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GODMS,I{SIONAL SUBALGStsRAS ' :

ASSOCIATIVE AtGEtsR.AS''OF

ABISH MEKEI ANd RONENT WISBAUER

Abstract. In thit rwtc un crriai&,r t u flunralorl infltlr;trr;c ol proprtict ol algr"btu atuJ

tfuir xfulybru ol flarifr cdimcwion. For an in@ dimcnsiotd algcbra R v;th finit
cdirnctuiotd tuhlgcbro A ue cllrliw: R h ecmiprimc if crd only tl A is acmiprimc ar1aJ

citfur R hu an cstcntial i&,al I uhich b *mipr'Jmc u a t&ry od I n A * O, at R = K @ I

uith idceh I, K C R, cwJ. thd K is a fini&- dimcwiqul eemiprimc riltg at1al I C A.

Rit ri$tpimitiwilo,/?donlytl A itri$tpimitiac ardlor cuery idalol R cortuind

in A tlu 'rid:d. awalfldor h xro.

Il A it lrcmipnme vith Kntll dimcwior5 tlun R ic a Goldie ring.

1. PRELIMINARIES

A subalgebra .d of an algebra.R over a field F is said to have finite codimen'
eron if the vector space (RlA,*) is finite dimensional.

Similarly, a subrlng A of a ring R is said to have finite indet if the abelian
group (RlA,+) is finite.

Properties of finite codimensional left ideals were considered in [f] and [3J.
Subrings of finite index wene investigated in [2], subalgebras of finite codimension
were studied in [4J. I" [1], A.I. Malcev shows that if an algebra I over the field
F has a left ideal lI of'finite codimension and .E[ is Xepresentable by matrices
over some field, then E is also representable by matrices over a field. In [3], S.A.
Amitsur and L.W. Small show that in an affine Pl-algebra the finite codimensional
property of a left ideal is equivalent to the algebra .R being algebraic over the left
ideal.

The finite codimensional property of an algebra has connections with prop-

erties,of representability and finite dimensional (finite) approximability of algebras
(rings).

i. r?



On finite'eadiarehriioaal.*ubal6rehr,rs 96

Proposition L.l. Let*R be.on,elgebFg,,oaer...orteld F, Then there is or. R-module
M which is finite dimenaional as an F-uector sryce if and only if R has subolgebras
of finite codimension.

'Onepart of the?ro?o6ition is'wellSknowni the,ccrnv.else folftms trom [aJ.
From this Proposition it follows, for example, that the simple F-algebra R

has an.R-module it4whichris finite dimensional as an F-vector.iu." if aitt only
if .R is a finite dimensional dlgeb'ra 6ver F.

If R is an infinite dimensional simple alge.lra,pver a
"R-module M ii iiiffnitt'ditrfensionttl * an F-vectoi space. '

An algebra may also haver*qlatry fii*ite€dimerisiianal subalgebras $lhithlatc
not approximable by finite dimensional algebras (i.e.y are. not representable as a
subdirect product of finitp dimgasional algebrag), -i

For example, let R : F(st,. . .rei, . . , , .),  be a relativqly f lee,g,lgebra over
the field F, with the T-ideil 

"(fi) 
= {ryz)r. Recall that an iileal .[ in the free

associat ive a lgebrar [X]  wi th  X:  {cr , , . . , rn , . . . }  i r  ca l led lu l ly  invar iontor  a
T'ideal if it is invariant.under all algebra endomorphisi'ns of F[XJ. Consider the
F - i d e a l M g e n e r a t e d b y , ,  , - 1 ,

{r?,i € IV; all finite surns fori"rri, where a1i € F with Ior1 : g},

a  !  Y  : .  :

Then the factor algebra E: RIM also satisfies the identity t;vz'-- 0 end
every element of .R has the form a - Datd;+PfiEJdietery m'€Ni.ril,F't, the
algebra E has an ideal Tr* with dim,E74*. - rz+aqdEi_+{rpf, $qltp&y,,applocimable
because,every ideal of E.cqrtaiag:rthe,,elementfr. i" ,, , :

Notice that F[X] has many finite codimensional subalgebras and appro-
ximable finite dimensional algebras

ffeld .F, then every
j  1  i . r  ;  r ! :

' '  :  .  . . 1 :  r '  . :  :  '  . r .

,, 2, ,FINITE QO&IIvIENSIO|*AF SU, ,BAIiGABRA€ .: i r-,; i, , , , gr *: .:!.i

We now consider the mutual inffuence,rof some proper,ties,of alggbrp*,a.rnd
their finite codimensional subalgebms.

.  ,  1 .  ,  , " i  ; i i .  , : i  r
Lemma 2.1. Let R be an'infinite diniensional algefu,a*uter ,a,fiEld wilh,dt6lp-
codimewional cuMoebro A. Thcn:_  _ ; ,  _ _

(1) If R is prime, then A is *priwaslg&re" ,,f i r
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'(2) Il R is eemiprtme, ihtn:[.rr$oi.sernqpritne,algrcbro. i

A; : (A + P;I I 4 *'A'l\A n Pi)
of the alg:b,it'fi. "If :{,+ R = .R for some r € f, then

: . ,  |  :

is a prime algebra. If .4+ P; * R then BIP; has a subalgebra, . ,.

(A + P;)l Pi = Al e rr A;) : 1,
of firfiti codimension. By (f), a, is prime.

Note that n (A n,4) - (O),,and 4 = A/(Pn.4i) are prime algebras for all
. :  , , i € I . . ,  j  .

i e I, co4gBqu.qltly :{ is.Femiprimer ;,
T'he'{'onveise gtattidents of this lenima'are ncit true. For,finite dimensioiral

algebras the assertions of Lemuia 2.1 .are a,lso false'in geniral. fl
' . :

Eaomple r. The matril algebra M,(F) is prime, but the subaigebra of the upper
triangular matrices is no.t prime.

Examplc 2. Let A be an iaftnite dimensional semipfime (prime) algebra,and B
be a finite dimensibhalnlipoteirt alg€bia. Ttien *he direct ium P - I e B shows
that semip,rimeness (primeness) of finite codimensional subalgebras does not imply
sebipd'een*s1,(prtuenf*.| of the algebrer:R

Theorem 2.2. Let R bc on infinite dimensional algcbro over 6 field F and A o
eulnlgebrqt af1fu;ta codimnaiOh. .. i

(1) R ie o ptime algcbra il and onlg if A is a prime atge,bia ond contairu an
essential two-sided ideal of'tltc. algebra,B,.,

Prnl.

- (1)',rret''ar*g. =''4 ,rnr$qe trr,{.'€,.,"4ii ,By [4[ ,4:contains a.n "idepl r. of the
algebra .R of finite codimensioq. Tbpn we hgve slg : g. From this it fpllows
that RrIyR : 0 and 0 : RxIvR ) Rr.RIgR. ̂ P ig prune, consequently we have
RxR :0 or .IyR : 0. Fbom this relatiorl we get c -0 or ! : 0. This sirllvs thai
.A is a prime algebra. 

j" jr ' i

(z) t et n : 
.[- RlIi,fl p, : 0, where the P; are prime ideals of'the algebra
de l

R. Let Ri: R/P"i, r € f, a^nd,considenthe snbalgebras



@n,fl*e',oodincuaioncl.re0btlgcLras , :gz

2) R is saniprima,',if,diid, onlyaif.4'ls- ee,miptitlrrl::and',iither : I il

n has an essentiol ideat which is semiprime a.s a ring and hos a nontriuial
intersection with A, or

R has the form R: K @ I where K is o fi,nite dimensional semiprime ringj s u c i . t i h o t I , K < , R . , a h d I . C A ' . . : ' ' . . , i .
.  , : i  : .  .

Proof . (l) If .R is prime, then A is prime by Lemm ? 2.1.

By [a], A contains'a finite,codimensional ideal .I of the algebra r?, Since.R
is prime it is clear that f is essential. 

'
:  J .  I  .  

. t .  
. : , : 1 : i .  , i .

t' Conversely,, . [9t l, *be,,prime ,4nd. ./ < 8, ,strch that. f G / pnd .f . is ,esgesiah in
R. Let M,E<.Band M'.H = (0).  Then MnI - Mt # (0)and4r +, i lA' I  # (0)
are ,ideals in A and MtHr : (p). This is a contradiction to .4 being prime.
Coirgbquegly M - (O) or .EI': 1ti)'."a E is a plime.'algebra. 

' ''

d contains a*'ri.d€al,,J,df .B. lvhich.has finite'eodimeruion. ff f ris nolt.aq 16r*nii"l
ideal'of E1r{hen tftere.is-an ideal,trr of,Bs-rreh,that tr1 6J r =,(o]. Then it.is.-c,lerar
that trrf =.ltr's,,l;'{0},,a,4d.,.B eontains.$'her,ideal,Ir 69 I.= Itr,.If tlre ideal "I1 is
not essential, we continue the process. After a finite number,of,steps we,obtain an
ideal

K : L ^ @ L ^ - t O . . . O L t @ 1 ,

where for every i : lr2r. .... ,,trtr,, dimp'tre < oo and either K is essential or B = K.
because dimp RII is finite.

In the ffrstr,case; K is essential and K n A # (o) and K ie.semipdfueas.a
ring. In the secondcase, E has the form R =.0CI.[where L= Lt@*ri@&;ii,,f{,
an ideal contained in r{.and of finite codimeps-ion, ilrd "L. is,an. ideal-of thp algebra
.E which is finite dinensional over F.

_ - conversely, let A be a semiprime subalgebra of .R. Then by [4], .a contains
an ideal f of E which is also of finite cqdimension. By.Lemm az.l, / ig-a semipripqe
ring- r.d nx thc forrh n - K @.I where K o R: K'is finite ai*"i"iooal over
the field F, then "E is seriiiiitme. Let .B have a non.tiivial essentiai lileal /o
whiclt is'serniprine rts"a,fag airif,futersect"g with:,r{,uon-trivially. $upp6se A i;
not senripri'rp. Then .B has a nilpotent ideal /V such that lV f (0). bince.lo,is
essential, Is n /V is non-zero and also a nilpotent ideal of the semiprime ring 16, a
contradiction showing that .B'is semifirime. fI

Theorem 2.8. Let R be an infinite dimensional algebro over a fietd aith finite
cod,imetru;iorrr,l auWgebro $, . ! .l

Thcn R i9 right primitiae il ond onlv if A is'.a rigltt.prinitiue.,algebr!4,and
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for every ideal K of'R antaitted,,in.'ky therigl*,'annik*otor';s psr6,.i,c;, ':

A n n r K : { r €  R l K r : 0 } : 0 .  i  i  , ' ,  . .

'
Proof...Let R be right primitive and M a faithful irreducible Rimodule. By,[a],.,4
conta insanideal  Io f  R,andi t isc lear thatMisafa i th fu l  ,4-and. I -module.  I t is
well known that M is an irreducible {.-Todulen gonsequently M is qn i3redugi"ble
A-module and A is right primitive.

Moreover, for every non-zero ideal K<.R , M : MK : mK fot some m €. M.
trf there exists an non-zero c € .R with Kc:0, then Mn : mK'r: O'and"so
th€iR-modllle M{s'not faith-ftl, Thib contradicts the,primitlvity df t{re algebra,
consequently Ann,(K) : O.

Conversely, let .A be a right primifive subelgebra of the algebra R and,'M
p faithful, irreducibie A.imodule. Bv [a], .,{ contains an'non-z"to'idiii".l'ljf't["
algebra "B'(of'ffnite codimension); As,an tdeal 6f ,*r.'.I is prirhitive.rdd;.:fior some
m€ M, fu{ - MI : mI is a faithful irreducible.I-module. From the condition

' Ann;(I) : (O) it follows that M : ntf,is a'faithful .B-rrodule. Itreduc.lbil,ity fbllo\rs
fro'rn the condition A c R. Consequently M is'a faithful irreducible'.R.modrrleand
R is right primitive. O

Note that the condition Annr( K) +{0) is.necessary: Consider arf algebra
R : A CI Fe, where A is a right pririitlve algebra and Fe is a nilpotent ideal,
dne-dimensional over F.. Then R is not primitive, and Annl( Al # g. 

,

Gonellary 2i4. Let R= Flot,...,nol,,nZ'2,r ba a finitely generated free osso-
. eiative algebra. Then.

(t) euery'finfti codimeinsiio:nat sriHlgdbra ol n ;i piiim;tne, and, 
jr: ,

(ii) euery finite codimensionol subolgabra of R contoins a T-idg(, of R.

Prnf. Statement (i) follows from [7], [a] and Theorem 2.3, while (ii) is also a
conseguence of [4] and properties of polynomial identities. n

:  r  |  . ,

., Nou{,we eongidel.-t}e'influs$ce of subalgebuas of 'finitricodigension with l(rull
dimension. We,de4ote'trhe,Krul'l dimensioao*,an Br,tnodule M bylK{h[)r. Note
t h a t  ,  r i

K ( M ) :  s u p { K ( S } , K ( M l N ) }  : 1 :  , . ,  i  ,

fqr any submodule N c M (see [5]).
- . .  :  -  ; 1 .

,Theorem 2.5. Let &'be on infinite dimcnsional atgehro ooer the fielil F and"'A a
w M g e b r e , o f f i n i t c a o d i m c n e i o n : ' , : , ' '  ' i  !
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Il 163**lprimg oad''hos Krvll dimersion, then.R, ia c Goldie ring ond R

can bc cql#,i*,an ortinian dgebra' i"r I

Proof. L*.ltc,;lwodule A,have Knrll di.penpiOJil, By [4], A contains an,ideal f

qi th" dg.r&F &-iyvith finitecodimeusion. Ibpn 
,,. ., ,,

K (A) : suP{K(A1 I\' K{61\}' "
since dimr frfI <' oo, welhave K'(*/\ j:j\o'an-d'-'Kqi ='K(a/)"'consider r ai
an .l?-modu&a Then ,((E) - sup{K(.R lI),K(nf)}. Since dirn-E/-f { b, wdhave

,((n) : K(n4.
E@ R eubmodule of the .R-module .I is an .*-module',consequently. K{nI)

exists, and it b well known that K(nf) (',K(ef)' ' i :

Since A is a semiprime algebra with Krull dimcnsjon;ithen bV [5], A is a

semiprime Goldie ring.

Assume E be a,semiprime algebra. Since it has Krull dimensiOnr,pis a

semiprime Goldie, and alr order in an artinian ring' ' ''o '' " l :

Now consider the case when E is not semiprime. Then R has a nontrivial

nil radical iV(A), and by [S], N(n) is a nilpotent algebra over the field F. Being a

semiprime algebra * utt iaeot, i is semiprime as a ring, consequently N(n) O f :

(0). From dimr RII < m follows dimrJV(n) < oo. Then R is a subdirect sum

ot'tt" two algebras .Br : RIN(R), which is a semiprime algebra, and Rz : RII

which is a finite dimensional algebra. Consequently R is a subalgebra of a direct

sum of algebras, E = RIN @ RlI.

It is not difficult to show that the algebra E tras the ACC(Ann). Then

the subalgebra .B also has the ACC(Ann) [O]. It is well.known, if an -B-module

has Krull dimension, then it has finiie uniform dimension [5]. Consequently, the

algebra .R is a Goldie ring. .R/N is a semiprime Goldie algebra, hence it is an

order in an artinian algebra. RII is finite dimensional, therefore it is artinian.

From this it follows that .R can be embedded in an artinian algebra' I

Acknaulcdgement. This paper was written during a stay of the first author at the

University of Dfisseldorf supported by the German Academic Exchange Service.

He is very grateful for this financial help as well as for the hospitality of the

Institute of Mathematics.

REFERENCES

1. A. I. Malcev , Rtpnterffiioru ol infinih alybtv4,, Mat. Sbornik 56 (13)' 263-286' 1943.



,,, 4. F$.p,ry ri
3. s- A.n*itre{ e'a* L. w. seall, rhd? @ry@ fw

! 5a] i,',:* f5? i 
"i

fsgf

(I$os r1*r4a.

.  i  r i  , : j  i r

, . i ! . ! : { : } r . . ia-1.r i r , l4  v. . , , i ; . i \4,1 .Jr  t

i t : , i , , ,  .  :  '  :

. if..!j F"€ i;r"r+,]. ri


