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Abetract. The aim ol this ppr is to inaestigate the almost uniform conuergence and the
conaewence in meosutz of weified sums ol indepnderrt tneasutwble oprctora in uon Neumann
algebrcs. Our rcsultr edend some rcsultE in [! and [SJ.

Trong thli gian gbn ddy, lf thuydt x6c sudt kh6ng giao ho6n (cdn goi li x6c
sudt ltrong tri'), ducr. c phrit tridn m+nh m6. Di c6 m6t s6 c6ng trinh tr6n linh vuc
n),y nghidn cfru vb c6c dang h6i tu crla diy tdng c6c todn trl do duqc d6c l6p (xem
[1], [2], [a]). Mrlc dich cria lei b;o niy li x6t su hQi ts theo d6 do vi,'h6iir1 hbu
dbu cria diy tdng c6 trong logng ctla c6c to6n tt? do duqc d6c ldp. C6c kdt qul
crla chring t6i m& r6ng m6t s6 kdt qul trong [1], [3].

Trong su6t bii niy chring ta lu6n lu6n gil sfr ,4 li tlai s6 von Neumann v6i
trang th6i vdt chudn t$c, chfnhl6c r; A li *, - tlai s6 c6c to6n trf do duoc (xem [2],
[4]). Ddi v6i m6i to6n tt] tr1 li6n hsp 

" 
€ A; h kf hi6u e^(r) li ph6p chidu phd

crla r irng vdi tip Borel A c R. Khi d5, hai to6n tt} tu li6n hgp r,a € A d:o,o,
goi li cirng phin ph6i ndu v6i moi tdp Borel A c .R thi r(ea(")) : r(e^(y)).

Hai x - dai s5 con N1 c A, N2 c ,{ dugc goi li d6c l6p ndu v6i mgi c € Nr,
A € Nz,  r ( ry)  :  , ( r ) . r (V) .

Ta n6i hai phbn trl c1 € A, 12 €; ln dQc l{,p ndu c6c *, - dai s6W.(x)
vd"W* (c2) sinh bdi o1 vd" 12 tuong irng, d6c l6p. D6y (rn) cic to6n t* do dugc
(tfrc li (r,) c,i) duo" goi lr, dQc lip li6n tidp (successively independent) ndu v&i
mgi  z ,  *  -  da i  s6W*(ro)  s inh b&i  xn t lQc lAp v6 i  *  -  da i  sd W*(r r , . . . ,c ,n)  s inh
b&i c6c phbn ttl r1t. . . , xn v&i mgi m 1 n.

Khdi nigm hgi tg theo d6 do cria di,y cdc to6n ttl do ducr. c di ducrc chring
t6i gi6i thi6u trong [5]. Do d6, & diy chting t6i kh6ng nhic lai nira, mi chl trinh
biy kh6i ni6m h6i tu hh,u dbu.



Su hQi tq cla tdng cdc todn t& it6c l6p gS

Gii, srl (",) c A.'t" n6i rnhgi tU hbu tlbu d6n r€ ;, khi r, -) oo ndu vdi
m6i e ) 0 cho tru6c, tbn tai ph6p chidu truc giao p e A sao cho r(p) > I - e;
(rn - ,)p e,A vI l l (rn - 

")pl l  
* 0 khi r? --+ oo.

Cdc th6ng tin dby dri hon vb dai s5 von Neumann vi x6c sudt tr6n dai s6
von Neumann c6 thd tim dgc trong [2], [4].

2. S\r H6r ru THEO O6 OO

Bing ("ry;) c6c s6 duang ducrc goi li mgt ma trfn Toeplitz ndu :

(i) 
ol]]L 

o,"r : 0 v6i m5i ft > 1;

'l'

( i i )  D a , , * : I  v 6 i m 6 i n l L .
rt: I

Trong ti6t niy, chfng t6i s6 x6t dibu ki6n h6i tu theo d6 do crla d5,y tdng
d+trg 

n
S r : D a n k r k t  ( 2 . L )

r t :1

trong d,6 (a"p) li ma trdn Toeplitz, (rp) ln diy c6c to6n tt! d6c l6p ttng cip, trr
li6n hqp, do ducr. c vi cirng phin ph6i.

Tru6c hdt chting ta dua ra mQt s6 bd db:

Bd db 2.1 (Bdt ding thfrc Tchebyshev, xem [3]). Gid, sti r ld m6t totin ti ilo
d,uoc. Kh; d6, udi m|i e ) 0, to c6

" 
(r1",oo;( l"l)) s e-2 r(lrl2).

Bd db 2.2. Gid, st| A ttlc ilQng tr€n kh6ng gian Hilbert H; r ld todn t& do d,uoc.
Kh; il6, udi m6i e ) 0, ta c6:

(;) l l  lr le1o,,)( l" l) (r,) l l  < ' l l r , l l  udi m5i h e H;
(;;) l l  lzle1c,.")( l" l) ( lr) l l  > ' l lnl l  udi m|i h € ep,*) f l" |)(r).

Chirng minh.

i) cie srl lzl c6 bidu di6n phd

7
l " l :  I  ) ea r .

J
0



96

V{,y thi

Nguy6n V{n QuAng

do t16

l l  lz le1o,.)( l" l )( l r)  l l ' :  [  \2d'e1,,1,(\)  <r '  I  d,e1,,1,(\)
t" t"

- ' '  e2  e6 ,1 , ( l o , e )  :  e2 l l r l o , " l ( l " l ) ( h ) l l "  < , ' l l h l l ' .

(& ddy, v6i m5i h e H; e6,7,ld tl6 tlo x6c dinh bdi c6ng thirc

r r , r , (A) :  ( "a( l " l )h,h)  :  l lea( l " l ) (h) l l '  "

v6i A li, tq,p con Borel ctla dulng thlng thgc).

Tt t16 (i) duo. c chri:ng minh, (ii) cfrng ducrc chirng minh tuong tu.

. , ;  i n

Dinh lf 2.5. Gid srl r&.ns Sn: 
oe 

anknk iluqc rdc dinlt.til (eJ). N{u

c
f

l z le16. .y ( l c l )  :  /  \ed^ ,
J
o

, \ t3", r(eyt,*1(l"r l)) :  o,

,!L "("tr1o,r;( lcr l)) :  p

,?;31, 
ank + O, lchi n ---+ a

thi

.  Sn --+ p.L theo d,6 i lo.

@ dAy 7 h todn t& ilbns nhdt).

Chtng rninh. GiA srl A t6c dQng tr6n kh6ng gian Hilbert 11. DXt

Enk :  f rkep,a* l )  ( l " t l ) ,

n

S,",- : D onorn*.
k : 1

(2.2)

(2.3)

ua



Sg n16i tg cda, 6dng cdc totur t& il6c I6p

Khi d6 v6i e > 0 tty !, ta c6

Thit viy; n6u nguoc lai, s6 t:bn tal h e Hllhll: 1 sao cho h e p(H); l6c d6
h e 

" [o ,o; i ;  
( l " r l )  (H)  (k :  1 ,  n) ,  n6n

qk(h): nkelo,al;1@) : r^k(h) vlr S*(h) : S^^(h).

Dirng Bd ilb 2.2 ta duoc

2e:2el lh l l  < l l lS"  -  11.r lep, ,q (1,S" -p.1)(h) l l
:  l l l s "  -  p . r l (h ) l l  :  l l ( s "  -  p , r ) (h ) l l  S  l l ( s "  -s , " " ) (h ) l l  +  l l ( s , "  -p .1 ) (h ) l l
:  l l lS," - tr.Ll(h)l l  :  l l lS"" - 11. Llep,"y(1S,," - r, .  1l)(h)l l
< e l lb l l  :  e.

Dibu niy v6 lf. Viy p: 0. Suy ra

e :12 , , ,a )  ( l s ,  -p .11)  (  € [ , ,oo) (1s , ,  -  p .L l ' ) "  (  V  e lo ; i ,oo)11"01) ) .
k : l

Tt tinh duong cria vdt, ta nhdn ducrc

r (ep" , *1 ( ls " -p .11) )  < r (e1" ,oo ; (1S""  - r r .1 l ) )  * i  , k t " ; i , " "y ( l " r . l ) ) .  (2 .4 )
&: l

Do d6, v6i m6i 6 > 0, ta c6

\- \-
2-- ,  Gb; i ,oo;  ( lzr  l ) )  :  L,  kb; i , " " ;  ( l " t  ; ; ;
&:1  & :1

: i  a *1 , (a* | r (e to ; i , * ) ( l r r l ) ) )  <d i  ank :6  (2 .s )
rt : l  r t= I

v&i n ild l6n ("i 
,?ff 

ank + 0 khi rz -+ oo).
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pt :  e12c,@)( ls ,  -  p . t l )  A e lo , . ) (1s, ,  -  p . r l )^  (  A " Io ,o ; i1 f l " * l ) )  
:  o .

/c= 1
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Tidp theo, bl,ng phuong phrip tich phin tlng phbn, ta dugc

r t  
I  

\2r(ea1 (1", l ))
o < I < t

:  t -r(- t2r(e1t,*1(lc1l)) +z 
I  

l r(e1r,oo;( lr1l))al)
o< l< t

lr(e1r,-;(lc1l))d,\ -- 0 khi t ---+ oo.
t

: 
. 

rrr"rr,-) (i", l)) + 2t-t0.,/ 
,

Dibu niy, ctng v6i tfnh t19c li,p tring c{,p crla d6,y (c"), cho ta

"(1S,,, 
- r(Snn\. r l ' )  :  f  o'*rr11r^* - r(rnx)l ')

rt=1
n n

S i az*1"r(lx*p l ') : i o*x(a,r 
I 

\ '("0^(lr,l))) -- o
f r : l  k: l  fa"; i

khi n --+ oo.

Ap dung Bd db 2.1, ta duoc

S',n - r(5""). 1 -r 0 theo d6 t lo. (2.6)

Milt kh6c.

r (5 .^ ) :  I  an1, r (nnp\  =  I  a ,1 , r ( rxep ,o ; ;y ( l r r l ) )  *pkh i? - -+  oo .  (2 .7 )
i t : l  & :  I

Til (2.6) vi (2.7) suy ra

Sn' --+ 1t, - I khi rz --+ oo.

Kdt hop tlibu niy vdi (2.5) vi (2.a) ta dugc

Sn ---+ 1t . L khi rr, --+ oo.



Sp fi,pi Cg cda tdng cdc todn tt d6c ldp

3. sq Hor rrj Hi.u obu

Ttote ti6t niy ta s6 x6t ddn su h6i tu crla tdng c6 trong luong cria diy
rn C A thda min tlibu ki6n

r(ep,*)  (1""1))  < cr(e1t,*r( l " l ) )  Vr )  0;  vz,  (3.1)

v&i C > 0le hing sd, cbn r e i.

N6u (c,"), c thda min (a.r) thi ta vidt (r,n) < r.

Bd tlb sau diy tuong trg nhu "bd db tuong duong" trong lf thuy6t x6c sudt
^ l  r . , tco olen.

Bd db 3.r ([3]). Gid s& (r*) vd, (y") td, ctic d,6,y ctic tod,n ti ilo iluqc ud (c.) Id,
dd,y ctic s6 d,uong. Ddt

, l f*) :  ' ,n€lo,cn) (1""1).

Khi d6, ndu
g
) '  r ( e p . , * ) ( l r " l ) )  (  o o ,

n : l

thi chu6i i (", + y,) h6i tu hku ilb,u khi vd cht khi chu6i i ("1f", -t a) h6i tu
'  n = l  n = l

hku dbu.

Su h6i tg hbu tlbu crla tdng c6 trgng loqttg li6n quan ddn t6c tt6 bidn thi6n
crla him N("). Him t16 ducr. c dinh nghia nhtr sau:

Gii, sr! c6,c d6,y (a"), (A") thda min: an ) o, o I An J m vi (a.f An) --n o
khi rz --+ oo. Khi d6 nf (") duoc x6c dinh b&i c6ng thirc

N ( z )  :  ' u ' ( n t 4 o S ' , ) '

D6 ding chi ra rXng 
oo

N ( z )  : D / ( " , " r - ) ,
n = l  

\  - a n t

trong d6 Ia li him chl ti6u crla tip A c ,R.

Biy gid chring ta ph6t bidu nhirng kdt qul chinh cria ti6t niy. Trudc hdt,

ta gi l ,  sr? rXng An: i  o*.
k : l

99



Dinh Wt 5.2. Gid s& an ) O,'An : i or 1 -, @^,lA*) -+ O khi rr, -+ oo vd (a*)
k = 1

ld ddv iIQc lQp li6,nti€p cdc todnttl tlo dtgc udi r(r") = 0; (r,n) < r, r.(lrl) < oo
ud r(N(lcl)) < -. Khi iI6, n€u

I x,{"6,*r(l"l)) I ryry dr < oo
v))

k : l

chtng minh' D{t 
y1, - nke[o,A*/d*) flrrl),

khi d6, tri su phdn tich cuc

nk - yk -- uxlr* -,a*1,

ta c6 (vi r(c1) :0, Vk)

l r fun) l  :  l r (zr  -vk)1 3l lur l l r ( l rx-  y, t l ) :  r ( lsr-vr l )
:  r( lrnl)elAt /a1,,x)( l16l) 

--+ o

(v i  r ( lcpl )  < c""( l " l )  < oo).

Suy ra

NBlryFn VXn QaAng

(3.2)

o < lr(a;'Doryr)l S a,-t Io*lr(y*)l - 0, khi n -) oo. (3.4)
rk= I  i t : l

Lai c6

E "fl fttor - r(vr,)'')l') = -E,QN' o*l')
:  i  (+\ '  t  \2r(ea7 f l"r l))? \ A k /  I' r = r  \ 1 A p / a p



Sg h,fi tg cia tdng cdc todn t& dQc l6p

:2 i  (gL\ '  [  . \ r (e1r,- ;1r11))a. l-  -  
2 \ ,1 ,o /  I
' c : l  \ 1 A p / a x

<2ct (f i) '  I 
)r(e1r,oo;(lcl))ar

t c = l  \ l A p f a y
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I " (,1,,"., (lflrrl) ) : I r(ere* /a&,m) (l"rl))
t :1  l c : l

oo

S C D r (e ter /o* , * l ( l ' l ) )  :  Cr(N( l l ] ) )  <  - '
lt: I

Ap drlng Bd db 3.2 cho (fr"r) "e (fiao) s6 tlucr. c

oo

,, fr@o 
- r(vt) ' 1) h6i tu hbu dbu. (3.6)

l c :1

I
f f

J 
,kn,*tl.D 

J 
y-zNfu)d,yd) < oo

0

(3.7)

:4c 
|  

*k6,*r f l "1))  
|  v-"n(v)dvd\  (  oo '  (3 '5)

y> l

Suy ra (xem Dinh lf 4.6.2l2l).

i + (v* - r(vn)r) h6i tu hlu dbu.
Er ^k

MXt kh6c,

Xdt hgrp (3.4), (r.o) ve bd db Kronecker s6 duo. c (r.e) vn dlnh l1t ducrc chirng
minh.

Trong trulng hqp tdng qu6t hon, khi kh6ne nhdt thidt A': i oorta ch,n
rt= I

dit th6m dibu ki6n len ff(c).

Dinh lf 3.3. Gid si an ) o, An ) O, An I o (a.lA,") -' 0 ud, (x") ld dd,y thda
mdn c6,c iti|u ki6,n c&a Dinh I{ 3.2, il6ns thbi N(a) thdo mdn (9.2) ud
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th; (e.e) ililng.
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Ch&ng minh. Ttr chri'ng minh cda dinh lf tr6n, ta nhin tluoc (3.6) n6u N(r) thda
min (a.Z). Do t16 ta chi cbn phii chr?ne minh rXng v6i dibu ki6n (9.7) thi

l r t ' i  anr(v*) l  -*  o khi  n--+ oo.
rt : l

Dd chfrng.minh dibu d6, chi cb,n chring minh

i + | " ( v r ) l  <m.
?t  t r '  '

Ta c6

i  Xl,(vx)l < ci X( t "(.1r,oo;(l"l)) + r(e1e*1o*,""1(")))
k : r  " f t  k= !  "K  

\ )A1 , /ap

f-c l r (e11, " "y ( lc l ) )  
t  @1,1A1, ) i l ,+c r (Nf l r l ) )

J  
(k :o ; -A1,  /  a1"1 \ )

, i:  C I  r (e1r ,oo)( l " l ) )  /  u- 'N(ddyd) ,  +Cr(N( lz l ) )  <  oo.
J {

D6 ln dibu phli chirng minh.

H6 quA 3.4 (xem [s]). Crd s& (r") ld ddy d6c l6p ti6n tidp cdc totdn ttl tlo d,ugc
soo cho r(a"): O (c,r) < x, khi i l6 n€u

r ( l z l p )  < m  ( u d i r < p < 2 )
n

thi n-L/p ! rp -- 0 hhu il|u.
rk: l

Chtng rninh. Dit o,, : t, An: nr/P, khi t16 N(r) : 0(cr1. Ap dung Dinh lf 8.6
ta duoc tlibu phli chirng minh.

Ldi ed,m on. T6c giA xin chin thinh cl,m cn Gi6o su Nguy6n Duy Tidn di, ta,n
tinh giirp t16 hoin thinh bii b6o niy.
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