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NGUYEN NGOC CHAU

Abetract. In this Wper we detennine and classily the stem groups G of pn(na111r-t
elements of order less than or equal to p, wheyz G,b.elongs to the isa,linic closs-of p-grotps G
such that G/Z(G) a Zf; and [c, cl = gn(n-L)/2 , p ) 2.

t. Md oiu va xdr qu/, cHiNH

. Dd phdn lo?i c6c nh6m, P. Hall [2] di dua ra m6t quan didm nhu sau: Tru6c
h6t hiv phin cdc nh6m thinh tirng l6p dbng chdt (isoclinic) sau d6 trong m5i tap
dbng chdt phin loai nh6m theo quan hd ding cdu. Cfrng trong [2], p. gattl6 chirne
minh ri,ng trong m6i top dbng chdt tbn tai nhirng nh6m G sao cho z(G) c [G, Gi:
C6c nh6m.thda min tinh chdt niy c6 cdp thdp nhdt trong l&p vi ducrc goi llL
nh6m ngubn (stem group) cria l&p chri.a n6.

Gii srl p li m6t s6 nguy6n t6, Zp: ZlpZ l) nh6m cyclic gbm p phbn
td ' .  Gi l  s i r  G l i  m6t  nh6m sao cho CIZ(C) 

= 
Z; ,n  

42,  kh i  d6 [ * ,Ci  = Z] ,
1 <  t  <  n ( n - t ) f 2 .  T r o n g  [ s ]  d e c h f n g m i n h r 5 n g v 6 i  m 6 i s 6 t u n h i 6 n  n )  2 , c A c
nh5m G voi Glz(G) = z; vb [G, G]= Z"@-t)/z dbu thu6c cirng m6t l6p dbng
chdt ,  k f  h i6u l6p n iy  l i  lo(n,n(n-L) lz) .Kf  h i6u Er(G) l i  s6phbn t r i ,  c6 cdf
I pt ci,a nh6m G, trong [4] dt chirng -i"tr ducr. c ring:

i) Ndu G la m6t nh6m ngubn cia l6p To(n,n(n-r) lz), khi d6 tbn tai sd
n g u y d n  h , O 1 h 3 n , d d

E,(G) : {,!^ult::;-,''' ' l;: i,i:
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ii) Tbn tai duy nhdt (sai kh6c m6t dl,ng cdu) m6t nh6m ngubn G trong l&p

lo(r, n(n - 1)/2) sao cho .81(G) ,f""g v6i h : n'

Muc dich cria bii ni.y li tidp tuc c6ng vi6c cria [a] trong tru]ng. hop ,81(G)

i rng vd i  h :n-  1v i ,  p>2.  Nghia l ix ic  d inh v l rph in loa i  d*ng c6u^c6c nh6m

,rgrrbn G trong lop fo(n, n(n - l l l r l ,  P ) 2, sao cho Et(G) - on(n*r)12-r '

c h o  z v i k  l ) h a i s 6 n g u y 6 n s a o c h o  n ) 2 , 1 <  / c  1 n -  1 .  K f  h i g u  G ( k )

l i , nh6m dugc  s inh  b& i  t ap  { r i , eu , ; l  S i  1n , l  Su  <  u  1n }  v i  t hda  rn in  c6c

quan h€ x6c dinh sau diY

l r r , r j , r n f  :  l ,  1  <  i ,  j , h  1 n '

l r u , r r )  
:  e u r , t  L  1  u  <  u  1  n ,

r ! : 1 ,  l 3 i 1 n ,

e(z r - t ) 2 r ;

r < r < ( k + t )  / 2
TT
I  t  ezr(zr4r) ,

r4r<k/2

Trong [5] d5, chirng minh rXng nh6m

lo(n,n{n -  L)12) ,  v i ,  kh i  p  > 2 theo [4 ,  Dinh l f

n6u /c 16,

ndu k chln.

c(k) thu6c vio Wp dbng chdt
1 1 ]  E l ( G )  :  o n ( n * l ) / 2 - r .

t)
t ; :

t
I
t

Kdt quA chinh trong bii niy li dinh lf sau

Dinh li.

i )  G;d srl G ld rn6t nh6rn ngubn thu6c l6p t r(n,n(n 
- L) 12), P ) 2, sao cho

Er (G) ' -  rn (n * r ) l z - r .  Kh i  d6  tbn ta i  k , I  <k  . - -n - t ,  dd  G  ddng  cd 'u  u6 i  nh6m

G ( k ) .

i i)  n - L nhdm G(k) d tr€n d6i m6t kh6ng dd,ng cdu udi nhau.

Trong trtr&tte hgp p:2, do ph6p ldy liry thta p kh6ng bAo toin ph6p to6n

trong G (xem [+]) nen vi6c ph6n loai ding ci,u c6c nh6m c6 t(nh chdt nhu dinh

lf tr6n li rdt phirc tap v)L cho ddn nay vAn cbn l), m6t vdn db md, ngoqi trr) khi

n:3 di ducrc gili quydt trong [1]. Chring t6i hy vgng r5ng cdc ki thuit ducvc st'r

dgng & dAy Ca iita md r6ng nh8m d6ng g6p hcrn nira v),o vi6c giii quydt vdn db

nay.

Til d6y ci{c nh6m lu6n lu6n ducrc gi*, thidt l) pnh6m, P } 2, vi. c6c ma trin

dugc n6i ddn li ma trAn v6i h6 s6 tr6n trulng Zp.
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Cdc nh6m ngubn G cia I6p itbng chdt

2. MA TRAN edu or6u cda u6r NHoM NGUbN
TRoNG LoP lo(n,n(n - t) l?)

Tru6c h6t chring t6i nh8c lai kh6i ni6m nh6m con Frattini vi
chdt cria n6.

m6t s6 tfnh

li, tip ffit ca c6c nh6m con cuc
li  nh6m con Fratt ini crla C,if

Dinh nghia 2.f . Gie slr G li m6t nh6m vi" Ms
dai crla G. Khi d6 nh6m con n If ducr. c goi

II €Mc
hiau o(c).

MQnh db 2.2 [6].
i) vs e o(G), s ld phbn t&
ii) Gid srl H ld nh6m con

ld nh6m Aben so cdp.

kh6ng sinh cda nh6m G.

chudn tEc cda G. Khi d6 AG) c H e GIH

2.3. Gie str c l) m6t nh6m ngubn cria l6p lo(n,n(n- 1)/z) vi {q;} ln m6t ccr s&
cia G lZ(G). Theo m6nh dE 2.2 ta c6

"  
:  ( r r ,  l r ! , r i  :  l [ r r , r i ] , x 1 , ]  :  L ,  1  (  i ,  i , k  <  n ) t

dP"*. th l i  do [c,c]  :  Z(G) = Z; tu- t ) /z, .n6n{[" ; , " i ] ] ,  I  < i  < j  < nl ] ,  m6t ccy
s& cria Z(G). Kf hi6u ri i [r;,r l vi bidu di6n c6c"ri qui.o,i Grr] ta c6

, ! :Do lo tm,  o {  €  Zp ,
h < k

cdc hG sd a.!k crla c6c h6 thfrc tr6n hoi,n toin x6c dinh nh6m G vi lAp thinh m6t
ma trAn n(n - f  )/Z hing , n c6t, kf hi6u A(X)

/ ol2 ot '  or^2 \
I olt ot" af,l IA ( x ) : l  :  : '  I
l : : ' . : l
\  ol"-  t)"  o@-r)n of*t l"  1

Ma trin tr6n r5 ri.ng kh6ng phg thu6c v),o c6ch chon dai bidu z; trong l5.p
r; z (G) mi chl phu thu6e vio co s& x : {q;} cna G I z (i). Iv16nh db sru d6y cho
ph6p ta goi ,a(X) li ma trAn bidu di6n cria nh6m G.
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MQnh dE 2.4 [4]. Gid s& G ud, H td, hai nh6m nsubn cda ldp | ,(n,n(n 
- r) l2).

Kh; d6 G i18,ns idu v6; H kh; ad chl khi tbntqi X - {qd} ud'Y : {vn} Ibn lvqt

ld co sd ct ia GIZ(G) ud HIZ(H) sao cho A(X):  A(Y) '

Mfnh db sau diy cho thdy su phu thu6c cta ma tri.n A(X) vlro co s& X crla

G lz(G).

MQnh db 2.5. [4]. G;d sr| G ld, mqt nh6m ngubn c&,a l6p.To(n,n(n - I)12),

X : {q;} td m6t co sd cda G I Z(G) ,d Q : (qni) € GL(n, Zp). Kh; d6

A(ex): { l3_,tff}i;+ o), :'; i'__:',
trong iI6 nQ td, binh phuons ngo.d,i crla ma trdn Q (xern [l]) ua Q m ma tuQ,n

n(n - t) lZ hdng, n c6t d,uoc tdc dinh nhu sau

0 : k f r )  v 6 i  q l n = q h j q k j ,  1 ( h 1 k 1 n ,  l S i < n .

3. CHIiNG MINH DINH LV

MQnh db sau diy cho ta m6t ph6p chirng minh phbn i) crla tlinh lf

M€nh db 3.1. Gid, s& G ld, m6t nh6m ngu6n trong I6p lr(n,n(n- t) lz) u6i

Er(G) -  rn(n+r)12-1.  Khi  d6 tbnta i  rn6t  co sd x  t rong c lz(c)  dd nh6m G c6

mQt rna trdn biCu d,;in A(X) duqc rdc dinh nhv sau

l r  0  0 \
/ ( x )  : l : :  : l '

\ r  0  o l

trong il6

i) Cdc thdnh phhn cia n - L cgt cudi ci,ng b&ng O tdt cd;

ii) Tbn tai s6 nguy€n k, I < k 1 n - l, dd cqt d,bu ti6,n c6 thdnh phkn b&,ng

1 d cdc hdng

|  (2t -  r)zt,  |  < t  < (k + t) lz,  ndu k ld.,

\  zt(zt + r),  t  <t < klz, n€u k ch| 'n,
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cdn ngod,i ra tdt cd dEu bdng O.

Theo (2.3) nh6m G ducr. c x6c dinh b&i ma tr6,n nhu tr6n chfnh li nh6m G(/c)
trong dinh lf.

Chtng minh.  V i  Er(G) :  ,n(n+r) /2- r  n6n theo [4 ,  Dinh l f  1 .1] ,  t rong GIZ(G)
tbn ta i  m6t  ccr  sd X :  {g .u} ,  L  1u (  z ,  sao cho ch l  c6 m6t  z  dd ord(zu) : 'pr ,
cbn c6c r,, ,  a * u, thi ord(rr) :  p. Kh6ng mdt t inh tdng qu6t ta gi i  s* u: 1v)
do d6 theo (2.3) G c6 m6t ma trdn bidu di6n A(X) c6 dang nhu sau

A ( X ) : (1 )

trong d6 c6t db,u ti6n kh6c 0 cdn n - 1 c6t crr6i cirng dbu b},ng 0.

Goi i7 li hing c6 thinh phbn kh6c 0 dbu ti6n trong c6t 1 crla ma trdn A(X)
& tr6n, ta x6t i theo hai trulng hqp sau ddy:

N6u i :  t .  chia c6t 1 crla ma tr in,4 thinh c6c khdi 41, I I  t  t  lnlzl,  mdi
kh6i ,{r gbm cic hdng tt tzt * r)zt d6n (zt)n. Ta s6 chr?ng minh bXng quy nap
theo I rSng tbn tai m6t ph6p ddi ccr s& trln G I z(G) dd trong m5i .4r chi c6 th)nh
phbn & hing (Zt - t)zt b5,ng 0 hodc 1, cdn ngoii ra tdt cA clEu btng 0.

Gii sir j * 2 v) thinh phbn d hing 17 bing c I 0. Khi d6 theo [S, M6nh
db 2.2]  ,  A(R(z,c- r )P(z, j )X)  l )  ma t rAn c6 dang ( r )  vat  th lnh phbn &'h i .ng t2
bXng 1. X6t lbn lucrt u di tt 3 ddn n, n6u thinh phhn d hiLng 1u b5,ng d f 0, theo
[s, Manh dE 2.2] thi ,a(e(u ,2,d)x l i  ma tr in c6 dang (1) v6i thi inh pi,b" & hing
12 bXng 1, cdn c6c th).nh phHn d hing lu, u *2, bing 0. Tidp theo x6t lb.n luot
u di tir 3 d6n n, n6u thinh phhn & hing 2u bXng d I 0 thi theo [3, M6nh db 2.2]
A(Q(r ,L ,d)X)  l )  ma t r in  c6 dang (1)  v6 i  khdi .41 ch l  c6 the.nh phbn & h ing 12
b5,ng 1, cdn ngoi,i ra tdt cl dbu bing 0.

GiA su trong rnSi A1, t < fnlz), chl c6 thi,nh phhn d hing (zr - r)Zr bXng
0 ho5,c 1, cdn ngoii ra tdt ci dbu bXng 0. Biy gib x6t khdi A.t, t : ["lz]. Ndu
n ch8n vi gii sir thd,nh phbn d h)ng (n -r)" bXng d l0 thi theo [i, M'6nh tlb
2.21, A(R(n,d-r)x) ld, ma tran c6 dang (1) vlr c6t I  c6 rhinh phbn & c6c hing
(zt - r)zt bing 0 ho5,c 1 cdn ngoii n tdt cd, dbu b},ng 0. Ndu n 16, gia st'r c6c
thinh phbn A1, t : (n - r) lz, kh6ng bing 0 tdt cA, goi uu li h)ng c6 thinh phbn
b X n g  d  l 0  d b u  t i 6 n  t r o n g  A t , t :  ( n - t ) l \ ,  k h i  d 6  r L :  n  -  2  h o X c  n - I .  G i i
srl z : n - 2 (tnrlng hgp , : rL - 1 thi l6p luin tucrng ttr), ndu u : z thi cfrng
theo [3 ,  Merg db 2.2]  ,  A{R(n -  r ,d)P(n -  L ,n)x}  l i  ma t r in  thda m6n g i i  th id t
quv n?p vd, trong A6-\/z c6 th)nh phln & hing (n -z)(" - 1) bxng 1. x6t
lbn lucrt thinh phbn d cic hing (n-2)n vi (z -t)n c&,a 46-r)72. Ndu thlnh

3 7

: )

; ) '
( : ;
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phh,n d hing (n - 2)n (tucrng irng (n - 1)") bing d I 0 thi theo [3, M6nh dA 2.21,

A(Q@,n - I  d)X) (tuong (rng A(Q@,n - 2,p - d')X)) l i  m6t ma tr i 'n c6 dang

(1) v; c6t 1 c6 thinh phbn & c6c hing (2t - t)zt bi.ng 0 ho;c 1, cdn ngoii ra tdt

ci dbu bXng 0.

B6,y g id  t rong c6t  1 ,  ndu tbn ta i  u .  u  sao cho 2 3u < u < ln lz l  mi  th inh

phbn d hing (2" - r)Zu bXng 0, cbn thinh phbn & hing (2u - l)2u bXng 1, thi

theo [3, Mgnh db 2.2] ta c6 A(P(, - 1, u * 1)P(2, u)x) ln ma tr6n chi kh6c v6i A

bX.ng c6cl, ho6n ddi hing (2u -L)2u cho h).ng (Zr- 1)2u. Ti6p tuc qu6 tr inh tr6n

ta s6 c6 ma trin mlr m6nh db dbi hdi.

N6u f  I  l .  Ch\ac6t  l  c r ia  A th inh c6c kh6i  A1, ,o  1t  < l ( " - I ) l2 l  t rong d6

Ao gbm c6c thlLnh phbn tr) hing 12 d6n hing ln vi trong trulng hcrp niy chring

dEu bxng 0,  cbn c6c kh6i  As, r  l t  < t@-r)121,  sbm c6 t i r  h i ,J lg2t (2t  + 1)  d6n

hing (2f + 1)n. Bbng ph6p ldp luin tucyng tu nhu ph6p chfrng minh trulng horp

i : l, ta c6 dircrc ,4 li m6t ma trin mi m6nh db ddi hdi. M6nh db de ducrc chirng

minh xong.

Bd db 8.2 lSl. C;d srj  A: (a;i) ld. m6t ma trgn uu6ng cdp n chLn, sao cho AA

c6 tinh ehdt sau:

I atv,(2j -r).2i -- I  o " + o '
[ 0 ,

r y :  ( 2 t  -  r ) 2 t ,  r  1 t  l  n f  2 ,

ry d cdc noi khdc.
r <  j ( n / 2

Khi dd A ld mqt rna trdn kh6ng suy bi€n.

M6nh db sau diy cho ta m6t ph6p chirng minh phbn ii) cria dinh lf .

M Q n h  d b  3 . 3 .  G i d  s l  h ,  k  l d h a i  s 6  n g u y € n s a o  c h o l < h < k  < n - 1 .  K h i  d 6

nai ;ndm G(h) ud, G(k) duqc rd,c dinh nhu trons dinh tli ld kh6ng ddns cdu udi

nhau.

Chtng rninh. Ta chirng minh m6nh db bXng phi,n ch(rng.

Gia stL h < k vi,  hai nh6m G(h) vn G(k) ding cdu v6i nhau, theo M6nh db

2.5 thi tbn tai Q : {qi) e GL(n) dd

^QA(h )  :  A (k )Q (2)

trong d6,4(fr) li ma trin bidu di6n nh6m G(lc) vn duqc x6c dinh nhu trong Mgnh

db 3.1.

Ta x6t h vit, k theo hai trulng hoP:



Ci6,c nh6m ngubn G c&a ldp dbng chdt

. i) l, vi k kh6ns ctng tinh ch8n lC. Kh6ng mdt
chSn vd ft ld.

Ti (2) ta d6 ding thdy hing dbu ti6n crla ma trAn e c6 c6c thinh phbn
qu, i I 2, bxng 0 tdt ce vi do d6 g, r * 0. Do d6 A(k)e c6 th).nh phbn & hing
L2 c6t  l  ch inh l i  qr r .  Nhrng do g, ; :0 ,  V i  /  t ,  n6n th inh phbn d h ing 12 c6t  1
crla ma trdn AQA(h.) lai bXng 0, dibu ni,y miu thuin v6i (z) v) do d6 t<hang'tbn
,Zi Q e GL(n) dd ding thri'c (2) xdy ra. viy hai nh6m G(hi vn c(ft) kh6ng aine
cdu v6i nhau.

ii) h vn /c cr)ng tinh chln 16.

Gii st! h fit" k cilng ld (trulng ho,p ctng chln thi lip lu6n tucrng tu) vi
h : 2u- 1 < k : 2u- 1. Ti l  ph6p nhdn ma tr5.n ta d6 ding thdy rXng diEu ki6n
cb,n vi. dn dd d$ng thirc (z) xAy ra thi ne phAi c6 tinh chdt sau

r y : ( 2 t * t ) z t ,  I 1 t 1 u ,
ry & cilc ncri kh6c.

39

tfnh tdng qu6t ta gi* str h

(3)
( q ,

Q x , y , ( z j - l ) 2 j :  1  , . ,
( u r

* o ,
r < j { u

Tt ding thfrc (s) ta thdy ma trin Q1 trfch tt 2u hing vi.2u c6t dbu ti6n
cda ma tran Q li m6t ma trdn thda m6n Bd db 8.2, vdy er li. m6t ma irdn kh6ng
suy bi6n. Chia ma trin Q thinh 4 phbn nhu sau

Q :

\ Q1 kh6ng suy bidn n6n tbn tai c6c ph6p bidn ddi so cdp chi tr6n 2u hing
dbu ti6n ad g trcr thinh ma trdn R : (r;) sau diy mi vin thda min ding th(rc
(3)

2u

( Q ,  i  q r \
l l l "
I  -  - - - f - - - -  - l  2 u
\ Q n  i  Q s J

2u

I
i
I

I

I
I
I

I
- l

I
I
I
I

C

2u

R -

Qo

Q r t Q ,
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Vl ma tr in .R thda min ding thr?c (3), n6n v6i 1 < r 12u, ta c6

1 ( j ( u

r x ( 2 u + r ) , ( 2 j - r ) 2 j -  Q  a = 4  { ' - " ' * t ) ( z - t )  

:  0 r  v & \  r  c h 8 n '

I  r 1 z , * l ) ( ' * t )  : 0 ,  v | i  r  1 6 ,

rx(2(u*1)) , (2 i - r )2 i  -  0 <+ (r ' r ' r : : " t "  l ]  : : ,  
'  
, , i r " r ; l t " '

V A

l { 1  { u

Do d6

t  rpv+ t ) ( zu+z ) , (2 j - l ) 2 j  :  0 .
1 :  < u

DiEu ndy m6u thu6n v6i (:r1, do d6 kh6ng t6n tai Q e Gt(nJ dd (2) xay ra. vdy

hai nh6m c(h) vi G(k), h I k, kh6ng ding cdu vdi nhau.

M6nh db de chr?ng minh xong v) do d6 dinh lf ducrc chirng minh.

Lbi cdm on. Chfng t6i xin c6m on Ph6 gi6o su Tidn si Huj 'nh Mni de t in t inh

hudng din dd dat duoc kdt quA trong b);i niy.
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