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BZIFURC’ATICN FREOM THE ESSENTIAL
SPECTRUM OF EQUATIONS DEPEND’ING
ON A PARAMETER IN BANACGH SPACES
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Abstract. The purpose of this_paper is-to prove some new results on generalized smphicit

Junction theorems when the derivative has no bounded inverse and no eigenvalue, and apply
~ these theorems to bxfmﬁonpmbkmemannwﬂwzmnbalaputrumofmﬂmmr equations
: depending on a parameter, - :

1 }IVNTRODUCTION

Let X andY be a‘real Banach spaces, D be a nelghbom'hood of the origin’ in
X. The closureof D will be denoted by D." Let A be‘an open subset of a normed
space and let R be the space of real numbers; with the usual absolute norm |}.
For the sake of simplicity of niotation, we-shall use the same-symbol .|| to denote
the norms in X and in ¥, respectively. The norm-of the space containing: A will
be denoted by |.|5. We consider the equations depending on a parametef of the
form.

e e g O o G R

where F : 'A'XD v ¥Y'is, in general, a nonlinear mapping with F(X,0) = 0 for
all X € A. Any point (X,0) € A X D is called a trivial solution of Equation (1), A
point’ (X, 0) is called a bifurcation point of Equation (1) if for any 6,¢ > 0 there
exists a solutlon (A, v) of (1) with |X - A[ <8 and 0 < I[vﬂ <El In other words

N
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in every neighbourhood of (},0) one can find a nontrivial solution of Equation
(1). Usually assuming that F is a continuously Fréchet differentiable mapping,
the implicit function theorems play several roles in the study of bifurcation points
(X,VO) when the null space, Ker F, (X, 0), of the partial Fréchet derivative F, (.X, 0) of
F with respect to.v € D), is'nontrivial i.e;, Ker F,(X,0) # {0}. ‘Furthermore, under
some sufficient a.ssumptxons on the mapping F, one can prove that the bifurcation
of Equation (1) occurs only in the pomt A, 0) € A X D W’here Ker F, (A 0) # {0}
(see [2], [3], [6],19],{11], [14]), ete.)." ; ; TN

The purpose of this paper is to prove some new results on generalized implicit
function theorems when the derivative has no bounded inverse and no eigenva-
lue, and to apply these theorems to bifurcation problems concerning the essential
spectrum :

Section 2 is devoted to some deﬁmtlons and preliminaries that will be used
in the next sections.

In Section 3 we consider a local solvability of the equation =
G(z) =0, z z € X, given'G(a) = 0. radh o (2)

One usua.lly assumes ‘that the mapping G is contmuously dlfferen'clable, with
derivative M = G'(a) surjective. There exist several versions of the imiplicit func-
tion theorems in Banach spaces, depending on the assumptions made on M (see
Bartle (1], Craven and Nashed [5], Leach (8], Nashed [10], etc.). In [5] Craven and
Nashed presented new generalized'implicit function theorems in Banach spaces,
only assuming that the mapping G is strongly Fréchet or strongly Hadamard dif-
ferentiable at a, and the derivative M is;approximately right (outer).invertible. In
‘their results the mapping M is not supposed to have an exact bounded inverse,
or bounded right inverse. However; they need-the assumption that Ker'M.# {0}
In this section we improve these résults; showing that the hypotheses on M can
be weakened to assume that M satisfies the following condition (A): to any given
€ > 0 there exists v € X with ||v|| = 1'such that ||Mv]| <e. onab ad

In Section 4 we apply the results obtained in Section 3 to bifurcation prob-
lems. We consider the equations dependingon a parameter of the form (1). Using
the implicit function theorems and the Liapunov-Schmidt procedure, many au-
thors obtained different results. .on the existence of bifurcation, points of Equa.tlon
(1). Given a point (A,0) € A X D, we need only to ) suppose that the mapping F is
strongly Fréchet (or Hadama.rd) differentiable at (2,0) and, in general, the partial
derivative F,(},0) is not bounded, and its range need not be closed. Moreover,
F,(X,0) is assumed to be approximately right (outer) invertible, and to satisfy
condition (A).  We emphasize that it can be here KerF,(X;0) = {0}. The re-
sults in this:section:play an important role in the study of bifurcation problems
concerning essentlal spectral points. 1 by
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We begin this section by mtroducmg the following definition: *

Definition 1. Let X-and'Y ‘be Banach spaces, and let M (R 2e¥P bea linear
mapping, where 1 is a dense set in X. We say that M sa.tlsﬁes Condltlon (A) if
to'any given'c >0 there exists'a point ¢ € N, {|e|| =1, with ||Mec|| <'&.

Remark 1. . ' F
1/ If Ker M # {0}, then M. sactxsﬁes Condxtmn (A)
2/ Let B : 1 — X be a linear mapping. Let o(B) = {XeR" B -
Aid has no inverse}, and o, = {AE€R : Bv—Av =0, for some v # 0}. Then the
G U6 : c1affin
o¢(B) ={X €o(B) : R(B ~ Xid) is not closed}
U{A €o(B):risa cluster pomt of 0,(B)}

U{A € o(B)+ U ‘Ket(B — Xid)™ is infinite dimensxonal}

n>1

is called an essential spectrum of B. Any point X € o.(B) is said to be an essential
spectral point of B. Suppose that the mapping B is self-adjoint mapping. Then
the Weyl’s Theorem shows that a point A is an essential spectral point of the
operator B if and only if there exists a sequence fn € 2, with ||fa)l =1, fn — 0
and (B — Xid)f, .= O (see, for example, in {12, pp- 348]) It follows that if A is
an essential spectral point of the. self-a,djomt mapping B ‘the mapping (B ~ X ld)
satisfies Condition (4). . ' SRETY:

Next, let X, Y and 1 be as in Deﬁnltlon 1. We recall the followmg defini-
tions.

Definition 2. (see [5]) 1/ The mapping M : {1 — Y is called approximately right
invertible if, for each u € (0, 1), there exists.a norm.||.||;; on-X, a bounded mappmg
B, :Y — X, and a bound T, depending on 4, for which 47T)

(Vy e Y),»;IIMB“:;. -yl ﬂs.kullu,ll and uBuylla s, Llylls
and
(Vz € X){uz"n} / Nzl as 1\, 0.

Then each'such B, is-called an approximate right inverse of M, correspondmg to
the bound function I'(:). Denote'by X, the completion of X in ||.|},- :



2/ The mapping M::/ #»:¥sis called approximately outer invertible if, for
each p € (0,1), there exists a bounded linear mapping B, :Y + X, and a bound
I, dependingdinom fiorwhisheolioT 6165 gaivnbiabel vl weiissd Mdr aigel ol

S (€ X)(BuM By = Byl S Bl and Bl £ Tl

o
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Then each B, is called an approximate outer.inverse of M, with bound: function
3/ The mapping M : 1 +— Y is called outer invertible if there exists ?Tfﬁ*é*ar
mapping B : Y +— X such thatiBMB = B. Then the:mapping B is said to be an
outer inverse of M. ., aaigqem 1aehil & od X ta 1 el tg

§29 3o

* Further, the notion of strongly Fréchet and Hadamard differentiability can
be found in the paper of Craven and Nashed [5]. _ fis
Remark 2. It is clear that if M-is outer invertible with ‘a bounded otter-inverse,
then it is approximately outer invertible. The Tikhonov’s regularization (see, e.g.
[10]) provides an approximate outer inverse, but not an outer inverse. The reader
is refered .to [5] for, the further study of ‘approximately. right | (outer) invertible
mappings. ; [

3. GENERALIZED IMPLICIT FUNCTION THEOREMS - L8116
In this section ‘we formulate and ‘prove *‘s’ibi&ié‘f theorems on “local solvability
of Equation (2) for the case when the dérivative M ='G’(4) does niot necessatily
~have a bounded:inverse and the fiull space KerM cdii be 'a’ trivial-space i.e;;
KerM = {0}. In what follows, let the mapping M satisfy ‘Condition’ (A)."For
BIVERE o3 QO WRPIE fignat SW -1 dortinledl i amnd [ hue ¥ % jul ol

Ce={c€X : |c]| =1and |Mc| < e/4}.

Fepyr BFee bt €
b AL R B RER AT SR

The following theorem generalizes a result obtained by Graven and Nashed
(Theorem 1 in [5]). fodi ol v " b, T o Foncs B

Theorem 1. Let X and V' be Banach spaces and a € X. Let the mapping G :
X = Y be strongly Fréchet differentiable at a, with M = G’ (a) : O =Y, where
Q1 is dense in X. Let G(a) =0, and let the mapping M be approzimately r?gﬁ
invertible, with approzimate right tnverse B, and T'(u) = kou™" withy < 1. In
addition, .assume that M satisfies Condition (A). Then there: extsts a positive real
number €, such that for-any € 0-< €< &,, one can find d neighbourhood I of
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zero'in R and-a mapping't . I %-€g¢+>-X such that z(t;c) = a+tc+ nltyc);
(tye)-€ I x.C,, is a solution to the equation G(z) = 0, valid for all sufficiently
small t,z # a. With approzimate choice-of pu = u(t), |In(¢; c)lly = oft) ast — 0.. .

Proof. The proof of this theorem proceeds similarly as the one of Theorem 1-in
[5]’ Only some changes need to be pointed out. Let 7 < 1, g5, y'be the same as
in the proof of Theorem 1 in [5]. For any ¢, 0 < & < €, let ¢ = 2 + T + u, where
A um.n(e) as'in [5] We 'put T "‘%E—w}(%) g(€)); with ¢(e) = -2- mm%l tﬁ“"‘}&(% ’
and 6( ) obtamed from the deﬁﬁttxon of the strongly Frechet dlﬁ'erentla.blllty of G
for a given 6/2 Further, for any (t c), € I x C,, we deﬁne the 1tera€1ve sequence
{Znlk, c)} by z,(t,¢) = - a + fc, a.nd .

Enlbs) = a;',,_‘, (.0~ B, ,G(z,,;",;(t & RELYL LT

In the sequel for the sake of sxmphclty of notatlon we write &, = xn(t ), n =
1,2,.... By the same arguments. as in the proof of Theorem 1in 5], we put ‘

dy = 7y =l 50d b = [Glan)l
From the e}fi'ong differéntiability of G we have

S 8 o1 — ol = || = By(tMe +£(a, to))|l
SIBAM, B ],
< rt£/4 +I‘t€/2 < T'te < tr,

by = 1G (@) £ G zo)l +IM (a1 = 20)llu + 1Bkl te)lut
(lid = Bu)é(a, tc)”u < et + Fet + (1 +p)et = get.

By 1nductlon we obtam
dp SThy_y <Teptr™™! < gtr”

and

hn < php_1 + elhn_y < Thn—h
(see also. the proof in [5})‘ Consequently, {||z, - zn..xll ,,} — 0-geometrically, and
80 {z,,} converges to a limit z(¢, ¢) € X, with ||z(t,c) = allu < () and .

v MGt Pl= lim Gzt ) < Jim yetr™ =



Fﬂrther, the ‘proof proceeds exactly as-the one of Theorem:1 in {5} by setting *
n(tye) = z(t,'¢) = a*=te. Then,z(?, é)@%ﬁ\f@ﬁfbs@ © e G,, md |[n(,t,z)ﬂ i uvo(é}
as t = 0.*This‘completes the proof of the:theorem. - g0 MY % 5 ¥ Hing
The following theorem is similar to Theorem 2 in [5] It is also true for the
case witha/ ¢one constraint <G(z) € ‘S; where:S-is a: closed. convex cone in-¥:
But, for the sa.ke oj mmphcﬂ;y, we rmly state: ther case. S {@} e

%
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Theorem :2.. Let X and Y :be, real Banach spaces, w:th a € X L;t tl;e mgppmg
G : X =Y be restricted strongly Hadamard dzﬁ"ercntzable at a. Let G(a) =0, |
Let the Hadamard dcrwatwe M= el (a) XY be bounded appra:mmately rtght ;
invertible, with approzimate right inverse B,, and bound func%:on I‘(u) =k, B

with v < 1. In addition, assume that M satasﬁes Condition (A). Then therc
ezists a positive real number ¢, such that for any €, 0 < € < g,, One can find a
neighbourhood I of ‘zero in R, ‘and a“mapping n : I x PR o “stich that for any
(tye) € I X Cq, z(tyc) = a+tc+n(t c)EXyis0 solutzon to the equation G(a:) =0,
valid for aII suﬂ‘ictently ‘small t < 6 wzth T # a. Wzth an appré:‘mmate c?zdtce of
p=ut) >0ast—0,|ntc), =oft) ast —0. "

The following i'ééult is a gehéfélized 'Iimpliéi‘t function theorem for local sol-
vability of Equation (2) concerning approximately outer invertible mappings, _ .

Theorem 3. Let X andY ‘be Banach spaces anda € X. Let the mapping G : X —
Y be strongly Fréchet d:jferent:able at.a, with G'(a) = 0. Let the Fréchet derivative
M = G'(a) : 1 + Y be approzimately outer invertible, with approzimate outer
inverse B, and bound function I‘(yf) kon™7, where Q is dense tn X and vy < 1.

- In addition, assume that M satisfies Condstion (A). Then there ezists a positive
real number €, such that for any e, 0 < € < &;, one can find a netghbourhood i
of zero in R ahd @ mappingn : I x Co = X, such’ that z(t,¢) =’a + tc'+ n(t, c),

(t,c) € I x C, 15 a solution to the equation B,G(z) =0, for sufficiently small t,

z(t,c) # a. With approzimate choice of u = u(t) ast — 0 we have ||n(t,c)|| = oft)
ast — 0. fid AGLIHERL 6

Proof. The proof proceeds similarly as the ones of Theorem 1 above and Theorem
3 in (5], remarking that if the mapping F, (A 0) is approximately outer 1nvert1ble
with approximate outer inverse B, and bound function I'(u) = kou™7, whére
4 < 1, then the mapping M = ——FA(A 0)A + F, (A 0) : Rx X Y is also
approximately outer invertible WIth appmxrmate outei' inverse Bﬁ (£-2 (Or,- ,,)n,
the same bound function P(p). = . i PEINVHOD { o

Theorem 4. Let X 5&& Y be Banach spaces and a € X. Let'the mapping G :
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X +— Y be strongly Fréchet differentiable at:ia;with'G(a) =0 Let: the!Fréchet
derivative M = G'(a) : 1 — Y be outer invertible, with a bounded outer inverse
B. In addition, assume that M satisfies Condition (A). Then there. czwt&.‘eo,}_p
such-that for any €, 0 <€ < g,, one. canfﬁnd a n@tg}nbourhooﬂ I of zero in R and
a mapping n-:I x Cg X su‘%hthat z(tye)= a+ te + n(te),"(t,c).€ I X C’,’;’ is.a
GOIut:an to the cquatwn B-G(:E) 0 Morebire‘r sf ne= [}Bﬂse < "tﬁe% Gl

o st

e 0 § o | "’,(g.:,‘,.‘ £ B ,x_ P 7 5 i ,,‘»“ Te 1 s z ST Tt ‘,
t. ,c t ,62 o PR t1c1 taca y 3
"’7( : 1) ( 3 )" 4(1 )“ Aot " B = a ls (n)
hOIds for all tl’ t2 e I clf)’cz e Ce v+ & '? ‘%; i_i;:— S 3 .f»f‘f’} . £55 . g” 2ok 1

Proof. Let €, be as in- the proof of Theorem 1. ’Given &0 <lé bl léf‘ 7,9, 6,
I, and C, be (as i the proéf of Theorem:1: For-any (t,c} € I:x. @;‘w&&eﬁhetthe
iterative sequence {z,‘(tf €) 3 by Zo (t,&g);_ PR 51y

SSL et s e e D el 5

By the same arguments as in the proofs .of Theorem 1 above and Theorem 1 in
(5], we conclude thati{||zn(; ¢) = Zn—1(t;¢)|I} — O geometrically, and 50 {zn(t, c)}
converges to a limit z(t,c) € X, with [|z(t;¢) — a|| < 6(¢), and BG’(:c(t c)} =0.

Putting n(t,c) = z(t,c) — tec, (t,c) € I x C, and using the same proof of
Theorem 1 in<{5],-we ‘obtain‘{|n(t,c)|| = o(tfas't-— 0. Now, we prove (3). Indéed,
let ¢y, t; € I and ¢4, ¢c; € C,. We have

l '“i'l(tl,é’x)j —ﬂ(tz,cz)” = "lggoﬂzn(tlvcl) zn(t2,025 -~ tlcl + tzczll (4)

Now, we can'see v ey
Zn(t1,€1) — Znl(ts, €2) = Tu_1(t1)€1) — Tn—1(t2,€2)
— B(G(zp-1(t1,22 ))—G(zn—l(thcz))) gt
= Tn-1(t1,61) — zn-x(tz,cz) BM{(zn_1(t1,¢1) — Zn_1(t2;c2))
— BE(zn-1(t1;¢1),2a-1{t1,¢1) = Zn-1(t2,€2))
= Zn_1(t1,¢1) — Tn_1(t2,¢2) — BM(Zn-z(tl,cl) 3= zn—zftz,cz)
— B(G(zn-2(t1, 1)) — G(Tn—2(t2,¢3))) ‘
— BE¢(Znl1(trhen), zn—l(tuel) T lftz,cz))““
= Zn-1(t1y€1) — xm—l(tz,cz) = Bé(Zno1(t161)1n—1(t1, €1). — Tn-1(t2,¢2))

sonitk BE (maizalts o) sondabivei) L onlaltaveg))ot © o ol ol ablon

ek

3
Cbaygey M
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In(tl,cﬂ zn(tz,c;)

= zo(tl,cl) —:Bo(tz,ﬁz) BM(xo(tl,cl) - n;o(tg,dg))

v BE(‘”n—l(thcl) zn-n(ta, ci). '*g~-’5n—1(tz,cz))
Bf(zn—x(tl,cl) -’Dn—1(t1,61) - &n- 1(t2,62)),

=t1c; — tzCz - BM(t1c1 - tzCz)

for alln = 1«,2 : Hence, o
[|zn(1,61)= Tnltesc2) —ti1er +tzcs + BM(tie, —tse5)]|
< 7l|Zp=1(t1,61) — Zn1(t2,e2)l} . e T GO : e
2t T(H“’n-&ﬂ‘l:%) = Zn-1(tzeea) = ticn +4a¢5 + BM(t1c1 - tzcg)H
+ || = tiey +tze2'+ BM(ticr = taes)ll) - 0
<r?||zaa(trs€1) = Za—alta, co)ll + 7]l = tries + taca+ BM(t1¢1 — tacy)||

X

¢ | B P :
§ e lnzifthcl) il(*z,ca)ll + E 'H —t1e1 +t262+ BM(t161 *tzcz)ﬂ
X 1=1
SRS ?‘

Ilt;cl—tzcg—BM(tlcyf_t,zf?;Z)Il (5)

with r = l}B"eo <L xl;ettiimigf’h«—»m a,h.d‘vusing (4); we conclude that

: ||’7(t1,61)'j'l(t2,02)+BM(tlcl’t2°2)” £
holds for all t;,ts € I, ¢1,:¢c2 € C,. Further, let X, be the space spa.nned by the
set C,. Since ¢;, ¢3 € X,, then tje; —t2c2 € X.. Assume that t1c1 —t¢2 = ac

for some a € R and ¢ € C,. We have |[tic1 — tz¢z|| = || and
| T

IBM (t1c1 — taca)|| = |BMac| < |o| B[l < Jliticr — taca|

Therefore, it follows from (5) tha.t
”fl(th’ﬂ) %ﬂ(tm‘zm S ( )lltwl tzczll
holds for all t1, t2 € I , C157€C2 € C, ’Phls completm the p’noof of ﬁhé theorem -
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In this section we prove some new theorems-on bifurcation-points of Equation
(1) concerning mappings which satisfy Condition (A). Using Remark 1, we also
obtain new results on bifurcation from essential spectrum. In the sequel, we only
prove_these theorems for the case A # 0. They are certa,irily&also valid for the
case A = 0, provided that the normed space containing A is complete. The first
result on bifurcation points of Equation (1) involying Fréchet differentiability and
approximately right invertible mappings can be formulated as follows g

Theorem 5. Let A € A and the mapping F be strongly Fréchet differentiable at
(X,0) € A x D. Let the mapping F,(X,0) be approzimately right invertible, with
approzimate right inverse B, and I'(u) = kou™" with v < 1. In addstion, assume
that F,,(X,0) satisfies Condition (A). Then (X,0) isia bifurcationpoint of Equation
(1). More precisely, to given 6, € > 0 and for sufficiently small u, there ezists a
neighbourhood I of zero in R, and two mappings o.: IXC, — R, p : IXC, — X,

la(t, c)| + [lo(t,¢)|| = o(t) ast — O such that ( (t,¢e),v(t,c)), (t,e) € I x Cy, w:th

ol

: \ ,\(t,‘c.) = —1-_*_—:@’—(:) (6)
and T
v(t,c) = tet p(t,c) - ‘? (7)

satisfies Equation (1) and |A(t,c) — A|x < 6; 0 < ||v(t,c)|| < e, for t # 0. (Such
a family (A(t,c);v(¢,¢)), (t,¢) € I x Ce, 1s.called a parameter family of nontrivial
solutions in a neighbourhood of (},0)).

Proof. Weset J ={B€R i—j—_-—ﬁeA}, and define the mapping G : J-x'D v ¥
G(a,v):F(1+ ,v), (a,v) € J x D, éoisibac? sefea{B)
It is easy to verlfy that the mappmg Gi is strongly Fréchet dlﬂ'érent}a}ble at thev
point (0,0) € J X D and M = Gr (0,0) is gwen by :

M(ﬂ,u) = —F,\(-X, O)Xﬂ + Fv(xs O)u’g:; (ﬂ:u)e R x X V\

Next; we define the norm ||.||* on the product space R x X by ||(a, v)||* =i|a|+ Hv"
and claim that the mapping M is apprwci‘m‘ately right invertible, and'it satisfies
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Condition (A). Indeed, since the mapping F,(X,0) is approximately right inver-
tible, there exist, for each u € (0,1), a norm ||.||, on X, a bounded mapping
By : Y+ X;anda bound I, dependmg on.u, for which 43

(Vy = Y)Hf“u(A U%pr yH - #Hyﬂ and ”B#yﬂu S ﬂM!

dngiotT otolqdisd ;

(Vze X){frzu,.} /nzn as 1 \ 5% . nonulid
Therefore, for ea,ch " e (0 1), we put

u(a,v)up Lal 5 u n , for(a,v) ER X X,
and‘~>dﬁe{.iﬁér~the“5’mappiﬁgf"-B‘,, Y - R X X by :

y.y = '{OélBﬂy)v PEX

?

It then follows that
(Vy € Y)||M By =yl = [F,(X,0)B,y — y|| < ey

and
HBuyllp = ”Buy”u <Tlyll,

and”
(V(a,v)‘é R X) 4§l (a,v)llp} /(e v)II as 4t 0.

This shows that the mapping M is approx1mately nght mvertlble, w1th the approx- _
imate right inverse B, as above and with the same bound function as F,(},0).
Now, let € > 0-be-given. Since: F,,(/\ 0) satisfies Condition (A), for given' /4,
there exists v € X, ||v|| = 1, with ||F,(},0)v|| < €/4. Taking ¢ = (0,v), we deduce
e€C.={deRxX : | d|| =1 and |Md|| < €/4}. Thus, the mapping M also
satisfies Condition (A). ' :

Further, we apply Theorem 1 to the equation G(z) =0, z = (a,v) € A x D,
given G(0,0) = 0, to conclude that there exists €, > 0 such that for any e,
0 < € < &, One can find a nelghbourhood I of zero in R and a mapping 7 :
I x C} — X such that Z(t,c*) = tc* + 7(t,c*), (t,c*) € I x C}, is a solution
to the equation G(z) = 0, valid for all sufficiently small ¢, ‘E’(“t',ic”)"# 0. For any
(t,c) € I x C,, we put n(t,c) = 7(t,c*) = (e(t, c), (¢, ¢)), with ¢* = (0,¢). Then,
z(t,c) = (a(t,¢), te + p(t c)) satisfies Equation (8). Consequently, (X(t, c) w(t; &)},
with ' X(t, ¢) and ‘v(t, c) being as in (6} ‘and“(7), respectxvely, ‘satisfies Equation
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(1), for-all (t,¢) €I x Cy. To complete: the proof, it rem&ms to use the fact
la(t, ¢)| + |lo(t, ¢)]| = o(t) as t — 0, and v(t,c) # O for t #0. :

Next, we state the second result on bifurcation points of Equatlon (1) con-
cerning Hadamard dlfferentlablhty and approxlmately nght invertible mappmgs
Theorem 6. Let the mappmg F A X D — Y bc restr:cttd stronyly Hadamard
differentiable at thc point (A;0). Let the partial Hadamard derivative F, (A 0). of
F with respect to v € D be bounded: linear, with approzimate right inverse. B, and
bound function L(u) = kop™7, where 5. < 1. In addition, assume.that. the mapping
F,(X,0) satisfies Candstion (A). Then. the conclusions. of Theorem 4 contmue to

_ hold.

Proof. The -proof of this theorem- proceeds exactly as the proof of Theorem 5,
remarking that instead of applylng Theorem 1 to Equatlon (8), we use Theorem
2.0 il

The first result on- bifurcation points of ‘Equation (1) involving Fréchet dif-
ferentiability and' approxtmately otter mvertlb}e mapplngs can be stated el

Theorem 7. Let the mapping F be strongly Frechet d:ﬂ"erent:able at the pomt
(X,0). Let the Fréchet derivative F,(X,0) : X > Y be approzimately outer in-
vertible, with approzimate outer inverse B, and bound function L(u) = kou™7,
where 4 < 1. In addition, assume that F,(),0) satisfies. Condition (A). Then for
suﬂ‘icaently small u, (X,0) is a bifurcation point of the equation

B,F(\,v) =0, (\v)€AxD. ' (9)

More precisely, to given 6, € > 0, for sufficiently small 11, one can find a neigh-
bourhood I of zero in R and two mappings o : IxC, — R, ¢ : I X C, +» X,
|lax(t, e)[+[lo(t, c)|| = o(t) ast — O such that (A(t,c),v(t,c)), with A(t, c) and v(t,c)
being as in (6) and (7), respectively, satisfies Equation (9) and |A(t, c) Aa < 6,
0 <Hjv(t,c)|| < efor all (t;c) € I x Cyy t #0.

Proof. The proof [ proceeds similarly as the one of Theorem 5, remarking that if
the mapping F, (z\ 0) is approximately outer invertible with approximate outer
inverse B, and bound function I'(s) = = kou™", where'y < 1, then the mapping
M = —-F\(X,0)X + F,(0,00:Rx X = Y is a.lso approximately outer invertible
- with approximate outer inverse‘B,, = (0,B,), and the same bound funiction T'(u)
-and that instead of applying Theorem 1, we use Theorem 3. [J

Remark 3. In Theorem 7,-f for: sufﬁcxently small 1, Ker B,, = {0}, then (A O)isa
 bifurcation point of Equation (1).
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Next, we ‘apply Theorem 4 to: prova some new results on blfurcatlon pomts
of equations of the form" >

T() =LA o) + HA ) + KO0, (ojedxD.  (10)

where A, D are as before, T and L(}, .), for any fixed A € A, are linear mappings
(not necessarily bounded) from dense subsets of X into ¥, H'and’K are fionilifiear
mappings from A x D into Y, with’ H(,0)=K (A 0) = O'for all X €A} 'We'now
assume that X € A is such that the mapping M =T — L(},.) satisfies’ Cén&itlon
(A), and is outer invertible, with bounded outer inverse B, and the mapping ‘
E=H+Kis strongly Fréchet differentiable at the point (X, 0), with 'the F‘fechet
derivative E’(},0) = 0. Here, we emphasize that the linear mapping M, in general,
is not continuous and whose range is not closed, the null space, Ker M, can be
trivial. Therefore, the ‘usual implicit function'theorems do not work to prove
the existence of bifurcation at the point ()‘ 0). However, we shall see: that- the
application of Theorem 4 is effective to show, under additional hypotheses on the
mappings T, L, H and K, that (},0) is a bifurcation. point of Equation (10).
Moreover, we can also describe nontrivial solutions of (9) in a nelghbourhood of
(X,0) in an analytical form. In case Ker B = {0}, we apply Theorem 7 to conclude
that (X,0) is a bifurcation point of Equation (10). In the sequel, we only con51der
the case Ker B # {0}. We make the following hypotheses:

'Hypothesis 1. There ezists a real number b such that aL(A,v) ='L(a®X, v) holds
for all a € [0,1] and v € D. ; ;
Hypothesis 2. There ezists a close subspace Y, of Y such that M (X)xC Y and

'Y =Y, @Y, where Yo = Ker B and the symbol @ denotes the topological direct
sum. } A s ‘

The projectors of Y into Y, and Y; will be denoted by Py and Qy, respec-
tively.

Hypothesis 3. The mappmg PyH s compact and thcrc emsts a real number
a > 2 such that .

i/ Py H(A, tv) =t*Py H(),v) holds for alit >0, ve D.

11/ The mapping Py K is Lipschitz continuous and o “°PyK(A,av) — 0 as
a — 0 uniformly on (A v) from any bounded subset.

Let X, be the smallest closed subspace of X contammg the set: C‘e & {c e
¢ |lell =1 and ||M¢|| < €/4}, for a given.e >0."'We need: . ' | :H ;

Hypothesis 4. ||PyT)| < oo and for a given &> 0 there ezists a closed subspace
X! of X, such that the mapping <I> PyT /X! has'a continuous inverse 1 from
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Yo anto X

The restricted norm of X to X:, and X, will be also denoted by’ bhe same
symbol |L.|. |

Hypothesis 5. For g=1lorg= —1 there czzsts a pomt wie X, wl#0, and a
bounded nezghbourhood U, of w9 in X? with0 ¢ Uy ande||B ]F(H(3+23)ﬂB‘Mﬂ+ )<
1, where s = sup{[ul| ' v € g}y sucﬁ’ihat the Leray-Schauder topélogw"ar degree,
deg(id Lq@= IPYH(A, ),U;,‘,n), “of ‘the ‘mapping 1d—q®~Y Py H(X, 3 mr U‘ F :t‘ﬁ
respect to zero in X, is defined and dtjferent from zero. ; HIF ov

We now prove the followmg theorem on blfurcatxon points of Equation (10),
which is an extension of the resiilt obtained by the author in [14] for the'case Where
the mapping M = T = L(X .)-is' not’ continuous and whose range is not closed.
This also generahzes some well:kknown results obtained by McLeod and Sattinger
(9], Buchner, Marsden and Schecter [2]: In'what follows, for a given & >0, we put
C* ={(e,w) € R x XL 2 |o| +||w]l = I}and HMwH < e/4}. k;

Theorem 8. Under Hypotheses 1 - 5, (X,0) ts a bifurcation point of Equation
(10). More precisely, to any 6, € >. 0, there exists a neighbourhood I of zero in
R, and three mappingsn : I, xC! — R, p: I, xC; = X, u: I — X_ with
In(t, a,w)| + ||o(t, o, w)|| = o(t) as.t — Q for..all (a;w ) € C}, such that the pair
(A®),v(t) t € I, with

e

Alt) = n 1 u(t) P i {11)
O+ ol 0 =) )
and .
. . 1 (t)
0= et R T O

satisfies Equation (10); |A(t) — Ala < 6 and 0 < ||v(t)|]| <eforallte I, t > 0.

Proof. For the sake of siinﬂiciﬁ ‘of notation we only prove the theorem for the
case ¢ = 1, (the proof of the case ¢ = —1 proceeds similarly). We put J = Ja:€

R:a>0a.nd(+_>‘al)b- }anddeﬁnethema.ppmgG JxD»—-»Yby
. b} A e
G’( ) T(v) L(m ,v) E(m ,v) (a, v) e€J xD.
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Then G(0,0) = 0 and the mapping G is strongly Fréchet differentiable at the point
(050). .Furthermore, by a simple calculation, we can see . ‘

&, )—T--L(X )

wh;lch Is :a.iso an quter mvertlble mapping, with. the bounded outer mverse B -
(0,B); and ||BJj* = ltB ll;: (we recall that the norm ||{|* is the norm of the product
space R x X defined as in the proof of Theorem 5). Further, we a.pply Theorem 4
to the equation

i G(N)'_o z=(a, )eJxD’ ' (13)
to conclude hhat there exists ., > 0, (without loss of genera.llty we may assume
that [|B||so < 1,):such that for any €, 0 < € < &,, one can find a neighbourhood
I of zero in R and ‘a mapping 5 : Iy x C; + X, satisfying (3) such that ;z:(t o) i=
te +n(t;c), (tye) € I, x-C}, isa solutlon to Equation (11). Let.c = (a,u),
n(t,c) = (n(t, a,u ),(p(t o;u)). Then, |n(t, o, u)| + (¢, 2, u)|| =o(t) as t — 0 for
all (a,u) € R x X, |&] + ||uf| = 1, and

z(t,c) = (mlt, ), £(t, &, u)),

where

m(t, ayu) = ta+n(t, o, u)
and

£(t, oyu) =tu+ p(t, a,u),
satisfies

BG(ml(t, 0,u),é(t, 2, u)) =0, forallte I, (a,u) € C;.

Iﬁ then follows that

A

(1 - (m(t, a, u))“—l)
f

(1+ (m(t, @,u))2-1)

Br(é(t; a;u)) = BL( €, u))

+BE(

3 ,E(t,a:,u)).:

Hence,

A ,
1+ (mf(t, a,:z))““l)

QT (£t o u)) - L(( 3 ff(ha,t&)) :

X |
S ’ t, a,u) | = 0 ’ 14
((1.+ (m(t, @, u))e-1)° ¢ta )) (14)
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forall t € I, (o, ﬁ)EC* 5
Let U, exist by Hypothesis 5, (for ¢ = 1). One easily verify that if u € U,

1 : u =

then (‘1+||u[| 1+“ ”) ‘e Cy. leent€I+,u€U1, we set
e 1+ |u Log: (80 %87Y morisppedign o & ol
hityu) = { i e b ) Al BN

0, o Ghb=0,dnw 0 <

‘ 1 : ."’ '_Va.—»l
sttee) =1+ (b gy v ) (16)
y 1+|[u” 1 2 .5 "gifdis>0d et Blod
7@#)={ FBsa e kbwa gonadangat
; Dty ohid aas o9 s & N ¢ ek
and ; i ' : , s (0 4\ Y
o =¢(t TR TR i)

where n, m, @, and ¢ are as above. Further, for arbitrary ul, u? € U, one can
easily verify from (3) that

|uuw—utfn<| ’”“ﬂf”%”oww—uw
t
< (1 +2(1+s) )n”u —u?, (19)

where 7 = || B||e and s = sup{||u||, w:€ U,}. Analogously,

(e, w?) =ty ud) < o+ 200+ )mflu? = u?] o (20)
l9(t, w) — g(t,w?)| < oxt(1+2(1 + 8) T 1w — w7, (21)

for some x; > 0, independgnt on ul, u? € U;.
Further, we define the mappings N; : I, x Uy — X, ¢ =1,...,5 by

Ni(t,u) = Q“(g(t‘, tt‘)PvH(m su =+ (¢, u)‘)),

Ny(t,u) = (1 — (1+h(t,u))* ")y,
Ns(t,u)= —&((1 + A(t, u))“‘leT('y(t u)))
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and

N4(t,u)=<}—l(g(t,u)(1+” ")'“P ((g(t »,,,a(t u))).‘ (tu)€I+XU1

where h, g, 7, o are from (15) - (18), respectively. It then follows from (19) - (21)
and Hypothesis 3 that, for ¢, sufficiently small, there exxst constants K2, fC3, and
K4 > 0, with K5 ++ k3 + k4 < 1, such that {

| Ns(t, u?) — Ni(t, w?)]| S kil =w?f, i=2,...,4

hold for all t'€ Iy; u',u? € U,. Since, for suﬂicnently small t, g(t,.), 4(t,.) ar
bounded mappings, PyH (x,) is a compact mapping from X into Yy, and ®~! i

a continuous mapping from Y; into X[, we conclude that, for any fixed ¢t € I+,
N, (t,.) is a compact mapping from U; into X. B

Next we define the mapping I' : I, X Uy = X! by
T(t,u) = ZN(t u), (t,u)ely xU, = v(22)

Then, for any t € I, T'(t,.)'is a (B)k-contraction mapping from U, into X’ (see,
for example, in [13]). We now assume that for all t € I, u € U, T'(¢,u) # u.
Thus, the topological degree, deg,g (id =T(t,.),U1,0), of the mapping id —T'(t,.)
over U; with respect to the origin in X{ is defined in the sense given in [13]. For
~ any fixed ¢ € I, we define the mapping 2 :[0,1] x U — X! by

0(8,u) =T(Bt,u), (B,u) €0,1]x U}

One can easily verify that id — is a homotopy between id —I'(¢,.) and id —T(0,.).
Therefore,

degg(id — Q(1,.), Uy,0) = degp(id — I'(¢,.), Uy, )—-degﬂ(id Q(o,.),U,,0)
= deg (id - @‘I(PyH( ), U1, )) #0. '

It follows that for any t € I, t > 0, there exists u(t) € Uy, u(t) ;é 0, (because
0 ¢ U,) such that T'(¢,u(t)) = u(t). Consequently, ]

4
u(t) =) Nit,u(t)) tely, t#0,
i=1 :
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aflise (e Talind P62 hy Bns Dher v\ oot tmixo s ben s 'nd

i ogl av

“ };{(i M) T+l
L Ol s o)l (oo R CEOM S

Multlplymg both the s1de5 Qf (23) mth ( 1 + To ( t)]l) we obtam :

Py{(m(i, 1 + ||1u(t)|| . 1 ¥ ”(i)( )"))& "T(v’(t)) (t u(t) E(A(t) v(t))}
~ with A(t), v(t) being as in (11) and (12) Smce (T L( ))(X) C Yl, 1t then
implies Py (T (v(t)) — (A v(‘t))) 0. Tagether Wﬂ:h (24) we: d“edﬁée : ‘4 .

KBTIN0T-R

Py{g t u(t) T(if(t)) E(X v(t) ~(t, u(*))Eik() v‘(t))}

3

- or

Py {T(v(?:)') - L%A(t),g(t)) E(A(t) v(t))} (25)1

fif

‘; On the other hand smte (H_"fk(t)” y l’+'ﬁ$1(t)||) € C for all t E I+, 1t féﬂdvifé f
((14) that
: oy{r(v(a» ™ L(w), v(tn E(x(t),v(t))} G o1 1(20)

noticing that : bEY \

O e SR e s 1) poitoies
o s (",“(*? T+ [l }‘+uﬁ(o’n?’) ' )

B v(t) E( ol 0. o) hia ) il SN e
T @l 1+uu(¢)n s

' A combination of (25) and( 6) yields safrrodiis od¥ yd banissdh Hidsr e K
T(V(@) —"L(k(*) "(t))i*E(A(t) ()) te I+ (27)“

o get }a\(t) z\| <6 a.nd 0< [Iv(t)" <'E, t > 0 f'or any given 6 €D 9; it serahine.
o choose &, smaller; if necessary, observing that- A(t) — X and v(t)' =0 as t >0,
'(t);éOfort#O
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In the case there exist t € I, t > 0 and u(t) € U, with I'(¢, u(t)) = u{»t),,
we use the same proof as above to obtain (25) and together with (14) to get (27).
This completes the proof of the ‘t;heorem i }E% SEEITE i

Rcmark 4. In the case dimY, < +o0 and dimX, > d1m Yo, Hypothe51s 4 can be
dropped and Hypothes;s 5 is replaced by: ‘

Hypothesis 5°.For ¢ = 1 or.¢ = —1 there ezists a closed subspace X! of X, with
dim X! = dim Y, a'point w?'€ X, and a bounded nesghbourhood Uy of W with'o ¢
U, such that the Leray - Schauder topological degree deg (Py(T-H (A )/ XL,Uq,,0)
of the mapp:ng Py T —- H( ))/X’ ovér Uy with respeet to zero in X’, s deﬁncd
and dzﬁ’erent from zero. . wEmr :

Then the conclusmns of Theorem 8 contmue to hold

Remark 5 In. the case. there egusts a ;closéd :subset c of X ;, not cont@,lnmgg !;he
origin, such that the mapping @~ lpyH (z\ .) is k-contraction from C into itself,
witho < k<1, the Hypothesis 5 can be.dropped. Indeed, if 7! Py H(},.) is a
k-contraction mapping from C into itself, with 0 < k < 1, then by the Banach
contraction principle it possesses a fixed point, say ug, in C. Taking a number
d >0 small enough, we set Co.= {1 € C :_ ||u—uo|| < d}. Then, Cj is also closed
subset in X!. By a simple proof we can verify that, for-sufficiently small t, the
mapping. I‘(t ) defined as in (22) is also a k'-contra.ctlon ;mapping, with some &/,
0 < k'’ < 1, and it maps C'o into 1tself ‘Applying the Banach contraction prlncq)le
again, we conclude that, for sufficiently small ¢, there exists a fixed point #(t) in
Co of the mapping T'(¢,.), i.e. I'(t,u(t)) = u(t). Further; by the same arguments

as in the proof of Theorem 8, it follows that (A(t), v(t)), with A(t), v(¢ ) being as

in (11) and (12), is a solution of Equation (10).

%

Next, we assume that A € A is'such that the mapping e L}, ) satisfies

Condition (A), with a bounded outer inverse B such that Y, = Ker B is a one-
dimensional space. Further, let Y =il 1] By the: Hahn—Ba.na.ch theorem, there
exists a continuous functional ¥! € Y* such that (p!,¢!) =1and Y = Yo ® Y1,

withY; ={yeY : (y,4!) =0} and (,) denoting the pairing between elements

of ¥ and Y*. It is clear that Py (y) = 0 if and only if (y,%') =0.

In this special case, we obtain the following corollary, which is an extension
of a result obtained by the author (see, [14, Corollary, 10}).

Corollary 9. Let T, L, H and K satisfy Hypotheses 2, 8 and (T — L(},.))(X) C
Y1. Let Yy and ! be as above. In addition, for a gwen_s > 0 assume that there
exists-an element v! € X, suchithaty = (T (v'), %) (H(Xv'), 1) # 0, bhere; as

before, X, ts the smuallest closed subspace of X containing the set:C; = {e€ X :
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llell =1 and || Te = L(X,¢)|} < e/4} Then the conelusions of Theorem 8 ‘continue
tochold for g = s:gn'y .

Proof. To prove this corollary, it Suffices to” show that Hypotlieses 4 and’5 for
g = sign ~ are satisfied.

Since: (’T(v‘) ¢1) 0y it follows! that “PyT (u) #:0 forvallw '€ X’ 4 [v‘T,
u #0. Hence; the 1 mappmg @ = Py T/ X, s one-to-one from X/ into ¥y aha so it
has a bounded inverse. Thus, Hypothes1s 4 satisfied.

Now, let : , : (o )0
! (H(X’.”‘),W)

and wg = agv!. By a simple calculation, one can see that
wy — q@ 1 (PyH(X,w,)) =0 o

and the mapping id —¢®~!(Py H,(}, w,)) is one-to-one from X ; into itself. More—
over, w, is an isolated nonzero solution to the equation u—gd Y (PyH(},u)) =
Hence, there exists a neighbourhbbd Uy of wyg in X7, 0 ¢ U , such that for all
veUy, u#wy, u—qd ' (PyH (X,u)) # 0. It then follows that the Leray-Schau-
der topological degree, deg(id —¢®~!(Py H (A ), Uy, 0), of id — —q®(PyH (%,.) over
U, with respect to the origin is defined and different from zero! Thus, Hypothesis
5 is also satisfied. This completes the proof of the corolla.ry O

The following theorem is a genera.hzatlon of the results on blfurcatlon from
simple eigenvalues obtained by Crandall and Rabinowitz (3] and by the author
[14] for the case where the linear mapping T'— L(},.) is not continuous and whose
range need not be closed. This also 1ncludes the case Ker (T — L(, 0)) {o}.

Theorem 10. Let Hypotheses 1, 2 an,d 3 be -satzsﬁed and let Yy, ¢1 be as above. In
addition, for a given € > 0, dssume that there ezists an element v! € X, oM =1,

such that (T(v'),%') # 0. Then (},0) is a bifurcation point of Equation (10).

More precisely, for g =1 or ¢ = —1 and to any 6, € > 0, there ezist a neighbourhood
I of zero in R, and three mappings n:: I+><RXX'HR,90 I+XRXX'HX

with X, = [v}], and & : I+ R, with |n(t, 8, u)] +ll@(t,8;6)|| =o(t) as t > 0 for
altel,, (ﬂ,u) € Rx X1, [B]+ |lull = 1 such that (A(2),v(t)), t € I+, with

(O

v N -~ ol b

(28)
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t oft)
et noaiiive t; : ~
| ”() 1+|an ”( 1+ |e(t)] L+Mﬂﬂ}
satisfies, Equation (10);: |A(t). ~ dlx < 6,.6nd.0 < ||v(t)||.< € for dll.t-€ Ly, t >.0:

Proof. As befere,»wi‘thlout& loss 'of generality, we: only prove the case ¢ =:1. Let
€0 > 0:be given and let I), myny: &,»«p exisf as in. thefproof of Theoremt8 ‘thh

Bes £ ¢ f .wh; s AR

)
G(av) (m,v) (a")EJXD
Foranytel,a € Rweput |
50 niz 8 vi % ¥ bna

sildy |a|( sy st ) e
e o t, : | |
h(t,a) = { o ,n, 1+lel 1 +]of e

1 SRy ~ A 5 ift=0,

| vl
9(""‘)‘”( ( 1+|a| 1+.|q‘|))’ oy
fyt |a| PR faian & piBi
_ﬁ(t a) » <p(t 1+|a| 1+ff!'a'|f)” &
; ¥..00 ¢ ‘Ul 3 z D ESTesh 1aa noiog 16
ot "‘) ( 1+|a| 1+|a|) oot o1 1250207, iy, |0
and deﬁne the mappmgs N I‘t‘ X R— R § e 1 4‘ by - |

(t a) t ua-;.‘-_a,‘,
N1(t 0!)‘ (T?vl) ¢1) (1\+ [a|) (H(( 70, ),)b w,,v +'7t a))ng )

Nz(t a)= a+ h(t a)

((EES).8YY '
2{( @), ¥ AT Bt g

0, ’ ifa>2,

Let
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and let 2 be a nelghbourhood of the peoifit“a; in R. We define the mapping
r: I+ x1— R by

T zN () u chpxn

g5 z =1,

Frissmeny

As béfore, We first assurhé t§hat I, a) 0 holds for'alite I, a E 0 It_'ghen

follows that the Leray-Schauder topologxcal degree, deg (I‘( ) n 0) of F ) over

ﬂ w1th respect to zero is Jeﬁneci and = .
deg (T(t )’ ﬂ 0) deg (I”(ﬂ ) ﬂ ﬂ) ;ﬁ 0 i 5t D3ewod

> M yenps{ VOB e
because B VO0R

TR e |

Consequently, for any sufﬁclently small t there exists aft). g : 1 §uch that 1"(t a( ))
= 0, Hence

B aT ; L Sovhtt WA 5 AT R v Enlee X N #3)

| (f"“)+5(?"¥1?:),))<T(”’?,+.§,(,ta°f(t))n€.>» | 9kt
t

) )9

- 9(t,a(t) (mﬁ) _2 (K (W 20(t,of t))) ,'l’ )€= 0 (309

efidirig ts)»3 thighede b b e

and. usmg the fa.ct

Ty

Multiplying both sides of (30) with: (-
1+
AT (1)) ~ L'(A(t)),fvetf)\),w‘%~>a=.~:-a,--4 e

we obtain : ;

. TGP L0, 90) - EAO, () #y 0
Hence, \ o '
Py (T(v(t) — L(M2), v(t)) = B(A(#);v(2)) = 0,
with A(t), v(t) being as in (28) and (29), respectively. Further, by the same
arguments as in the proof of Theorem 8, we conclude

T(v(t)) = L(X(t),v()) + E (}(t), v(t)).

- This completes the proof of the theorem. [
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