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Abstract In this paper we establish some estimates of algcbra:c tndependence measures

S% (11(8), - .., fm (£); 8; H) and bk (£1(€), - .., fm(€); s; H), where the functions fy (z),
-» fm(2) belong to the class KE (), c; u, q) and at the same time they are the solutzon of
a ayatem of linear differential equations.

Gid st K 13 mé& rong hiru han cta trudmg cée séhiru ti Q, k = [K : Ql, Zx
la vanh céc s§ nguyén cia treong K.

D6 do déc lap dai s6 thuin nhit di véi K cda cc s ¢4, ..., m 12 ham
S Okl Emisi H) = min [P(&,. L 6m)]-
0’ ddy minimum bén ph@u ldy theo t4t ci cdc da thirc thuin nhit P = o £ TP

E Zk[zl, .3 Ty} 880 chot deg P <'s. H, < H (Hp dd cao cia da thirc P)
Tlrorng tlr, Qo do doc lap da1 8 d6i véi K cﬁa céc s6 El, Lém 1 ‘h:a.m

Sre(Essc ., it H) = min [P(,. o, 6m)] -

Jé‘id&ny»‘*-B‘(aii, 5 Tm) € Zk [Ty, Tm); deg P-<'s, Hp < H:

: Trong cong trinh 12] Shidlovskii di cho mét wéc gla hiru hiéu dé do déc 13p
dai s6 d6i véi tredong K cla cic gid tri cic KE - ham s6, trong trudmg hop K 13
i}mot trwdomg béc 2 do.

1 Déc biét Shidlovskii da chi ra r&ng khi tich liy thira cdc ham dang xét lap
nén mét hé bét kha quy cac ham thi ta nhén dwgc sy wéc gid hiru hiéu hoan toan.
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Trong bai nay chiing tbi sé thiét 1ap cic két qud twong tu trong treomg hop K
1 mot trwomg dai 88 bac hiru han tuy y. Cing cin néi thém ring nhirng két qui
phu cén cho s wéc gis da dwoce Shidlovskii ching minh tong quét cho mét trwomg
dai s8 K tuy y. Ditu d6 da dwoc ching toi st dung trong bai nay. Tuy nhién &
khiu cudi ciing ctia kj thuat chimg minh thi c6 sy khic nhau co’ bant gitra trudmg
bic 2 30 v trudmg dai s6 K. Do viy két qua dat dugc cda ching t8i khong dwoc

t8i wu nhr cla Shidlovskii trong trudng hop 6ng da xét.
Xét cic KE - ham 8 S ag

filz), fa(2)s- - . » finl2) (1)

thudc 16p KE (X, ¢; 1, q) (xem (2]) va 12 nghiém ‘ctia hé phwong trinh vi phén tuyén
tinh thuin nhat

m
T ZQk,iyi; Qki €C(2), k=12,....m (2}
AR, 4 y RENNS AT

hay hé phu‘orng trinh vi pﬁé.n tuyén tinh

m 3

Y = Qko ot ZJQ,k,iy;‘,»; Rki € Cl2)y b mds 200 a0 L1 (3) =
=1 ‘ 4 mhia n -

Theo Bé d& 10 [3] ta c6 thé coi rdng cdc ham bk t Qk,i trong hé (2) hodc

(3) c6 hé s8 thude trwong K. Ky hitu T =T(z) € Z)|2).12 boi chung nhd nhat

cda cic miu s8 clia céc him hiru t Qx,; sao cho T'(2), Qk,i(2) € Zk[2]. Céc khong

diém cta T'(2) 13 cde diém ky di cia hé (2) hodc {5, . :

S8 16m! nhét trong c4c bac cla chc da thirc T(2) va T (2)Qk,i(2) va s8 16n
nhét trong cdc mé dun cia céc hé s8 cla cac da thirc nay, ciing cac lién hop cia

ching dwoc goi twong tng 14 bac va dé cao cta hé phwong trinh (2) hodc (3).
Ky hidu t v h 12 bic vA 46 cao cia hg (2), p 12 6 nhgnhat trong céc bac
khéng diém cia céc ham s8 (1) tai diém z = 0.

GiA thiét ring cd¢ ham's8 (1)/13 nghiém cta hé phwong trinh (2) vaidoc lap |
dai 53 thuin nhét trén.C(z) (xem [3]).. Khi d6 tap hop L céc tich liy thira

N T
)

fhn(2)... 5 (2)

£ . - { b oyt % £9 m sl {i3 yifsrdy i ¥ 3 (4)
Al ‘=l l i MO L
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Y6 'bat kY 6 tv nhién’ N, 15 mét hé'thong cdcham doc 14p tuyén'tinh trén C(2).

Da biét ring, cic ham (4) thuée 16p KE (AN, CN;u™V,q™) (xem Bb dé 6
[2]) va 14 nghiém cida hé phuong'trinh vi phan dang (2) VN ndo d6 (xem B8 de 12

8])-
: Bac va do cao cia hé Vn twong ¢mg 1a t vd Nh. Cic diém ky d1 cla he VN
van 13 nhitng diém ky di cda hé (2). S8 nhd nhat trong cac ba.c khong dlem cia
céc him (4) tai z =01a pV “ RED 28I

DPénh s6 lai cic ham (4) theo mét thi ty tuy ¥ va ky hiéu ching la:

v1(2),. .., vm(2), :
N £k AN +m—1) (N+m—l) (5)

o of
T T T Ml

Gid st P = P(zy,...,Zm) € Zk[Z1,..-,Tm] 12 mot da thic thudn nhét,
deg P=s, H(P) < H. 5H 38D B 00

Xét tap hop cic da thirc

o f5 P(fryeen f)y? VO Y k= B2, 0 ST g
=1 . A

va ky hiéu ching la:

(N —s +mes 1)!
(V= o)~ 1) 7)

Y1, %2, %M, M=
RG rang cic da thire (7) 12 nhirng dang tuyén tinh cﬁa céc ham (5). Ta viét

¢z=2/\q%, 2=1)le (8)
J=1

0} day z\,-j B cie hé s8 cia da thirc P, vi.t}ié'
el £ BOJoBle8 (=)&) )

(| | k§ higu s8 16n nhat trong cde M6 dun ciia X;; vi'mé dun ¢dc liéh heop cda
né) '
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. Xay dung theo: B8 d& 2 trong [2], véi mdt gid tri n ndo d6, dang tuyén tinh

Ry=Puv+... Prmom

cila céc ham (5) v6i céic hé s6 13 nhitmg da thie thudc Zx (2) bac khéng vuot qué

Céc dang tuyén tinh
i ‘R:k = TR;c—l = Pk1v1 + -+ Pepmqoy, k= 2,3,.:‘,,

dwoc xiy dung tir dang R, cling nhw trong [4].

Theo B8 d& 4 [2] véi n > no néu ¢ € K, ET(€) # 0 thi giita cic dang tuyén
tinh s6
Rl(f)a'--aRM-H(f)v teN

c6 M dang déc lap tuyén tinh trén K, ching han dé 13 -
R; (£),- .. Ri\ (€). 7 (10)
Hon nira, theo B& dé 5 [2] ta cé wéc gid
| P5e(8) | < enVin2caoMnvinn, n

| Bj(£)| < emVindeaoMnvinn,~(M=1)n, (11)

max deg Pj(z) < van,

& day ~1, 72, 73 12 nhitng hdng s8 hiru hiéu, phu thudc vao lé6p KE (), c;p,q) va
céc 8 p, t, h, & v go = ¢™B(N+Y), 0T o

R6 rang, cic dang tuyén tinh sé
¥1(€),- .- ¥m, (§) (12)

déc 1ap tuyén tinh. Vi thé giira cdc dang R;,(§),..., R, (£) tim dwoc M — M,
dang ' i ~ S

M
R;,(€) =Y Pii(Ove(€) Hi<M+t, i=M +1,...M (13
k=1 :

ma dong thoéi cling véi M; dang tuyén tinh (12) ldp nén mét hé déc'1ap tuyén
tinh. ;
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Ky hiéu A(¢) 1a dinh thirc ctia ma trin 14p nén tir cdc hé s6 cia M dang
(12) va (13). Ta c6 A(¢) #0.
. Vi €T (€) # 0, nén cé it nhdt mét trong cic s6 v1(§),...,vm(€) # 0. Gid st
v1(€) # 0. T céc ddng thirc (12) va (13) ta cb
wi(€)A(E) = A1 (§) + - - + Anrydme (€)
+AM1+1RJ.M1+I(€) +'”+AMRJ'M(£)’ (14)

&'day A; (i = 1,...,M) 1 phin bl dai's cia céc phin ti & cdt thir nhét cia
dinh thirc A(€). Nho cdc wéc gid (9) va (11) ta nhin dwoc
IA'(E)l < HM;—le'uw\/ln 2¢goMnv/In nnwn, i=1,..., M,

IAML-H(E) < HMle'ys(w—l)\/ln2cq0A;In\/lnnnn(w—1), i=1,... ’M = Ml, (15)

; w = M = M).
Tir (14) va (15) ta tim dwoc
|A(f)| 2 HM: e'vsw\/ln 2c<IoMn\/v In nnwn[lpf(lf)l s n-—}]\ln]" (16)

Chon s8 ¢ # 0 sao cho ¢ € Zk, thi ton tai hing s6 v7 sao cho ¢?""A(¢) € Zk va
vi A(€) #0, nén
IN(e""A(8)] > 1. (17)

M3t khéc tir (9) va (11).ta nhdn dwoc
|—A—(—-£-—)-| < HM: eqawﬂ\/ln 2cgoMnyvIn n,wn (18)
Tir (16), (17), (18) ta di dén:

% 1.£ HMikekﬁcw\/ln 2c.qoMn\/lninnkwn [P}(f) + n_Mn] ‘

Tir 46 rit ra

lp(f)l HkM‘ ek'yg,w ln‘2cqo>Mn\/‘ o nnkwn > l_Hijfk'ygw In 2cqoMn\/liﬂ_jnn(ku—M)n.

H
(19)
Bay gio ta chon N sao cho
My o 2(k —1) 1
i e 84 Wik S 20
M =:2k—1 y 2k -1 (28
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(chdng han, N-={(m— 1)(2k —1)s):: Khidéta dwoc =5 o (50

e Sic) i = B SN B 5 B M%ﬁwz«;&wf. { ‘ 5 £15 :‘:zv i .v‘ i .; § (21)

4 & i

Cdn s6 n dwoc chon 13 86 nhé nhat thda man dong thei cic diéu kién:

T8 n Z n,o,;' \/H > —4k'ygw\/lnch;M i =
(211 Tircéc bét dt’mg thtre (19) dén (22) ritra | ;

Theo céc digu kién (22), tir s8 H nao d6 trd-di sé hoan thanh diéu kién

=L mkqgu\/1n2cqoM(n—l)\/|n(n-—l)
(n = I)TC M)

EY¥ %O i s naail = E ) Eft 163 X ';.A’\.'».

Vi thé

<"

ol e

Yow+/Iln2¢ggMnVIinn A Lins1 \ e ik
o et ey S
n =1

X e’fo*w /in ?CQQM*( (n,-—x) = (A';,_l Do n)

GRS

““hay

Yows/In 2cqggMnVinn
n}i"e'k’ 1 My

<¢ qllHknlﬂ/i' 3

Logarit cd hai vé ta du'o'c y

k"]g&)\/ In 2cqoM ns/ Inn
My

it 1
o Enln <l n9y +lclnH +5lnn

T (22) ta c6

kyow+/In2¢cgoMny/Inn _ kawvin2egoM nlnn < nln n.
My @ it Mydlinn W 4
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Vi thé tir (25) rit ra oasd el 63.408)., (8 (64 Wi
nlnn < 4,3 In H. ‘ (26)

Tir (22), (24) va (26) ta duoe

o k-mw\/ln 2cqoM,n\/lnn \ o _ e I
9 k:< é‘ne_z.‘ HRrp Te B < 13Hk1 ]1/2H O 158 1% (27)
va'

Inln(H +2) >~4lnn.
Bay gio ta wéc gid dai lwong
e—k'ho\/lnm:qo wMn In nn—kwn_

f pe % 4 4
R i

Theo (27) ta c6

—kwn —kfymw\/ancqoMn\/ln
( (1/2)11. k‘lgu n 2;;10anl’nn)—2kw kbg\/mM'&\/—'("llo‘*‘Zk‘mu)

> mH‘z"’w(mlfsz)f»z"“e**"x&wv;*lﬁ%f?oMW‘M(H%f), (28)
2M 21(: . .
k ‘/i— \/l—( m) 2ky3ewy/In 2cgqgMnvin n

Fefo vl Bl oW 4‘_!?;4’%¢:QQM11 D'»?‘1+Mlz-_j_>e I (MLIM) ¢+ W

Nhung o
My 2(k-1) k-1

o MZ2k-1 0k
nén ta c¢é

: w\/l e Vi
_k'nsw\/ln 2cqoMm/1n (l+m) >eT o i (: al;mM”
b ‘,,‘_/ v
Ts L a0 0> ermrkwy/inzegoMnyinn

va nhe bit ding thirc (26) ta c6 thé viét tiép,

¢~ *tiowy/inzage Mnyian(143) 5 g i (29)
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T (23), (28), (29) ta nhin dwoc
IP(5)| > H“an-zk%_&@.

Chen n sao cho céc: dieu kién (22) va diéu kién sau thda man .

Vinn > y13kwy/In2¢qo M (30)

ta nhan dwoc

(P(e)] > H-*M-280 _ grre(§0i k)

)

hay theo (21), P(e)| > -, (31)

Nhu vy véi In In (H + 2) > 414lnn v véi n thda méan céc didu kién (22) va (30)
ta cé wéc gia (31).

Trong trudmg hop téng quét theo dinh Iy cda Nesterenko (Dinh Iy 3 (1]) va
hé qué cia né (Bo'de 8 [2]) c6 thé chon ny nhw sau:

no = ({mf A+ e many

trong dé 02(m) 1a hdng s6 phu thudc m.
Tir bat didng thirc (22) va (30) rit ra ring véi

In In (H +2) > max (v}gk*w?M?min (N + 1), 714fln N + In (m))),

hay néi cich khéc, véi dieu kién

In In(H + 2) > Q(m)k?w?M?min (N + 1), (32)

sé xdy ra bdt ddng thic (31). Nhung theo (21) thi

M= (2K — ) > < z
M - (2k—1)w >0 hay YSiHTH

Vi thé diéu kién (32) c6 thé viét thanh

Clnin(H +2) > Q)M (N 4 1) (33)
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Trong truwdmg hop tap hop cic ham s6 (4) lép thanh mét hé bat khd quy
(xem [2]) thi ¢6 thé chon

A s pzv_,.t!‘.{iﬂ:ﬂ
. ) do i ;2' & %

(xe¥n Bé de¢ 4 [4]), l_{hi"dé bat .ding thtrc (31) x&y ra -vc'ri diéﬁ\gx‘k‘ién
In In (H 4+ 2) > 715k*w?M?*min (N + 1),
hay, véi diéu kién (cling bién déi nhu trén)
"l.n In(H +2) > yM*mIn (N +1). xS 1 (34)

(Cht ¥ trong trwdmg hop nay hing s6 4 hiru higu va khong phu thuéc m).
Cht ¥ rang

M= . (N +1).. (N+m—1)<

(et ( )_

va theo (20), N = (m i 1)(2k g 1)3, némn..t;a;xcéis i

(N+m o el

m_lﬂv ‘m‘-— ks|™ !
o

M<

= .(m—1~—1)' [(m - 1)(3/6 - 1)s>+ (m -

vi vay bat d&ngthu'c (33) ¢6 thé viét thanh

[2k(m —~ )8]4(m—l)mlns -
Jtm =yt

lat, dﬁng ‘thu‘c (34) cung dtm'c vxét tu'o'ng tysvéi ﬂ(m)

2k(m —1)s fme, L el
Trongtrtrornghorp ln ln (H+2)<ﬂ( )[ (m I )_}1)']4 ,:rfns.t\‘rH‘<

In In (H +2)2 ﬂ(m)

_ 1)s]40m—1)
il [2k(m — 1)s] mln s

[(m —1)1)*

8% (f1(E),.- -, fm(€); 5;H) " 7
b o tordsend@Rlim e Del ™ Dimln s
2 (fl(f)a a,fm(f); s,eXpéXpﬂ(m)L (mH!n)’ﬂ 1).}4 mn ) ;

‘exp exp 0 suy ra
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Vi'thé ta €6 dinh Iy sau -

Dinh ly. Gid s tdp hop cdec KE - ham 56 f1(2),..., fm(z) (m > 2) thude vdo
lop KE (X, c;pu, q) thda man hé phwong trink vi phdn (2) va déc ldp dai s6 thudn
nhit trén C(z). Gid st £ € K, ¢T(€) #0. Khi d6 zdy ra sy vdc gid sau:

: ‘éﬁk!"(ﬁ—.ﬁ)"‘.’&gﬂ:l

8% (11(€), .+ fn(€); 8 H) > CH- "2

mim —1\ym—-1_ m-1 4m—4 P
exp{ _ 2k (Tmi?l); lg — exp n(m) I2k({;nm li;]”‘ . mlns} néup>1

{ 1 : A gua) néup < 1,
e =

" [(m-=1)4nIn(H +2) )

Q(m) la mét hdng s6 dwong chi phu thude vio treong K, cde ham s6 (1) va hé
phwong trink (2). Trong trudng hop tap hop ‘ede ham 56 (4) voi bit ky N =
1,2,... ldp nén hé bdt khd quy cdc ham sé thi Q(m) = ~ la mét héng s6 hiru hiéu
phu thuq‘c vdo I6p KE (A, c;u,9) vd cde sop, t, k vd . ,

Tir dinh If trén d& dang nhin dwoc két qud twong t d3i véi d do dac ldp
dai s6 \ X # } i e
$x (f1(8),---» fm(£); 8 H)

trong truwdng hop céc ham s6 (1) doc lap dai s6 va thda man hé phu'orng t.rmh vi
phén (3). Thit vay, khi d6 thay cho m ham s6 (1) ta xét m + 1 him s sau:

L fi(z)s. oo fm(2). ‘

R6 rang ring cic ham s8 ndy thda man céc didu kién cda dinh Iy trén va d6 do
dgc lap dai s6 thudn nhit cida ching I3 d6.do ddc lap -daisé cia cic ham, fl) vi
thé trong ket l}lan cla .dinh ly trén ta chi viéc thay m bd’l m + 1 sé nhén dtrorc s
wéc gid ican diré'r cla ‘ 8 -
’ Pk (fl(f) ,fm(f) )
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