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SU HOI TU CUA TONG CAC TOAN TU DOC LAP
TREN DAI SO VON NEUMANN

NGUYEN VAN QUANG

Abstract. The aim of this paper is to investigate the almost uniform convergence and the
convergence in measure of weigted sums of independent measurable operators in von Neumann
algebras. Our results extend some results in [1] and [3].

Trong thoi gian gan day, 1y thuyét xac sudt khong giao hodn (con goi 13 xac
sudt lwong ti), dwoc phdt trién manh mé. D& cé mét s§ coéng trinh trén linh vue
nay nghién ctru vé cic dang hdi tu clda day tong cic todn ti do dwoc doc 1ap (xem
(1], [2], [3]). Muc dich cta bai bdo ndy 1a xét sy hoi tu theo dé do va hdi tu hiu
déu cia diy téng cé trong lwong cla céc toan ti do dwoc déc 1ap. Céac két qua
ctia chiing t6i mé& rong mot s§ két qua trong [1], [3].

Trong suét bai nay ching ta luén luén gid st A la dai s6 von Neumann véi
trang th4i vét chusn tic, chinh xéc 7; A 13 * - dai s céc toan ti do dwoc (xem (2],
[4]). D&i véi mdi todn ti tw lién hop z € A; ta ki hisu ea(z) 12 phép chiéu phé
clia z #rng véi tap Borel A C R. Khi d6, hai todn t tir lién hop z,y € A duoc
goi la cling phén phdi néu véi moi tip Borel A C R thi 7(ea(z)) = 7(ea (v)).

Hai * - dai s6 con Ny C A, N2 C A dwoc goi 1a doc 1ap néu véi moi z € Ny,
y € Na, 7(zy) = 7(z).7(y).

Ta néi hai phin t z; € A4, z, € A 13 doc 18p néu céc * - dai s6 W*(z,)
va W*(z3) sinh bdi £, va z, twong tng, doc 14p. Day (z,) cac todn ti do dwoc
(tic 13 (z,) C A) dwoc goi la dc 14p lién tiép (successively independent) néu véi
moi n, * - dai s6 W*(z,) sinh bdi z, doc lap véi * - dai s6 W*(zy,...,z,) sinh
bédi céc phan tik z,,..., T, véi moi m < n.

Khdi niém hdi tu theo d6 do cia ddy cidc todn tir do dwoc di dwoc ching
t6i gidi thiéu trong [5]. Do d6, & day ching tdi khong nhic lai nira, ma chi trinh
bay kh4i niém héi tu hiu du.
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Gid st (z,) C A. Ta néi z, hoi tu hiu déu dén z € A, khi n — oo néu véi
méi € > 0 cho trwéc, ton tai phép chifu tryc giao p € A sao cho 7(p) > 1 — ¢;
(zp —z)p € A va ||(zn — z)p|| — O khi n — oo.

Céc théng tin ddy dd hon vé dai s6 von Neumann va xac sudt trén dai s3
von Neumann cé thé tim doc trong [2], [4].

2. SU HOI TU THEO B0 PO

Bang (ank) céc s6 dwong dwoce goi 13 mét ma tran Toeplitz néu :

(i) lim anr =0 véi moi k > 1;
n—oo
L X
i} .3 asr=1 véi moin > 1.
k=1

Trong ti€t ndy, chiing t6i sé xét diéu kién héi tu theo do do cia day tong
dang

n

S Z Ui RT K (2.1)

k=1
trong d6 (a,k) l& ma trdn Toeplitz, (zx) 13 day cic todn ti déc lap tirng cip, tw
lién hop, do dugc va cling phan phéi.

Truwéc hét ching ta dwa ra mot s6 bd de:

B3 dé 2.1 (B4t ding thirc Tchebyshev, xem [3]). Gid st z ld mét todn té do
dugc. Khi dé, véi méi € > 0, ta ¢d

7 (efe,00)(I21) < e727(2]?).

B3 dé 2.2. Gid st A tdc dong trén khong gian Hilbert H; z ld todn tw do duoec.
Khi d6, véi mdi € > 0, ta ¢d:

() |zlepoey(lal) (W) < ellhll  voi m3i b€ H;
(i) | |zlefe,c0(|2]) (B)]] > ellhl]  v61 i h € efs o0 (J2]) ().

Chitng minh.

i) Gia st |z| c6 biéu dién phé

[e.o]
|z] =/)\ed,\.
0
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Viay thi
|zlejo,e) (1) =/>\€d,\,
0
do d6
I tto. (=D )P = [ Aden(3) < &2 [ denn()
0 0

= e%enn([0,¢) = e?[lejo,e) (|2} (R) ]| < €2[|h]%.
(& ddy, véi mdi h € H; ep 5 12 d6 do xéc dinh bédi cong thirc
enn(B) = (ea(lz)h, h) = [lea(]z])(h)]*

véi A 13 tap con Borel cia dwong thing thuc).

T d6 (i) dwoc ching minh, (ii) cling dwgc chirng minh twong tu.

n
Dinh 1y 2.3. Gid s¢ rdng S, = Y. ankzk dvoc zdc dinh tir (2.1). Néu

k=1
Jim ¢ 7(eft,00) (|21])) = O, (2-2)
Jim 7(z1e(0,4)(|21])) = (2.3)
va
max ank — 0, khin — oo
1<k<n
thy

Sp — w1 theo dé do.

(¢ day 1 la todn ti dong nhat).
Chitng minh. Gid sir A tadc dong trén khong gian Hilbert H. D&t

Tnk = xke[O,a;;)ka')a

n
Snn = E OnkTnk-
k=1
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Khi d6 véi € > 0 tuy v, ta cé
n
P = e[ge,oo)(ISn —p-1) A e[o,e)(|S,m pe1]) A ( /\ €o, az )] (lzk|) ) 0.

Thét vay; néu nguoc lai, s€ ton tai h € H||h|| = 1 sao cho h € p(H); lic d6
h € e o-1)(lzk|)(H) (k =1,n), nén

zx(h) = zke[o,a;,:)(h) = Tuk(h).; ¥8 Sn(h) = Spn(h).
Ding B8 dé 2.2 ta dwoc

2e = 2 < 1150~ 4 etz 15, ~ - D

= 1Sn — - 1R = 1(Sn — &= DB < (S = Spn) (R + [[(Sn — 1 - 1) (R)]]
= 1San = - 1|(R)]| = l|Snn — - lle[o,e)(lSnn b ll)(h)H
<cellhl =e.

Diéu nay v6 ly. Viy p=0. Suy ra

I

€f2e,00) (1 = 1+ 1) < efe,00) (1Smm = 1 1)V (- €puzs o (1))
k=1
T tinh dwong cida vét, ta nhin dwoc

n

7(€[2e,00) (|Sn — 1+ 1)) < 7(€fe,00) (|Snn — - 1])) + Z 7(e ", oo)(’xkl))' (2.4)
k=1

Do d4, véi mbi 6 > 0, ta cé

n

7(efa= 00y (128])) = D 7(efa=1 00y (I71]))
k=1

M-

Il
a-n ot
i M:
I

=}

s

(e[a:;,oo) |z1]))) <6 Z Guph = & (2.5)

vGi n du lén (vi I<nka,x ank — 0 khi n — 00).
1
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Tiép theo, bing phwong phip tich phin tirng phan, ta duwgc

) RPS{ONCR)

oLt

= (gD +2 [ Arlepoo (1))
0<ALt

= —tr{ep,c0) i1} + 3 / A7(€[r,00)(|Z1]))dX — 0 khi ¢ — oo.
: 0<A<t

Diéu nay, cung vé&i tinh doc 1ap tirng cdp cia day (z,), cho ta

n

7(|Smn = 7(Sun) - 12) = Y 6247 (|Znk — 7(zne) )

k=1
n
< Z har(fzasl) = 3 ane o [ Nealzi) »o
o «\<a;,:
khi n — oo.
Ap dung B8 48 2.1, ta dwoc
Spn — 7(Spn) - 1 — 0 theo dd do. (2.6)

M3t khic,

n n
Spn) = Z OnkT(Tnk) = z ankr(zke[o,a;;)(izkm — pkhin —oco. (2.7)
k=1

Tir (2.6) va (2.7) suy ra
Spn = u-1 khin — oo.
K&t hop digu nay véi (2.5) va (2.4) ta dwoc

S, > u-1 khin — oco.
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3. SU HOI TU HAU bEU

Trong tiét nay ta sé xét dén sy hoi tu cda tdng c6 trong lwong cda diy
z, C A thda man diéu kién

7(e[t,00) (|Zn])) £ C1(et,00)(|2])) VYt > 0; Vn, (3.1)

véi C > 0 ]a hing s8, con z € A.
Néu (z,), z thda man (3.1) thi ta viét (z,) < z.

B3 dé sau day twong tw nhu “bd dé twong dwong” trong 1y thuyét xic suit
~ oA
co dién.

B4 de 3.1 ([3]). Gid s¢ (zn) vd (yn) ld cde ddy cde todn t# do dugce va (c,) la
day cdc sé dwong. Ddt
z{) = znefo,c,)(|znl)-

Khi dé, néu

[ee]

Z 7(€[cn,00) (|Zn])) < o0,

(o ]
thi chudi 3 (Tn + yn) héi tu hiu déu khi va chf khi chudi 3 (287 + yn) héi tu
v on=1 n=1

hdu déu.

Sw héi tu hdu déu cia téng cé trong lwong lién quan dén tdc d6 bién thién
cia ham N(z). Him d6é dwoc dinh nghia nhu sau:

Gia st céc day (an), (An) thda man: a, > 0,0 < A, 1 oo va (a,/A4,) — 0
khi n — oo. Khi d6 N(z) dwgc x4c dinh bdi cdng thirc

N ()= car(n : 4n < :z:,;).

an

X \
De dang chi ra ring
o0

Niz) = ZI(z:zzég) "

n=i1
trong d6 Ia 1a ham chi tiéu cda tdp A C R.
Bay gio ching ta phit biéu nhitng két qud chinh cda tiét nay. Truéc hét,
n
ta gid st rdng A, = Y a,.
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Dinh 1y 3.2. Gid st a, >0, A, = Y ai T 00, (an/An) = 0 khi n — oo vd (z,)

k=1

la ddy déc ldp lién tiép cdc todn té do duogc vdi 7(z,) =0; (z,) < z, 7(|z]) < 0

va 7(N(|z|)) < co. Khi dd, néu

[rrtenemte) [ E8ayar <o

y=>A

n
At Z arzk — 0 héu déu; khi n — oo.
k=1

Chitng minh. D3t
Yk = Tke[o,Ay /ar) (|1Zk])s

khi dé, tir sy phan tich cuc
Tk — Yk = Uk|Tk — Y&,
ta cé (vi 7(zx) = 0, Vk)
7 (uk)| = I7(zk — yi)| < llukllr(jzr — yel) = 7(jzk — yil)
= 7(|z|)e[as/ax,00) (|ZK]) — O

(vi 7(|zk|) £ C -7(|z]) < 00).

Suy ra

n n
g VT(AJI Zawk)I < A;1 S aklr(we)| = 0, khin — oo
k=1

k=1

Lai c6

(3.2)

(3.3)

(3.4)
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zzé(z_fz)z / AT (e(3,00) (|7[)) A

)\<Ak/a.k

gzcé(Z—:)z / A7 (ex,00) (12]))dA

A< Ak /ax

_4c / Nrle ey (121) / 43N (y)dyd) < oo. (3.5)

y=>A

Suy ra (xem DPinh 1y 4.6.2 [2]).

Z —Ai yx — 7(yx)1) héi tu hiu déu.
k=1
M3t khic,
LGS (FA ) ) EDBRCIFSI X))
k=1 k=1
<CY r(e[ar/ar 00 (|2])) = C(N(|2])) < co.

]
Il

1

Ap dung B8 d& 3.2 cho (—kxk) va (a—kyk> sé dwoc

Ak Ak
3%,

(zx — 7(yx) - 1) hoi tu hdu déu. (3.6)

Ih-‘?r

Két hop (3.4), (3.6) va bd dé Kronecker sé dwoc (3.3) va dinh ly dwoc ching
minh.

n

Trong truwdng hop tong quat hon, khi khéng nhat thiét A, = Y ak; ta cin

k=1
d3t thém didu kién lén N(z).

Dinh ly 3.3. Gid st a, >0, A, >0, A, 1 © (an/A,) — 0 vé (z,) la day thda
man cde di€u kién cda Dinh lyj 8.2, dong thoi N(z) thda man (3.2) va

A
/T(e[,\,oo)(|:c|)/y‘zN(y)dydz\ < 00 (3.7)
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thi (8.8) ding.

Chitng minh. Tir ching minh cta dinh Iy trén, ta nhin dwoc (3.6) néu N(z) thda
man (3.2). Do dé ta chi cdn phai chitng minh ring véi dieu kién (3.7) thi

‘A;l Z akr(yk)l — 0 khin — oo.
k=1

Dé chirng minh digu dé, chi cin chérng minh

Z Zk— Yk | <00
Ta c6
> Erwl <O (o rlemonra) + rleianjonco=)
k=1 k=1 ASNTYap

=€ / rlepoo(lz)) Yo (ar/Ar)dA + Cr(N(|z])
(k:0<Ar/ar <)) y
A

= C’/r(e[,\,oo)(lzm/y‘zN(y)dydz\ + C7(N(|z|)) < oo.

0

Dé la diéu phdi chitng minh.

Hé qua 3.4 (xem [3]). Gid sit (zn) la diy déc ldp lién tiép cde todn tit do dwoc
sao cho 7(z,) = 0 (z,) < z, khi d6 néu

7(|z|?) <00 (v6i1<p<2)
n
thi n~1/r sz — 0 hdu déu.
k=1
Chitng minh. Dt a, = 1, A, = n/?, khi dé N(z) = 0(zP). Ap dung Dinh 1y 3.6
ta dwoc diéu phai chirng minh.

Lot ¢cdm on. Téc gid xin chan thanh cdm on Gido su Nguyén Duy Tién da tan
tinh giip d& hoan thanh bai bao nay.
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