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1. INTRODUCTION

Let X and |lz be a real'Banach spa.cer ! D be a neighbourhood of .tht oligiu'in
X. The closirre of D will be denoted by.Dr' Let,'f, be anopensubset of a normed
spape and let .E be,the spac€ of,,rea} nuinbers, with the usual absolute norm l.l.
For fhe sake of,stmplicity of;riotation-; we,,shall use the t36g:6y&bod,Jf .lf,to .ddAote

the norms in X and'in Y,i respectively: The norm'of the space,€ontairingr:A'will
be denoted bV l.ln. We.eonsider the'equations depdnding on a pararnetef ef the
form

fl(l, g) r,,9, .(,\,r) € A x n' (1)

' The author was rdpportcd.bi'a grant of the Alexandervon ltrumboldt F'oundatioa (Gerrnany)

at the Mathematiqal Inctitute,of the Univerrity of '€ologne., rThis work was, uupported in part

by the Vietnam NCST Progran uApplied Mathematicr'.

where F : i. x D ,- f "b, in feneial, a nonlinear mapping with f(),0) '= 0'f6r
all I e A. Any point {}',0 

'€ 
A x D il"cafi"d' a trivial solution of Equation (1). A

point' (f,O) is called a bifercation point of Eqgation (1) if for any 6,e ) 0 there
exists asolut ion ( t , r )  of  ( l )  wi th l I - f f  <d and Ot l [u l f  < 'e.  ' In otherwords,
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in every neighbourhood of (f,0) one can find a nontrivial solution of bquation
(1). Usually assuming that F is a continuously Fl6chet differentiable mapping,
the implicit function theorerns play several roles in the study of bifurcation points
(t, O) when the null space, Ker F, (1, o), of the pa{ial Fr6chet derivative f', (I', o) of
F with respect to.a e E, is-nontilvial i.e., Ketf'r{tf,ro) *. {0}. furtherm€re, under
some sufficient assumptions on,the mapping F, one can prove t,hat the bifurcation
of Equation (1) occurs only in the point 1f, o) e   x D, #hete'Ker F',(f, q I {0}
(see [2], [3], [6],,{9],,.r,[11], [14],'etc.1,. 

:

The purpose of this paper is to prove some new results on generalized implicit
function theorems when the derivative has no bounded inverse and no eigenrra-
lue, and to apply these theorems to bifurcation problenu concerning the essential
spectrum.

Section 2 is devoted to some definitions and preliminaries that will be used
in the next sections.

In Section 3 we consider a local solvability of the equation

G{c) =:0, o € X, givenG{o) = 0. (2)

One usually assumes'that the mapping G is continuously differentiable, with
derivative M : Gt(a) surjective. There exist several versions of the implicit func-
tion theorems in Banach spaces, depending on the assumptions made on M (see
Bartle [1], Craven and Nashed [5], Leach [8], Nashed [10], etc.). In [S] Craven and
Nashed presented new generalized'implicit'function theorems in Banach spaces,
only assuming that the mapping G is strongly Frdchet or strongly Hadamard dif-
ferentiable at ao arrd the derivative M is,approximately right (outer) inverti:ble. In
their results the mapping M is not supposed to have an exact bouuded invierse,
or bounded right inverse. Hovlever, they need the assumption that Ker,M I {n}
In this.section'we improve these results; showing that the hypotheses on M ean
be w.eakened to assume that, M satisfies the following'condition (A): to arry given
e ) O there exists a € X with llull : I such that llMull <.e.

In Section 4 we apply the results obtained in Section 3 to bifurcation prob-
lems. We consider the equations depending on a parameter of the form (1). Using
the implicit function theorems and the Liapunov-Schmi{t procedure, many. au-
thors obtained-different results on the existence of bifurcation points of Dquation
(1). Given a point (f,0) € A x D, ** nee'd only to suppose that the mapp.mg F is
strongly Frdchet (or Hadamard) differentiable at (I',0). and, in general, the partial
derivative .F'r(f,0) is not bounded, and its range need not be closed. Moreover,
fr(f,O) is assumeil to be appronimately right (outer) invertible, and to satisfy
condition (.4). We,emphasize that it.can be here I(erfr(I';O) : {O}" ,The re-
sults in this,section.play an:ireportant'rsle in the,study of bifurcatioa problems
concerning essential spectral points. .
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we o-egin thiesection by introducing the followin$ deffdit{ofi ri .' ' ,'.r ,

Deffnition:'1., il,$ *.{*idtl''be:ts#.ai:b.qabq, an f li$ ilf,: :i $ '*,y' be a.linsar
rnapping, where fi is a dense set in X. We.say that M satisfies Conditlon {,{) if
to,arty,given,e'>.0 *rdi.i &ists'u'poirt.'c'e fi; {fcff '*t, with il,l#"ll (;e. ''

R q , 1 n e t r l t 7 ,  . .  i  . .  r :  : .  . i .  : , , , 1 . . ,  . i . : . - !  , . 1  1

: ' : '  b l  H f { f f . , e t  M *  { p h ' t h e n , M  s & i s f i e s  G o n t l i t i o n , { , 4 ) . , , , ,  n  
.  _ .  

. , ' .

2l Let B: O r+ X be a linear mapping. Let o(B) :t{} €'n' ''i 'B'!

Iid has no inverse),,Qad oo 4,Q e tt i,,B! -,lu:0, for some u 4 01". Then the
set 

l

o"(Bl: t;l € c(B) : n@': f tq is,not clob6d) !

U{f e o(B) : t is a cluster point of o,(B)}

I l1f e o(Bl z "[J f"t1A - .}id)' is infinite dinensional],
\ "  

n ) l  

- -  \ -

:
is called an essential spectrum of B. Any point ) e or(B) is said to be an essential
spectral point of Jl, Srrp-pore:that'$e mapPing;Bis.self-adjoint'mapping. Then
the Weyl's Theorem shows that a point I is an esseitial spirtral point of the
operato-r B if and,only if there orists,,asegue,nce t* G,O, withjlf,",ll = 1, /.o - 0
a4d (A -f id11..,-* o (see, for example,: in.{12r'.pp.&{81), It folloqrs that'if .I'is
an essential spectral point of,tfre.self-adjoiat mapping 8, the mapp{gg (A - Iid)
satisfies Condition (4)r , , i,

Next, let X, Y and O be as in Deffnition l. We recall the following defini-
tions.

Definition 2. (see [SJ) 1/ The mapping M : fl r+ Y is called approrcimately right
invertible if, for each p:e (0,1)', there,cxists,a.norn:[f.l],i on X, a bounded mbpping
Bu : Y ,* X, and a bound F, depeiiding on 1t, fot whtch

(Vy eYlllMB,as - sll f,t llslf aad [B*vllp S fllvll' T :

and  ' :  :  ' i v "ex ) { l l r l [ * l / l l i q l l q€ r , \P ,  
, " '  "  ' * ' ,

Then eaclr.'such.8r, is.call€d: a,n apprcimate,right inversd of lW; correaponding to
the boundfuhction F(.),; Eeaote"by X1. the completionrof'X:k ll.l[r,,', , '':i , i
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2l The grappitlg:tfr:;ifik'$*r-i*.**{E eut{ed:'a*prgxiryqfi*r..qruter inv.erditle if, for
!*h fa g (O, f ), there e:rists a bounded linear mapping Bu : y,- X, and abound
I ,de ,pend ing ,1g1r rp i i f -oF , t rh i t t+n , : i i  , ; ' : , , , t ' , f l . : , , : i . , i . i , : i . : , j  . t . . . . . , : .= . : , { .  

" :  
l i i ; ,

'  ' .  t  .  '  j '
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, l ]

3/ The mapping M : ft r-+ Y is catled outer invertible if there existss{fi€ii
rnapping B :Y r-r X sucls'fhaA$ildf.!=.#l'Shm therbap rf* 5r,i*ifu&ltcb,e.an
ou.tBr invgryse of M, ,1, i, .. i .:11;1i1,1;1,,i.:, ,,.:i i, i, ,. ..:l .,r : '. i: , 

,:,. ,.*.i l i
:' ' 'Frirder;'tfe-hoti;n of ;ti@ry STh"l ,and Hadartiafd.ani6?diiii:i8ilit# ffibe found in the paper of Craven and Nashed [b].
Remark 2. It is clear that if'.14''is p-u.tee irinor-tib{e:withe'bo-naded.orfsdnrinverse,
the-n it is approximatgl,-:Yt:T,jnlg,ll.ib,l*.,T1:,Titttonqv,'g, requlpqization (see, e.g.
[rOJ) provides an apprbximate'trulei'invers'e,'but'not an orrte] inverse. The reader
is refered,'tq, [qJ fo{,thc.,furtherstpdy of ,qolrqxpqtely riebli(puter) invertible
mappings. ...

' In'this se&tiou'we foltmrlate.€nd prove 'sbhe:theoie.itr* 
ortirl6cril.bdfiidfiiffiy

of Equation (z)'foi t'hen*ie*hen thelderimtive Ai'=,@,1o) *oes 1o6;6g#tii
1."._ a borftde*-&ivgxe'.h.ris.€se"liiull spaEe l(e"-fif,,cdff.5g.rs": tlfidial"*pers.tt.€]i
Ker M - {0}. In what follows, let the napping M satisfi?;eea**tiO,a"1*$rf,"f
8!v9Oi€, .* ;Or i fppUt,  r  i : , , : . .  , " i .  : .  - i , , , , i1 . , .  ,  ,  I  . : .  , ,  . ,  .  .  ,0 , t . . - , , , :

Cc: {c e X'  l l " l l  :  I  and l lU" l l  < e l41' .

r; ifhefullswing tlierregl'E€n€rB{ises'ra,result'obfraiiied.by€*arcn *nSNtrshed
(Theorem t in [S]). ,.

Theorem L. Dai'tx and'Y'be Etna:&,'gacbt an'd'.a e'*.' r;e6,the mapping G :
x,-Y be strongty kdahet diferentiable ot o, with M - G,(o), n *rjf; ,4rrq,.,
{l is dense in X. Let G(o) :.O, and let the mapping-M bc'approrimatrtV rlOrt
inuertible, with approcimdte rtglitJnueree'Bt,'ond"l(1fii= kop.4 aith 1 < L. In,
addition,or,eama ttstr,+*I, erd,isfr.Gs-Ffundition.(Al, Then thcrcicdet*"*pvitive rail
numher eo suri-ttffi'{or'"eny*!,Or,( e,1 e6, anc aaw.fit7g/,d rcighbouthgg;i., I d ,

. . J
t
:q
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W$in ftitiiU.'s bftpfrswT'::.::[4f. -r-tr.p',aff'glwh;th6b.o(ti,c) =t*#ic.:+ f&,e]i
(.fuo),,€,.J,x,G", ic usdusnan to'lhe:aFwtron 6(c) ='€., vallg!,{ar al!,WfficicrtlV
small,t,rz, * e. ,With approximata,elwiaer'at: p= Ib{t), llrr(,t, c}l[,*:o(t] Jrr *. --+ G].,.,,

Piaf..lf$te proaf of'thib"theorem ploeeeds similarly as the,,sne:trf..{Fhsoi€m l*iil
[Sl. 

'Only tome''chrrfigg-'ndcd]{a.bd,pointe&out,-.f,et r'<:qirqi;,1.fu €rg.sein€,tg

- . r l  ' i "  .  . t  , '  . ( .
In th" qequ"\, for the s$6. ot simplicily of notatior, wg write ?'n : 

'no(t, cl, n =
1,2r... . By the sa"'e arguments as in the.proof of Theorem I in [5]; we put

Fromtherft?ong:aif iEientt f t i l i tyof G'rf i ihave' ' :  "1"" '  
"" '" '  f  i : r : . ,1t: , ," '

.  si lB;lTtcl*l l l t"f(o,i9i i [ . , ' '  
'" . :  

. ,  *..,  
. , , , .

* f ruJ l - * " r i i p< f ta ,J t r r  I  " ,  , .  . '  
'

j :  ' r

hr = llc(q)ll,s ILG('dlL, t.llM("' -'o)11,, + Jlguf(o,tc)l[u+ i
i  , .

By induction we obtain l

'  , : , :  i . . , " " ,  , l * , , t r& .e ; l  f l l t l t t ' " - t  s t l t t ' " , .  i  ,  1  , -  .  . , :
\and

:., I* S l&n-r * efha-r 3 rhn-li

(*q duethe proffia,{4}, crp 
"sr€il$Is {fls" - so-r{lp} d sg,esqetrbal[y, aad

eo {c"} couvergetr to a liriit r(t,e,l'e..lfp with [fr{t,c)r*e&8,6,f{c)-ind, :. ::. ) . I

: i{ii.!.!:.,. ,$F{*{l,cDlL,=,Jiso llg,(,#"($,..})ll,f *lits *etr" = a,
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Fbrfher, the'pnoof p"d66ed€ exnetty-bs'the bne'bf'Theirree,.1 -hi'{5,hb} eetting

a(l;u) * c(4+) .*ar..*tc. Ehen;.of6,$g*c'f,or.f'.F€,'c€'G;; an& l[a(1,r1110 i=ta{t}
as t -+ 0.'.Tllisu'comp{etec. : dfe lrtmf ''of fbsr "'6it{t3€rir :' i,':,''

The following theorem is simila.r to Theorem 2 in [51. It is plso true for the
case with a. cone constraint *G(c) € S, where .9 is a clqsed, coiltex cone inr i
But,,for the sakq"of ainplicityg fre on{i,atatoetheicasE,.g"=l{-O}.,"J:., :i',i:,.: ,,.:;ii 'r .i,i

. t  '  :  .  :  .  
- : : l  ' . '  - '  ,  !  1  : i .  . { .  ' a  

:  . 1 "  t . '

eaists o positivc real. number eo sach lhot for on e, 0 5' t ( €.er one con find a
neighbourhood I iif'iero in R','onil'o"rroppiig tl: I x C, t+ X"lach thot lor ong
(t,c) e I xC", a(trc) : o*tc*4(t,c) € X, b o s.olution to thc e4uationG(c) = 0,
volid lor all sfficientlij'small.t ( 0, aith c * a. 'W;th 

ain apiproitirftate chciice ol
p -  p( t )+ o os t  -+ O, l l r l (u,c) l lp :  o( t )  cs t  + 0-

The follorying result is a geneialized implicit function theorem for local sol-
vability of Equation (2) concerning app.ro:rimately outdr inverti'ble mappingsr. , ,

Theorem 3. Let X andY bc Banaeh tpaces snd'a €. X. Letthc mapping G z X a
Y be strongly Fr6,chet diferentiable ot a, with Gta) = O. Let the Frichet derivatiae
lv[ = G'(o) : O r-+ Y be oppiorimately att|r inuertible, with opprocimotc outer
inverse Bn and bovnd function f(14 = kolt-1, where n is dense in X ond 1 < 1.
In addition, ossume thet M sdisfies Condition (A). Then there exists a positive
real number eo sueh thot lor crny e,0 < 9 ( €o.r onc can f,nd o neighburhood I
of zero in R'"end a 'maiping'q i I x C" -'; X, aueli th:at c(t,c)i ='c f ta'+ r1(t,c),
(t,c) e I x C" rs o'solution to the cqvotiori Bt'G(i) : O, for sufficiently small t,
r(t,c) I o. With opprocimate choice of p = p(t) os t --+ 0 wE have llr?(t,.)ll - o(t)
c s t - - + Q .  .

Praf. The proof proceeds simila.rly as the ones of Theorem I above and Theorem
3 in [5], remarking that if the mapping fr(.\,0) is approximately outer invertible,
with approximate outer inveqse Brr and bound function I(p) = kop-1., whtid

1 ( 1, then the mapping M - -Fr(),O)f + f-'(I,d) : .R x X r+ Y is also

apprcximatetf ,ttuted inver.tible with approximate outei inverse 
'h'p-t+'(0,]B;)q 

ard
the same bound,function F(p).

Theorem 4. Let' * ihd Y"bc Barneh srrrces tllid,a € X. f,et tha mapping G':
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X t+ Y be strongly Fr€,chet differefitable"ewf:edt'tetG4"qir=::(t: $et:tlw;l8t'#ch;€t
deriaotive M * G'(s) : O r-+ Y be ovter invcrtible, with d bounded outer inucrse
B. In addition, wsvnte thot 14 wtisfiea condition (A). Th?kther-e,cqid,=-gquP-9
such tlwt for ong €, 0 ( , 1"o, ope.can,fid g ncigltbourhod I ol zero jn R', aid
a mopping 11 : I x C, * X diin'tljtifx(t;c) :'a + te* n(t,:c),"(t,q),^€'I x CJ)'"is o
sotrution,to the qqtation .&G(a} = O:"Ittoitaltwi. jJ"r,: {lB{ta '< Li=tilCn

: . ; : . : i  i : : $ t ; '  : .  i ' , . . ,  : i  ' . , . , . " : , . : ' . .  -  : - i r

llz(tt, rr) - n(tz,raJfl 3

holds tor  a l l  t t ,  tz  €  f  ,  cye2 e C", :  . : . . ,  " . - . , i  
:

Pruf. Let eobe as in the proof of Theorem 1'.i Givei, 6, 0 ('e 1 t;tleir, /, 6,
f, and G. be.as':iti the fid&fbf thebrb*ti :F6p:ss9:{tr4 € f x.,6jerc:Ebhhdlthe
iterat ive E€cuenoe {";(4*"* by,go(!fq}='o,T,tsi , . , ' , ' , .

' n*(i;il'- "'-ifu,".} 
''rt(*,,.-r'(i, 

")i, 
t a'= r;2, . . :

By the same arguments as in the proofs of,,Theorem I above and Theorem 1 in

[s], we conclude that,{f la-(t,c)-.sr-t(t,")l l} + 0 geoqet3ica,l ly,.andso'{r,.(trc)}
converses to a l imit r(t,c) € X, with l l"(t;e) - oll S 6(e), and BG(r(t,c)) : o.

Putting q(t,c) : att,c) -tc, (t,c) e I x C. and using'the same proof of
Theorem 1 in{51,,..n*eobein.'fla{s;@fl.='ri(f)talrt -*,0.'-Now5:wd prove{3). Ind€d,
Iet 11, t2 € I amd c1' c2 € Cs. We have

l fu(tr, ,r) - '  q(tz,ci)l l  = 
"lgg 

l lr"(t,, cr) - a^(ti2lc)- t lcr + ir"rl l . tal

i t  I  I  : t ,  '  I  i  ' t  1  *  I  ,  .  ; r :  
'  :  

.  
-  

. -

l\ow. we can see
1 , ' . , . t  t  -  -  , r  

- . '  
, . r t ' ;

r n ( t t , c r ) _ a o ( t 2 , i , ) 1 _ , ^ _ i ( j , , , r ) ) , . n _ . , ( t . , , . " , } , . ] .
- B (G (x,"-r ({t'cx)).- G (qo-t(tz t czD)

: rn-t (rr ',rri -r;: i(tr,orit. g ltI l ,rJ-1(tr,rri - d--;(tr;rri)" 
'-

- B €'(r"-r (t1, c 1)', ro- r '(t r, ct ) - x 
"a(t2, 

c2l)
: ,,n-t (f1,c1) - tn-r(tr,"r\ - BM(r^-r(tri i) - ' t l-r z; ' i jr) i ' t  

I : i '  ' : ' i '- ' . f i

-  B(G(s"-z (rr ,  cr))  -  g@"-z{tz, . r ) ) )
- Bf (*; ' . i  (tr;ci), gn-r(tp, c1},' 'r 'b; '- i{t2, ei)). '  1ji '

:  {n-r(frrcr) - *n*1(t2,czl *.Bt(s.n-*(ts'cr),,on-l(tr,rr),- rn-t(tz,cz)}
: ,;.;1,q11;;f 8ttc"U*&;v**a*ue(*i+ct)" o";1prf$f.;t. -:, 

.", ,: , it,E ;.;!.::i:,i*;

, t ; ' . i  
'  

i

i , . , i  i i . , : 1 ' i 1 : 1

-  . :  l r l l '
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-;, # ts.L,i tl Brtiq*..:rw s,

,$*ttao*P* :,*; *3 x*t*s?**" .t

itt : itez| - BE(s"-r(tr,€r), co-r(di,"t) - f'n-1(;!s,,ca,})'

@@W@.*4;.-1l3r:u:,::*{*;i- i.:&at*tl '1;.! i. i .,;: i ,51i-, l.,r*,:r ') '{. ' , ' .o. ' i$fi
'  ; " t  "1  iu ' r  .  1S l ! ;q i +!.'ir5:;.f, s i'^,'l:ir.ti, ..r!i+.$?:+rt+ 1'.: l; l '  :1j .

; . 3,r r!*etae . &i

- r r ' ; ; i \ * '  , , , . : . g r j '  1  - r r : r  -  { _ * 3 r i $ } i * . . r . E *  " '

,,- , i .;. .i'q!t''r* *', !i.i.:g:Sil*tS*"rp.&.r'l$

!r:rrE: 't r13tf i:,*,:: ,: i ,. ; i.g'*filc: .ItE , q1 '],

1

j

#;n ; ; bb*: :::ft&"o1 " " I i 1f&f'1ji' "':, :',:

i - - r g 1 J , ' i .  l " ; ;  t ' .  - r * , r

.i;,a;

i'S l*$r.il,, .S{t!.** ,i:i.i,i $*:*1, ; , ' i . r t? ,* . , * . -1"- ,L r , {* . ; ,1

#l*mkffiftnsx€#dnffigsr#'*,tu# e3e${ }$tu*.Md&,m&*,i r*wtsr*d?"

il,6 *+;lt, ii-1ns" =rr$ii5!1EIl [td
:  : 1 1 -  :  r '  '

hofd*fu aill'trr's!* € fr"c1r,e2 € Cr. F\rrdher, let Xr be the space-srag"e{..}y,,thF
sdt.r. $*.€,,b1;gg e$€,it,&d* flor '*'.tzet€ f€. Assur that ?iEi * $rts 5'*b'
fe;a@eic,€ fi ar&&r€€t- 

ffi.ftrtffr9r,;r1fr![,* ]aJ **. 
r,',,,,, _,,.,,, ii **'l

llB M {t * r' tz.rJ ll =r, [B,ri'o; ll=< 13{ il B fl ?
' . ' f  

r . , '  
- l

5 ;llj1" ;,lr"1l{;
. ,  l ' :  "  t l i i i t . l

l ; l  
' , , . , *  - ' t  : l ' ,
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'  
i ' r -  l  : '  !  . .  i ; r  . , 1 .  1

; r "  i  . '  
' *

and
v(t ' ,c\ = tc'* P(t,c) (7)

sotisfies Equation (l) ond l,\(t,c) - fln < 6; 0 < llr(t,r)ll < e, for t * o. (SVth
o fomily ()(t,c);u(t,c)),. (t,c) e I_x C;, is.,colled o parameter familg of nontrivial
solutiorw in o neighbourhood o/ (),0)J.

7T

In this section we proveb6lpE:116sr{}1@tr€r0sJon:bifureatiqh?offie of EqrXatiori
(1) conceraing mappings which satisfy Condition (d). Using Remark 1, we also
obtain new results on bifur-catiol frq-q essential sPeqtruin.. {n'the,ie([uel, we only

Brove_these theorems for the case ) I 0. They are certainlyralso vh.lid for the
case .\ : 0, provided that the normed space containing A is complete. The first
result on bilurcation points of Egqation (1) ir-rvo{ving Fr6chet differentiability and
approximately right invertible mappings can be formulated as follorvs 

. .,i..i .,:,,1i..

Theorem 5. Let\ e L and the mapping F be strongly nechet diferentiable ot
(f,0) € A x D. Let the mopping tr';(f,0) de ap'proximately right inuertible, with
approximote right inuerse B* and I(p) : kop-1 with11L. In oddition, ossumc
that Fu(), O) sotrsf es Condition (A). Then 1f, O; * o bilurcotionpoint ol,Eqvation
(1). More precisely, to given 6, e ) 0 ond for sufficiently smoll p,, there exists a
neighbourhood I ol zero in R, andtwo rnappift: f ls a,: IxC"r- R, tp: IxC" * Xy,

la(t, c)l + llsr(t, r)ll = o(t) as,t + 0 such thqt (l(t, c), u(t, c)), (t, c) e I. x C", with

:

(6)

' \ l . t '

Praf:.Weset J ;.{9 e n z # e.l'}i.and.definethe'maprpirUG': J,xtD p,.Y'
-  l r 9  

' t  '  ' t  ' i . " 1 . :by
t \  \

G(a,u)  =  r ( f ;  , r ) ,  (o , r )  e  J  xD,

It is easy to verify that the mapping G is strongly Ft6chet d
po in t (0 ,0 )  €  JxD a$dM-c1o,0)  i sg iv inby

M(p,,,v) = -4r(f,o)Ip + n(I,0)u,, ,, (g,u1e E x X

Nart,wedefinethenorqff.l|.:on{hepmduqiopace,RXXby lltc1u)"ll-,=;lal+.llull
a'nd claim "that the nappins M is .appr.orimately right invertible, and,it sdtiqfis

' ; : i ,.($,

at the
: :  

t .
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Condition (A). lndeed, sinte,tfte in[ppiiig.Fr(A,O) is 4proximately rilht inver-
tible, there exist, for each p € (0,1), a norm ll.llp "n 

X, a bounded mapping
Bu,:Y*+ Xi.and a'.bound,f,,dependi*g on,p; for'which . l

;,. (vg p.Y) fl .n; (I; o)Bis"+; yll', g p lMf ana'{l a,,isfl,,'6 r ftyf l'
.  . : ; : .  ' .  r : '  r  . ' ; .  : j 1  . :  .  , . i  

:  

. , - ,  1

, .  .  . j " - a ; . i  t t : j i _ , i .  . . , " , : 1 1  : ' 1 ,  . . -

' (v':e,X)t[qlfn]' /llill'as rr \-0.
.  ' t : " i t  '  : l i i - r i  '  i : 1 :  '  '

Therefore, for each p € (0,1), we put

i , ' : ' , ' ' f [ (c" '+] l [ i '=J+1,+ ' f ]uf [*foi (a,u) e .E i X,
' . : t  i l : 1 ; i ' d '

, t , ' : :

1 : i  ,  i . :

.; r:.:i:1.!

Ery:  (o ,B, ry) ,  v  €Y.

It then follows that

and

and'

(vv e YllluEuy =- yll'= lF,(f,olr pv - vll S rrllvll

llFuylli: llaivllp S rllyll,

i: : FF,r,);€'B)<'$fJtll("',"u)flil / ll'(a,o).|[,"" r, \,0. , ,],, ,1. 
,,,', 

,,,-
This shon's that the mapping M is approximately right invertible, with the approx-
imate right invercu Bn as above andwith'the same bound function as 4r(f,O).
Now, let e > 0.be.given. 'Sinc€,ft(IiO) satiqfi& Condition {A)i for gitcn:efii
there exists u e X,llrll : 1, with llf,(f , O)all <.ela. Taking c : (0, u), we deducp
ceC! , -  {de  Rx X '  l l d l l *  =  l  and l lMd l l  <e l4 } .  Thus ,  the  mapp ing  M a lso
satisfies Condition (A).

Further, we,apply Thegrem 1 to the eqrration G(r) : Q,.t : (o,r) e 4 x D,
given G(0,0) = 0, to concludri'[hat there exibti €o ] O''iuch that for,*J r,
0 < e 1€ot one can find a neighbburhood I of zerc in.R and a mappin!'f;'':"
I x C i  r - - +  X s u c h t h a t  i ( t , c . ) : t c *  + r , ( t , . * ) ,  ( t , c . )  €  I x C | ,  i s  a s o l u t i o n
to the equation G(t) :'O, Valid"forall strfficiently'small t,E(t,'e'l. + O. For any
( t ,c )  e  I  xC" ,  we pu t  n ( t ,c )  = r t ( t , c * )  :  (o ( t ,c ) ,p ( t ,c ) ) ,  w i th  c* :  (0 ,c ) .  Then,
x(t,cl - (a(f,e);ee +yo(t,je)) S:atisfieo Equationr(8), ConseQtentlg:(,Ifi,.o)i'{ttd}f,
witli"*{t,t)'*nd,v(t,c) being as in (6} and'(7), respeetivelyr'$efi5fid rE4ration
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(1), forall (t,c), € I x C,", To complete.the proof, it remains to use the fact
| a ( t ' c ) | + | | p ( t ' " ) | | : o ( t ) a s t _ + 0 , a n d u ( t , c } * o f o r t t ' 0 . t r

Next, we state the second result on bifurcation points of Equation (1) con-
cerning Hadarnard diffdrentiability aiid appreximately right invbrtible mappings.

. l

Theorem.6. Itet.,the mapp.ing f : rl ,x,D r- Y,,.6e.restricttl,.stronglg l{g,lamard
d,ifferentioble ot the point (I'rO). Let the portial Hodamord deriuotive +(f,O) ,t
F uith reapecttoa € D,he bounded, lineor, with opprwimate right inaerse B.u aqd

Y".!d tunction f k) : kap-1, where 1 q 1. In oddition, assvme.thot the miptpi.?g
&(I'O; satisfies Conditiay (A). Then,.the conclusions.ol Theercm !, cantiiue'to
hold.

Praof. The proof of this theorem'.proceeds'exactly as the proof of Thbor6rn,5,
remarking that instead of applying Theorem 1 to Equation ,(8), we use Theorem
2 . n

The first result on'bifurcation points'of Equation (1) involving Frdchet dif:
ferentiability and approximately outer invertible mappings can be *Lt"a 

' ' ' '

Theorem 7. Let the mapping F be' strongly Fr6,chet difererrtiabl"e at the point
(f,o). Let the Fr6,chet derivtotive .F',.(X,o) : X r-+ Y'be approrimately outir in-
uertible, with opprorimotc outer inuerse B* ond bound lunction f,(pc) : ko&-1,
where 1 < l. In add,ition, ossume that F,(\,0) sctrs;tes condition (4). Then for,
suffi,ciently smoll p, (\,0) rs a bilurcotion point of the equotion

B,,F(^ ,u)  =0,  ( l ,u)  e  A xD. (e)
More precisely, to given 6, e ) o, for suffi,ciently small it, ane con find a neigh-
bourhood I of zero in R ond tuo moppings a : I x C" *, R, g i I x C" r-+ f, ,
la(r ,c) l+ l le(r , r ) l l  :  o(r)  csr--+ 0 suchthat  ( t ( r ,c) ,u( t ,c)) ,  , i t iX1t ,e o iaaf t ,c)
heing as in (A) and (7), respectively, satisfies Equotion (9), ond ll(r,c)-fln.6,
0<, { fu ( t ,c ) l l  < "  lo r  a i l . , ( r , ; c )  e  IxC" , t *o .  : .

Proof. The proof-proceds simil4ly o the one of Theorem 5, remarking ttrat if
tfre papping F'{I,0) is appro:rimately outer invrrtible with approximaie outer
inverse Br3ndlound function f(p) = kop-1, where'? ( l, then the mapping
fu! - -Fr(f,Qr+&(f,0) : E x x '+ Y is also approrcimately outer invertible
with approcimate outer inverse.6; ,= (o, Bp), and the same bound function f (p)
and that instead of app,lying Theorem 1, we use Theorem B. D

Rernark & In Theorem 7,-'if forsufficiently small p, Ker B u: {O}, then {,f,0} is p.
bifurration point of Equation (t).
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Next,,\rys:apply Theoreln,4 to'prorre some'new results bn bifurcation'points

of equations of the form

?(u) : ^D(.\, u) + rr(t, u) + K(), u), (r,ri e a x D. (10)

where A, D are as before, ? antl ,(1,.), for.any fixed l € [, are linear mappings
(not nebessarily 6ounded) frbm dense subsets of X into Y , H' and K are nodliriear
mappings from A x Fiiirici I",'witl F(1,0)i: K(I,o) : O'for:all I €'rt, WC''irAw
a"ssume itrut f € A is sricli that the mappiirg, M = f - r(f,.) satisffesrConditioi
(,-{), and is outer invCrtible, with bounded'outer inverse B, and the mapping
n - n * K is strongly Fr6chet differentiable at the point (1, O), with the Fiechet
derivative E'(f,0) : o. Here, we emphasizethat the linear mapping M,in gene?al,
is not continuous and whose range is not closed, the null sPace, Ker M, can be
trivial. Thereforel the usual implicit function theorems do not work to prove
the e>ristenee of bifurcation at the point (f,O). flowever, we shall.see'that t'he
application of Theorem 4 is effective to show, under additional hypotheses on the
mappings T, L,.H and K, that ()'O) is a bifurcation point of Equation (10).
Moreover, we can also describe nontrivial-solutions of (9) in a neighbourhogd of
(,f , Q in an analytical form. In case Ker B - {0}, we apply Theorem 7 to conclude
that (I ' ,0) isabifurcationpointof Equation(10). Inthesequel,weonlyconsider
the case KerB I {0}. We make the following hypotheses:

Hypothesis l. There erists a reol nvmber b such that aL(\,a) = L(ab\,v) hotds

for all a e [0, Ll and u eD.

Hypothesis 2. There eaiats a close subspoceYt of Y suchthat M(X) CY1 ond
Y --YoOY,, where Yo = Ker B andthe symbol @ denotes the topological direct
sum.

The projectors of Y into Ye and Y1 will be denoted by Py and Qy, respec-
tively. 

. ,
Hypotheeie 3. Thc mapping PyE ie compoct and thcre,esiste a real. nutnfu,r
a) 2 sueh that

;/ Py,H(x,tu) = t"PyE(\,vl holds for all t ) 0, a eD.

iil The mapping PvK is Lipschitz continvous ond a-"PvK(A,cu) ;'0.os
a -+ 0 uniformty on (1, v\ from any bovnded, subset.

Let & ,be.1he,smallest cltxed subspace of X contaiaing the'set C; "= {a,e
X :  l l t l l  :  l  and l l iwt l l  <el4l , for  agiven'e)g ' 'We'need: '  : '

Hypotbeeie.4. ltfrftl { oo, ond-;!or a giuen e'> 0 there cxist*a closed"''svbsrr,€i
xi ol x, svch thot thc nwpping Q - PtT lX'" has s cor$invwa inversc'4-t, frxlm
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Ys into X!", . : , ': 'l.

The restricted norm bf X to'Xli aiid X;'will'b'e also denoted by the same
symbol l l . l l .

I lypothesis 5. For q:L or g =:1 there ec' ists o pointwt € Xt", rn lA, ond a

Uouiaea neishbourtatvo ol wq h XI; $itha,eT ;'anifel|Blf(q(s+2sl tlBil,fll+Ir"5
t;'uinere.t'j'""p'tllull, : I e,.Uol,' suifttthat'th6:$67a1!:$6hauder gpofogicat'tiVr&;
dis(iil: ,',;q-rPiifn.t; Uq,,o),,-:'ol'tft€'indppi&iif id,-gif ={r;r1l.1tnoisei uo yitk
respect to zero in Xi",';i'.atn"ia ind diferint from zero; .' '' '1i;'1';'' :. '

We now prove the foilowing theoiem on bifurcaiion points of Equation (10),
which is an extinsion of tlle resulU obtdineilibf the atrthor in [1a] for'tiie'cas€'whefe
th'b mapping M: f .,tr(f;'f is not"continucius and w'hosdrange is not closetl;
This also generalizes some well:known results obtained by Mcleod and Sattinger

[ol,,Buchner, Marsden arrd.schecter [Zl; In w'hat'follows, for a given b > o,,we put
C! *{(o,r) € R x Xl': Jal,+'l lull - tr bnd l l lwrll < el4]'.

. i

Theorem 8. [Jnder llyptheses J - 5, (f,,0) is o bilurcation point of Equation
(tO). More praisely, to ony 6, ,').A, there ec;sts a neighbourhod I of zero in
R, and three mapp;ings n : .[.u x CI * R, g i lrr x Ci pa X, u : Iq a X'",uith

ln(t,a,",)l+ l lp(t,o,i lr)l l  -,o(t) as.t -t I to ,ell (o,r) € C;, sueh that the poir
( f ( t ) , u ( t ) )  t € I a , w i t h

^ \ r /  :

(r + q(r +lu(D1 * n1t, 1+lFIDll ,r + l lu(,)l l)) '- ') '

u(r) =ffi+v(t,dm,*ffi)

(11)

and

(12)

satisfies Equotion (rc); lX(t)- fl^ < 6 ondo < llr(t)ll 1 e for alt t € Ia, t ) o.

Proof. For the sake of simplicity of notation we only prove the theorem for the
case q : 1, (the proof of the case.g - -l proceeds similarly). We put I - ,{c^€

. B :  a ) O a n d
(1+ c"- t1a

e A] and define the mapping G: J xD *.+ Y by
)  

- -  ' -

G(a,u)=. f (u)_ ' (TI#,o) . . - r ( f f i , , ) , (o, , )eJxD,
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Then G(0,0) =.0 and the mapping G is strongly Fn6chet differentiable at,the,point
(O'0).."Fhrthermqrei,by,a simplg,calgulation, we can aqe : . , ,

c'(o,o) -!-r(I , .) ,
,  . r l  i i ,

yhtq is.a{s_o_ap'qsrtgr invertible ,mapping. with-the bounde-d outer inversg F =
(0,8l.*_andLll{Hi,-,]LBJI;r(we reeall_th_qt tfre.aorn..ll.ll- i* the norn,qf the product
tpT" R x X defined as in the proof of Theorem 5). Further, we agrly. Theorem 4
to the equation ,.,. , :

,  ,  . .  - " . , . , . ; . r i ]

to cog,elqf,e,,&r!,,thrre,,eciq,$g.,eo >,Q,(*rithout loss o{generalify we may::as.Fq&e
that ,[plJ:err < l,r].rsuch that,for, any er 0 ( 6;( eo, oneican find a,neighboprhogd
f oJ,,zero in & a+d a,,nap?!eg q * I+ x C! e,)(, satisfyrpg {e) such,tfiat...p(p., c) =
tc * q(t,c), (tlc) € I+ 'x Q,!., is.,a,solution to Equation.(l.L), Let c = 

-{a,ra};

q(t,c): (n(t,a,u), p{l,aiu)\. g[€n, llo,(t,c,u)J + lle'(t,a,t)ll ==,:o(f):as,l *,0 fot
all (a,u) e E * Xl,lal + flzll = 1, and

' m(f, a;u) ='ia +rn{t, a,u)

f (t, a, u) = ta + p(t,c, u),

satisfies

BG(m(t,a, ,u) , f ( l ,  o,rr j ) '= 0,  for  a l l  t  € Iq,  (a, 'u)  e C:.

It then follows that

t \
Br ( f ( t , a ,u ) )  :  BL ( - ,  f ( t , a ,u ) )t  ( t  +  ( * ( t ,c , t ) )c- t1o

+ B E 1  I  \
(t + (m1t, o,u))"-f 'f(t 'a'u))'

Hence, ; ;i: 1.

I  ) r ,  . \Q v T ( € ( t , a , u ) )  - L ( - ,
'  ( l + (-(t,o' tD;T 

' Elv'Q'u)')

-E(+ \
t 1 r @ ' € ( t ' o ' " ) /  = o (*{)
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for all t € 11, (a, r) € C;.

Let Ul exist by Hypothesis'5,.(for q - 1). One easily verify that if u €

th* (1+h|| 'Gim) 'e c;'Givcnit € r+, u € lJt,we set

lrl

t l
v l t

:: 'Y(r, q} :
' ,  

t .  ' i  :  ; .  - : : :

' 1  , :  i

.i

and

r  f  t  nJl* l t  nft ,J-.  ,  * , , ,  , , ) , ,  i f  r  > o;
h(a ,u )= , {  t  ' " \ " ' 1+ l l , " l l  ' L+ l l u l l /  ,

t  o ,  i f  t : 0 ,

i s(hul= 1 r {-(*-i4h,lif , I-fu)):-',

. /  Io(t u),= €(t, '*lFli
bhere flt fr, p, md { are as above. Further,
easily verify from (3) that

[h(r,']) ;a(r1v2)1 = 1 "!1' 4 ; tr) 1 rr"'
u l \
.llur 1l ,l

,= gr i .{l + z(r,+ e)tr,lfur -o2|1, ,'  :  I - r  \  \  "

where r - llBlle and.e = sup{llull,r 6 U1}. Analogously,

i,r , ,r lfi(t,**),-.::qf4*"?fift6 ---(1+ 2(r + s))rllrit -,u3ll ,! ,,;.-
L _ T

l s ( t , u r )  -  g ( t , , r ' ) l  <  11 t ( l  +2 (L+  
" ) * l l , r t  

-  r ' l l ,
. ; '  ,  :

for some lc1 ) 0y.in,dgBgndgnt or ulrrz €-#r.,

Furtherrwe definethe E appings /Vd: f.,- x Ur* XL,; - 1,...,5 by

I-

Nr(r,u) = rD-r(o{t,o)n"(.ofry ,u +1(r,"D),

rv2(t,t ) : ,( l  - (t 1l(t,"))",:)+7
lYs(r, u)* -o-t ((r + a(r, o))'-tPlT(r(r, 

")))

t;ry
u \'mii/'

for arbitrary

. .li : ri 
'l 

i:'; : rir

' , . 'G15.1
i " .  , :  '  

1 . "

(16)

I  : 1
1 . . ;  i t ' l i : j i

,,, , .,,(10
: . . : i f ; - . - i  !

' .  I  l r t l ,

: , : . .  ( 1 9 )

tL, x2 e [Jt, one can

rJ,
'(ts)

,(8s)

(21)

t

il

i ' t ,  
L

+(r+iluzil)13ry
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a n d  -  . , - " ,

' . 1  - - , '

- /  - /  t  \ - o .  '  T
N1(r,u) : o-r (e{r,")(tfu)-"pyr((6frDr ,"1r,"1)), (r,,,) e Iaxe4,

where h, g, "tt.o,-arg from. (15) -.($), resjrectively.:11i1,16ea 6llows ftom'{lg) - (21)
aird Hypothesis 3 that, for e6'sufrcienf$ edrall, there e)cist;con! tt$ r2,,.r's;'and
rc4 ) 0, with.rc2 f rs + rcn S l, such that

'  
l lwr(r,,t) - /Vi(r;o?)l l  < n;f lul -,u2ll ,  i  = 2;.,;  . ,4

hold for all t e I+, rt, u2_e (Jt. Since, for sufficiently small t, g(t,.), r(t,.) *"
bounded mappingso fyII$,':) is i coriipact'mapping irom X into ?;; ."d O*1 is
a continuous mapplngfrom Yo into Xt"rwe conclude that, for any fixed t € Ia,
Nr(t,.) is a compact mapping from U1 into Xj. :::...

Next we define the mapping I : 11x (Iq *' Xj by

1

I(r,u) = t/V;(t,u), (t,u) e Ia x.(Io.
: :  , f i ' : i : l

i(,2s)
r = l

Then, for any t € Ia,I(t,.) 
'is a (p)&-contraction mapping fron U; into X', ,(see,

for example, in [13]). We now assume that for all t € I+, u e 0U1, T(t,u) I u.
Thus, the topologfcal degree, degp (id -I(t,.),Ur,O), of the mapping id -f (t,.)
over U1 with respect to the origin in X[ is defined in thesense given in [ff]. For
any fixed t € I11 we define the mapping O : [0, fJ x Dr * XL bV

n@,v\  :  t ( f i t ,u\ ,  (9,u)  €. [0,  t ]  ,xa r  : :  .  j

One can easily verifr that iit .-O ie a homotopy between id *I(f ,:), and id -f (0, .).
Therefore,

degB(id -  n(1, . ) ,  Ur,0) -  deep( id -  f  ( t , . ) ,  Ur,0) -  deep( id -  O(o, . ) ,  Ur,0)
- deE (ia - o-t(Pvlr(f, ),(Ir,o)) * o.

:

It follows that for any t € I+, t ) 0, there exists u(t) e O1,u(t) 10, (because
o QO ) such that f(.t"u(r)) = ,(t). Co4sequeptly, .. " , , ,,,

4

z( r )  - f r ;p , "1r1;  r€r+;  t *o ,
d = l
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arid,so i i ,  "  
- l : .  , : a ' .

r" { (r i lr1r, u(r) )) "- I r(u(r1 +:,y(ti "1*);}.'

T
\ / + \  _^\ '  

/  |  r  I  s111-J' t" :{5
( t+(m(t '1+-11,,(r) l l  ' f f iT//  )  )

;

; ,(r) :{(,,ffi,dftnir) ,'r . ,r
[A combination of (25) nnd (ZO) yiel& ' : j'

ts*'
F 

"(r(t)) 
- z(r(r),u{t} +E({t),u(r)), t e r+. . , ., :::,..(ar)'

$  ' \ "  \  \ "

I
Fo r"* lA(t) -fl < O arrd o < llrtt)ll 4'6,t > 0, for.'any given 6, e,),o;iit rernains.
$to choose e! smaller, if necesaryy observing that"l(t)' -r I and u(t) -+ O as t .+r"Or

fu(t) * 0 for t 10.
B  - -
E

E
E
I

E
E

- s(t,"(r))(, *fu)-'r(mfu ,o1t,,,1t1;) ) : o.
i "  : . :  ,  . ' . . ' ,  ,  I  t  t a  :  - . ! , " f ' ; : ,  1 : :

Multiplying bot\ the sidgr,,of (zs),.with t,*TAmJ , ** obtain i ' .r ;, ,
'  :  ;  . . : : :  j :

P' { ('"(t, ffi , dffi))'-'t('(t)) 
- s(t, u(t))E(}(t),,(t))} = o

: -
with l(t), u(t) being as in (11) and (12). Since (f - ,(f,.)XX) C Yt, it then
implies ,Pv.(T(v(tl) - t(l',r(t))) = 0.,To!ether,with (21 w€ileduce" 

- . 
'.

o r  j  '  : '

py{t t r t r t l  -  r ( } ( t ) ,  r ( t ) )  -  E(r( t ) ,  r ( t ) ) }  :  0.  
:  i ,  

' (2s)

9".rn-" 
other hand, since (*6* ,nffi; € ci for all t € /*,il fotlowd'from

(ra) that

noticing that
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In the case there exist t e I+,, > 0 and u(t) e AUa with l(t,u(t)) =,{r{t}'
we use the same proof as above to obtain (ZS) and together with (f+) to get (27).
This completes the proof of the theorem. f,l

Re-mark l. In the case dimYo ( *oo and-dimX" ) dimYp, Hypothesis 4 can be
dropped and Hypothesis 5 is replaced by:

Hypothesis 5'.For ll : L or q 4 -L there exists a closed svbspoce X'. 
"f 4" yit4

di;Xi : dimYo, d'piiit w8',e X!; dnd osounirlc:d'neighbourhood(Io of wc ltfrth'o d
Uo such thot the Leroy - Schauder topologicol degree deg (Py (f -fl.(.\, .D I XL,Uq,O\
of the mgpping Pv(T - II(), .DIXL oger Uo'with rcspeet to zefo in X|, is .defirped
onil diferent lrom zero.
' i'' Then the conclusions of Theorem 8 continue to hold.

Remark 5. I4 tbec'ace thele€t(ists.,a,gloEedtubwt C oL,Xt, not containing;..the
origin, such that the mapping O-lPyI/(),.) is /c-contraction from C into itself,
with 0 < fr < 1,,the Hypqthesis 5,can be.dropped. Indeed, if O;lPy.[/(],.) is a
k-contraction rnapping from C into itself, with 0 < le < 1, then by the Banach
contraction principle it possesses a fixed point, say ue, in. C. Taking a number
d ) ,0 small enough, we set Co = {o e C.', ll" - "oll 5 d}. Then, Cs is also closed
subset in Xj. By a simple proof we can verify that, for'sufficiently small t, the
mepplng,[(f ,.) defined as ip (ZZ) iq also a lc'-contnaction,,m.gppj4g, ,with, sqpe ,ti
O < kt ( 1, and it maps Cs into itself. Applying the Banach'contraction principll
'again, we conclude that, for sufrciently srnall t, there exists a fixed point ti(t):in
C6 of the mapping I(t,.), i.e. F(t,u(t)) : ,(t). F\rrther, by the same arguments
as in the proof of Theorem 8, it follows that (l(t),u(t)), with .\(t), u(t) being as
in (11) and (12), is a solution of Equation (10). f i

Next, we assume that f e ,f js..such that the mapping T - L(\,.) satisfies
Condition (A), with a b.ounded outer inverse B such that fo:KerB is a one-
dimensional space. Frirther, let Ys :ipL| By the'Hahn-Banach theorem, there
exists acontinuous functional r/ l € ts* such that (tpl,{t) :1and Y :Yo@]/1,
with Yr : {y e Y : (V,rhtl = 0} and (, ) denoting the pairing between elemer-rts
of Y and y*. It is clear that &r(y) :0 if ,and only if (g,dr) - O.

In this special case, we oltain the following corollarf, which is an extension
of a result obtained by the author (see, [14, Qopollary,l0]], ,.,: :l

Corollary 9. Let T , L, H and K wtislg Eypothescs 2, I ond (T - ,(f, .))(X) c
Y1. LetY6 ondrh| bt os aboue. In addition, for a given e > O ossume thot there
exists an elemerrt ut e,Xb sveh*hat,1.: (?(ut), St).(II{X; 

"!lrrhl}.* 
A,' where; di

before, X;,rs the .smflllest cloocd a'ahapgr,e ol'X ,containi*g the,s&,"€; *' {c'e X :
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ll"ll : L and llT" - L(\,c)li < rlq}. Then the conclusions of Theorem 8'continue
to hold for q - sign1.

Prco!. T<i prove'thib'corollary, it itrfrices'to shnw *iat Ilypotli8ses 4 and"S for
0 : sign 2y are satisfied.

Since (,G(r t)"; 0t) # Ol, it fo'llow3:,l;ftat, Py?(u), #,0 ftir,'alttr,€, X\ -,'[ur],
u *,O;Hence;,the,happing,g =,PyF,fN:.lur onetFoa€floiri Xf "intO,:g.dht so,it
has a bounded inverse. Thus, Hypothesis 4 satisfied.

Now, let j 1 -

and uro : dqur. By a simple calculationr one can see that

wq -  q{- t  (PyI l ( I ,  uc))  = o

and the rrrapping id -gip-r (Pylrr(f, uo)) is oneto-one from Xj into itself. More-
over, us is an isolated nonzero solution to the equation u - gQ-l (PyIf (f, u)) : O.
Hence, there exists a neighbourhood Un of uro in X';, o 4 Uc, spqh that for all
u e Uq, u t' wq, u - gi[-t (PyH(T,u)) I o. It then follows that the ITeray-Schau-
der topological degree, deg(id -gO-l (PyIl(), .)),Uq.,o), of id =gO(pyll(t', .) over
Un with respect to the origin is defined and different frorn zero. Thr:s, Hypothesis
5 is also satisfied. This completes the proof of the corollary. il

The following theorem is a generalization of the results'or, bifor..tion fro*
simple eigenvalues obtained by Craldall and Rabinowitz [3] ana by the author
[t+] for the case.whbre the linear mapping T -Z(f,.) is not continuous and whose
range need not be closed. This also includesthe case Ker(?- t(f,0)) : {0}.

Theorem JiO. Let Hypotheses 7, 2 ord 3 be tatisfied and letYo, {t be as above. In
addition, for o given a ) 0, 'assitlir.e thdt there csists an element ul € X", llrtll : t,
such that (f(rt), rhr) * O. Then (\,0) rs c bifurcation point of Equotion (l,O).
More preciselg, for q -- | or q: -t andto any 6, e ) 0, there ecist a neighbourhoad
I of zero in R, andthrce mgppingsn,i Ip x ft x XL* Rtpi Ir, x Rx {,"e X,
with X'" - [u1], and a: I"u r+ R, withlo(t,fl,u]l + lp(t,f,rt)ll - o(r) ,w t + o \or
ol l te l+,  (9,u)  e .B n XL, lPl  + l l " l l  =L such thct  ( I ( r ) ,u(r) ) ,  te Ia,  wi th

I

r  (T (o t ) ,  { t )  t ; 5oc:  Ql ( f l iT , . " t ) , / r1 l

) ( t )  - (28)
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fiffir-Xt6+tr+un**eruqr€gtiel specfrum , :::. .. i:

gad bt O be.a neighbourhood tr*S6-ffiS8ffi in .8.
I : . [ - . , , - x O r - + E b y

f ' ; ' r '  'Hf

We define the mapp-furg

..9i1 .iJl i '*,$.!:. ir j ir*b *r. ' i i lr:sl j{ F-n,i3.i.n$ii! l :**:X*f:.:*:! iq**t:ttai$,"i:.,*, i, , j :t j**P. . l: i" i j . l ,:, ,;,1r,.**i} .# .f-I .#
t * r d " fdbFt{ .fffiot .$S& ff I} j fr$ pr 91 n* -{ . ;'6 r:'l:'r'' &'sr+,'{xd

ii :${ j *i '-,,r ri,t", lJ ::;;l;*';rj ;ort* ..a+$*F S.X*.sr*4 bt:-*ist'Xn;r:dl.rrrirt;::.e*'.,.tt1 ,r$:s*{! ."r.i .G _$

because .sll?{94

lT,8*,K,ffiffi $itrffi .rT$s#ffi *1h;ffi ffitffi t'lT
o:*tq'- f'-.*-i "in,i*;&ds[i:,,iri 

+rr'.,ir."il ,* ,.,:,.r:.,,,ib-{sr'.',] r,l . j . t l . ' : ; l t t . .=K.l . tqir. i ' " : i i$1"'ds[1. ' ' , i j i4., i : , . . i r- ," i .1' ' .* ' - : : ; ' '1u'q. j . i }gu: 'r . | i : r , . .

rrri:{,},,,. ,["{tJ*t{,(tu,-{t}}Jr,("i}.r.gg#fJJr{J,"-.,, , ,-: .'-.:::, ;.-:j::T:"; ,,
ni,, i * q[], i{t)] (r;#u}"; 1" (16fu1 i .1,: 1 J( t, $('} )) il' );

r  
' ! f f ; , r i ;  x {

+$,'4t)*.a.S ,. '{3Q,
- i * ' n . r S i : , q r i t l l f  t  r : , . .

ii : -*,^ .in+*{f#sdf"Si+e(#f}g@##1k*e+d : ss,q-*. r:r!i, ii .#,;:r,.tu .{

3r?:

we €'Hfaiu
S"Q?t .;t,'r

I*efrre,
i"-1ti.rt 3 * t\f . ;lr.:tfi,F,pr{?{r{*}} '' *{{S;r{*}}.:r E{'*ft}vu(*}il -'6""-' 

n 
, "' ::' , ' :t::.

\rith l.(t), u(t) being as in (za) *"d (29), respectively. Further, by the sarne
argumffiB dbirtth6-ihffi.dFhwrem'8;:tFdlffi#u. ' ,', ' , ,'i :. '- .,;' .. :

I : l

..'', 1l{n*fq*t*a:l$ffi$$8 *'g'( rh utq).,
: , ; . i . . ' i  r t : ' i - i . - . - r i -  , - :  F : : i i 1 : : i  

1 . . ,  : 1 , , . -

i  . ! '4 i  l : :  l

, t !  :  
- . 1 ' r 1 ;  

. ; ; .  . ,

i , . . 1 , ,  1 , , - , ; i ; .  , i

$tfte @ff b€,-&l 1Nutdf rof, .tlw.fuw!.. .rfi' ; . : * . i ::,
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