Manitius [u] and Salamon [7r]. In
faitia"l.i, this.approach aliowed to carry out, for qriiie general classes of FDE,
an analysis of controllability properties, leading from general abstract criteria to
practical verifi.able conditions, based oh the matrices defining the orginal systems;
see, fb1 ufa-pi!, Manitius and Triggiani [4+J, Bartosiewicz [s], Salamon [74].

Second develo.pment motivating our investigations. concerns with infinite.
dimeqsional discrete-time systems of the form

sk+L : Azu * Bux, sx € X, up € {l c U. (1,a)

, Discrete'time models are known to be more suitable for reptesenting economic,
biological and sociological systems. They arise also, for example, when one need

ito iliscretize continuous-time systems for the purpose of nrimerical implementa-
idion. Kalman [35], Wei$ {u], Gabasov [zO] were among the earlier investigators
uof the controllability of {iscrete.time sy'stems. A detailed survey of'works carried
,sut in this direction is contained in a paper due to Faradjev, Shapiro arid Phat

il22l. For infinite.dimensional discrete-time ,yri"*", basic problems of controlla-
ibility, observability and stability has been fust treated in F\rhmann [27], {281 and,

[mor9 regently, in a series of works due to Przyluski [66], [67], and Przyluski and

$Rolewicz lOe]. In'Olbiot and Sosnowski [59], some duality theorems on control
d observati_on are presented for linear discrete-time systems in Banach spbce5.

growing interest in infinite-dimensional discrete-time models was motiiated
part by the fact that this kind of systems provide quite a useful tool for studying

qualitative properties of systems governed by FDE.'Although many control
lems regarding the systems of FDE, as noted above, can be tieated within the

k of the iheory of semigroups, however, one of main disadvantages of the
enlioned approach is that when apptied to FDE it leads to the abstract model
.3) with a unbounded infiaitesimal generator .d. This renderes the translation

abstract results into verifiable criteria expressed in terms of the original ma-
quite a cwipl,icated problern, even for a sirr.lple,class of retarded systems

bne delay

i(t; : Asr(t) * A1r(t- h) + Bu(t), 
"trl 

..8', u(t) e R'^, (1.s)

for example, [f+]. ln the meantime, as has been shown in [SQl, it is always
ible"to.b,ansforp linear differential equations with delays into disgqete-tirne



o-ility without thtiiabove mentioned absuriiptidn were first considered iil Saperstone!
and Yorke [75], where a criterion of'$]oba] corltro{lability,for frnite,dir,i€n;ioftal;li+j
nea.r systems with a single positive input was established. Further developments in;
this'direction have been done by Bramnrer,fBJ,'I{eyrriann and Stern [32], Korobov,:
Marinich and Podol'skii [37] for linear autonomous svstems in R': Evans and
Murthy [ef], Ilgl, J2ol, S;"t"g [80'] for finite'dimerr.ion"1 discrete'time systems,
For the cq,9e'of inffnite dimension, the analogous problem has been etidhin=ed i$
Korobov and Son leal, where some criteria of local controllability were proved for
the linear autonomogs system

t(t) : Ar(t) * Bu(t), r(t) e x, u(t) e 
.o 

c u, (1

with ,4-;B being boulided linear.opefiators.

In spite of all the research efforts mentioned above, the controllability theorf
of dynamical systems is still far from complete. In particular, the controllabif*
ty cotidit'ibns."for the'system (1.6) ,with unbounded operators are still unknow
Quesiions of 

'conJrollability 
for dynamical systemr *itt both state and

constraint. hav" been' almost nbt, yet considered in the literaturi, althou
results were obtained for discre^te.ii*".*u, i*.p.i, Phai arrd oiiu [g+1.''fue
that rnost of th-e. works on.confroliability of FDE has been ,ofar ..onc"tttiit"j

' ' ;
the case of unconstu1co11tr3ined controls and, although, this tleorl ha"'!"9n-g.r"se
well developed, orily few and sc-attered results ale 

lrngwl for the systems-iescri
by FDE'witi 

""*ii;i"iu 
on coriitrols, sde [ro1,lr1J, [78J.

,. . Our.invptiga-tions are cslled to solve sorne open problems in this,arep.
ia0l we extended the iesults of [3S] to the case of the systen (t.6) with a
operator d and obtained, in particular, criteria of local controllability and
approximate'contro,llabt$ty for this class of'systerns. In [48] we studied a
general class of nonautonomous abstract systems of the form (1.1) in
spaces,'With both statd''and: corlttol constralnts. Sbme fundament8l pro
of the reatiiable:set'and the''trajecl'ory set of the systerh such as Convtr:t{tf



csr*tiftrity rvith respect ts.the irritiaLc.qnditions'have been examined.r 11 9$liC'uta;'
w6 <i:btains6,,6,generalized version.of the well.known "bang-bang principlel fo,r this

class,of,nysterrs,; The.nentioned'resrrlts are sumrnariaed,in the:next $eetion',?'".

i ''ifi 
Sbction,S we preseht the'controllability theory'bf 

'liiibar diserete-diifie sp-

reinsii;-B;;;; spiceiwith dbfistfained cohtrols, &bi'eloped'$ t'ff],"fssl,'isll, lsal,

i;;flt;}i i"*u ,,oti6ni of cotitidlla,bility arb introilticed-atd'thi;ir rele.tioriship aie

lx#rfirrad. The mJn re$r,rlts, criteria oi local and globdl controllability etcpressed

i"l'i;r=of th" rf*t"* dpta'{A,'E;O}, hdve:'been estalblished for seveiallof tlie

i"traa".;a contrjliibi{tty'not'ions: in.particulari the distrete-tirne:systerirs with

d&;;G"i*q.i i;ir 
jh, ir,'f.ct 1 86iri'o..'"q t9'Ptt' d suit able dkcl€te.tiine' rn'o'

a"i*"ici 
'Wit6 iysterrrs of }1DE} are studied in clbf,ails,"using'166'trdt*llod of

spectral ddbrnpositloh bf the diate' $ace'
t,, 

,.,,., S..iion'4 is devoted to discuss,some qpplicati,ons "f 1fti,. "U1e-$eveloplt3t'
Tile resulls'of Section 2 ar9 gsed to pt-91" th1 nqcess.ary aqd t"F::""1 condition

of optimaliry in .-;;;;i;;l optimal problum for the abstract evoiutionarv system

*^trT"^t}?;;:;r;;.';ri;'i"tr. it'u continuity of the Rellman function is also

established.-Further, as an applica"tion of the controllability theory of 
.infinite-di-

mensional'discrite-time syqtemq presented in section 3, ws prove' fol thq nonau.-

;;;;;""r ryrtu*-e'(r) 
-:"ip1"1ti 

in1t1"1t), r(t) e x, r.(li €'o.q u with 4(t)
and B(t) being periodic functions, some creteria of local and global iontrollabiliiy.

Recall now that our interest in contrbllability of infinite-dimensional discrete-time

systems stems primarily from the possibility of their applications to study FDE.

Althoqgh such a possibility was repeatedly emphasized in different papers, to our

kno*ills". t]iere has 6een not yet'sig'nlfcd,nt attempts to apply iliis bpppach to

e*.mirr"lcontrotllabillty for:any otlfer classes of FDE more geteral'ihan the retard-

ed system (f.S1. Th; results of [54], [SS] are intended to f i l l  this gap.'  Using a

natural methoj of rdiscretization and applying thereafter the results obtained pre-

;i"""V for discrete-time syst€rhs we are able to derive a criterion of "approximate

,""irtrr.lilitv in the state.spacg ff x.Lo for a general ilass of ret;idl'ed systeriis'

Q;taaiall:upfems wlth sfate .and contr ol coastraints

2(t'1 : z(t) e R", u(tl €'n c A"?,
0
f
I artlevle + h) + Bsu(t),

J
- h

(:1;7)

where O is assumed to be a cone with the vertex at the origin. What is more

important, these abstract criteria are then transformed, by rrr._eans of the techni-

.rf oppurutus of therso-cgped stqu.ctural.operators fdue to.Bernier,-Drclfour and

Maniiius) into verifiabte tesls expr,gssed in terrns o!,"the matrices of the'original

systems, A surhmary of these results is given also in Section 4.

. , To,6imptify ,f,|rc; presegtation, $'q lis:-t some notations,and terrainology used

in this paper. Let.B ahd.C be the,fields of a![,real:an& coraplex nuPbers;'r.e'



sDectlvelv. efid'ff,be the set of aH nen-negative'iategers. Ths'symbot"ff wiB

A;;. Jitr #An"t*tAaalr,Gucll.deita'*p.arei,;Gfuea,'two Bauarch;4aee*"#ranfl {1
*" a"nof*n,Sv..j6{q(.1r).the Ea,gadr spa€e olall boturdu&,r}he&f ropeuafirw'.frsm:#

;"-t;; # a,;t ih; space L(X,i). The identity operalor in I(X) is denoted

bv f. The rurll space, the ragge a4d the sBectrgm of al ope11,!pr { arg;c.erylg.c

Uv X"rl. I*d, 
"til, 

respeetively. L* X* be.the tqpo[ogical dual of X end X-,r,
b* the spar",x" 

""a"orrd 
with the-weak topologr alx"xl.). The+ (fin't,d"+o!.o

the ralue. of .,f ,€, x\. al o,e x ,and,.a* denotes ,the adioint ogbralqr ,of .a, liqq"r

dDe*ator,,d; ,if A e L(X,Y',! lhen,'al 'e L(Y*,X.)' Wh* lve'arg depling with

du.ni"'uo,rp"c.", (') it emploved to,d.9no-t9 lhe inne-r P;oduct.anf fl 
d"q"to

'the,ti.aaspoqq;ryatrix of ,a. matqrl.r{, ll-ll will.denote-,the Rorm of whatpvgq,gpqg.p

under considerition. Given a ( b, C!a,!,{J witl dgote,t\,,t99SJe.st"at,.:Stql

sDace of all continuous functions [o, b] -+ X endowed with the topologr 9f uni-

flr- .on.r"rEenci, Lri,*(orb, X) 
'denotes 

the Banach sPace of all equinalent blasses

;?;t"iUi;tff;;.;ffJth.*ii,*-;1t1 ' [o,u] -. x 'o.t that llz(tilf is essentirilly

rItISSf@'fu'Sdh

,r."Jbrrd. for tfr'e functions with values in a B'anach sp.ace; the integral is"rfider-

stood i1 ine sehle of Bochner. Further, a multivalued:function'O : [o.,0] -r X is

said to rngas*able if the set , 
r: , :

a ,  -  |  I

, " , i , ,  i  :  ]  { t e  f o r , 6 l : n ( 4 n s t ' o } .  ,  ,  , . .

is measgrable for every open set ̂ 9 c X. 4 multivalued function F from a Bqnach

space. X,ioto,u tgpological vect-or space Y is called upper semi<ontinu"Y-(TTp.:
lower s"mi-cbntinuqusi at a pgint ns € X if for every open neighbourhood {!Ol 

tf

li; ;tr*f" O,i" i- tn" exists 6 > o s.t. F(c) c .F(po) + U(0) (top., F(to) c,F.(c) +

U(0)),tn1ren"v"r lln - "oll 
< 6. F is called continuous at so if it is simultaneousF

up'e;'una',lql*U gr*i-"o"tinuorrs ?t so, Finally, let M be, a subset of e B'.p,nqfb

rput" X, then span M is the linear hull of M; the converc hult, the interior and

the closure of M are denoted respectively by co M, int M andfri. The negative
pol.ar cone of,S/ is'{efinedbY :

I f  -  { f  e X . :  ( / , c )  S  0 ,  V r e M ) .

I j ' t'-i;' '2' EvoLuTroNARY sYstE'ivIs wlrl{ sTATE
AND CONTROI, CONSTR,ATNTS

errclutiona,ry pr.oCrs$', B$."tlie fern ri+oltrtionary process,in aBanach'qree.rXrwe

i . .



;g'tsteins with .at"te and eontrol. toastrainta

a€irorglyicestinuous:op.erateaf,u4Etion.,.E{tr,o) frgm f(f, "),; 
0 ! ,e S I .<.ps}

X) which hqs.,the,transitive property E{t,r\E(r,s) : E(t; s),and,E(t ,!) = L
0. Thus E(t,s) is the infinite dimensional.4nalogue of a.fqadg94t.a,l matrix
iated with the solutions of a linear differential equation in,R".

i Properties of 'the reachable set and the solutions set
; :  -' 

$uppose that X, 
'{/' 

are teal separable 
'Banaeh' 

spaces. ' We,consider the
ionary system defined explicitly by

r > 0 . (2.u

E(.r.) is an evolutionary process, B(.) , [0,*) .-* L(U,X) i..a givea.locally
fundtitrn.,,;A function 

"(.)t[Q*) 
.--+,U is-'sbid,to be ddmissible control

er, sttbihter/ aI' (t'. ; t") of i0,,im)',if a. (: ) € L oo{t' :, ltt','I}) and

(t) € n(t) d,.e. on (t',t"), . (g.z)

o(.) , [0, *) -+ [/ is a given measurable multi-valued function.

It is well kqown that for every admissible control u(.), the function z(t)
ned by the formula (2.1) is strong-ly continuous and can be considered as a

t(t) = A(t\E(f)'+B(tlu(t), 't '2 o, (2:t'1

g.is a linear, in general, unbounded operiior with the domain D(A(t)) : D. In
: - , - - , ,  |  -  t  t t  t !  / . \ , r  r  r .  , riseguel, we shall call a(t) the solution or the trajectory of the system. Controllabili-
ty, stabilizability and other propeities of evolutionary systems with unconstrained

, controls have been extensiv€ly investigated (see, for.efamle , 1121, [61], [86]). Fheir
properties in the case of constrained controls, however, have not been systematical-
ly treated. In [4S] we study some properties of the set of all solutions of the system
(Z.f) with constrained controls (Z.Z) initiated at a given point xs e X and defined
on'[0,T] C [ '0j*). Uet denotet'hissetbyG(ro,T\.Clearly,'G("0,?)' c'C(0, T,X\.
The reachabti set of the systeni at time'? >"0 l'S defifrid by

t

,(t) - rlt, ns,a) i E(t,o)ca * [ rp,n1,,g,1e)rr{s}ds,' J ,

0

lwith the initial conditioir c(O) : rs € Dl where D is a dense set in X and ,,{(t)
g'is a linear, in general, unbounded operiior with the domain D(.,{(t)) 

':. 
p.In the

R(ro,f)'== {a$) ' 
"(.} 

€ G(ca, ?)}.



SiBee the eation op-eratqr 'sfJ + *(T)'.fro-p,G(0,T,X)',!u x f'*
ous, fiom the above theorem we obtain -:, :'.' ' r i., ' !.r, i

corollary 2.2. The closure ol the r.wcfafue set R(rs,T) ."1 .the 
systerm (z.t

is.pl ;;r;"i"o i" the ;etat9 upsni x,:Yd ,:\1;* unchanged -w.hen t\e, rr,n$rai
r1zi.i1 

;t repl'aced. bg the ,onru ci:onstraint (2'9)'

This result was first proved in [38], [fZJ for the autonomous case'

e5sential{ybnrtherBlhls €enefaliittiondf the.wdl knonrc &yapunovtbdi0h€{lr

the 'convr*r{1ry ofthe.tange tl& a veetor-wlrrbd: rne35u1e :(6ee, e.g . i{*$": 'tf}le'

case wa.s treated in [AA]rUy tHe methbd'of discretizatibn."'Now;'let'defterie

n1t; ttr" set of all extreme points of n(t). Then by the Krein-Milman t

.o.6111 : n(r), provided that ftir) is convcx,and eolnpact. Therefore' as

consequence of Theorem 2.1, we obtain

Cgrollary 2,.8. Assu m'e thot ih{constraint.sit fl(t) is-ym'._9t o,n4 
"?,:r,":.

,i: "i;f at trlot"r:to"tes. of ihe svstdy' {!:l};ii*J'7td"!i-u. :fri"(::0,!*!::-:,(:} 5
i\ii,"""]!..;ta'i;;4,-';;'di*"';n e1";;r) iesoyied os'su6sets of c(o,,T,NJ./ t,

The above result can be considered as a generalization of the well known

classlcal "bang-bang prmciden,lWlieh;,roU$hly,qpeaking; claims that if u p:i

c in the state spac" r ir reacliable along a trajectory of the lintrar

wF! :rn. !v tg*u 
:1y'* 

: e l' !1 1.:fl , xill, ll l (:l ii : :-:,1 ? i ̂ '*ir*: ::,,,T:ff 1Iitil;bfi iu*:u*g .o,itrol"*u1r) lvtrtlh takes oniy tne e*tretire values {1
-  1 . .

: , W,e,considcr..,11oW..a more,gene4al"qittration.,,S'uppose that the Fajectery

thei$ystem (2.f), (2.9) must satisfy't'hqsta'te eonstrqint' ,' -r:; "::

L(ro,fi =.1;11ec1ru;f) t {r}'6'ry(x1, w e [0, r]]



.Sinaraital-qfr|,ttr,e wibh state and control constrainte

the'setrof odnti*sibit -tro.jcctories and by ., ,,

: ' i i r ' .  : , : i i i . l "

tihe set af..iodntis 'ble 
irterior trdjectoncs initiated,.at 16.

efiterrds'the prdviolts, resuh to the- case of eystems, with
eonstralnts.

Ls(q.o,,T);= {c(,} e e(gq,t,1 ;,qlt):€ rrtt.ry{r), , .yt e [0,fI],

The follmving theorem
bot'h .stateand control

fbegym 2.3 [481. The closure;of Lq(rs,T) is conaex in the swce c{o,7, X). tf,
,in.gddition, Ls(rs,r) rr nonernpty, then the,closure ol I,(co,T) is olso conuex and
rgmoins unchonged when the constraint (2.2) is reitacbd by ihe conacx constraint
(2.e).

As'a consequence, the analogous result holds also for the reaeha.ble:seL but
we omit the formulation. It is important to notice that the condition,that ls(osi f)
is nonempty (i.e. the system possesses at least one admissible interior trajectory'fforh 

c6) is essential, as was rh.*n by a,simple examplelia [llJ. We remark also
that in all the above. results we can establish only the convexity of the closure
of the trajectory set or*tiie reac'hable set. tlit'isl in'fac{, .i'ip"itfli i""ro". to'
infinitedimensiona\ systerns. Ttre closrse convexity is trowever quite a convenient

, ptopertj, particularly in'cases, where the separation theorems of convex sets play

I a crucial role.
? Another property of the reachable set which is basic in some optimization

prpblems is its eontinuity with resnect to pa.rameters pertgrbations. Taking the

initial condition as a perturbed parameter for the evolutionary system (2.1) with

the sontrol gons$raint (2.2) and the;state constraint (2.4) we,can.prgve the follow-

ing result.

Theorem 2.4 pAl. Let X ond (J be reflcriue scl- lroble Bonach .pp@ce!. For eucry

T > O, the set of od,missible truje.ctories L(as, T) tt l'ower semi-continuous uhen

regorded as a multi-uolued funclion {rom .X to C (O,T, X) . If , in addition, the set of

odmissible interior trajectories Ls(rs,T) is nonempty at'rs € X' then L(ao,?) rs

wylinuoqs at, xg tlp?,reg,srded qs s mvlt;-uol3cd lury(ion lrrry {.!? Q (|rf , X-1'

As a corollary we can formulate the analogous result for the reachable set.
h,P?rttculp+wehave I : , . ',',

Corollary 2.5. The, reachoble set R(ro,T) of the system (2.1)',(2.2)-,(Z.l) "ylJh
, X : P ond (J : Em is o continuous multi-uolued function ol ro whcnever the
'; gystarn,Bosscss€s on,gdtnieoiblc interior troigetaty'tl9,y4.nsr, , '.' : ,' : "
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2.2. f,iocal controllability of evolutionaty eystems'with,coirg{iraihed"con-

trols

As noted in lritroduction, pro6leins of controllabitity havd sofarbeen system-
atically examined only for the evolutionary systems with unconstrained gontlols' .

he.,easeiof',the,clasiiicalcorrctraint f* = {r e.V ,ll*ll S q}.'is,,treate*, i*,so&e
recent paperc{l+, Pl. 

'We present..uow out,-resrrlts aoneeriririg.with,po.Bbo-llability ,
of the evolutionary autonomorffr system with a more general type of conJrol cpr
straints. Remark flrst that in the autonomous ca,se, the formula (Z.f) is reduced '

! e , ' t
I

,  ,s{t)  :  E-(t \qo+ I E(t -  s)Bu(s)ds'
J
0

,,(2.5)

where {E(t), t > 0} is a strongly continuous semigroup of bounded linear operators
in the B"fti#h,sp€ice X;.8 e L(U,X)'. Formula (2.5) gives a'mild solutioh of the
differential equatiotl i l

, i :

' i ( t )  -gx ( t )  +Bu{ t ) ,  1 )Q,  c {0} : rs '

where .4 is the infinitesimal eqp.oui;t qf the senigroup E(l): 
'

E(t) t  -  x
Ar = lim -if- ,

f+0 t

f.qr,c F.D, D.!ei"e a d9,gse se!.in X. The set of admissible !9qtr5ory.iFr-deflned bv

"' l  frr : '{ i l(,) € .Loo(o, T,u'): u(t) e n a.e. on lo;?]), '  
'  '(z.ry

:  .  i  ,  : r ,  . i : .  l r _ -  ; t  :  : r , . 1  
- ,  

.  t , , . :

W{iefe Orls"'at,gi ein sobset of a Banae}r space U. The only:retluirament imp'ocedlon'
O is  '  ' '  " :

f r o € O : B u s : Q '
i.'bhd 

ieirchable set of the system (froq3 the ori[in) is'defined by

.Be =u{88': f ) 'o},
'  

l . '  r '  I  T

where nf; is the reachable set in time T : Rfr: { "f 
Eg -s)Bu(c)ds : u(.)

'  
" t o

:  
- t ' '

Definition ?.6. The evolutionary autonomous oystem (9.5),With&o ineal'
trols (2.7) is said to be locally controllable if 0 € int Ao and locally a

eoht f f i l fa t i ta i roe in tF f l ' " ' - ' "  
I  ; '  )  i  i1

(2.s}

The following theorein'giver* the eharrlcterizatio'n'<if loctil,cd'ntiott€sbiliity.



rDlaalrilcal,ryrrtirnr with state and control constrainta II

Theorem.2.7; {46}, Suppose O is o conves set atith rwncmpty,interior snd'.s-otisf.es

the condit;on (i,Si. The system (2.5), .(2.7) is locolly controllable ;! *nd onlv if

o) the ossociated system with unconstroined control is globolly controlloble,

i .e.  Ru :  X,  and

b) there erists no eigenuector,of the dual operotor A* corresponding to a real

eigenvglae ond belo,nging to the negatiuc polor eoqe ot.the set Bdl, &. ., .r

Ker (C.- ) / .)  n (Bn)o :  {o},  V) €,R. (2.e)

ibhi. result has been proved in: [+O] for the case of differentiable semigroup E(t)

and was extepd-pd. lto any strongly. co4linuou; semigrogP .i" 17:61. !t u. n11I il

based on soine properties of C6-seniigroups and the properties of the reachable set

presented in 2.'!., with the use, as a crucial tool, of the well known Krein-Rutman

thegrem, w-hich yye reformulate here for the purpose of refelenee 'in the sequel.

Theorem K - R flOl. Let C be a conuer cone with nonempty irtterior in o Banach
,space X ond lettE{,y), 1,€ I} C I(X) be o famity'of comrmutatiue boundedlinaor
operotors mopping C into itself, i.e. E{1)C CC for dltgf . Tben,tlr'ere exiats
i functional ! e Co c X* which is o common eigenuector of the'dual aperators

E(t) . '  

" ( r ) . /  
= l ( r ) / ,

where )(rl ) 0,-V1 € F.

When the convexity of O is not assumed we can prove that a) b). is the suf-

ficient condition for local approximate controllability of the system. Wir not"e that

global (exact) controllability of infinite-dimensional-,linear systems with uncon-

"trritt"i 
con{rob is-studied ir Slemrod [79j, I{orcbov aad Rabah J3Ol,a.+d others.

For examplei in [39] it was shown that if E{t) is a group then (Z.S) is globally

controllable iff

1rn elll : span {Btl, ABU,. . . , A*-t BU) : Y, (2.10)

where A is the generator of E(t). It is'worth noticing that the'above mentioned

Krein-Rutma; theoreui ha.s been extentled for mulii-valued operato* and applied

to obtain criteria of global controllability of discrete'time systemsdesdri'bed by

convex processes in a recent paper due to Phat and Dieu [6si.

3. LINEAR DISCRETF-TIME SYSTEMS WITH CONSTRAINED CONTROTS

This section is devoted to present a systematic study of controllability of

lineardiscrete-timesystem^srininfidite-dimensional-spaces'. I
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":5
:tl
E

.; ., ,ri. .',Ndruyprr,lftpa$og ':$

.'$
Definitid11iissf,,,35b, relationship "between'coritrcillability concep*gr i: $

t:
'  

: .  - , r  ' ! ' . '  
:

Consider the control system (A, B,O) dacribed by the difference equation ,i

3.1';
. i

z & + 1  =  A t Y + B u P ,  
' x Y € X r u * € A C U ,

1 . . i' I

(r,r)

where X and Orrare leal'b[nddh'spaces itf S'iti]s and'ccintrdls:,*iest'ectivety; 'A:€

L(X\, B e L(U,X) andr0 is a;rlonemp,ty.convea subset,.sStisfying the'following
additional requirement
,  :  , 3 & o  €  f l :  B l ' s o ' =  0 '  , , , 1 "  , .

Let us deffne, for each integer lc, the fcillorving convex sets : EO = {0},
. j  . .  . ,  l  . .  :  i : ' !

i:
E* : f  a* *gn ' fo t ' ' k r>1  and  ̂ 91  = ' { r  eX i ' .a ! " re  .Pr }  ' ' (3 .3 )

l : 1

and we set R : U{&r : & e .lV}, $ = U{S6 : k e,lY}. We observe that, by vir'tue
of (3.2),the sets rBp and rSi are increasing, i'e.

(a*1
,  j r i : ,

(3,4)Rr C Et+r, ,Si C ,3111,'

therefore the reachable set I and the controllable set .9 are also convex.

Definition 3.L. The system (3.1) is said to be : ; :
(i) locally controllab{e,in t'irae k, or (LC)t; if 0 € int B*; ,

(ii) locally null-controllable in time lc, or (-DNC)k if 0'€ int Sp;

( i i i ) l oca t l ycon t ro l l ab le ,o r (LC) , i f 0€ in tR ;

(i") locally null-controllable, ot (LNC),:if 0 € int5.

The meaning of the above controllability properties is clear; for example,

(LC)r means thai each state in some neighbourhood of the origin can bb reached,

from the origin by the system (3.1) in time &.

Definition 3.2. The system (S.t) is said to be
' 

(i) Iocally apprbximately controllable in time k, or {LAC)*, if 0 € intEr; j

itt) locally approrimaiely nullco#a[.ut" in timi;k, o;t pitrQl,'if 0 €'i
i n t ,S l ;

(iii) locally approrimately controllable, or' (LAC),'if O € intE;
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tfv) foc*lly apptu(imately nutl-bontrollable, or (LANC), if 0,e intS. .

'For instance, (LAC\ means that there exists a neighbourhood'y(O)pf the
originsuchthat foreach r eU(A) ande ) 0 thereexists acontrolsequence u; € O,
i = 0$Esuch that .

. l t ,  ,  :I  
l l  t l . I  : -  

' l l

l l ' =,L A"l'Bu;-tll . ".
'  i =1

In,oth€r iwordsr:.this,mea.ns,thahwe.can reach fnom,the,.originr, iu,a fiaite time,
arbitrarily,close to'every state'in somq,neighbourhoodof.the,priginby the system
(3.1) $tith a-suitabld contrsl eequence. .. .

We can also cdnstder the global controllability properties, corresponding to
the local ones above. For instance, global controllability, or (CC'), rneans thtlt
R: X and global approximate controllability, or (GAC\, means that E : X. We
observe that the above different notions of'controllability may arise quite naturally
in various control problerns regarding the discretetime.system (A,B.O) and we
pose a task to examine the relationship between them.. The similar problem was
considered in Dolecki [16] and Conti [fZ] for continuous-time systems without
constraints on controls. Note that if the state space X is finite-dimensional then
lhe notione of approximate controllability given ,iir Definition 3.2 "are abandoned
and the relation between some other notions is easily seen. For example, in view of
(3.+) anil the eonvexity of the seti ,91 and Rx, it is clear that (Ic) implies (Lc)r
an{l (D:YC) tmplies {LNC)p for sohe finite E:€'lV. ?he situation is more delfcate
in the'chdt of infinite-dimensional systems, ab wa,s showri'by examples in [47]. The
lolloring theorem clarifim some relations, which are most specifi.c for this case.

, 1  ,

Theorem'3.4'147]|. Suppose that the stote space X is infinite-dimensionol. For
the linear discrete-tirhe'system (9.1) v;th o canvea control sef O 

'sotisfying 
(9.P),

the' fotlowinjj' imptications hold

( Lc )  +  ( LC) r , f i n t o *0 ;
(LNC) =+ (LNC)3, r/ int O * fi ah.d':+ is o;ltto : AX - Xi

. (Lc) + (rAc)r;
(LNc) =+ (LANC)3;
'(tAC)& + (tC)r, il fl is hounded, ondo € int o;
(LANC)I + (I+NC)I, r/ O r's bounded, o € idt n

and A is onto: AX - X;
(vii) (tNC)& =+ (LC)r, if .A is onlo:,AX : {... ,., .

iFor briefrress, we oryit the phrase "3/c e l\I such that" on the right hand side of
;he.implications (.i) - (i")) ::',. i' ' ' i :: ' irt

(i)
(ii)
(iiil
(i")
:(v)
("i)



L*'

TheSxoof of theabovetheo-lers.iglagd&airr+y.'.os.th*.S4q,*o}gqmgBping
theorem and the Baire cathegory theorem, and on the use of the following lemma,
ltfiliicbis'ofint€mdt'ia*itself. .. r : .'.

Lemma 8.5. Let 4 U = 0,1, .,,| b" o sequcncc of"conuetd?ts ,tnith nonhmpty
interior in o Bonach space X auchtlwt0Glrl i C Mi*, andt € intU{Mi: j =
0,1,. ..\. Then there esists an ir*egcrJy! eullaitUt Of int M;o

. tffCgathe!;soE€ relatiom,between various control,lnbility.notions.in th€ fob
lowitrgdiagr&#rwhere; {mplicatlonsr 6re der-roted by''arto\ry,s',..+;,ddfrs'ar?r6{s are
drawn together with certain additional conditions,;rmdet."lvrhichieghejr:hold,.tN'arne"
ly*thqps,Coaditig+s a5e-hr!eS.y denoted as fotlows:(a): "g is bou+4edi &)r O €,int O;
( c ) : i n t 0 # 0 ; ( d l : A i s o n t o .  , , :  :

.  j . '

i . ,  (a ) ' ( l )  { * ) .  , i .  . ' (d )

'(rnNc1;'- (LNcl,,,
{e),{b) ,

(LC)r ;T:* (LAc)k+---:;i)

f.---:i-:=--

(.) 1l
(Lc

I lt.t rat
tNc),

I

I
I,+

'{tANc} e--=i- ( ) ---t 0.ec;
1  , a  1 1 . ,  : :  i .  ;

Onqqay a.sk under.wbieh cotditioa the implicatioq.(LAc).= (LAC)& holds
(fo1 o,one.& e ,rY1. It,,Will.,be sfuorrn. laterrthat forlinear discr.ete-{ime,qyste{ns
a$ppiated wit!.the,retqpdgd,FDE (lJ) wi,thao co4lrcl co,a,,;trEiBt,,thg 4each4ble,
set {3*iaclease*witlr,&,5,? e,qdfp-q?ip-s-{qqsfaqi tleredt'er, ,Co4qegug4tly*[o;,,thb,,
class of systems, the above mentioned implication holds; in fact, we have (GAC)
-: (GAC)'.. In g"npral, this gqeslion is not solved yet. The e'Tre,question q.an.,
be posec[_ilso for the implication (L{NQ -* (LANC)I. Moreovir, to investigate
the relationship between'the corresponding global coRttollability propeities is still
an open problem.

We note first that for the system with no cgntrol coirstraints (,4, B,'U\,
f,he notions of local controllability and global contiollability coincide. In thi* j
case, the criteria of controllability and null-controllabjlity have been'established
in tr\rhrnann [Z?]. We reformulate'theh'heteifor the sike of conveni"t 

"". 
'.

'Theorent 
E. Thc linear discrete,-timc system (A, B, U) fu (CC) ,f

i .  r  . ,  . :  i  
I  . . .  . . r .  , r .  _  : . .  : , . ,  ,  -  , , . - .

l / c  e  l v : .X :  span{BU,  ABU.A2BU, . . . , ,A ! ,= r . .8 { I } , ,  , ,  : (1 .
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and {@ N c) ;fi

' 'i 
3,t €{Y : Irn A} C span {BII, AB(1, . . . , Ak-L EtI'|.

. : !

',Fior, the propgrby :(G AC ), a useful',test is proved in.our. reeent* paper:

Theoren er0,.{54i," The, Iinwr" discrete.time aystern (A,,B,U) rt (GAC) ;flf

$

(3.6)

ard,,  : ' '
: ' :  ;

llc e ,lV : trrn z{.K c' spffi,{B V, ABU, 42 B(1, . . .} (3.7)

-.(3,9),K e r . A * f l K e r B - = { O } .
a . a

Fot the systerr with constrained controls, the fottorving theorem givee,tbe
nqcessary and sufficient condition for (LC).

Theofem 3.7 [4?J. Suppose thot the control set CI is conaez, h,rls nonempty inte-
rior in U and satisfies the odditionol condition (5.2). Then lor the lineor iliscrete-
ting s,ystg,m (4,P,o) to be (LC) it is necessory and sufficient that

o) thc correspnding system with unconstroined controls (A, B,U) m (GC')
or, equiuolently, (S.S) holds, o?d

b) th;e odjoint operator A* hos no eigenuectors, uith nen-npg.otiyc eigenuo-
lues, belonging to the negatiue polor cone of EQ, i.e.

Ker (.4* - I/.) n (BO)o : {o}, V.\ > 0. (3.7)

A s.k€t hy Elplgrration,follpurg:.the necessih' of a\ rs.obvio.reit\q neeeseit:r ot"

\\ eari\1 t*i*.tt-oo*t\e' ssrr\rar; a) anil)).o:t1 
l:aq.)^t-'^t):-=

fra-*""ntfle'set E is a'conVex set with nonempty interior in X' Moreover'

is clearly invariant under A. Then, (IC) follows from b) via Theorem K-R'

, Tor the fiuitediroensiona\ casg, the co+dition a) is obvlouslylr-educed to ttre

familiar Kalman rink condition

rank  [ .B ,  A  8 , . . .  ,  An- t  B1= n ' (3.8)

Moreover, in ttri$,case, the,assumption that O has nonempty in:berior'csr'be re-

mprea and we'obtain the f.o$owing,reeuli' 
"1 ' :
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Corollary 8.8;
time system

$tguyen Khoa Son

Let {l be a conaer set ol W satisfging .(9.2), The liarxir- dibcrete"

s,E+t -"Axx I Eu*,, *p G P, u/c G fl C n^ (3.e) :iir

rir,{
jt

..9

$

{
;!
i
iii

;s (LC) if and only il

a) the trawposewrd;r;.s .A*'bcm tw:cornptefr eigsrr$sv:lors'lrtrthagateal to B{1,
ond

b) the tronspose matiir A+ has no real eigenua,tory, uith nnivncgatite,eigeh-
uolves, belonging to (BO)0.

' : Theorem 3.7 and eorollary 3.8'can be eonsidered as the extentions of the
results due to Brarnmer [8] and Korobov [fZ] to discrete-time systems. Note,
however, that our methods are quite different from those used by these authots,
whi'ch were based on the "oscillatory" character of the matrix .d and the properties
of almost periodic functions and, clearly, do not apply to infinite-dimensional
systems.

Next we proceed to deal with the property of null-controllability. Since tLCl
implies (LNC), the conditions for (LNC) are expected to be weaker than those
for (.LC): In fact, for finite-dlmensional systems, we havi the following result. 

'i
, .  r  i s  :

Theorem 3.9 I51J. Let {7 be a'ejnuex set of R satisly;ng (g.Z).
discr;ete-time sy$em (3.9) ;s (LNC\ il and onlv if

a) the tronspose motrir A* hars no complex eigenuectors, with nonzcrd eigen-
j 'valuts;'orthagoritat te,BtI; ond 

'

b) the transpose motrir A* hos no real eigenuectors, with positiue eigcnuo-
lues, belonging to (Bn)o

Corollary 8.1o. Let t7 be a conuer set of R sotisfying (g.p) and hauing nonemp-
t'V i$efior.' The frnedr'dis*cte-time sijstem'(S.g) r; (fffC) if and o"i ;l.'

. .,, .e) tbe ep'tetpndrry .yp,tem.with aocortstr*ir.,7$,aarrtrals *,(g,.Sq) .oq,.gq,ui.
v o l e n f i l y i '  

r r r : -  i ' t  j  . . , , : . . , , . - i  j . , ; , : i

rank{B,  A8, . . . , .4n* tB l !  rank  tB ' , 'A8 , . . . ,A* - l  B lX" l l , *  (s . ro )

b) the tronspose matric A* has. no real eigcnaeetors, with positiac eigenaa-
laes6 belonging to (Bn)o..

Remark that thei'condition (3.10) is.simply a r,eformulation of (si6) for the cr
where X:P and u:R . However,adiiectextension'of the:aboveitsult

Th,e lineor
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infinitedimensional systems (with (9.10.)rretrJaeed, by,"{i..S$,ig:.nht tn1ex;as shggrn
Uv,lttt Exa'rrple 2.1. in {50]. In fact, the problem of (INC) for infinitedimensional
systems is mbre difficult and we have sofar obtained'only some paitibular'results.

Theorem S,Jl. Ld n bg o ,oor* set with nonempty interior in U einit satisfginit

{9..2!. Suppse, in addition, that there erists m € N such that the quotient space
xlKer Am is fi,iite-dimensional. 

'Then 
the system (A,,B,n) r" @Na)'if ond'on!14

;l (s.6) holds and

Ker(,4* - l/.) n (.BOlq,= tO}, . V,l > O: ,{3'1r)

The proof of the-above result is basedoa the.fact that.,{C;8}S) iu,(r/fG}.if.a;nd
gnlv if ths quotien eystem (ri,6:o) on the quotieg spacg x/K"1f- is (rffc) (see
Le-'pa 2.? ip,FOJ) end on the useof the implication (iltC)Q W,C)r*,*aL*
T'heorem 3.?'stateil above. Next, let denote by Si the contfoifiUt" set i[ tide &
of t'he sfstCm 

!A, B,int O), i.e; 

l,
si :  {r  € X: -Akr€ I , l&-da1intn1}.

r : 1

The following theorem gives a sufficient condition for (IffC). 
i

lhTI"T 3.12 [50i. Let Q be as in Theorem 3.r1. Then the system (A, B,o) r's
(LNC',) if

a))k €lV: Si+g ond (s.6) hot& ani l  ,  ,

b) (s.11) hotds.

The proof is based on the factorization theorem due t9 Douglag Lfgj asa Lemma
3.5. We note that if the operator .A is onto then in3 nt t .Ittdiii; ;i bii" fh;
1!ge $eor9n is.triv-ially- satiste4 wnif;tne gecpnd one is reptape{ by tlrg cpndition
(3.5). Ihus we obtain

Corollary S.fg [S21. Suppose thot e is a eonuec set a;th nonemBty,ir&wier in
u, o € Q and that the operator A is onto. Then, for the system-(A,8,fl) to
br,,\L!?),,ie rs necelsory and cu,fie|e+t tft*1 thqqpditions (g*s)*q"d in.tt).'.al(satisfied,.



g.&lr:Crit"t' of::global .bontnollabllitri:;
l : :

we consider noyr the property (GC) of the system with constrlinef 
:"."li"lt

(A,B,O). We note first that if O is a cone in U (with vertex at the origin) then

reachable set E is also a cone in X. Therefore, in this case, the concePs (IC) and

(GC) coincide and hence Theorem 3.7 and Corollary l8 sive also the criteria for

iCCi. The same is'true also for null-controllability. For example, the following

result is immediate from Corollary 3.10.

Grirollary 3.14. The sy.stem in'Rn with.a'singtre non-nAgatia'e input rt+r : Ar**

bup, u1, )  0 rs (GNC) r f  rank Ib,Ab,. .  . ,Ao-tbl  :  rank lb,Ab,. . .nAn-tb,  Anl  and

t:lw'matric',A,has no real. poaitiue eigemaalves' i '

Analogously, the main result of Evans and Murthy [ZO] on global controllabi'lity of

the:systeh with a single non-iiigative input'ih.F'is a simple consequence o?ronr

Theqf.Fe, 3.?. The eases, w[ere, O is. not a ,cone, hg.w,ever, is mele j1r$qestr+e{qep

ptrltllul points of view (for example, O is a bounded set,gr,a pplyhqd,ral qet in

]t' defined by a finite number of linear inequalities). To deal with these cases' we

need recall the following notions.fron, conv€x analysis (gee, e.E. Rockafellar [ZO]).

Definition 3.15. Let f be a convex subse| of .8" containing 0. T,he set

Algrttcn ifhoa,Son

c5(I) -

is said to be the barrier cone of f and the set

{ l  . " " :  oup ( / , c ) .  e " }

; To derivethe uiteria for (GJVC) wefirst observe that (€/VC}implies (LNC't

and therefore our task is reduced to find srich a propertji' (*) that-(GNC) =

(LNC) + (*). Indeed, for the finite-dimensional case, we have the following result

(conptnew,ith'1Gheoreia3.9); i  '  "r " " i : '  ' '
. . '

Theorem 3.16 [51]. Let Q be'a conoex set of P sritisfging (8.2). Suppo,se that

o) the system (s.9) ;a (LNC), and ' '"r' i:

:"'] 
bl'the tfanspose'matir A"' has neither corhplex eigenoecttrs yith eige2va-

luar*'l €,C, ]'l{'>:\ orthogonal to CI(BO) nor reitl eiEenoettors.:aifh'eiienualues

) e n, ) ) 1, belchgins ta{C,fBfifi9. ''
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Then th,c,,linear,diserete.time, system (S.g) rs (GNC).. Conperselg, it"thz
systlem (8;9) rs (G/VC) and; in'oddition,

(c"(Bn))o :  Co(Bo), (3.12)

then the conilitions a), b) hotd.

We remark that if O is a cone then C5(BO) : (Bn)o and Cr(BO) = Bn.
rn'"ereforee the'conditfuon b},intthe abovetheorem is,,inefuded, in vietn:of ThBgrem
3.9, in the conditiop a). Ia,fact, in this case, (.6NC) is equiva;lent:to,{G"lVC)t
as we have already noted in the begining of this subsection. If n is bounded,
Fhen C;(BO)': {0}, Cb(Bn) = Ro and'hence (3.12)'is satisfied. Theqefore, a*s an'
immediate consequehce,of'the above theorern we obtain the following"ctiterion for
(GNC) of the systems with bounded controls. .'

Gorollary 3.1,7; Let thp control set O bc conuex, bounded and satislg (S.e), ilhe
line,ar d,iscrete-time system (s.0) ;s (cNC) iff it is (LNC) ond,l\l 4'L for.ony
I  €  o (A ) .

Note that the condition (3.12) is not so restrictivs as it seems. In [5f] some
uramples of the control set'O satisfying this condition are given. In particular,
when O is a polyhedral set in lt- defined as the intersection of a fiitite riumber of
half-spaces {u€R : (/ ,u) S a;}, i :L,k, this condit ion is satisf ipd. Moreover,
in this case, the above result leads to an easily checkribld iest. Theor€m 3.'16 ha"s'an
equiv.alent'for.mulation"which does.noJ r.4vo!vg the c.p4.qg QilBn) and Cr{'B,trl), but
p,,,eomit it here,. $ee also [a9] for the continuous.time aqalogue to lhe aboye results.

fu [50] and [53]n these results are extended to the case of infinite.di.l4gnsional
grstems (4.1){3"2) under the assumptign that the operator -A satisfies the following
rdditional condition.

Il,ypothesis Hi 'There cristso.positive namber r ( 1 suchthatthe set o1 == {.\ €
B: ) e oftA),,- lAl > r.l consists ol o finit,e number of eig.eriuolues,of A,uith.fi,nite
multiplictties. j.

Note that the above Hypothesis is clearly satisfied for any compact operator A €
f{,X}: We formulatq., for example,,thecriterion 9f (CNC} with,bounded,.controls.

Thegrem 3,18 [s4, ,ft lhe control set Q be lounQgl and sotislg (l-z), and let
the, opp,rqtor A solisfy. the Hypothasis H, .!he infinite-d:imp,ngional' discrete-time
eystem (9.1) ;s (cNC) iff it is (LNC) and l\l S L lor anv X e o(A).

Wb note ,th'at. in the above'theotem, the control set'O is not necessarily'assumed
Lo,o'e:.rortvex., Regarding'the'p*operty (GO) w"e have.the'folloqr:jn! negative'-result.

I 9
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T,heorem Si1.9,l[53] . $ the,state.apaee X is.infinite-dirn,elnrliarwl'otrd, the operotor
A sotisfies the Hgpothesis H , then the s3lstcm {.& L) with.bortnded' eontrol'oet {I,ic

not (Gc\

For the finite.dimensional case, however, (GCl gan pccJp errd a !gst.f91,th!s
property is given by the following (compare with Corollary 3.17).

' :  .

CorOlliry S:2O: 'Lei'the aontrol'set O'bc conveb, bounded;and *atiufy (S,e)- Thi
systcm (si|) ;s'(GC, ;f it is (LC\ and flrf )-! for.,ony ) e,a("'t)r., ' : ,

I

: ,. Finall3l we shall,say that,the syrtem,(3.glrls aqplct:rly tcontrolloble if it k
(C0land,{GJV0.}*inu}taneouslyr Consequentfu,'T}erem.&9 a+d,Gorollaries 3.8'
3.17, 3.20 yield together the following , :i :

C"d,rollhry 8.8.1. 'Ld n be oa in A,orollorg 3.20. Tt>c system (3.J.) is corltplatelg
controllable if ond'only il :

a )  (Y  e  Cn,  A*Y= )Y,  \Y ,Br l  -0  Vu e  O)  +  Y  :  0 ;

b )  ( y  € R n ,  A * y :  ) y ,  )  )  0 ,  ( y ,  B u l  = 0  V u  €  n )  = +  9 : 0 ;
. q).1 e ,o(d) =+ l)J - 1.

3.4. Ap"prarcimate controllability.

lity^*lhicf is kriown as quite a restrictive'cbrncept'foi infinite.dimensional:sy6tern{,r
It 'hari' f,bm' dro?fin', for example, that" 'fin.ear' evolutionaqy'bystens'with 'cornp$

.seutigroups in infinitedimmsional spaces are nevef exactly controllable in finitG

etime [SZ]. On the other hand, it is well known that the semigtoup S(t) generate*i
by FDE is compact for t large enough [7SJ. That is why, for the systerns governed.i
by " f 

pf, ;':approxirnate controllabillty is a more. interesting problem'and, is, uoit$
widely examinedi hlotirre.ted by the purpose of applieation of.diqcrete-time msd*$
to this class, we treated in [Sl], [SS] the problem of approximate controllabilit], #j
the inftnite-dimensional system

l .  l

r,1r*r; '-t 'Xrr"+ Bur, rr € X,

j

' 1r,:*ff
where A e L(n iS a compact- operator,',8 'e'E(l[,fi 

"ita 
the,control'set 'O'ii

cone (wlth'the vertdx'at the brigin). We ricall tha.t- th! system ii'baid to'be (GA(
r e l L  r  r , t l  i . . ,  i r i r . . ; , i - .  i .  r , r ' j  . , . r 1 . . ,  ; t . ' r r !  f i  l l . ; 1 ;  ! 1 ,if its reachable set j/'is'dense in the rtate space X zE = X.'

.ri, " Eron; the epectral analysis of'*oropar*.cperatorsi it,iis wpll,-known ,that
er*€r1r.n >,Oo the.spase,X can;,be d€coliiposed'.i*te;the'dtsefut6gs oiltwo
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s-$bsllac,s,inrra'liaat w.[,t*, 4, sueh,t&at,

X. =.F," (E Q,'r .: ' {,0't+;

wheie P, is finit+'dirnensi'onal atrd the.specfqiro of tlre,tesEictios- of A to P" (resp.,
to Q') coincides with the part of o(A) which lies outside (r*p., inside) of the disk
{f e C : lf l < r}. This implies, by Genfald-Beurling spectral radius formula, that
fl(A'/")ft"|| + 0 as /c '-r oo for any n € Qr. Let us define, the,'set

:  
. '  

Xoo :  {z e X: , l im l l (e l r )kxl l -  0; ,  Vr > 0}.  ' ' , ' {s . , lE
(  &aoo,  :  L

' " , ' i : _ j : , . . , , . , l ,  
l , . . : , - . , , n , - 1  . . . : ,

Then, frornthqabove,,we have n{.Qn: r > 0} C Xoo. Moreqy,etrglearly, Ker,4i C
X.."o, Vr€JV.

21

-  ' - ' ; ' '  l  - '  :

D,efinition 8,2&r,She operaier'A C Ltx).is.said" to,.s,atrpfy thesslall solution
condition (SSC) if there exists t € if such that X- = Ker.4t.

The (SSC) means that each solution.o,:f the linear differbnce equation rp1 l : Ar1,
which tends to the origin more rapidly than any rk as le + oo ("small solution")
q,ust be. y,,g4ishgd identically after certain finite time y'. We need the following two
4ryrJiary leg,rgras, l :  r , r  r : !

n  , l

Lemma g.25. Let A.€ L(X) be o compect oltera!,or such that the, adjaint ope,-
rotgr A* sottsfies the (S,SC). Then th,er,e csistr,j.€JV,€trc$,,thg/,..,, ,.",i

. i ' ' | "

The above result can be considered as a discrete.time'analogue'tti thd'lcnown.result
d-ue to Henry [3], Cor.Zl and Manitius {42, Lemma a.A]. N"gy*!p.!.qf d,q}9.te by n,
the projection on P' (along Qr) associated with the space'detompositiorf (3.I4).

Lornrna 3;24. Suppose A e'L(X) is'a com:pact operator'anil Bft is a'conuctr, cone
tl, T: 

'fraf 
ft Ee the renchable set of the. di&rete.tirr*. sgetssv,, (8"18]. Iff;,tar satmc

pdeitiuenumber r, trrR= P;, theh ,, ,

:.---
Im ld  =SFf f i 'U  {P , : r  >0} .

The proof of thb above lemma is based on the generalized open mapping theorem
due to Robinson [69]. We state now t[e,rnain result.

1 '  l'P, c R.
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Theorein 3.25 [54J. Let A e L(Xl be a coinpact'lperator sucft$halt-A''iatiifies
the ('$Sa). We assume that int0 I 0 and Bh-rs a conuer eone. Then the
iitjinite-a;mensionol system (9.19) is (GAC) il and only if

f rn e lV.:  ImA^ c 5f {BII ,ABU,A:28u,., . .} .-

On;.d r. i.., i. :

Ker (A*'- I/.) n (8O)0 = {0}1 , V} > 0.

The,main points of ttre proof follog': Let (3.17) and (3.18) are.satisfied. Taking
r ) 0 and projecting the above relations on the finite-dimensional subspaces P,
we obtain that the projection of the system (3.13) on P, satisfies the conditions
a) ind'6) of 

'Theorbrir 
3.? and is therefore (CC). This implies,lr,(F)' - P,.By

Lemma 3.24 we have P, c E and, since r is arbitrary, span U {P,. : r > 0} c E.
This shows, by virtue of Lemma 3.23 that 3r € ,lY , iil,+ c E. From the last.
relatidn, (GA:C) cif the system.is,easily derived from the.cdntrary.: i, .1 ,

4. APPLICATIONS

-  
-  

' l . i

We are going to describe some applications of the results presented in the
previous sections to the following problems: the optimal control ptobl'errr'for the ;
abstract evolutionary system with state and control constraints; the exact con- .
trollability of nonautonomous linear systems with periodic coefficients; and the
approximate controllabiliiy' of the general retarded systein,'gbverned'by d lineat
functional differential equation, with positive controls. As another application of'

our above abstract results, in [SZl we considered the approximate controllability for*

a class of systems described by partial differential equations with positive controls-'.

Those,,results, horrvevet, are not suryeyed here to avoid.lengthy.pqeqgnlation. ,;

4.1. Optimal control-  r  - - - - _ - -

tet us consider the evolutionary system (2.1) with the control constr

(3'1F,)

(,t.r8)

(,2"2) ,arrd $he steE:cpnstraint .[2.4)- .dssul-ae-,ttrat all hyBothep..gq,statgd;lnr$egti
i,t,or"garding,.th.is ssstefiq. hold.. Qivgn,rs.F,.X.attd f, ').0, !9!, r+s dpno$e,,as
Se"iion 2-t,iy L(""j the set of all admissible trajectories of the system on [O,
by L6(26) the set of all admissible interior trajectories and by E("o) the reacha

set of the system in time T : R(xs) - fu(T) : a(.) e L(ro)j. We consider tl
following optimal control problem (P): :

P(xo,c(:)) '*+'''inf

, ( . ) '€  L( roJ,  '
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fiheru' the eost=#aqrction# p : X x' C(0r,fr, X ',++.,*,ie aospoed,tc,be con#ex and
c'ont*nllous:"'Theni:.it' is, cleasithat a *rajectorg ,r(.) g .L[aa);is'ai. p,fuU*ion ,oJ,the
a{iove,prttblerllr{F);if and,'only,if it'is,also,a solutioa.of'"the followiag:prcblem"(pl};;

p( ra, , r ( . ) )  -+ in f

q"(.) € L(ro),
. .  

. r . i  :  t . : i  ,  
, ,  

. ,  -  i , ,

we recall that, 
!y Theorem 2.3, the set i(r6) is convsx if the'set of drqireiblu

i4terior trqjectories tro(oo) is nonempty. Let denote by arp(r(.)) the subgradienf of
theionvex,,f;urletie-n'a{*)'- e{ao,la{.}). Thqrr,fro.m the 45eo.ib+g*nagion and the
kn'bnrnr eesrd$s of .the sptimlaation theory, {see, €.&, {33,},} we cbtain the following.

s,Uni**.4.1. [Sl. Suppose that, thi'teiitr"t is nanempt^y., Th,en lor a,,t)ojcc,
tory t(.) e L(zs) to be a.solution of the problem (P},,#,rsmceisecig qrd,safficiedt
that there exists a lunctional f € ae@(.)) such thot

( / , i ( , ) )  :  m in{ ( / , r ( . ) ) ,  
" ( , )  

e  L ( rs ) . } .

Tfiere temdins','of' cou'rse, the problem'of rtfansla,tion of,the above 6ptimality cri.
,t€t'ion indo''ihe'torrcrete conditions eipriissed:'in tertusr ofrthe,originil sysfeur{fur
exarhple, in the fiorm of the Pontiiaghin maximum principle);,but we'do not treat
this here, notirrg only that this kind of problems'is wid€ly exploied within the
ftamewo'rk of the classical theory of optimal control.

, . i r  :  i  :  : . n @ @ ) J _ r i n f

ithad stnt!,if'theri' eaists'9 funit;oiat / € a[{t{Q)

( f  ,ngD:  min{( / ,  r }  :  re  .R(cs)} .

Let us denote by J(ca) the Bellman function of the problem (P), i.e.
; t 1  i ,  : , t  )  i . . :  , - .  , I t .  ,  . , .

J(to) =.inf {s2(co, s(.)J : o(.) e ,("o}}.

y11ch'ihat
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The property.of.contiruity an&differentiabilityrof: the,Bellsaa- flrlrction. is know*:

to play *+ernasloble lole.in,some contr-ol:probleme .(inOartigulal,,in t'he method oi

dynamic,programrning) ,and,has been.tha:odect oJ resear'ch in a number ,trale.rqt
for instance, [7], [OZ]. 

.For 
the evolutionary system (2.1) with state and control

constraints we have the following

Theorem 4.3 [48]. Let X, U be refl.exive separoble Banoch spaces. The Bellman

function ol the optimal control prob,lem (P) tt a eontinuous lunetion ol the initiat $
.

state r,6.
''

The proof is.'based otr the Theorem 2.4 and on sdme fundamental results about

semicontinuity of convex frnctionals due to Aubin [Z]:, We remark that a similar

problem was considered in [SO] for optimization problem on the solutions set of

a nonlinear,differential inclusion, where'the lower sernicqntinuity of the,Bellman

function Jko) has, been proved.

4.2. ControllabiliW of linear periodic systems

Controllability of nonautonomous systehs has been'extensively considered

in the literature for the case with unconstrained controls. The situation is less

satisfactory fqr qoqstrained controJlability., Tberq-has bqen,only sQme treatment

do4e by Kerimov [SO] and Schmitendoi [7?],,[83} for finite dimensional linear

systemso where theicontrollabilif conditions,ate giv,en in the form of ma:<imiza,tioq

of certain linear functionals. In [82] we have adopted,quite a different approach

which is based on the discretization of the procese and th-e usg of controllabilitf

criteria for the associated linear discrete-time system. This method is proved to be

particularly effective for nonautonomous systems,with periodic coefficients:.we ary

able not only to deal with infinite'dimensional. systems Ugt glso_tg.obtain explicit

verifiable tests. Let consider the following linear system (A(t)' B(t)' O)

i ( t )  :  A ( t ) a ( t ) + B ( t ) u ( t )  ,  , ( t ) € x ,  u ( t ) € n c u ,  r ) 0 , (4 .1)

where X, U are Banach spaces, .4(t) and B(t) are, for each t ) 0, linear boundeif'

operators and continuous in t; O is a nonempty subset containing 0. For each

? > o, the set of admissible controh frr consists'of functions 
"(.) 

€ z*(0, T,u,

with values in O a.e. on [0."1. For each ailmissible control u(.) and each z6 , Xri,

the unique solution of (4J) initiated at oo is given by 
'

i
c(t) :  o(t)cs + o(r) 

I  
o- r(s)B(s)u(s)ds'

0
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i.,

i$ue"rfor.ealch t, .O{*) .e"',L($), is invertible and,satisfies the equation iii(t), =

FJ*(#FO(d)'t'.o(o) =' r.,'Clearly, tii" above system.:is,,a special.c**,uf the abstract
ilevolutionary models (2.1). Lbt denote by S the null.coitrollable set of this,system,
ii."" the set of all initial states xo € X for rylrich.one can firrd T ) 0 and a
fontrol u(.) € fra, such that the coresponding solution of the system *tirnur ttru
icondition:(") :0. The system (4.1) is called locally null-controllable, or (.LNC),
idrp.glntF end glgbafly null-controllable, or (GrVC) if S : X.

( : j .  :  
.

_... , :A|s1ne no1t,.{!qt,,{(t) and B(i) :are,neriodic funetions with period a,l >.0 :
{4fp + o') : +4(t} and.'F(t + w) = Q,(t), for all t > 0. Let define the linear,bounded
operators A: X + )( and B : .L*(0, w,Il) -' X by setting

Ax :  O(o)c,

To the system (l.r) we associate the following discrete..time system
;.*. : :

ol+l  :  Asr * Bu*, rp € X, up € (1,,  c .L-(0, u, I l ) . (4.2)

The following result is easily derived from the definition, by using the properties
of the resolution operator O(t).

Lemma 4.4. The nonautonomous system (1.1) with A(t) and B(t) being w-peri-
Mic functrons rs (LNC) (respeetiueti, lcxbf ;y ana oily if the ossociated, dis-
crete-time agstem (l.e) ;s (LNC) (respectiuely, (GNC)).

The above lemma makes it possible to use the criteria of controllability for
iliscrete-time systems presented in Section 3. We note that in the case under con-
iideration 

!1t". op"t"t r A'io inrrertible, so that the concepts of controllability and
rfulJ-contro-I{abilit} of the system (4.2) arc equivalent. Therefore, from Theorem
3.7 and Lemma 4.4 we can easily establish the folowing result.

[fgorem ?r.s [se]. Let I be a convcc set with nonempty i,nterior and, o € {1, Let
A,(t) and B(t) be u-p*iodic funetions with w > o. The .system (g.t) is (LNC) ifli

o) the system with unconstrained controls ({(t),g(r),U) ,, (CC);';". 
.'b)',flsr odjoint,monodramy operdtor o"(t ) has ho cigenveetwa.f. with a pos-',t iue'eigcnaalue 

suchthat (t;o.t '(r)r(r)") < g,vue o,.vr € [0,uJ.

Lnal'ogously, Theorem B.l8.together With Lemrna 4.4 yields
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T.helrrern,,4t€.,.lSZl, Aet O 6e .conilea lowtdzd sct.@ntainimg O,',,Let:**(t|, e&
B{.1) 6girs.pcriodic:functto,ns with u,)'0 and with the,manod.tvmy 'aperator e(rrr,}
satisfsng.'Hliptheeis''fr,, Then the sgstem (1,t) ts'(GflC) if'end,onlV'ifi " ' '

o) this system is (LNC) ond
. t  s  \

6/ [.\l S I, V.\ € o(Qe(r))., ,

We note that, for nonautonomous linear systems with unconstrained contro*
(r{4, B(t}; U}, 'citeria of' controlldiD-ility hive' been establis-hed'by 'diffbrent au-
iho"s andleireiwell'knbwn in the literaturb. Thus, we can combine them with oul
above results to obtain complete characterizations of controllability for the'class
of periodic systems under consideration.

4.3. Approximate controllability of llnear retarded eystems with posi-
tive controls

We shall be concerned with the linear autonomous retarded system (r, Bo, O)
described by the following functional differerrtial equation 

,,, l

2 ( t ) - L ( r r ) * B s u ( t ) ,  z ( t ) e P ,  u ( t )  e  o c 8 * ,

where z1 denotes the functioq 0 --+ a(0) : z$ + e),0 el-h,Ol.

We shall suppose the following:

1) I is a bounded linear functional from C(-h,0,R') into,R' given by

values in O a.e, oa [o;T]- : -.

3) Bo is n x m real,matrix.

.It .is.a chalacterizing feature for .retarded,sy,sterrs thatt,in, the systems
this type, both .trajectory value z{t) and;ito,behavior on the whole, intqlval
retardation are of interest for applications. That is why function z1 is usual$

(4.3)

where rl(,) is a n x n real matrix function of pgunded var'iatlon such that ?(d) : 0
for 0 ) O, n(0\ : n(-h) for 0 S -h and ? is left-sided continuous on (-12,0), the
integral being understood in the Stieltjes sense. :

2) O is a cone in R- such that int co n + 6. For every ? ) O, the set'':
of ad.qissible,esntrol fr,r censists'of filnetions,tr{,) in the space'tro(O,T,.RS), with';

considered as a full state'of the systems. The'fu'fiction $fiacecontrollability,,,of
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systegs :of the .form (4.3) har. been extr€+qively:stqdied .dgriasrthg last, decades
(-see, e.g. 14,43,44,58,60, 741) but most of works were dealing w.ith thg,case of
unconstrained controls. One of the most successful approach to this problem is
based on the useof,strongly continuo,us se.@.igro.up6,tbe.gry in,the.sgate space X =
P x Lo?h,O,X') for representing the solutions and studying their properties.
We,qhall:dengte by, (p.rrl) an elemeat in thp spaee.X. It is wgll-known that
!he, hompgeneou.s qqgatiqn 2(t) : L("r) induces a strongly continuous semigroup

f.(t),., >.o of bpunded Jinear.cpeSators in X. Let z(i) be the soluiion of 
'(a.3)

iprresBosdiag to the initial condition 
'

z (o )  :  ,0 ,  zQ)  :  p ' (0 ) ,  0  e  [ -h ,o ) ,  ,p  :  (eo , ,p t )  €  X

and some admissible control ,(.) : frr. Then c(t) :: (r(t),21) is the mild solution
of the following abstract differential equation in X:

,i(t) - Az(t) *.Bu(tl, . r{gl = ,e, r € [0,.f1, .,

where .4 is the infinitesimal generator of ,S(t), B is a bounded linear olerator from
R^ to X defined as Bu: (Beu,0).

For a given f > 0 the rcachable set,(in the stat€ space X; from p : 0) in
time ? of the system (.L, Bs, O) is

R r :
T

r f

{ J 
t1, - t)Bu(t)dr :  u(.) € n"}

0

and the approximately null-controllable set in time ? is Cr : {p,€ X : -S(T)e e
E r ) , . : W e  d c f i n e . R :  u { f i r  : T  >  o }  a i r d  C : u . { C ,  i f  >  0 } .  W e s a y
that'the'sJstem:(tr,&,n) is globally approxirrately controllable, or (GdC), if
R'--'X a'nd globally appro:<imately null,controllable, or (G.ANC),,if C - X.
Our task is to dOrive the necessary and strfficierrt conditions of (GAC) for the
systdb {6,.E}0,,O).,Note i.hat (GlC),tneans that forrevery e ) 0; po e ]ta and
d' e Lr(*h,0;R"), there exist ? > 0 and'an admissible control d(.) € fra such
tha1. the cgrlgsponding solution of (a.3) (with"the'null'initial condiiion),satisfies

;l?;0, 
tlrr 

- etll r, I e: As in the previous subsecrion, Iet us define rhe

P : X - - X ,

Q : U - ' . X ,

P s :  S ( h ) r ,
h
f

Q"0 :  I  s (h - t )Bu( t )d t ,
J
o

(4 .4)

(4.5)
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Theorein 4.7
retorded system

I*1, tuui.
(.[,.86, o)

Let'dl .le
;s (GAC)

q, poy1i,:' i77,ff.,,' au rh ttiqi go n;.*
il ond orily il

Q thc.systern:.wi1,;h,umcon,strsiried con|;tofts,(L',.Bs'.P) rii G,4/VO),

bl Ker P. n.(gnr)o : {0},
c / K e r ( P . - A / . )  n 1 g n r ) o - { 0 } , V } ; O ,  i  *  ' '  ' i :

wheie' th,e hperotor P and Q'ure defiiied',by gvzfor.mula'(4.1), :($i5): .
-  

" i . . : - _ .  
: i ' . _ - - r ! :  . - ' :  r ' r  , . , ; . _

Of course, the above criterion is not an easily verifiable,test for controllabil-
ity and we have to translate it into a more explicit statement. It is known that','
the translirtion from;abstract, resu{.ts ,into v,erifiable results'f,or,conerete'.classes of
systems is not always an.easy problem: even for simple systems, this leads quickly

1o cumbersome calculations. Fortunately, for the case under consideration, this
translation is successfully donb,,in [sSJ,,rclyirtg:ioqitbe pqoperiignx'of,the struqtural',,1
opercitars F and € associated withthe FDE 2(t) =.1:(21). Asl{etqtlsi,wg,obtainqd ,
thecharacterizat.ioneof.(GAC}.:9i(pfe$'sQd.e.a8pletp[yintelmsiof.theo.r'iginalsJ$'
t€m-data {tr, Bo, O}. We note that.:the;st8uetup{p,pgrators werp. introduced firss
by Bernier and Manitius in [0] for linear differentialequations with delays and were
ix,tensively::siudied in m-any .subspquenl, publicatiogq {42, 14, }l3l They.are proved
to,be an extremely useful tool in the qualitative analysis of FDE:of both retarded
etd,qe.ut{pl t-ygps, as well as in the:ptobtgqf of eggtrollabiliry.,aad obserrabi* ,,
for these,cl+ss,,ep o1 syoteqlp. To.,avgldrleggthy.;'no.tations.wq,,fo;nrr.late hele on'ly ,
some partieula,r results; which have been obtained from the above theqre.B.with -
the aid of the structural operators.

Assume 4 is of the form

JV

n(0) = 
-AoX(-oo,oy(d) -  

D A;X.- . , , , - r , , ) (d) ,
i = l

.rE
.,#

a' f l

{
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