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Abstract. 77u main prn7r,sc ol thk pper it b cdcrd nmc prcpafiicd.of w&i-ttrrlrrogcnip

fwlctioru, uhich arc o geturfuion ol ttwnogcnic lwufions in hifi*r dimctuioru, lor a closs
ol fiuutioru soditfqvtC Vehta-W gcrcralind CurcIryRicmarn e4ttodiotu in Clifiotd atulytit,
It ia prcoet thd tfu Ilartqt thrrlnm b oalid lor tlucc lwutiotu

1. INTRODUCTION

' h [1] the theory of functions taking values in a Clifford algebra was studied.
It is proved that many important properties of holomorphic functions of one com-
plex variable may be extended to monogenic functions which are solution of the
generalized Cauchy-Riemann equations and play an imporlant role in theor.etical
physics.

Following this way, in [O] Le Hung Son introduced a version of multi-mono-
genic functions which are a generalization of monogenic functions in higher dimen-
sions and proved some properties of these functions; among them there are the
Hartogs extension theorems.

The purpose of this paper is to extend these results for functions satisfying
Vekua-type generalized Cauehy-Riemann equations, which afe a generalization of
multi-monogenic functions for Vekuatype in Clifford analysis. It is proved that
the Hartogs extension theorem is valid for these functions. This is a generalizaJion
of some results in [a], [s], [o], [Z].
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where f t(s,!r) sre,*u69616 ffiSfu; e ."":l"er '.j ''i'i .,,

r,'-; t] 1 , o,.. "i !-l F.:ir, TLill ?:9V

i : : . :,.#lr*:.**i:: e$i.lr:r*i't+S.f fl.1 l' .:r ir:r :::: s* :*:-r+:,
., , . ,,,.,J**^dJs,*) = = trf.,Fg*r[qopJfk,*& e]T @"Jt n-+.r.q.€gru'y,,

Jc,I(x,s): - /f**i(V;s)fl*,'oldu ffor each fixed c€ Gr,
J

i  . tL  "  , ;L  1, , ! ;  j , .  ,  . .9?rU , -  -  j r .  . ,  , , .  i .  . :  : .  . -  . :  .  r  . : . . ' , t r { .  
- ; * r  )  1 ;  ,1 , i " , i

where soal(',,r) - ;*lthTr and a6.,1 is the #';?i[Jilii t*. ffi
E1+1. Thea rhe falluwins n#dips ,e" vdidleqFH:

D,I61,f (cry) = l(c,y) fisr flr,y) € [r(cr). " ',_ 
tl)

*l!rF.So,
l,i ,r.j- : j :-. 

":: 
,oi ,,,,l , :*t4.'.i.:i'X$*sft.;Sa* ;+ pf6a1r,31a11g$;il4+3r;

Sd-J6ro,;Huc*rP*bggiile'*F bctd*.

lf Drf - 0, $r€ say .f is (hft'lrmqe*rh wlth reepect to r (s** [tl]. S fs
eaeh Excd g € ca / is mdnsgpnie with rerpert to c and for each fixed c € Gr J
is ncaogenh yrith renpect to r, €eri f b @14* gry8ilsgp.qwq.ea.G Snortly
epea,king Drf - Duf = 0) (to [0]). fhe set of multi-monogerric fanctiom on G

th€r



Wf*mi-*A*i$d*Cj*'rritetrurs.is.,gfitrord,ari*tygie

for each fixed gr € Gz,

:forytearh'fixeil o € :6i,

Ae L!t"tr,(P+1),,, ,.,F,€..Let||.{&E+1)0, p> nd 1,

: i r : ; . .  . l :  : : : . - i . _ :  i

:  :  : ; : - : . . . : : j  j . r I ; ' r i - ,

q > k * 1 ,  ( B )
i .  a  _ :  

:  j : l  , . .  i

From the''Fredholm.theory,*he syetem"(2) relates to the followilry.'i*$eggel
equations

w(x ,v )  -  Jc , ( r ( " ,v ) / ( t ) )  :3 ,  (4 )
, "' w@,v)1 Je,(tr;'{o,Y.}a(s))L s..

j { 1 ;  i . ,  .  , :  I  |  ,  , . :  . ' l

In the next section we need the following known results.

Lemma 1 ([3], Theorem 4.29). [Iniler'the assumption (a), the opd,rdto]s T1w1=
Js,(wA) and T2w;: J""(*B\ are comryct in the sqces C(xl+t) and C(nx+t,1
tesp,, where C(f+t; denates the,spaae,ol bsvnded eonbinuous functions in';o.+r'.

Furthermore,

lTpl , ,1O10r,,+r ltul-,
lTzwl < ff lB lq,&+1 lu I oo,

l

ghere M and N are constanls d.epe,nding o,i p'and, q only, ond

ld,l." :t 
't 

,rru 
t tl i l.

8 n + r  X F t + l

Corollary 1. Assume that

,  ]d[  4.*d-r , . .  l8 l  < t r - t , , .  , (&)
n-
F:
f.where M and N are the constants in (6) and (f).
; possess only triuol solutions.

i In the sequel we onty consider solutions of the system (2) in which the giveni ' -

' tunctions A and B satisfy the conditions (3) and (8).
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The Fredhclm theery showed that if the eq*ra,tion (a) (rwp. the equation l
- : - J - i @ . * * a - J E ^ - .  , '  -

{s$'poewasa,6*l

w(c,vl - T1w(a,,y) : se(c' g)

..r l:1rr:ti Ji 5si,;d?'.r:

t : ;

'  , , ,  . ,  .  , : :  i r : ' :  , : ]  t ! , i . r - , i i *qu:1+{ * l ' : , . ' r "  i ;  ' -+. . l r ' ,  '  '  . ' ' l  : :  : '  ' ' :  .  , i
(rye. tg (c, s) - T2w.(o,!AI+ =":(d'(*J Sfu pW" s. ffil,ll4ue solutieil. |:

Hence we have the follovring
, , . , . .  . , . . ' ;  , : , . '

Lemma 2. For s glaen monogenic lunction g on Gr there erists an unique func'
tisn w.qlraA bo C!-@Gien,d trlc &qlgdltisfr., l

' ;  I  , , , i  ' . '

t , ' i S ,

. ' l

she,re G1 ,re o (bovnded) oimply gonnqc!.ed dornain,with smooth &lun/rarg rn.EP+l

, , , ,.,, .',j*;:ii; l:;;rt*ilp*ll; lt4u

.  
' 1  ' '  '  t

Conversely,'we elso h"ve 
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r : " ,  i  , , '  ,  " r : i : :  
' ' ' : .1 . . . . .uJ:-  - -  -+r  

, ! , i1 .  r  r , , ' : i : r ' ; , .  1t1 '1 ' . -  t ; t ;a '
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W@ad,e*r&ll 6s'

Sert@{$.,$@' @er @, :i$he.fl@ie!l #,*,*r,{il, s}
is also (left- and right-)mo:rogenic withtepect to u in ttre exterior of Gr red b
to uero at o for every g- € Gr. .' :

' ,'j' , '. :'" 'f '.E;ii$fala gnrf*l: 6t'i ' ' ' :
' 8 G r " : ' i . .  i  . ' ' !

'  (11)

i : , i  "  : ; r '  + . i j . l  . ; 1  :

epdy Cauehy'sBy ($, tr{r}-,{ra(o} is mcn4pniti*t €is. Ilence we caa
. integrat formula fiqi dl t:S).ryqobtaitr

re(s) -Tw(r):  
I  t^*r(t , .x ldo1(r(t)  -  

"u(t))  

:  l

,L,
f

= / .8"+*(***,lrdot1a{t},=3{s}, .,; -, . ,. :r-"

u*,
.  :  i :  

:

'" *S'ri e ctnftmlgffiffiffigtr{*To$'-Id curtl*{iitffiU,gr'+r;ft nffi**s*nff ,p tS
c$itffiffirftg.iHr6p. ,$ 1,.i t .. =' , . : .

In ylew of tbe'pfsediwg reffiru"ta hare

fheorern 1. Th"f $&d t-cd''wwaqpdndcnce &tovaa ffie set,\{(G) n C(d\ end
the ar;t X(s) n c(6).

Proof. "At tuBt, lei g€ J{tC) n CtG). For each fixed I € G2 by Lemma ? there
r exists an u*ique funcdion u which is a Cl-solution of the equation
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$ ur?s,yl s tc;br(o{c,s}A(r})
{ -- Dra(x,s) - Jc,(Drv(x,v))r{r) =
$ ,  

i  :  t , : . ?  - n ' : ; ' t r  :  . t l i -  :  - ,
$ ,  -  

-  
; i  

" j ' t  
i  '  & . ' : ' .  t .  i ,

Fand hence, by Corollary l, Dro{rrg) = 0.
h
El
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,  r i . '

Drw(a,u) = o,
...,,'.I r.o1 i , ".. ,

t'(t; p) L J6.{u(t;s},{")) = v(x, yl. (1s)
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{x - , :pi  *
gt^stffije€ ,ili'ii:, r*ir:lJx* '*dl J'ri ,ir $.1 ii:?i::ri'r {:i's :i:-rsp,*i1{}fi}{;+Jfpii i:5* -31*iJ r*ls ri

: :.:.: ;,: , : \ ',..14(s,.,g)'= Jeo$u{r,.$s{yr)} =ro-t#$.'.os'1--}!,l 'tnri x: .rc,t*t@

,  .  r : i  1 r : ;  i i : i

Thus," ",=fn ;{*,*ii:;;;;r}iffi:J i;5r;-i jTE;tillli"rr) : o
and therdore, by Corullmy *,,E*b,s , . r .,. :' 1

,, ; '  :q -. i , lr r., ,, - ,P.rUt(t;V) - Ar(",V).d(c) _ g.

Notice that ur is clearly continuous in G and thereby o€ XtEf

0., o,i : By.*$ip,.s,fu4 tp$epgle F.*i Se,$ f,,qpu,s |pqas 4,rc$"qgfijlA ..\c*;::tl

its *'i*;}{i?
(14)

l:: { j

FHl{

, 4+.k*s) :. ftta(c,gl f,J, ft* i{vlr-}fx(t-,,{}.,,,, :
r  ,  .  ,  . i  i {$ : . ; , , i  : ;  ,  ,  

' .  
1  . .1 .  i [  , :  ] " ,  o{ !
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g**d u l- @ b*,gp#rqffirfiryFg SM ul G, G1a$hgr, rir,= 0 in G1"
F*i \a f f f i*Ei"Al i lni  t :  r '  i , , { '  ' i f i ;nr i  ,r id i  ' ; ;  ,  ' ,  , i i  . ; '  r '  :  r

- , " : . , , i n ' . i  g o . . ; O , d l . [ . ) , - . . , , ; ' , ' f l r  r ; : : r . .

i {i- :J" ti!-!r..i

." r,. .. i: ,. ,.: i . ,$,e ,{ffiiu,ti+i ;i,,4*s,t},*,i{t i

i'alsftuS$tgdw&hfrwdba?f&rihrffi, @!n thg q**Mtuneqsia *. #b
;i 3l €hcttr;fLrii;: fi-'proof of the theoiLrii. n ;.) r{i fi - is. i'u'

i i  i . i  g i l j i , i  ; h  , . , 1 ; J  r i r j . l  J t  -  - 1  
, r " , , r  

_ . { r { I _ -  r . , ;  V i r _ r i / l

l f,heofs* '*. pniqi e ): "'I/'"tir'f$'seh'vit&'M *rutti
, diid'w = 0 in o t*n-crnfiy opr;n rs,$eFt.or€1poticn u = 0 i'n G.

e ): "'I/'"tir'f$'geh'vi0&'M ntt&rlmonryuhr$fl+,€

. tuclt. tsl Ehffi hro-Ssr ; fiFbeE1frett e 4r F tffire ffiEbflh qS$*E

$,' ,  
i l l  : r :  ,  '  ' :  ' '  : f  r i  ' l { i l ;&dri}* ' i l f  } ' i t :  I t*;  j* l ' " ;* * ai i*,  i . .r t  ,  ,  r1 ,-,  r".  i :  ' t i?"r i . ;* ' r  , . :* '"1

$: Dnw(s,s\ - @(srtr)e(c1 '= e
; :  

,  .  , .  ,U * l+Jh€\f . ,&ixp ' :  i rg,r"rrr . t , i i  l

' i : . :  i  i r : . r ] , :

&"rrr, rB,' $xallAs ,,t'$. l

, *l<* + r,it+r;k i;r-"e,1 *f1,.rrxss.*r?is
,i 

Is,.a dffiS,S##*mffirucl{*t*r".,f { i}' ;rqe-,r:i:'ri 1 " qri rr:n} *qi sri,{'il . t i, r::,

r 8,w hwc
*r-brr*l-i* n 111 *f 0 ,- tt !v{rf ,.:,, 'o-it "} '# /srrrl . l , i ir:: i i '{ F  ' i i

y l  i : ; ' r , : r ' l  t r
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The second term of this repre€nfutio4,ih:a;-rmonogenic',firnftion {ryifh-fi€qb@ to s
ino1. Thus by Cauchy's theorem ([r], Corolla_ry,9t3) y"..:]t.?.r* i;iii:r;,, T, i,"u

.A,pplying the Cauchy's integral formula ([1], Corollary 9.6) for the monogepie

(15)

function p and using (15) we get
, | . ' 1 .

,p(",v):  
J 

En*r(u,x)douq(r,y) :

6ot

f  . :  
i ' .  ' ,

,
I  

'En*r(u,x)dnuw(u, 
y)  -  O

J
oor

f o r e a c h r € o 1 .  '  :

Finally, from the identity theorem for4hs,monogenic function (see [1], The-
or'efi ll.AiO),wciclrrrddss frdr p(:99),s S,.i4,,.Q,1 aed*tfis€fors,:byafupllary 1,
u r ( . , y )  : 0  i n  G r .  

' i t t l '  
'  . r . i l  ,  "  . :  i i  . 1

Now we niay without restriction assume that
" 1  l j : i  . !  "  

' ,  ! r : : l

-  ; !' ' o ' =  o 1  X  o 2 ,

wherg.o,1 anil ios'a,re,potydislsinEt+t,aed"!*+l re-str).. , ir j :  :r"r i  , . ,r, .1, :  : i  i
For each fixed y € oz, ur(.,y) is a solution of the equation

:
D,w(r ,y)  -  w(x,dA(r )  -  g ,

' :  :  -  '  I

a_nd equals to zero in o1 x {y}. This implie that rp = 0 in Q-r*}, df,},g1$,as U is
chosen arbitrarily in o2, ur.= 0 in G1 x o2.

Next take arbitrary x € G1, then w(x,.)'' is a solution of the equation
.:/ . 

- r. '

1

Drw(x,y) - w(x,y)8{y) : o.

In a similar way we also shorn u = 0 in {r} " 
C;'*ai,$* ; t"iff8'Efr*t'f;

arbitrarily in G1, this.yields u = 0 in G1,x G2. D
.  t : " : . , , . , , : ; . , , i  .  , . , i  1  , - : 1  ,  . ; .  . l

The following theorem is the main results of this paper.

Theorem 3. (f;iirnob'*xGtfisio$themert. ). Itut G:'=-''Gr x G2 where G1 ond
G2 o?c domaitu in I?'+l and Rh+r resp. kt E be an open neighbourhood ol



tf*tl0F- rne+ogB*krfunetioac in Clitrord an alysic

-  P(x,yl
:  v(xrr)

where u is defined as in Theorem 1.
Both t'7 and ur satisfy the system (16) in''&',.Fr,oft Corotlary'l',laiid the

Fredholm theory it follows W : w in E. , : ,

, . 
Finally, by Theorem z, w is the unique extension, and the proof is com-

plete. u

Remark. we observe that the condition (g) may be replaced by a larger one. In
fact, it suffices to require that the functions .4 and I are given .o.! thut thu
integral equations

a(x, y) - J6, (u(r,u)/(r)) = g for each fixed y € Gz,
w(z,v) - Jc,(r(r,v)a(y)) : o for each fixed r € G1,

possess only trival solutions. Then the above results remi,in rralid.
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