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ON QUADRATIC BUNDLES OF OPERATORS,
CONNECTED WITH STABILITY PROBLEMS *

BUI TA LONG

Abstract. There is a class of mechanical problems which can be reduced to the study of the
quadratic bundle of operators

LO)=XI+XC+B)+ A
where A, B, C are operators (bounded or unbounded), acting in the Hilbert space X.

. The purpose of this paper is to obtain sufficient conditions for operators A, B, C,
under which the number of eigenvalues of the bundle L()), lying in the half-plane Re A > 0,
equals to the number of negative eigenvalues of the operator A.

The application of the obtained results to a stability problem will be considered.

~ 1. INTRODUCTION

Let X1, X2, X3 be Hilbert spaces. Let C(¥1,X2) (resp., Coo(¥1,¥2)) denote
the set of all linear closed operators, acting from ¥; to X, (resp., compact opera-
tors, acting from ¥; to ¥;). Instead of C(X,X) and Coo (¥, X) we will write C(X)
and Co(X) resp.. Further, Iy is the unit operator in ¥ and (.,.)y, ||.|| are the scalar
product and norm in ¥. Late on, under a word “operator” we will understand a
linear operator with everywhere dense domain of definition in the corresponding
Hilbert space. Let A € C(¥1, ¥2), then D(A) C ¥; denotes the definition domain
of A, and ker A denotes the kernel of the the operator A. '

'Let L()A) be an operator-function defined on a subset § of the complex plane
C with values in the set of closed operators having domain and range in the Hilbert
space X.

* This work is supported in part by the National Basic Research Program in Natural Sciences,
Vietnam
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The set of all A in § for which L()) is one to one and surjective is called the
resolvent set of L. The set of all A in G for which L()) (resp., A — AI) is not one
to one and surjective is called the spectrum of L (of A) and is denoted by o(L)
(resp., o(A)).

Let H = ¥ @ X denote the direct sum of two Hilbert spaces ¥ and W[0, 1],
k =1,2,... denote Sobolev spaces (see [8]).

Let A be a self-adjoint operator with discrete spectrum (i.e. there exists
Ao such that the (A — AoI)~! is a compact operator). The number Ao will be
called an eigenvalue of the quadratic bundle L()) if the equation L()\g)y = O has
nontrivial solution yo € X. In this case yo is called an eigenvector, corresponding
to eigenvalue Ag.

Let N(A) (resp., N(L)) denote the number of negative eigenvalues of the
operator A (resp., the number of eigenvalues of the operator-function L(}), lying
in the right half-plane Re A > 0).

Let Ty and T be operators from C(¥X).

Definition 1.1. The operator T; € C(¥) is called relatively bounded with respect
to T € C(X) (or briefly, Ty is T-bounded), if D(T) C D(T;) and there exist
nonnegative numbers a and b such that

ITayll* < allyll® + BITy]1?, vy € D(T). (1.1)

The greatest lower bound of all possible constants by in (1.1) is called the relative
bound of T} with respect to T or simply the T-bound of Tj.

Let M, N be any two closed linear manifolds of ¥. We denote by Sys the
unit sphere of M (the set of all u € M with ||u]| = 1). We set

6(M,N) = sup dist(u,N)

II,ESM
where
dist(u, M) = ulél{{ lu — vl
and

a

§(M, N) = max {6(M, N), §(N, M)}.

A

6(M, N) will be called the gap between M, N.

Let Ay € C(¥) denote a positive-definite operator, A_ € C(¥) denote a
symmetric and nonnegative operator. We have the following simple lemma:
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Lemma 1.1. Let A, be a positive definite operator, A_ be a symmetric and
positive operator. Also, assume A_ 1s A, - bounded with the A, - bound less than
1. Then the operator A = A, — A_ is self-adjoint and semi-bounded.

Proof. By the theorem of Rellich [5] the operator A = A, — A_ is self-adjoint.
Since A_ is A4 - bounded, by the theorem of Heinz [5] it follows that there exist
constants § < 0, 0 < 8’ < 1 such that

| [(A-y,9)| < (=B)Iyll” + B'I(A+v,yl, Yy € D(A4). (1.2)
By conditions of Lemma 1.1
(A_y,y) >0, (Ayy,y)>0. (1.3)
From (1.2) and (1.3), it follows

(A4 — AD)y,y) > By, ).

That means the operator A = A, — A_ is semi-bounded lower and Lemma 1.1 is
proved.

2. FORMULATION AND PROOF OF MAIN RESULTS

The main result of this paper is the following:

Theorem 2.1. Assume that for the bundle L(A) = A2I + A(C + B) + A, where
A, B, C € C(X), D(L()A)) = D(A), the following conditions are satisfied:

1) A= A, — A_, where Ay, A_ satisfy all the conditions, which are de-
scribed in Lemma 1.1. Also, assume ker A = 0 and A_T_l and A..A_Tf are compact
operators;

2) The operator C is a positive definite and A-bounded;
8) The operator B is antisymmetric and A-bounded;
4) The operator A, is A-bounded;

5) The spectrum of the bundle L(A,7) = A2I+ A(rC+(1—17)A; +7B) + 4,
where 0 < 7 < 1 s discrete, consisting of tsolated eigenvalues with finite algebraic
multiplicity and does not have limit points on the right half-plane Re (A) > 0.
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Then the spectrum o(L(X)) of the bundle L(X) does not intersect the ima-
ginary azis and N(L) = N(A), where N(A) is the number of negative eigenvalues
of operator A.

From the conditions of Theorem 2.1 and Lemma 1.1, it follows that the
operator A is self-adjoint and semi-bounded lower. In particular, there exists
constant # < 0 such that

A> Bl (2.4)

Also, since A_,__l, A_A;I are compact operators, the spectrum A is discrete [4].
Therefore- A has only a finite number of negative eigenvalues.

From the second condition of Theorem 2.1 and Lemma 1.1, it follows that
C is A-bounded, so there exist positive numbers p, q such that

ICylI* < pllAyll* + gllll®, - Yy € D(4) C D(C). (2.5)

From the third condition of Theorem 2.1, it follows that B is an A-bounded ope-
rator, so there exist numbers p, ¢ such that

IByll* < llAy]|* + dllvl*, € D(B) < D(C). (2.6)

Since A_ is A, -bounded and A, is A-bounded, A_ is also A-bounded, that
means there exist positive numbers p;, §;, P2, §2 such that
lA+yll* < Bl Ay)® + dillyl®, v € D(A) = D(Ay),
| A-yl* < p2]|Ayl|® + G:2llyl1*, v € D(B) C D(C).

Definition 2.1. The domain ) of the complex plane C bounded by a simple-
connected, closed, rectifiable curve will be called normal for the bundle L(}) if

1) 80 N o(L(X)) = 0.

2) The whole spectrum of the bundle L()) inside (2 consists of a finite number
of isolated eigenvalues with finite algebraic multiplicity.

Now we shall prove some lemmas.

Lemma 2.1. Let the conditions of Theorem 2.1 be satisfied, then the bundle
L(A,7) has not eigenvalues on the imaginary azis.

Proof. Assume to the contrary that Ao = i¢ is an eigenvalue of the bundle L(A,7)
and yo is the corresponding eigenvector. Then we have

(L(A,7)yo,v0) = 0.
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It follows
Im (L(A,7)yo,0) =0

¢[r(Cyo, yo0) + (1 — 7)(A+y0,%0)] = 0. (2.9)

But since C > al, a > 0 and A, is positive definite, the numbers 7, 1 — 7 are
nonnegative and are not simultaneously equal to zero, therefore from (2.9), it
follows ¢o = 0 and Lemma 2.1 is proved. i

Corollary 2.1. Let the conditions of Theorem 2.1 be satisfied, then the spectrum
o(L())) does not intersect the imaginary azis.

Proof. In fact, by putting 7 = 1 into the bundle £L(),7), we obtain the corollary.

Lemma 2.2. Let the conditions of Theorem 2.1 be satisfied, them there exists
a simple connected, bounded, rectifiable curve v, enclosing all eigenvalues of the
bundle L(A,7), lying in the right half-plane Re X > 0.

Proof. Let Ag be an eigenvalue of the bundle L£(A,7), lying in the right half-plane
Re X > 0, and yo the corresponding vector to Ag. Without loss of generality, we
suppose that ||yo|| = 1. Then we have

0 =Re (ﬂ(/\oyT)yo,yo) = (2% — 2%) + z7(Cyo, y0) + z(1 — 7)(A 10, ¥o)

+ 2i7(Byo, Yo) + (Ayo, yo), (2.10)
0 = Im (£ (Xo,7)y0,¥0) = 222 + z7i(Byo, ¥o) + 27(Cyo,Yo)
+2(1 —7)(A+y0, yo) (2.11)

where A\g =z + 12,z > 0.

We pllt £ == ‘(CyO, yO)a b= i(By09y0)a a = (AyO’ yO)’ a4 = (A+y03 yO) Then
from the conditions of Theorem 2.1 and (2.4), it follows ¢ > 0, @ > 8, ay > 0 and
b is a real number. From (2.11), it follows

zTbh
e .
2z +1¢+ (1 —7)ay

(2.12)

Substituting (2.12) into (2.10) we obtain

z? ( oo )2 +7b e +a=0 (2.13)
i a=0 .
2z 4+71c+ (1 —1)ayt 2c+7c+ (1—1)ayt
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Using the conditions ¢ > 0, a > 8, 7 > O, 1 — 7 > 0, by simple calculations, we
have

?+a <0, (2.14)
which means
2 < v/I] (2.15)
From (2.13), it also follows that
2,243
AT ooy o

(2z+7c+(1-1)ay)?

or
2} < +/J8l. (2.16)
From (2.15) and (2.16), it follows that all eigenvalues of the bundle, lying in the

right half-plane ReA > 0 will locate inside the rectangle 0 < z < V18] + 1,

—VI8]| =1 <z < +/|f] + 1. Lemma 2.2 guarantees that bundle’s L(},7) eigen-
values lying in the right half-plane Re A > 0 never cross on left half-plane through
imaginary axis for all values 7,0 < 7 < 1. This completes the proof of Lemma 2.2.

From Lemma 2.2, it follows two consequences.
Corollary 2.2. Let the conditions of Theorem 2.1 be satisfied and assume A >

BI, where B > 0, then the bundle L(\,T) has not eigenvalues in the right half-plane
ReA > 0.

Proof. Assume that § > 0 and the bundle £(),7) has eigenvalue A = = + 1z with
z > 0. Repeating the above argument, from (2.14) we get

or

a contradiction.

Corollary 2.3. Let the conditions of Theorem 2.1 be satisfied, then the bundle
L(A,7) has only a finite number of eigenvalues, in the right half-plane which can
be enclosed by a simple connected, bounded, closed, rectifiable curve.

Proof. Obvious.
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We connect the bundle £(A,7) with its linearized bundle

gr(x)={j§(0+“”“++”3)! gl oy

where D(G,(0)) = D(A) ® X.

It is not difficult to prove that o(L(X, 7)) = 0(G-(0)), moreover the geometric
and algebraic multiplicities coincide.

From Lemma 2.1, it follows that ¢(§~(0)) may be separated into two isolated
parts by the curve 7 : ¢’(G+(0)) lies in the right half-plane, ¢''(G-(0)) lies in the
left half-plane, moreover o’(§-(0)) is the finite part of the spectrum, by Corollary
2.2

Let M be a subspace, corresponding to the finite part of the spectrum
0'(G-(0)), i.e. M = P}, where

P=-L (R4, R =(6,0) - )7

o4

Now we shall prove the following

Proposition 2.1. Let the conditions of Theorem 2.1 be satisfied. Then the equal-
ity N(L(X,1)) = N(L(X,0)) holds.

Proof. First, we shall prove that, if the domain (1 bounded by the curve ~ is
normal for G,,(0) then there exists neighbourhood |7 — 79| < € such that in this
neighbourhood, (1 remains normal for §,(0) and the number of eigenvalues lying
inside ) remains as previous.

By Theorem 3.16 from [5] there exists 6§ > 0 on §,, and v such that for all
7, satisfying 4(G,, G,,) < 6, we have dim M(§,,) = dim M(g,), where we write
G- and G,, instead of §,(0) and G, (0), for simplicity.

By the definition
5(97’ Gr,) = max [6(Gr, Gr,),6(Gro, Gr)l,

where

(6r 6= s inf a-dlm a={U}, o= {"].

2EST (g, (0)) UEST (g, (0)) Ug
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We have

6(Gr1Gr) =  sup _ inf {JJuy —v(|> + Jug —va|® + || - (rC
ﬁESp(g,(o)) Uesr(g,o(o))

+ (1 —7)A47B)uy +uy + (10C + (1 —70)A4 + 70B)v; — 1}2||2 + || — Auy

1/2 1/2
+ Avy||?} o _sup  {3]r — 7o 2([|Cus ||| Aru1||® + || Buy||?)} =
GESr (g, (o) (2.17)

where I'(§-(0)) denotes the graph of the operator §.(0) and I'(g-,(0)) denotes the

graph of the operator §,,(0) (we put u; = vy, uy = vy and using the inequality
[Cuy = Ay uy + Buy||? < 3([|Cus|f? + | At ur |2 + | Buy||?)).

The condition u € Sr(g, (0)) means
lusll® + fluzll® + || = (€ + (1 = 1) A4 + 7B)us + uo||? + [[Aug |2 = 1. (2.18)

From (2.18) it follows :
Juil? <1, 4wy < 1. (2.19)

From (2.5) and (2.19), it fol]ows
[Curl|* < (p +q). (2.20)
Similarly from (2.6), (2.7) and (2.19) one gets
1Byl <5 +4d, [lA+yl® <p1+ du (2.21)

Therefore, by (2.17), (2.20), (2.21), we have

8(GrGro) < {3l —m0l*(p+a + B+ G+ 1 + §35 o (2.22)
Puttinga =v3(p+q+p+G+p1 + d1)'/?, we can rewrite (2.22) as
6(Grs Gro) < a|r — 10| (2.23)
Similarly, we have
6(Gro» Gr) < alr — o). (2.24)

Hence i
6(Gr, Gr,) < a|T i TOl'
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For |7 — 7o| sufficiently small, a|r — 79| < 6, where § is a number that mentioned
. , a a
in Theorem 3.16 (see [5]). According to this theorem, for 7 € (19 — 5Tt g),

we have dim M(§,0) = dimM(G,). It follows that the domain bounded by the
curve 7 is either normal range or is not normal range for the bundle £(),r) for

all7, 7 € (To — % ,To + E) depending on the condition : either indicated range
is or is not normal for 7 = 7. That means, range bounded by the curve - either
is normal for the bundle L(A,7) for all 7 € [0,1], or is not normal for the all
7 € [0,1]. But range bounded by the curve v is normal for the bundle £(),7) for
all 7 € [0,1] (see Corollary 2.3). So from Theorem 3.16 [5] we obtain an equality
N(L(X, 1)) = N(L(X,0)). Proposition 2.1 is proved.

We introduce the following bundle : L;(A,n) = A2+ A(A+nA_)+ A. From
Proposition 2.1 it follows

Corollary 2.4. Let the conditions of Theorem 2.1 be satisfied, then the equality
N(L(X)) = N(Ly(A,1)) holds.

Li(X,1), L(A,1) = L()). From Proposition 2.1 we obtain

Proof. In fact £L(),0) = )
)) = N(Li(A, 1)).

the equality N(L(}))

Lemma 2.3. Let the conditions of Theorem 2.1 be satisfied, then for all n, 0 <
n < 1, the bundle’s spectrum L(A,n) lying in the right half-plane Re X > 0 is real.

Proof. Suppose that \g = z+ 1z, > 0 is an eigenvalue of bundle Li(A,n) and yo
is the corresponding eigenvector with ||yo|/| = 1. By the assumptions

Re (Ll(/\o, ﬂ)yo,yo) =0, Im (Ll()\o,fl)yo,yo) =0,

it follows
22 — 22 + z((A + nA_)yo,%0) + (Ayo, o) = 0, (2.25)

2zz + 2z((A +nA_)yo, yo) = 0. (2.26)
Suppose that z # 0. Then (2.26) implies

((A+nA_)yo,y0) = -2z <0, (2.27)
and (2.25) and (2.27) yield

(Ayo,yo) = z* + 22 (2.28)
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Therefore
((A+nA_)yo,y0) >0, (2.29)

contradicting (2.27). It follows that z = 0 and the proof is complete.

Lemma 2.4. Let the conditions of Theorem 2.1 be satisfied. Assume also that
Xo ts an etgenvalue of the bundle Ly(Xo,n), Ao > 0 and yo is the corresponding
etgenvector. Then yo has not an adjoint vector.

Proof. By condition of the lemma we have

LI(AO’n)yO == Os

which means
MI+XA+nA_)yo+ Ayo =0 (2.30)

Assume that y; is an adjoint vector to yo. That means

oL,
i £ i, 5 H == 0
X /\=,\0yo+ 1(Xo, 1) w1
or :
(2X0] + (A + nA_))yo + Aly1 + Ao(A + nA_)y: + Ay; = 0. (2.31)

By multiplying the both parts of (2.31) by yo and using the fact that g is real
and A_ is a self-adjoint operator we obtain, by (2.30),

2X0(vo,y0) + ((A +nA_)yo,y0) = 0. (2.32)
From (2.30) and (2.32) it follows
(Ayo,yo) = A5 (vo, vo)- (2.33)
From (2.30) and (2.33) we obtain
A3 (yo,¥0) + A3 (%o, Y0) + AonA—(yo,¥0) + A3 (%0, ¥0) = O.

Since Ao > 0, n > 0, (A_yo,y0) > 0, the latest equality is impossible proving the
lemma.
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Proposition 2.2. Let the conditions of Theorem 2.1 be satisfied. Then the in-
equality N(L1(X,1)) < N(Ly(X,0)) holds.

Proof. We consider the bundle Li(A,n) = A?I + X(A+nA_) + A. Let n € (0,1)
and Ao be an eigenvalue of the bundle L;(),n), Ao lying in the right half-plane.
By Lemma 2.4, \g lies on the positive semi-axis, so A\g > 0. Assume that yp is the
corresponding eigenvector. By Lemima 2.4, yo has not an adjoint vector. Then by
[3] for small perturbation |7 —ng|, we shall have the following formulas for bundle’s
Li(A,n) eigenvalue A(n) and eigenvector y(n):

A(n) = Ao+ i(n = o)’ A5, (2.34)
y(n) = vo + }:(n ~ o)’y (2:35)

By substituting (2.34) and (2.35) into the equation L;(A,n)y = 0, we obtain the
following identies

AT+ Xo(A+nA_)yo + Ayo = 0, (2.36)
ASy1 + 220X 190 + AoAy1 + AoAyo + AonmoA—y1 + A1 Ayo + AinoA—yo + Ay; = 0.
(2.37)

By multiplying both parts of (2.37) by yo and using (2.36) we obtain
A1[2X0(vo, yo) + (Ayo,¥o) + n0(A—Y0,Y0)] = —Ao(A—Y0, Yo). (2.38)
From (2.36) it follows

AZ(yo,¥0) + Ao((A + n0A_)yo,y0) + (Ayo,y0) = 0.

Therefore )‘2( i R
—A5(Y0,Y0) — Aomo(A—_yo,y
(4vo, o) = 2000zt =200 (Aot to) (2:39)
From (2.38) and (2.39) it follows
—Xo(X 1722
i o(Ao + 1)(A-v0,0) (2.40)

= A2(y0,%0) + 2X0(¥0,%0) + 70(A_v0,%0)

But A_ is a nonnegative and symmetric operator, Ao > 0, 79 > 0, so from (2.40),
we get A; < 0. This shows that, when 5o increasing to no + &, (where € is a
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small positive number) eigenvalues of the bundle L;(),n) lying in the positive

semi-axis move to the left. From this fact we obtain an inequality N(L;(),1)) <
N(L1(X,0)). Proposition 2.2 is proved.

From the inequality (2.8) and inequality Heinz [5] it follows that there exist
positive numbers p3 and ¢z such that

((A—y, v)| < B3l (Ay, v)| + Gallyl*, (2.41)

Since (A_y,y) > 0, (2.41) can be rewritten as follows

(A-y,y) < Bs|(Ay,v)| + Gally||*. (2.42)

Lemma 2.5. Let the conditions of Theorem 2.1 be satisfied. Then the inequality

(A-y,y) < pa(Ay,y) + (¢ + 2|_ﬂl)lly|[2, y € D(A) (2.43)

holds.

Proof. First, we shall prove that

(Ay,y)| < (Ay,y) +21B][v]|%>, v € D(A). (2.44)

To this end, it suffices to prove that
(Ay,y) < (Ay,y) +2[Bllly[?, Vy e D(4) (2-45)

and
—(Ay,y) < (Ay,y) + 2|8|lv||%. (2.46)

The inequality (2.46) is obvious. The inequality (2.45) is equivalent to the following
inequality
(Ay,y) > —|B]]ly||*.

But the above mentioned inequality is the same as (2.4). Therefore, from (2.42)
and (2.44), we get (2.43) and Lemma 2.5 is proved.

We introduce the following bundle

La(A¢) = A2 T + A+ MA(L+ (1 = ¢))Ps + (1= ¢)(ds + 2|Bpa)T + ¢cA_).
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Remark that
Ly(A,1) = Li(A\,1), L2(X,0) =A% + A+ A[AQ1 + p3) + (d5 + 2|8|pa) ).

Similarly, we obtain following lemmas

Lemma 2.6. Let the conditions of Theorem 2.1 be satisfied, then for all ¢, 0 <
¢ <1, the spectrum of the bundle Ly(X,¢), lying in the right half-plane Re A > 0
1s real. :

Lemma 2.7. Let the conditions of Theorem 2.1 be satisfied. Assume that \g s an
ergenvalue of the bundle La(Xo,¢), Ao > 0, and yo s the corresponding eigenvector.
Then yo has not an adjoint vector.

On the basis of Lemmas 2.5 - 2.7 we can prove the following statement:

Proposition 2.3. Let the conditions of Theorem 2.1 be satisfied, then the in-
equality N(L2(X,0)) < N(L2(A,1)) holds. :

It is easy to see that Li(A,0) = AT+ A, Li(A,1) = AT+ A(A + A_) + A,
L2(A’ 1) = LI(A’ 1)1 L2()‘a0) =NI+A+ A[A(l +ﬁ3) .y (‘73 i zlﬂlﬁl’»)‘[]

From Propositions 2.2 and 2.3 it follows
N(L2(X,0)) < N(Lz2(A, 1)) = N(L1(X,1)) < N(L1(A,0)).
It is not difficult to see that

N(Ll ()" 0))
N(L2z(A,0))

N(4), (2.47)
N(A). (2.48)

Proof of Theorem 2.1. By Proposition 2.1 N(L(X,1)) = N(L(A,0)), where
L(X7) = XTI+ A(rC + (1 —71)Ay + 7B) + A. We have L(X,1) = L(}), L(},0) =
Ly(A,1) = Ly(A,1). But N(L;(X,0)) = N(L2(X,0)) = N(A). Thus the first part
of Theorem 2.1 is proved. The assertion that the bundle L()) has not eigenvalue on
imaginary axis follows from Corollary 2.1. The proof of the theorem is complete.

3. APPLICATION TO STABILITY PROBLEM

Let us consider a system consisting of an uniform pipe of length L, flexural
rigidity, EI, and mass per unit length p, conveying fluid of mass, m, per unit
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length at a constant velocity U. Let v be coefficient of internal friction and ¢ be
coefficient of external friction. The equation of motion for the vibration of small
amplitude can be expressed as follows (see [2], [7])

oty 0%y oy 0%y 0%y
bl Uf—= . omlU
Sl R TRl el

0%y
+(m+p)&—2 — 0} (3.1)

The initial conditions (at ¢ = 0) are assumed to be

y = G(z),
dy

The boundary conditions (at £ = 0 and z = L) for various support configurations
are simply-supported ends, i.e.

y:07'
oy
9z

For convenience, we introduce the following dimensionless coordinates and para-
meters:

S‘:

i T___( EI )1/2t v=<Ln—)l/2UL,ﬂ:(—L)l/2-

T )
L L’ m+p L’ EI m+p

(3.2)
Substituting equation (3.1) into equation (3.2) yields the equation of motion as
follows

6477 asn n 23277 3277 3277
k= fav? 5 e &
o« t ¥ gy T E g TV a2 s Higa =0, (5:3)
where pudys
Vol L 25 1
s} 24 k= cL? .
gLy [m+p] ’ : [EI(m + p)]1/2

The dimensionless initial conditions at 7 = 0 are

on (3.4)
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The dimensionless boundary conditions at ¢ = 0 and ¢ = 1 become

n =0,
2 35
R o %)
9¢2

The parameters a, k, 3, v are nonnegative. We consider the case when o+ k> 0.
In order to investigate solution’s stability in the Liapunov’s sense for equations
(3.3)-(3.4) we put n(¢,7) = e*7y(¢) into the equation (3.3) and study spectrum’s
location of the following spectral problem

v 4 02y X(ay®™ + 28vy’ + ky) + X%y =0, (3.6)

y(0) =y(1) =y"(0) =¢"(1) = 0. (3.7)

If the whole spectrum of Problems (3.6), (3.7) is located in the left half-plane
then the solution of Equations (3.3)-(3.5) will be stabilized by Liapunov. If there
exists a number A such that Re A > 0 then Equation’s (3.3)-(3.5) solution will be
unstabilized.

We introduce the Hilbert space ¥ = L,[0,1] and operators acting in ¥ as
follows:

Ay =y, A_y=v%, B=2pvy, yeD(A;),
where

D(A4) = {yly e W3, y(0) = y(1) = ¢"(0) = y"(1) = 0}

It is easy to verify that A, A_, B satisfy all the conditions in Theorem 2.1.
Therefore, we obtain the following result.

Theorem 3.1. Suppose that o+ k > 0, v # mn, then the spectrum of the problem

(3.6), (3.7) does not intersect the imaginary azis and we have N (P) = [E] , where
Ul

N(P) is the number of nonnegative eigenvalues of spectral problem (3.6), (3.7).

Corollary 3.1. For v > 7 and v # 7n, the problem (8.8)-(3.5) is unstabilized.

Some results of this paper have been published in [1].
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