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ON QUADRATIC BUNDLES OF OPERATORS,

CONNECTED WITH STABILITY PROBLEMS -

BUI TA LONG

Abstract. There is a class ol mechanicnl prcblems which can be rduetd to the studg of the
qndmtic bundle ol op,rdors

r ( , \ ) =  ̂2 r + ^ ( c + B ) + A

utherc, A, B, C arc op,rdors (bounrW or unbundd), acting inthe Hilbert spce X.

The purpse ol this pper ic to obtain auffuient conditioru lor oprd.ors A, B, C,
un&r which the nutnhr ol eigentsalues ol the bundle L(\), lytng in the ha$-pbne Re ) > 0,
eqnls to the num&,r ol negdiae eigenaalues ol the oprdor A.

The applicdion of the obtained resuLs to a stability prcblem uill be corwidercd.

1. INTRODUCTION

Let .Vr, Xz, Xs be Hilbert spaces. Let C(Xi,)/2) (resp., C*(Xt,. l /z)) denote
the set of all linear closed operators, acting from )/1 to )lz (resp., compact opera-
tors, acting from .V1 to .V2). Instead of CQ(,) l) and Coo()(,) l)  we wil l  write C(X)
andCoo( .1 / ) resp . .  Fu r the r , . I x i s theun i tope ra to r i nXand( . , . ) u , l l . l l  a re thesca la r
product and norm in ,l/. Late on, under a word "operator" we will understand a
linear operator with everywhere dense domain of definition in the corresponding
Hilbert space. Let A€ C(Xt,.V2), then D(A) e .V1 denotes the definition domain
of A, and ker l denotes the kernel of the the operator A.

I Let I(,\) be an operator-function defined on a subset $ of the complex plane
C with values in the set of closed operators having domain and range in the Hilbert
space x.
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The set of all l in ! for which .L(,\) is one to one and surjective is called the
resolvent set of .0" The set of all ) in $ for which I(.\) (resp ., A -,\/) is not one
to one and surjective is called the spectrum of L (of A) and is denoted by o(L)
( resp. ,  

" (A)) .
Let H : .V @ )/ denote the direct sum of two Hilbert spaces )/ and 

'W!lO,tl,

f t  :  1,2,.. .  denote Sobolev spaces (see [a]).

Let A be a self-adjoint operator with discrete spectrum (i.e. there exists
)6 such that the (A - ,\o/)-r is a compact operator)" The number .\6 will be
called an eigenvalue of the quadratic bundle I(.\) if the equation .L(.\6)y : 0 has
nontrivial solution Ua € X " In this case 3ts is called an eigenvector, corresponding
to eigenvalue .tr6.

Let N(A) (resp., N(r)) denote the number of negative eigenvalues of the
operator ,4 (resp., the number of eigenvalues of the operator-function ,L()), lying
in the right half-plane Re) > 0).

Let Tl and T be operators from C}l).

Definition 1.1. The operator fi € C(Y) is called relatively bounded with respect
to ? e C()/) (or briefls ?r is ?-bounded), fi Dg) q DQt) and there exist
nonnegative numbers a and b such that

llr'vll' < 
"llyll' + bllryll2, vv e DV). ( 1 . 1 )

The greatest lower bound of all possible constants 66 in (f .f ) is called the relative
bound of fi with respect to T or simply the ?-bound of T1.

Let M , N be any two closed linear manifolds of )/. We denote by ,Sy the
unit sphere of M (the set of all u € M with ll"ll : 1). We set

6 (M,N) :  sup  d i s t ( z ,N )
u€Sy

dist(u, M): !r . f-  l lu -  ul l
where

and
6 (tut ,N) : max {6 (M, N) , d (N, M)} .

8(tU,N) will be called the gap between M, N"

Let Aa € c(x) denote a positive-definite operator, A- e c(.v) denote
symmetric and nonnegative operator. We have the following simple lemma:
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Lemma l.L. Let Aa be a Wsitive definite operator, A- be a symmetric and,
positiue operotor. Also, assume A- is Aa - bound,ed with the A1 - bound less than
1. Then the operotor A: A+ - A- is self-adjoint and semi-bounded,.

Proof. By the theorem of Rellich [S] ttre operator A : A+ - A- is self-adjoint.
Since ,4- is .4.. - bounded, by the theorem of Heinz [S] it follows that there exist
constants  0 <OrO < B '< L such that

l (A-v,v) l  < ( - f ) l ly l l '  *  7 ' l (A+v,al ,  Yy e D(A+).  (1.2)

By conditions of Lemma 1.1

(A-v ,y)  >  0,  (A+y,y)  >  0.  (1 .8)

From (r.z) and (t.g), it follows

( (a * -A- )v ,v )>g (v ,v ) .

That means the operator A: A+ - A- is semi-bounded lower and Lemma 1.1 is
proved.

2. FORMULATION AND PROOF OF MAIN RESULTS

The main result of this paper is the following:

Theorem 2.1.  Assumethat  for  the bundle r ( f )  :  ^21+, \ (C+B) + A,  where
A, B, C e C(X), t(r(.\)) : D(A), the lollowing cond.itions are satisfied:

1) A : A+ - A-, where A+, A- sotisfy oll the conditions, which are de-
scribedin Lemma 7.7. Also, essume kerA:O and AJt ond A-Ai' are compact
operotorsl

2) The operator C is a positiue definite and A-bounded;
g) The operotor B is ontisymrnetrie and A-bounded,;

l) The operotor Aa is A-bounded;

5)  The spectrvm of  the bundlc  tQ, , r ) :  \21* \ ( rC +(1- , )A++rB)+ A,
where O 1r < I.s discrete, consisting of isoloted eigenvolues with finite algebraic
multiplicity and does not houe limit points on the right ha$-plane Re ()) > 0.
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Then the spectrum o(r(,\)) of the bundle L(\) d,oes not intersect the ima-
ginary axis and N(r) : N(/), where N(,4) is the number of negatiue eigenualues
of operator A.

From the conditions of Theorem 2.1 and Lemma 1.1, it follows that the
operator A is self-adjoint and semi-bounded lower. In particular, there exists
constant p <O such that

A >  B I . (2.4)

Also, since Air, A-AJI are compact operators, the spectrum / is discrete [4].
Therefore-A has only a finite number of negative eigenvalues.

From the second condition of Theorem 2.1 and Lemma 1.1, it follows that
C is . -bounded, so there exist positive numbers p, g such that

llcyll' s pllAvll" + qllyllz, vy e D(,4) g D(c). (2.5)

From the third condition of Theorem 2.l,it follows that B is an l-bounded ope-
rator, so there exist numbers f, f such that

llBvll' s Fllevll' + qllvll', y e D(B) q D p). (2 .6)

Since,4- is A1-bounded and ,4,1 is A-bounded, .4_ is also A-bounded, that
means there exist positive numbers fr, (7t, iz, f2 such that

llA+vll' s frrllAvll' + qllyllz, y € D (A) : D (A+),
lle-vll' S frllAyll' + irzllyll2, y € D(r) _c D(c).

(2.7)

(2"8)

Definition 2.1. The domain o of the complex plane C bounded by a simple-
connected, closed, rectifiable curve will be called normal for the bundle ,(.\) if

1) an n o@(\)) : f i .
2) The whole spectrum of the bundle I()) inside O consists of a finite number

of isolated eigenvalues with finite algebraic multiplicity.

Now we shall prove some lemmas.

Lemma 2.1. Let the eonditions ol Theorem 2.1 be satisfi,ed,, then the bund.le
t.(\,r) has not eigenuolues on the imaginary aais.

Proof . Assume to the contrary that )s : ifo is an eigenvalue of the bundle t (\,r)
and ye is the corresponding eigenvector. Then we have

( f  ( r , r ) y o , y o )  : 0 .
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It follows

or

elr(Cvo,yo) + (1 - r)(,a1y0,yo)] :  0" (2.e)

But since C ) aI, a > 0 and.41 is positive definite, the numbers r, 1 -r are
nonnegative and are not simultaneously equal to zero, therefore from (2.9), it
follows fo :0 and Lemma 2.1 is proved.

Corollary 2.iL. Let the cond,itions of Theorem 2.1 be satisfied, then the ,spectrum
a(2,(f)) does not intersect the imaginary axis.

Proof. In fact, by putting r : I into the bundle t(\,r), we obtain the corollary.

Lemma 2.2. Let the conditions of Theorem 2.7 be satiafied,, then there enists
a simple connected, bound,ed, rectifiable curue 1, enclosing all eigenualues of the
bundle t,(\ ,r), Iying in the rioht half-plane Re) > 0.

Proof. Let )6 be an eigenvalue of the bundle t(),,r),lying in the right half-plane
Re.\ ) 0, and ys the corresponding vector to ls. Without loss of generality, we
suppose that lly6ll : 1. Then we have

0 :  Re  ( l ( f o ,  r ) vo ,yo )  :  ( r2  -  
" ' )  

*  r r (Cy6 ,yo )  +  n ( t  -  r ) (A+yo ,vo )

59

m (^C(r,r)yo,so) : o

* zir(8Y6, Yo) * (AYo,Yo),

0 :  Im ( I ( fo,  r )Uo,yo) :2rz *  r r i (Bys,  yo) *  zr(Cys,y6)

* z( t  -  r ) (A+vo,ya)

(2 .10)

(2 .11 )

(2.t2)

w h e r e l o : " * i z r r > O .

We put  c  : . (CAo,yo) ,  b :  i (Byo,Ao) ,  a :  (Aya,Ao) ,  aa :  (A+yo,yo) .  Then
from the conditions of Theorem 2.1 and (2.4), it follows c ) 0, a ) g, a+ ) 0 and
6 is a real number. From (z.f f), it follows

rrb
z :  

z r + r c + ( r - r W

Substituting (Z.tZ) into (2.10) we obtain

" ' -  
(

rrb
) '  * , u xrb

2 r + r c + ( L - r ) a _ 2 n l r c + ( 1 - r ) a *
*  a : 0 . (2.13)
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Using the conditions c ) O, a ) g, r ) 0, I - r
have

x 2 + a < o ,

which means
r s $fl\.

From (2.f3), it also follows that

Bui Ta Long

) 0, by simple calculations, we

(2.r4)

(2 .15)

- 2 _ a212bz

( 2 r * r c + ( r - r ) a + ) 2 s - p

t4 s {pt. (2 .16)

From (2.15) and (2.16), it follows that all eigenvalues of the bundle, lying in the
r igh t  ha l f -p lane  Re l  >  0  w i l l  l oca te  i ns ide  the  rec tang le  0  <  s  <  f f i + t ,
-t/W - 1 < , < {A* 1. Lemma2.2 guarantees that bundle's l(},r) eigen-
values lying in the right half-plane Re.\ > 0 never cross on left half-plane through
imaginary axis for all values r, 0 S r S 1. This completes the proof of Lemma2.2.

From Lemma 2.2, it follows two consequences.

Corollary 2.2. Let the conditions of Theorem 2.1, be satisfied and assume A )
BI, where P > o, then the bundle l,(\,r) has not eigenualues in the right half-plane
Re. \  > 0.

Proof. Assume that p ) 0 and the bundle ^C(1, r) has eigenvalue .\ : c * iz with
c ) 0. Repeating the above argument, from (Z.ta) we get

or

a contradiction.

' 2 + a < o

1 2 < - a < - p < O ,

Corollary 2.8. Let the conditions ol Theorem 2.7 be sotisfied, then the bundle
t,(\,r) has only a finite number of eigenuolues, in the right half-plane which can
be enclosed' by a simple connected, bounded, closed,. reetifiable curvc.

Proof. Obvious.
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We connect the bundle f (,\,r) with its linearized bundle

g , ( ^ ) : { - ( r c + ( t - r ) e * + r B )  I }  , { r  o l: l - a  o / - " l o  I I '

where D($"(o))  :  D(A)  e )1.

It is not difficult to prove that o(^C(), 
")) 

= 
"(9,(0)), 

moreover the geometric
and algebraic multiplicities coincide.

From Lemma 2.l,it, follows that o($,(0)) may be separated into two isolated
parts by the.,trrr" 1: ot($r(O)) l ies in the right half-plane, o"(9"@)) l ies in the
left half-plane, moreover o'($r(O)) is the finite part of the spectrum, by Corollary
2 .2 .

Let M be a subspace, corresponding to the finite part of the spectrum
o'(9,p)) ,  i .e .  M :  PX,  where

P - -+, tE(e)de , a(e) : (g,(o) - )r;*r.
z1tt, J

Now we shall prove the following

Proposition 2.1. Let the cotnditions ol Theorem 2.1 be satisfied,. Then the equal-
r ty  N(4(1,1))  :  N( / ( , \ ,  o) )  hotd,s .

Proof. First, we shall prove that, if the domain O bounded by the curve 1 is
normal for $ro(0) then there exists neighbourhood lr - "ol 

< e such that in this
neighbourhood, O remains normal for $r(0) and the number of eigenvalues lying
inside O remains as previous.

By Theorem 3.16 from [5] there exists 6 > 0 on 9r, and 1 such that for all

r,  satisfyins i(9", 9i < 6, we have dim M(9; : dimM($"), where we write

$, and 9,o instead of $,(0) and. $,o(0), for simplicity.

By the definition

8 (9,,  9 ;  --  rnax [6 ($,,  9,o),  6 (9  ̂ ,  I  )1,

where

6(9"9^) : ' . " f f i , " , , ' . " " ' , ] fo ,o , ,  l l ' -  0 l l * '  t :  
{ : : } '  

t :  
{ : : }
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We have
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,

6(9" 9') :'."ffi,o,, 
0.".1]f",",, {ll't - 

"ll' 
+ llu, - orll" + ll - (rc

+ (1 - r)A'rrB)q * u2 -f (rsc + (1 - ro)A+ + roB)aL - rrll" + ll - Au1

* Aalll')t/'< 
o."flro,,",, {tl" - rslz(llcurll2lla-'.,r, ll2 + llBurll')}t/' .

(2.r7)

where I(9,(0)) denotes the graph of the operator 9,P) and l(g,o (0)) denotes the
graph of the operator 9"" (0) (we put rtrL : urs ttr2 : u2 and using the inequality
l lc" ,  -  A+ur *  Bul  l l '  s  g( l lcrr l l '  *  l lA+ut l l '?+ l lBul l l r ) ; .

The condition u € Sr(g,(o)) means

l l " ' l l ' +  l l " r l l ' +  l l  - ( r C  +  ( l  -  r ) A + * r B ) u 1 + u r l l ,  + l l A u r l l r :  r .  ( 2 . 1 8 )

From (2'18) i t  fol lows 
l l rr l l ,  s r ,  l l ,4u1l l2 s r.  (2.1e)

From (2.5) and (z.ro), it follows

l lc"rl l '< (r + q;. (2.2o)

Similarly from (2.0), (2.7) and (2.r0) one gets

l lavl l '<fr+d, l lA+yl l '< i l*qt .  (2.2r)

Therefore, by (z.t7), (2.2o), (z.zt), we have

6(9 , ,9 ,J  s  {s l " -  ro l2 (p*q*  F+A* f r  *  A) } t / ' .  (2 .22)

Putt ing o -  6(p* q*fr+A*pr *  Air / r ,we can rewri te (Z.ZZ) as

6 ( 9 , , 9 , ) S a l r - r s l .

6 ( 9 ^ , 9 , ) 3 a l r - r s l .

6(g,, gi 3 alr - 161.

Similarly, we have

Hence

(2.23)

(2.24)
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For lr - 16l sufficiently small, alr -rol16, where 6 is a number that mentioned
in Theorem 3.16 (see [5]). According to this theorem, for r € (r, - 

t,ro 
+ 

I),
we have dinM($,o) : dimM(9,). It follows that the domain bounded by the
curve 1 is either normal range or is not normal range for the bundle l(1, r) for

t t  /  a  o \
all r, r € (re - 

i ,ro + 
i) 

depending'on the condition : either indicated range
is or is not normal for r - rs. That means, range bounded by the curve 1 either
is normal for the bundle LQ,,r) for all r e [0,1], or is not normal for the all
r e [0,1]. But range bounded by the curve 1is normal for the bundle .C(tr,r) for
all r € [0, f ] (sge Corollary 2.3). So from Theorem 3.16 [S] we obtain an equality
N(f (. \ '  1)) :  N(l(1,0)). Proposit ion 2.1 is proved.

We introduce the following bundle : -L1(), rt) : \21 +,\(A + n A-) f A. From
Proposition 2.1 it follows

Corollary 2.4. Let the cond,itions of Theorem 2.1 be satisfied,, then the equality
N(r ( . \ ) )  :  N( t r r ( ) ,1) )  hotds.

Proof .  In  fact  l ( ) ,0)  :  t r r ( ) ,1) ,  ^C() ,1)  :  r ( , \ ) .  FromProposi t ion 2.1 weobta in
the equali ty N(I(.\)) :  N(Ir (),  1)).

Lemma 2.3. Let the conditions of Theorem 2.7 be satisfied, then for all 11, o 3
4 1 l, the bundle's spectrum trr (), n) lying in the right half-plane Re ) > 0 is real.

Pr.oof. Suppose that ,\o : r * iz, x > 0 is an eigenvalue of bundle LJ\,4) and y6
is the corresponding eigenvector with 1196ll : l. By the assumptions

it follows

Re ( .L1()0,  n)yo,  9o)  :  0 ,  Im ( .L1()o,  r l )yo,  Uo)  :  0 ,

x2  -  z2  +  { (A*nA- )yo ,yo )  *  (Ayo ,uo )  : 0 ,

2xz * zr((A * nA-)yo,Uo) : g.

Suppose that z I 0. Then (2.26) implies

((e + qA-)yo,yo) :  -2r  1.0,

and (2.25) and (2.27) yield

(2.25)

(2.26)

(2.27)

( A y o , y o )  : 1 2 + 2 2 (2.28)
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Therefore 
((,r + qA-)yo,,uo) > 0, (2"2g)

contradicting (2.27). It follows that z:0 and the proof is complete.

Lemma 2.4. Let the conditions of Theorem 2.1 be satisfied,. Assume also that
Io rs an eigenvalue ol the bundle trr(lo,T), lo ) O and ys is the corresponding
eigenu,ector. Then y6 has not an odjoint uector.

Proof. By condition of the lemma we have

trr ()0, rt)yo : O,

which means
f f r f  +) ( .4+ r tA-)yo*  Ays:s  (2 .30)

Assume that y1 is an adjoint vector to yo. That mean

E L t l  ,  i  / r  \  n

i t '  l^:^"ro * Lt(lo, n)yr : o

or
( 2 . \ o I +  ( , 4 +  q A - ) ) y o  + ) B y t  + ) o ( A  * q A - ) w *  A y 1  : s .  ( 2 . 3 1 )

By multiplying the both parts of (2.31) by yo and using the fact that 16 is real
and ,4,- is a self-adjoint operator we obtain, by (Z.SO),

2)o(yo, yo) * ((a + rtA-)yo,yo) : 0. (2.32)

From (2.30) and (2.32) it follows

(Ayo,yo)  :  )3(yo,yo)"  (2 .s3)

From (2.30) and (2.33) we obtain

13(yo,  yo)  *  )3(yo,  yo)  *  \oqA-(vo,yo)  + 13(yo,  eo)  :  0 .

Since )e ) 0, ? ) 0, (A-yo,yo) ) 0, the latest equality is impossible proving the
lemma.
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Proposition 2.2. Let the conditions ol Theorem 2.7 be satisfi,ed. Then the in-
equali ty N(It (1, 1)) ( N(It (f  ,0)) holds.

P roo f .  We  cons ide r the  bund le .Dr ( I , 4 ) :  \ 21+ ) ( ,4  +qA- )  * ,4 .  Le t  4  €  (0 ,1 )
and A6 be an eigenvalue of the bundle trr(),?), Io lying in the right half-plane.
By Lemma2.4,Is lies on the positive semi-axis, so )6 ) 0. Assume that y6 is the
corresponding eigenvector. By Lemma 2.4, ao has not an adjoint vector. Then by

[3] for small perturbatior ln - ?ol, we shall have the following formulas for bundle's
,r(1,?) eigenvalue )(a) and eigenvector y(4):

}(q) : ro + D(n - no)j 4,
i : 1
oo

v(n) : uo + !(r - qo)j vi.
j : l

By substitut ing (2.34) and (2.r5) into the equation trr(), r l)y : O,
following identies

^2oI  + ro( ,4  + nA-)ao * ,4y6 :0 ,

A3yt  + 2)s)1y6 I  \oAyr  *  Ie ,4y6 *  \oqoA-h *  \1Ayo *  \ f loA-ao *

By multiplying both parts of (2.37) by yo and using (2.36) we obtain

)1[2. \6(y6,yo)  *  (Ayo,yo)  *  no(A_uo,yo) l  -  - , \0  (A_yo,vo) .

From (2.96) it follows

) 3 ( y o , y o )  + ) o ( ( 1  + n o A - ) y o , y o )  * ( A y o , , u o )  : 0 .

Therefore

(2.34)

(2.35)

we obtain the

(2.36)

AYr :  o.
(2.37)

(2.38)

(2.3e)

(2.4o)

(Ayo,yo)  :  
- )3(Yo'Yo)  

.  toro( '4-Yo'Yo)

) o * 1

From (2.38) and (2.s0) it follows

But ,4- is a nonnegative and symmetric operator, 16 ) 0, To ) 0, so from (Z.aO),
we get )r ( 0. This shows that, when 46 increasing to 4o * e, (where e is a
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small positive number) eigenvalues of the bundle trr (), a) lying in the positive
semi-axis move to the left. From this fact we obtain an inequality N(I1(),1)) <
N(It (),  0)). Proposit ion 2.2 is proved.

From the inequality (Z.A) and inequal[ty Heinz [S] it follows that there exist
positive numbers fs and frs such that

l(A-y, y)l S F"l@v, v)l + q"llyll,,

Since (A .a,y) > 0, (2.41) can be rewritten as follows

(A_v, i l  S ful(Ay,y) l  + d, l lu l l r . (2.42)

Lemma 2.5. Let the conditions of Theorem 2.7 be satisfied,. Then the inequality

(A-v,v) < frs(Av,a)+ (da+ zlgl) l lyl l ' ,  ve D(A) (2.43)

hold.s.

Praaf. First, we shall prove that

l(Av,v)l < (tv,v) +zlgll lyl l ' ,  y e D(A).

To this end, it suffices to prove that

(2.44)

(Av,y)  <  (Av, i l  +z lg l l lv l l " ,  vy  e  D(A)

(2.4r)

(2.45)

(2.46)

and
- ( tv ,y )  S  (Ay ,y )  +z l | l l l y l l ' .

The inequality (2.46) is obvious. The inequality (2.45) is equivalent to the following
inequality

(Ay,a)  > - l0 l l ly l l ' .

But the above mentioned inequality is the same as (2.4). Therefore, ftom (Z.aZ)
and (z.aa), we get (2.43) and Lemma 2.5 is proved.

We introduce the following bundle

Lz(\,r) :  I2l + A+,\[,4(1 + (1 - r))pg + (r - e)(qg + zlI l fr")r + r,4_].
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Remark that

Lz( \ ,1 )  : t r r ( t , r ) ,  Lz ( \ ,0 )  : )2 /  +A+ r [A(1  +Fe)+(q"+z l l l fu ) I l .

Similarly, we obtain following lemmas

Lemma 2.6. Let the cond,itions of Theorem 2.1 be satisfied,, then for all g, O I

f ( 1, the spectrum of the bundle'Lz(\,;),  lying in the right half-planeRe.\ > 0
is real.

Lemma 2.7. Letthe condit ions of Theorem2.l be satisf ied. Assumethat),6 is an
eigenvalue of the bund,le Lz(\o,f), Io ) O, andys is the correspond,ing eigenuector.
Then ys has not an ad,joint uector.

On the basis of Lemmas 2.5 - 2.7 we can prove the following statement:

Proposition 2.3. Let the cond,itions of Theorem 2.7 be satisfied, then the in-
equal i ty  N(Lr( } ,0) )  < N(Lr( I ,1) )  ho lds.

I t  is  easy to  see that  .Lr ( ) ,0 ;  :  ^21 + A,  Lr ( ) , t ;  :  \21 +)(A + A-)  + A,
Lz ( \ , r ) :  L t ( ) ,1 ) ,  Lz ( \ ,o )  :  l 2 l  +  A+  ) [ , 4 (1  +ps )  +  (d r  +z lP lF ) I ) .

From Propositions 2.2 and,2.3 it follows

N(Lr ( ) ,0 ) )  <  N( r2( ) ,  1 ) )  :  N( r ' ( ) ,  1 ) )  <  N( r r (1 ,0 ) ) .

It is not difficult to see that

N( I t ( ) , 0 ) )  :  N ( ,4 ) ,

N(Lr( r ,o) )  :  N( ,4) .
(2.47)

(2.4s)

Proof of Theorem P.t. By Proposit ion 2.1 N(4(),1)) :  N(l(),0)), where
t ( \ , r ) :  \ 2 1 +  \ ( r c  +  ( t  -  r ) A + + r B )  * , 4 .  w e  h a v e  l ( ) , 1 )  :  r ( ) ) ,  l ( ) , 0 ;  :
t r r ( l , t ) :  Lz() ,1) .  But  N( ,L1( I ,0) )  :  N( Iz( , \ ,0) ) :  N( ,4) .  Thus the f i rs t  par t
of Theorem 2.1 is proved. The assertion that the bundle I(,\) has not eigenvalue on
imaginary axis follows from Corollary 2.L. The proof of the theor6m is complete.

3. APPLICATION TO STABILITY PROBLEM

Let us consider a system consisting of an uniform pipe of length .L, flexural
rigidity, EI, and, mass per unit length p, conveying fluid of mass, rn, per unit
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length at a constant velocity U, LeI v be coefficient of internal friction and c be
coefficient of external friction. The equation of motion for the 'iibration of small
amplitrrde can be expressed as follows (see [2],,[7])

o ,Tny  }uy  0y  . , r } ' y  - ,  0 'A  .  t  , 0 ' yu I  A ;  +u  An tA i * "  U  *mUn Up  + r * r t ' ^ r+ ( *+  o ) f f i : o .  (3 .1 )

The initial conditions (at t :0) are assumed to be

Y :  G ( n ) ,

X:  H@) '

The boundary conditions (at t: Oand c : tr) for various support configurations
are simply-supported ends, i.e.

u  : 0 ,
02u

i 7 : o '

For convenience, we introduce the following dimensionless coordinates and para-
meters:

r  y  /  E I  \ r / z  t  l m \ r / 2 - - -  -  /  ns  : ; ,  n :  L  s  r :  \ * +  p )  L ,  ,  , :  ( r l )  u L ,  p :  (  ; h ) ' ' '  
.

(3.2)
Substituting equation (3.f) into equation (3.2) yields the equation of motion as
follows

Aar l  _+  ̂ |un _ t  0n ^02n ,  0 'n  02q
og4 ' * 1eaar "s ui + u" 6r, + 20uffi * u7 

: o, (3'3)

where
u  I  E I  1 r /2  1

": fiL; *l ' te : cL2@76-frD

The dimensionless initial conditions at r :0 aF€
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The dimensionless boundary conditions at f - 0 and f : 1 become

4  : 0 ,

{f t :o
(3 .5)

The parameters a, k, g, v are nonnegative. We consider the case when d + k > 0.

In order to investigate solution's stability in the Liapunov's sense for equations
(3.8)-(8.4) we put q(e,r) :  

"r 'y(f) 
into the equation (e.3) and study spectrum's

location of the following spectral problem

ui' + rzy" + \(oy" *2Poyt + kv) * )2y - o,

y (0)  :  y (1 )  :  y " (o )  :  y " (1 )  :0 .

(3.6)

(3.7)

If the whole spectrum of Problems (f.0), (3.7) is located in the left half-plane
then the solution of Equations (e.e)-(3.5) will be stabilized by Liapunov. If there
exists a number ,\ such that Re ) > 0 then Equation's (3.3)-(3.5) solution will be

unstabilized.

We introduce the Hilbert space )1 : l-z[0, t] and operators acting in ]/ as
follows:

A + y : y i ' ,  A - Y : r 2 Y " ,  B  : 2 g a Y t ,  U € D ( A + ) ,

where
D ( A + ) : { v l v € W ; ,  y ( 0 )  : y ( 1 )  : y " ( 0 )  : a " ( r )  - 0 } .

It is easy to verify that .41 , A-, B satisfy all the conditions in Theorem 2.L.
Therefore, we obtain the following result.

Theorem 3.L. Suppose that a * k ) 0, u t rn, then the spectrum of the problem

(9.6), (9.7) does not intersect the imaginary ods and, we haue N(P) : [1.| , where,  L r ) '
N(P) is the number of nonnegatiue eigenvalues ol spectral problem (9.6), (9.7).

Corollary 3.1. For u ) r and u f rn, the problern (9.9)-(9.5) is unstabilized.

Some results of this paper have been published in [f].
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