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ON THE LAW OF LARGE NUMBERS OF HSU - ROBBINS
TYPE IN NON-COMMUTATIVE PROBABILITY

NGUYEN VAN QUANG

Abstract. Let A be a von Neumann algebra with a trinal state and A be the *- algebra of
all measurable operators in Segal - Nelson’s sense. The aim of this paper is to investigate laws
of large numbers of Hsu - Robbins type for sequences and 2- dimensional arrays of operators
in A in general case. Our results extend some results in [8] and [5].

1. INTRODUCTION AND NOTATION

In the classical probability, the Hsu - Robbins law of large numbers is studied
by many authors (see e.g. [1], 2], [5]). But to the best of our knowledge, in non-
commutative probability, this law is investigated only by Jajte in a special case
(see [4] or [3]). The purpose of this paper is to extend the result of Jajte to the
general case. Moreover some results for 2-diménsional arrays are considered.

Let us begin with some notations and definitions. Throughout this paper,
A will denote a von Neumann algebra with a tracial state 7, A- the *-algebra of.
all measurable operators in Segal - Nelson’s sense (see [9]).

Let A; and A; be two von Neumann subalgebras of A. We say that A, and
A, are independent if

T(Iy) = T(.’E)T(y) for all e Al, Yy £ A2-

Two elements z,y in A are said to be independent if the von Neumann
algebras W*(z) and W*(y) generated by z and y, respectively, are independent.
A sequence (z,) of elements in A is said to be successively independent if, for every
n, the von Neumann algebra W*(z) generated by z, is independent of the von
Neumann algebra W*(z1,...,Z,) generated by the elements z1,...,z,, for m < n.
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A family (z))aea is said to be strongly independent if the von Neumann
algebra W*(z,,A € A;) generated by the family (zx)aea, is independent of the
von Neumann algebra W*(z, A € A;) generated by the family (zA)ren,, for any
two disjoint subsets A; and A, of A.

Let now z and y be two self-adjoint elements of A. We say that z and y
are identically distributed if r(ea(z)) = r(ea(y)) for every Borel subset A C R
(where e (z) is the spectral projection of element corresponding to Borel subset

LT RY.

For other notations and definitions of the theory of von Neumann algebra
and non-commutative probability the reader is referred to 4], [9].

2. HSU - ROBBINS LAW OF LARGE NUMBERS FOR SEQUENCES
In the sequel we will need the following lemmas
Lemma 2.1. Let = be a self-adjoint element of A. Then for each a € R
(lz +al|") < Cr(r(|z]") + [a]")
where
1 ifr <1,
Cr = 1 o
A ifr > I

Proof. Suppose that the spectral representation of self-adjoint element z € A is

g = /_+OO Ae(dA).

oo

Then, from the elementary inequality
la+ 8" < Crllaf” +18]"), o,B€R.

we get

NW+MW:/TWH+M”@WM)

o0

+00
<c, / (A" + lal")r (e(dN) = C,(rlal” + [al"),

— 0O
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proving the assertion.

The following lemma is a slight generalization of Lemma 1.1 in 6] (with
g(z) = z?) and it can be proved in the same way.

Lemma 2.2 (Tchebyshev’s inequality). Let z be an element of A,g DR, RY
is a nondecreasing Borel function. Then for each e >0

We now prove the main result of this section.

Theorem 2.3. Let (z,) be a successively independent sequence of self-adjoint

elements of/i with 7(z,) =0 Vn € N. Suppose that (tk) 1s a sequence of positive
real numbers and (nk) ts a strictly increasing sequence of positive integers. If

s Tk
) Y tengt Y r(lwil*) < oo,
k=1 11
0. i i—1.
i) Y tengt Yo r(lE - r(2)17) ) 7125 - 7(2)P) < oo,
k=1 1=0 g=1
oo nk 4
zu) Z tkn,:4< T(i,‘)) = 100,
k=1 g=il
(o] N ;
) Dtk D7 (€ne,00)(|2:])) < 00,
k=1 i |
where
2; = ziepn(Til), 1SSy y=20 =7 (8).
Then
= e
Ztkr<e[5’°°)<ln—k24$i>)<oo : (2.1)
k=1 =1
for any given € > 0.
Proof. Put
i 5 P Tk
Snk ¥ Iia Snk = jl



Hsu - Robbins type in non-commutative probability 5o

Then, using the similar technique as in Theorem 2.2 of [7], we have, for an
arbitrary v > 0

nk

e(am,c0) (15 [) A efo,2) (1S} A (A elomey(I2iD)) = 0

7k

This implies

Nk

€[2+,00) (|Sns ) < €]5,00) (’Snk ‘) L (V e[nk,oo)(lmi’))

=1

From the positivity of trace and Tchebyshev’s inequality with g(z) = z* we
obtain

£ (6[2’7,00)([‘5%')) =7 (e[% (Snk Z [nk ) lxnk|))

< A 747(|Sp, [4) Z (e carhin s

Using (2.3) and Lemma 2.1 we can get the following estimate

7 (€[27,00) (1Sma [)) < 7~ (

(Snk b T(Snk))—f-T 5' + Z [nk o0) ‘Iz ))

S 25" [rlBn, — 7185, 01") + (7(8,, )] +Z 8lngoa) (120 »

(2.4)

On the other hand, using the equality 7(y,y;) = 7(y;¥:) Vi,j € N and the
successive independence of the sequence (z,) we obtain

7(|Sne = 7(Sns) —r(‘Zyl ): |yz|“+6Z (ol ETIW)

Je=
7—1 N 1—1 :
+1ZZ (lyi|? Z Zr(yk)+4zr(yi)ZT(y?)
g7 k=1 i—2 9=
e K7
T ]i k—1
+4Z 0 () +24Z w0 rl) ) 3 rl
j=1 i =a == s=1
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Now, for given & > 0, we put ¥ = nge/2. Then from (2.4) and (2.5) we get

1
7 <€[5’°°)‘n_k t—zl i ): it (e{nké,oo)(‘snk \))

n
= 165_4n;4r(].§nkl4) + ZT (e[nk’m)(‘miD)
=1

nk

oy 276_4"’}:4 [T(|‘§nk e (Snk)4l) i (T(S"k))4] 5 ZT (e[nk,oo)(‘zi\))

=1

(i) + 63 r(lul?) (s [?) + (3 )]

1=2 =

3
x

ST
— nk[

' [\/J

Il
art

1

s Z % (e[nk,m)(izi‘))

i=1
(2.6)
which proves (2.1) and completes the proof.
For successively independent sequences of self-adjoint identically distributed’
operators, we get the following

Corollary 2.4 ([3]). Let (z,) be successwely independent sequence of self-adjoint
~identically distributed elements of A with 7(z,) = 0 and 7(|z1|*) < oo for some
t+ Wit 27 Plien

Proof. In Theorem 2.3, put t, = k*~%, nj = k. It is clear that the conditions
(i)-(iv) are satisfied and the proof is complete.

fe'e) 1 k
;kt*2T<e[5,w (’Eg

for any given € > 0.

3. HSU - ROBBINS LAW OF LARGE NUMBERS FOR 2-DIMENSIONAL ARRAYS
The main result of this section is the following theorem

Theorem 3.1. Let (zmntf (o0yn) £ NZ%) be a strongly independent double
sequence of self-adjoint elements of A with 7(zm ) =0, VY(m,n)€ N?2. Suppose
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that (ti;, (k,l) € N?) is a double sequence of positive real numbers and let
(mk) (ni) be strictly increasing sequences of positive integers. If

00 . 100 myg Nk
9 23 tnalmam) (23 rlses ) < o0
k=11=1 i=1j=1
oo 00 m nk 7—1
) 323 tualrman) ™[ Y- (3 rllzas = (i) Y- w120 - r(a)P))
k=1 =1 i=1 “j=2 v=1
M nk 1—1 ng
+ 3o X rllmay - ,]-)12))}:(Zr(lzu,u~r(fu,u)i"’>)]< o,
=2 Y1 u=1 ‘v=1
oo 0 mi Nk
z'z'z') Zztk’l mkm (LL :El,j ) o0,
=lil=1 i=17=1
o0 (& o]
) Z Ztklzz Elvicig oo}t 1B )) < 00,
k=1 == =1 y=41
where

Ii)j £ xi)].e[oymk n; ) )

Yig = Tiy — 7(Zig).

Then, for any given e > 0,

oo o0 my ny
Z tklr(e[s m)(‘mknlzzlz,y ))

k=1 1—1 1=17=1
Proof. Put
k l k l
L 5 :
Sk = E in,j; Sk, = Z Zzi,j-
=ley =11 1=l

Then by the same way as in Theorem 2.3 we obtain
T(E[ZE,m)(lSmk,m’)) . 23'7—4 [T(Pgmk,m = T(Smk,nl)ﬁ) 58 (T(Smk:nl))4]

+ 3 tlapmain il SN (3.1)

1=1j=1
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On the other hand, using the equality 7(y;y;) = 7(y;¥i) and the strong
independence of (z,,,) we get

= e |
mi ny mi ny 31
= 30 (30wl #6327 lsial®)
e N 1=1 "2 7 —11
Mk my ny u—1 My ny § =1
+ 12 < 7(lyi JIZ)ZT(yi,u)ZT(yi,u) +4 L(Z 7(Yi,5) T(y?}ﬂ)
ey = u=2 y=1 =1 ‘j=2 =1
#3 v#i
r‘n_i ng §=1
4 < T(y?,j) T(yt u))
t=—=1 sl i
me s ny g—1 u—1 v—1
*_2424 LT(yi,j) Zr(yl u) T(yl U) T(y1 s)>
=1 “j=4 u=3 y=2 S=1
my ny i—1 , r
#6) (D rllues ) Yo (22 s )
te=2e gl gt =1
mp ng 1—1 nk v—1
& 122(21—(!%,1'2) ( T(yu,U) (5 LT r))
i=2 Yj=1 u=1 \v=2 r=1
T r J‘—l Flip \
3 1224(2, r(yii) > (i s)> <>_, 7(|yu,0]) |
=2 g2 a=1 Uk SV v
my ny 7—1 1—1 ny v—1
s (Z il S T(yi,3)> & ( L ,)>
=2 Yy=2 s=1 u=1 ‘v=2 =1
g e S eh 8
o 12}_‘( T(yi,j)> Z(L T(yu])>2‘( T(yv,j))
T =2 ri=1 Al ) — il
ugt vEe
Mk n 1—1 ny 3
+'4Z<LT(yi'j)) (Z T(yu,j)>
1—9 e u=1 ]:1
Mk ny 311 n
+ 4},( r(y,-,]-)) ( T(yu1)>
=0 Ny u=1 3=
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+ 24 Z(}: 7(yi5) )E(i ¥ g )Z( 5 (Yo, ;) )S(ir(ym))

—%; (lyil%) +6Z(Z Iyt,]l)jgr(}yu,v’2)>
+GZ<; !yt,]l2>z<§:': (Iyu,v]? )

Now, for a given € > 0, we put v = mygne/2 then from (3.1) and (3.2) we
obtain

(e (I

men, szw’)) [mknts,oo)({smk,n,l))

= 2"e Y (myny) ™ {gi li,51* +6L<Z |y,,1|2)§r({y,-,ujz))
+ez)} (e 1% }_,(Z(ty 7 +r(s“mk,n,))4}
+LZ €fminr,00) (1Zi,51)) »

=T j==7 ( )
3.3
completing the proof.

The following result can be proved by the same techniques as in Corollary
2 of Section 3 in [5] (applying Theorem 3.1), so we omit the proof.

Corollary 3. 2 Let (Tm,n, (m,n) € N?) be a strongly 1'ndependent double se-
quence of self adjoint identically dzstrzbuted elements of A with 7(z1,1) = 0 and
7(|z1,1]% log™ |z1,1]) < co. Then
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