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“BXTENSION PROBLEM FOR GENERALIZEE
+ MULTI-MONOGENIC FUNCTIONS-
IN CLIFFORD ANALYSIS "

TRAN QUYET THANG

Abstract. The main purpose of this paper is to eztend some properties. of multi-monogenic
functions, which are a generalization of monogenic functions in higher dimensions, for a class
of functions satisfying Vekua-type generakzed Cauchy-Riemann equations in Clifford analy.m
It is proved that the Hartogs theorem is valid for these functions.

1. INTRODUCTION

In [1] the theory of functions taking values in a Clifford algebra was studied.

It is proved that many important properties of holomorphic functions of one com-
plex variable may be extended to monogenic functions which are solution of the
generalized Cauchy-Riemann equations and play an important role in theoretical
physics.

Following this way, in [6] Le Hung Son introduced a version of multi-mono-

genic functions which are a generalization of monogenic functions in higher dimen-

sions and proved some properties of these functions; among them there are the
Hartogs extension theorems

The purpose of this paper is to extend these results for functions satisfying
Vekua-type generalized Cauchy-Riemann equations, which are a generalization of
multi-monogenic functions for Vekua-type in Clifford analysis. It is proved that

. the Hartogs extension theorem is valid for these functions. This is a genera.hzatlon'

of some results in [4], [5], [6], [7].
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2. PRELIMINARIES AND NOTATIONS

Let A be the universal Clifford aléebracbnstructed over a realm—&ime951onal
vector space V with orthonormal basic e1,€2,...,em (see [1]). A basic for 4 is

given by s

L —

where eg = eg =1 is the 1dent1ty element

Multlphcatlon in A 'is defined by the foﬁowmg ‘tule for the basm elements
€i€; +e,e, = —26,76?

: For n < m, R™*! is naturally imbedded into A. Hence z = (2o, Z1,...,Z5) €
R™*! will be identified with

n
T =2Zo +Z €;T; =Ty + T.
j=1
The involution of z is denoted by

v Bem@pomdailai

 The norm 60°4'ts defined by

1/2

lallo = z'"/z(z;ai)' |
).

for the element a = S aseq. Then A turns out to be a Banach aiéebre of éiigen-
; A i 51
sion 2™. dagi : Tt
In what follows, we shall denote an open subset of the Euchdean space

_R"'H x R¥*! by G = G X /Gy'where L <ni<m,1 <k <m,n+k<m. We
- shall consxder functlons defined on G and taklng values in the Clifford algebra A.
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where f4(z,y) are functions taking real values. -

We introduced the following operators

<A s 9
= S . = =i
D, ‘z—_—%esami 3 v ]Z=: €, ay,- y
Ja, f(%,9) = - / Eh*lw(u‘,‘z)f(»u,y)du for each fixed ;y ,E:Gz, SEEL

G
Je, f(z,y) = — / Exi1(v,y)f(z,v)dv for each fixed z € G,,

Ga

1 ©-z . ; 2 :
and wy4; is the area of the unit sphere in

where En+1(u’|z) = Wn+1 lu = I|n+l
n

R™*!. Then the following relation is valid (see [3]):

DzJGl f(zs y) = f(z’y) fOl‘ f(zay) € Ll(Gl) (1)

® ; b b e i
For the operators Dy and Jg, the analogous relation also holds.

If D.f =0, we say f is (left-)monogenic with respect to z (see (1]). I for
each fixed y € G, f is monogenic with respect to z and for each fixed z € G, f
is monogenic with respect to y, then f is called multi-monogenic on G (shortly
speaking D.f = Dy f = 0) (see [6]). The set of multi-monogenic functions on G
is denoted by M(G). |

Following (3], we say that an A-valued function w belongs to LP'* (R®) if |w|

and |w(®)| belong to LP(A,) where w®)(z) = Izl“w(i) and Ag is the unit ball
in R* N :
The space LP*(R®) is normed by
14llpe = 14, Allp + }A, A, 0 0
If Q is a boundary domain of R", we have

ck(Q1) c LI(N) c LP™(R") for every k,q € N.

In this paﬁér we shall consider the system
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D w(z,y) — w(z, y)A(x) =0 for each fixed y € G3, @)

{ Dyw(z;y) —w(z,y)Bly) =0 foreachfixed z € Gy, fAall
Where g ool s 1 | ? i 3 y 1 i z

AG LI UBY ) B e AL MB e mik L, g B kit ket (3)

From the Fredholm: theory the system (2) relates to the followin-g integral
equations ;

w(z,y) — Jg, (w(z,y)A()) .7 0, (4)
w(z,y) = Jo, (wlz:)B(y) = 0. ()

In the next section we need the followmgknown results.

¢ ¥
11734

Lemma 1 ([3], Theorem 4.29). Under' the assumption {8), the opérators Tjw *=
Jg,(wA) and Tyw := Jg,(wB) are compact in the spaces C(R"1) and C(R*+1)
resp., where C(R™*!) denotes the space of bounded continuous functions in R**!.

Furthermore,

lle! S M'Alp,n-i-llwloo’ / i (6)
[T3w| < N|Blgs1|w]oo, (7)

where M and N are constants depebnding on p and q only, and

W= sup [u].
Rn+1x RE+1

Corollary 1. Assume that
: IAI <’M—13 |Bi <‘FN_11 3 t ., (8)

where M and N are the constants in (6) and (7). Then the equations (4) and (5)
. possess only trival solutions.

In the sequel we only consider solutions of the system (2) in which the given
functions A and B satisfy the conditions (3) and (8).
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3. GENERALIZED MULTI-MONOGENIC FUNCTIONS
Definition. Under the assumptions (3) and (8), a function w € C(G) is called

generalized multi-monogenic if it satisfies the system (2). The system (2) is called
generalized Cauchy-Riemann equations.

The set of generalized multi-monogenic functions on G is denoted by X(G).
The Fredholm theory showed that if the equation (4) (resp. the equation
(5)) possesses only the trival solution, the inlomogeneous equation

w(z,y) — Thw(z,y) = ©(z,y)

(resp. w(z,y) — Tow(z,y) = ©(z,y)) possesses an unique solution.

Hence we have the following

Lemma 2. For a given monogenic function o on G, there exists an unique func-
tion w which is a C!-solution of the equation

“w(o) - Jo; (wlz)Alz) = o(2), 0)

where G is a (bounded) simply connected domain with smooth boundary in Rt

Conversely, we also have o
" Lemma 3. Let w be a C!-solution on G, continuous on Gy of the equation
D,w(z) — w(z)A(z) =0.

Then the function

1 t—T
wl#) = s / T x|"+1datw(t) 7(:10)
8G,

is monogenic on G, continuous on G, and satisfying the equation (9).

Proof. We observe that the function

1 t—T
ber‘-l 't TE zl‘n+l
G

Tw(z) = w(t) A(t)dt
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is monogenic in the exterior of G; and equals to-zero at co. The function Ey 44 (u, z)
is also (left- and right-)monogenic with respect to u in the exterior of G| and equals
to zero at oo for every z € G;. ‘

- Thus, by Corollary 9.3 in [1], we have

' / Bl b iofds Pt} = 0 ()
- 9G, )

By (1), w(z) — Tw(z) is monogenic on G;. Hence we can apply Cauchy’s
- integral formula ([1{, Corollary 9.6) to obtain

w(z) — Tw(z) = / Epi1(t, z)doy (w(t) — Tw(t))

G,

= [ Bnslta)dow(t) = (a).
0G,

As w is continuous in G| and Tw is continuous in R**! it follows that ¢ is
continuous in G;. . O

In view of the preceding results we have

Theorem 1. There is a ‘1-1’ correspondence between the set M(G) N C(G) and
the set X(G) N C(G).

Proof. At first, let ¢ € M(G) N C(G). For each fixed y € G, by Lemma 2 there
exists an unique function v which is a C!-solution of the equation

v(z,y) = Jg, (v(2,9)A(z)) = o(=z,y). | (12)

We observe that v is monogenic wif.h‘respect to the variable y. Indeed, from
- (12) it follows that

va(z’ y) <a JG1D!I~(”(Z’ y)A(z))
= Dyv(z,y) — Jg, (Dyv(z,y)) A(z) = Dyp(z,y) =0,

‘and hence, by Corollary 1, Dyv(z,y) = 0.
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; Again using Lemma 2, for each fixed z € G there emsts an umqueffunetmn
wstisfying 75 3 : : 5 iy
W( ) Jc:z( (z ,y)B(y)) =,v($“;y)- 1% 413)
We shail show that w is generalized multi#mbhdgéﬁ\i“cjfiiii(ﬂé(f,‘ from (13),
D,w(z,y) — Jg,; (Pzw(z,y)B (y)):= \D,v(z,y).
On the other hand, by (1) and (12),
. Dev(z,y) = (z,9) Als) ¥ aetsih (1)
= [w(z,y) = Jos (Wl B@)A@). - ) 1
Thus, » ) »
(Dat(a,y) - w(z,)Alz)) ~ T, (Daw(z,3) - w(z,¥)A(2)) B(y) = 0
and therefore, by Corollary 1, one has
D.w(z,y) — w(z,y)A(z) = 0.

Obviously Dyw(z,y) —w(z,y)B(y) = 0 (by (13) and (1)).,
Notice that w is clearly continuous in G and thereby w € ¥(G) N e(G).
Conversely, let w € ¥(G) N C(G). Consider. the function

Tow(z,v) = — / Exqa(t,v)w(z,t)B(t)dt. - I motoenl

G2

By a method analogous to that used to prove Lemma 3 we have

/ Ek+1(&’y)dU”T2(I"’) =0 for eéch (I,yh) €QG. ‘ A (14)
"8G, gy

Applying Cauchy’s integral formula ([1], Corollary 9.6) . for the monogenic
(with respect to z) function w(z,y) — Tow(z,y) and using (14) we obtam

w(z,y) — Taw(z,y) = / Ek+1(v y)da,,( (:z: v)

6Gg

- Tzw(z y / Ek+l v y)da,,w(x v)l o= g( ’y)
8G; | b 1 D
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Clearly, ¢ is contmuous inGand: B,,y(z,y) elia: ik do el Beaoweied

i
In a similar + way we also have’

/ Ens1(u, 2)douTiw(h,9)' = 0 for'each’(z,9) € G
G, : =

9(z,y) — Tg(z,y) = / Eni1(u,z)doy(g(u,y) - ng('i,y))
¥ 3 X . aG1 3 3 | S s A T X £ “ (g .
= / Epnii(u,2)doyEryi(v,y)do,w(u,v) = f(z, y).
G, x8G3 g ,7_,-\"}'

It iseasy to check that f ds: multl-monogenm in G a.ixd contmuous in G’ rThlS
completes the proof of the theorem. (1 ORI ;

Theorem 2. (Uniqueness theore'm’)..“ If w s generalized multi-monogenic in G
and w = 0 in a non-empty open subset.o, C Gy, thenw =0 in G.

Proof. We show first that foi' ea.ch ﬁke&y € G’}, if wisa: soluhon of the equation

oA
zw(w, y) w(z,y)A(z)
: a.nd w=0ina non-empty open subset o1 C Gl, then w =0 in Gl.
“Indeed,puttmg e v R s
olz,) = [ Ena(u)dovo(u,)
:and M%g‘%a | uwg have
s ? y‘
() = w(z,y) [ Busalt, o, 0)AC)
e PGS 54 Gl wi §
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The second term of this representation is'a monogenic function with respect to
in o1. Thus by Cauchy’s theorem ([1], Corollary 9.3) we obtain :

EEgEad £ 51
aitiiid & EiR

adl Gl \0‘1 l » : '

Applying the Cauchy’s integral formula ([1], Corollary 9.6) for the monogenic
function ¢ and using (15) we get .

olz,y) = / T ey / 8, 8t .0

aﬂl - g L 801

for each z € 0;.

Finally, from the identity theorem for the: monogenic function (see [1], The-
orem 11.3:9) we conclude that' p(:;y) =0 in: Gl and,: thetefqres; by Corpltary 3
w(.,y) =0in G;. ; o1g 2t saislqmen

Now we may without restriction assume that
Nog=0,%X03, » yigems-sent B st 0= w bas

where ¢, and o3 are polydisks in R**! and R**! resp.. .
For each fixed y € g;, w(.,y) is a solution of the equation

D,w(z,y) — w(z y)A( )"=o',

and equals to zero in o; X {y} This u:nphes tha.t w = O'in Gl X {y} a,nd as y is
chosen arbitrarily in o2, w= 0 in G; X 03.

Next take arbitrary g: € Gy, then w(z, ) is a solution of the equation
Dyw(z,y) — w(z,y)B(y) = 0.
160 s £ seamed Baisn e
In a similar way we also show w = 0 in {z} X G, and as z is also chosen

arbitrarily in G,, thls ylelds w = 0 m G1 X Gg O

The following theorem is the main results of thxs paper

Theorem 3. (Hartogs ‘extension theorem ). Let G'= G, x G, where G; and
G, are domains in R**! and R**! resp.. Let T be an open neighbourhood of
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0G.:Then for.every generalized smulti-monogenic function wiin %, there ezists an
umque generalzzed mult: mbnogenw ﬁmctwn W in GUZX such that W-= win .
Proof Without loss of genera.hty we may assume that the given generahted multi-
monogenic’ fiinctioh w'is Continuous in' Y. “Then from Theoreém 1" there exxsts an
umque functlon © multx—monogemc in E and contlnuous inT. ' e

By [6 Theorem 4. 1] there exxsts a.n unxque multl-monogenlc functlon <I> 1n
G U X such that & = ¢n &.° o s \ Mo suldsV :

Using Theorem 1 it follows that there exists an umque generahzed multi-
menogemc funttlon W sa.tlsfymg the system tieamsdioM Yo 1osl

CATER

3
: i -~
1 g 43 234 % 3

{ o(zy) - Jcl( v(z,9)Az)  =olz ,y) * for each fixed y € Gy} - (16)
W(z,y) — Jg, (W (z,y)B (y)) =v(z ,y) for each fixedz €'G,, """
where v is defined as in Theorem 1.

Both W and w satisfy the system (16) in: Ev me Corolla.ry 1 and the
Fredholm theory it follows W = w in £. sosnd .

Finally, by Theorem 2, W is the unique extension, and the proof is com-
plete. O

Remark. We observe that the condition (8) may be replaced by a larger one. In
fact, it suffices to require that the functions A and B are given such that the
integral equations

o(2,3) = Jo, (v(2,9)A(2) =0 for each fixed y € Gy,
w(z,y) = Jg, (w(z,y)B(y)) =0 for each fixed z € G4,

possess only trival solutions. Then the above results remain valid.
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