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OI{ THE LAW OF LARGE NUMBERS OF HSU - ROBBII{S

TYPE IN NON-COMMUTATIVE PROBABILITY

NGUYEN VAN QUANG

Atretract. lct A fu a uon Neurnann algebra uith a trivial state and A be the *- algebra ol

all meisurable op.mtors in Segal - Nelson's serue. The aim ol this ynpl is to inaestigate laus

ol larye numfurs ol Hsu - Robbiru type t'or seqvences ond 2- dimensionol armys ol oprators

in A in geneml cue. Our results ertend some results in [3] and [5].

1. INTRODUCTION AND NOTATION

In the classical  probabi l i ty,  the Hsu - Robbins law of large numbers is studied

by  nrany  au thors  (see e .g .  [ t ] , [Z ] , [5 ] ) .  Bu t  to  the  bes t  o f  our  k 'nowledge,  in  non-

commutative probability, this law is investigated only by Jajte in a special case

(set i  [a]  or [a]) .  The purpose of this paper is to extend the result  of  Jaj te to the

general case. Moreover some results for 2-dimensional arrays are consideied.

Let us begin with some notat ions and def ini t ions. ThrolLghout this paper,

,4 wi l l  denote a von Neumann algebra with a tracial  state r , ,4- the *-algebra of

al l  measurable operators in Segal -  Nelson's sense (see [O]).

Let A1 and A2be two von Neumann subalgebras of ,4.  We say that,41 and

42 are independent if

r ( ra )  :  r ( r ) r (v )  fo r  a l l  x  e  A1,  u  e  Az .

Two elements r, a \n A are said to be independent if the von Neumann
algebras W-(r)  andW*(y) generated by r  and y, respect ively,  are independent.

A sequence (sr) of elements in,4 is said to be successively independent if, for every

n, the von Neumann algebraW* (r)  generated by c, ,  is independent of the von

Neumann a lgebra  W.( r t , . . . r r ^ )  genera ted  by  the  e lements  r r , . . . , r *  fo r  rn  <  n .
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A family ("r)ren is said to be strongly independent if the von Neumann
algebra w.(r^,,\  € a1) generated by the family (".r)re,r, is independent of the
von Neumann algebraW*("r,) 6 r lz) generated by the family ("r)rerr '  for any
two disjoint subsets A1 and Az of A.

Let now c and y be two self-adjoint elements of A. we say that z and y
are identical ly distr ibuted if  r(e6(")) :  r(" i l i l )  for every Borel subset A c B
(where .a (r) is the spectral projection of element r corresponding to Borel subset
A c n ) .

For other notations and definitions of the theory of von Neumann algebra
and non-commutative probability the reader is referred to [a], [O].

2. HSU - ROBBINS LAW OF LARGE NUMBERS FOR SEQUENCES

In the sequel we will need the following lemmas

Lemma 2.1. Let r be a self-adjoint element of A. Then for each a € R

51

where

Proof. Suppose that the spectral representation of self-adjoint element x e A is

r( lr + ol ') < C,(r( lxl ')  + lol")

(  |  i f  r ( 1 ,r :  _ )
" r  -  

\  2 r - l  i f  r  >  1 .

f +"o
, :  

J_* 
)e(d)) .

Then, from the elementary inequality

l o +  0 l ' < C , ( l o l '  +  l p l ' ) ,  a , B  €  R .

/n +oo

r ( l x + o l ' ) :  /  l )  + a l ' r ( e ( d \ ) )
J  - cn

f +oo
< C, I ( l} l '  + lal ')r(e(d,\)) :  c,(r lnl '* lol ') ,,

J - c o

we get
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proving the assertion.

The following lemma is a slight generalization of Lemma 1.1 in [0] (with

g(r): c2) and it  can be proved in the same way'

Lemma 2.2 (Tchebyshev's inequali ty) .  Let r be an element of A,g: R* ----* f t*

is a nondecreasing Borel function. Then for each e ) O

r(e1",oo;( l " l ) )  SiP

We now prove the main result of this section.

Theorem 2.3. Let (r^) be a successively independent sequence of self-adjoint

elernents of A with r(xn) : g Vz € N. Suppose that (ty) is a sequence of positiue

real numbers and (n7.) rs a strictly increasing sequence of positiue integers. If

oo nk

i )  Ltn";nLr la ' ln) < - ,
/ c = l  i = l

o o  n k  t - l

i i )  Lton;n D "( l t ,  
-  , (c i )12)L,( l r i  -  r (z i ) l ' )  < - ,

l c : l  i : 2  i  = l

i i i )  f  , rn;n( I  " , ' , , )n.  * ,

oo fr'k

i r )  Ltn!  "  (e1"* ,"" ; ( l r ; l ) )  .  * ,
r t : l  i : 1

where

Then

for any giuen a > 0.

Prool. Put
f lk nh

c  - \ -  ;  \ - -
D ' o k  

L r i ,  
D t t r  :  

) - ' ; '
r = l  r : l

t  
/ l  t \

I i :  E . i e l o , n r ) ( l t r l J '

o o /
r- I

) . t p r l e p\
/ c :  I

, m )

i 1 n p ;  A ; : E ; - r ( t i ) .

/ .  r  n k  , \  \

{ l : ) - ' ' l  ) ) . *
\ l n , r  =  

t /  /
( 2 . 1 )
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Then, using the similar technique as in Theorem z.z of [7], we have, for
arbitrary ,y > 0

elzt,*) (ls"- l) n

This implies

e t21 ,@l ( l s " * l )  <  r [ r , oo )  ( l s , . l )  
"  

( ( /  e tnu , * )  f l " , 1 ) ) .
r : 1

From the positivity of trace. and Tchebyshev's inequality with 9(r) : ,4 we
obtain

r  (etzt ,* )  (1s, . l ) )  < r  ( "6, ,n)  (1S,.  l ) )  *  i  ,  (e6r,""1(1",*  l ) )
i : 1

< -y-n"( lS,oln)  * f  ,  116r," .1(1"; l ) )  .
r = l

Using (2.3) and Lemma 2.1 we can get the fol lowing estimate
nk

,  ( "p. , ,* )  (  |  s"-  l ) )  1 1-n r(  |  (s" .  - ,  (S n)  )  +"(5,*  )  l ' )  + |  r  (ewr,"" l  (  l " ; l )  )
i = l

r : l

t2.4)
r) Vi, j  € N and the

r - l

( lv; l ' )  L,,( lvi l ' )
, : l

,ful)

k - r
,(vi f "(v")

s : 1

C J

an

e1o,1;(1s,,* l) n (fr ",0,,.1(l"r l)): o
l : l

On
successive

"(15".

the other hand, using the equali ty r(A;yi) :  r(yiy
independence of the sequence (r,r) we obtain

/  t  ! ! -  r4\  
nh r lk

- , (5 , ) l n )  :  " (  I t s ' l  ) :  I ' ( l y , l a )  +  o f  '
\ ' -  t /  

7 = ,  i : 2
n k  l l - k .  X - 1 .  n k  i - l

+ 12I" ( ly ' l ' ) f  , fu i )L , (y* )  ++D"(y , )  f
j :  I  j : 2  / c =  I  i : 2  j : t

i * i  h * i

n k  i - l  n k  r - l  i - l

+ 4 r,tu?)L,@i) + zl|,fui|,,tui) t
i : 2  l : 1  i : 4  j : 3  l = 2

n k  n k  1 - f

:  t ,  ( la, ln)  + o t ,  ( ly; l ' )  D,,( ly i l , ) .
i = l  i : 2  i = l
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Now, for given s ) 0, we put 1: nxelL. Then from (Z.a) and (2.5) we get

/  t 1 + \  r \  t'  (et","o)l; I " ' l) '  ( '6'" '- l( ls"* l))
n k

S t le-anrn"(15,,* l t )  + D, ("6r,""1 (1"; l ))
i : l

n k

127e-an r '  [ " (15 , *  -  (S , * )n l )  +  ( " ( s , * ) )n ]  +  l r  (e r . r , " " l (1 " ; l ) )
t : l

:  27 e-a ni '  
[ [ ,( ly; ln). 

.  
E, la;12)D "( lyi  l ' )  + "1s'- ;n]

mk

+ t  ,  ("60,""y( l"r l ) )
i : r  

(2 .6)

which proves (Z.f) and completes the proof.

For successively independent sequences of self-adjoint identically distributed'

operators, we get the following

Corollary 2.4 ([3]) .  Let (r,) be successiuely independent sequence of self-adjoint

identical ly'd, istr ibuted elements of A with r(r1) : O and r( l t t l t)  I  a for Eorne

t : l 1 t < 2 .  T h e n

lor ony giuen e > 0.

Proof . In Theorem 2.3, put t1 : let-z, r lk: &' I t  is clear that the condit ions

(i)-(iv) are satisfied and the proof is complete.

3. HSU - ROBBINS LAW OF LARGE NUMBERS FOR 2-DIMENSIONAL.A,RRAYS

The main result of this section is the following theorem

Theorem 3.1. Let (r,n,n, (^,?) € N') be a strongly independent double

sequence ol self-ad,joint elernents of A with r(r*,n) : O, Y(m,n) € N2 . Suppose

F-^r, 
-,,(,,",.", (i ; i,, | ) ) . *
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that (tv,1, (k, l) € N') is a double sequence ol posit iue rear numbers and let
@*) @t) be strictly increasing sequenies of positive integers. If

oo oo , m'- n.L

i )  t  f  t1",1(m1,n1)-^( i f  , fu,, , ;n)).  - ,
f c : l  l : l  f ; r l = f  /

i i )  i  i  tp,1(mpn1)-.  f i  ( i ,Ur, , i  -  r ( -r ; , i )1,) f  , | - , i ,u- , ("0, , )1,))
t : l  l : l  L7 : r \7 *  u : l  /

m k  / t u k  r l : _ l z i .  \ l. 
I (-f "ttt ' , i  - r(r;,)i ')) t (I ", 'r" ,v - r(8u,,)l ')).J ( oo,

i i i )  i  i  tp ,1(myn1)-^ ( iy ,1" , , r ) )n.  - ,
f t : f  t : 1  \  i = t  j : l  /

oo oO ntk nl

i r )  t  I  to , , f  l r  Qv^on, , *1( l r ; , i l ) )  <  * ,
& : 1  l : 1  i : l  j : l

where

r i , j  :  x i , i € l o ,n1n1 ) ,

A i , i  :  r ; , i  t ( z ; , i ) .

.Then, for any giuen e ) 0,

i
,k: I

Proof . Put
k t k t

sk, r :  I f  " r , r '  5* , , :  f  I t r , r .
i : l  j - l  r = l  r : l

Then by the same way as in Theorem 2.3 we obtain

r (ep , , *1 ( ls - * , " ,  l ) )  S  2"1-n  [ " ( lS**  ,n1  -  r (S^ . , , , ,  ) ln )  *  ( r (S-* , , ,  ) )n ]
t7rk nl

+ I  l rkv^r, , ,"")( l r ; , . i1)) .  
(3 '1)

i = l  j - l

f ,*,, " (,r',""r (#[,E ",,,1) ) . *
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using the equal i ty  r (V;y i )  :  r (Aty ; )  and the s t rong

get

7 - r

t
u : l

56

On the other hand,
independence of (c-,rr) we

" (ri, ))

" ( lS , ,o  ,n ,  * r (s - * , r , , ) ln )  :  
" ( l I : r r , r l ' )

: 
E (i ",',,,, l' ) ) * o 

I (?, r rv t' i''', =I, " ( l'''' l' ) )

+ 12 fr (j ",,' ',,1') i"(u'' ')|"1'' ' '))-,-' [ (2'u'' ' l
r : t  \ i : ,  

" . J?  o* i

-'_ - E (p "rrl,r'i "r,,,,r)
* ,n ir (i,rr,,,) D,(r,,,)1"- r(a;,,) I ,tr,,"l)

i :  I  \  i : 4  u : 3  u : 2  s -  I

. . E (p ",,r,,,, ',),E (4't,r,,. l '))

, rrf(f ','r,,,,',) p, (t, r-,.) i,tr,,,t)

* ,rf(i,{r,,,) ' i  "(r,,")) i ( i ' , tr,,,, ' i)
i = 2  \ i : 2  s : l  /  u : l  \ u = l

*, o i (8, r,,,,'I ", r,, ", ) p, (t, rr,,.l i " t r,,, I )
*,, $t ( S\,,, 10,,,, )' p, ( I " (a,, 1 1) : (,-_1, (r.,, ) )

- \ F ,  
1 7 ,  , * i

, 
[ €,(,n,i)): (f ,(,,,,))

, f (,-t "(r,,,))'I (t'(r,,, ))
+

+
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+ 2 4 i (t, r,,,, ) : (t, r,,,, ) "f (f;, r0.,,, ) I ( p " r,",, r )
rTtk rtt fftu / rL, t _ I: 
I f,tu,,,r') +o[(,-I ,uy;,i,,, 

I ,rr,,,f))

* u i (D,,,r,,,' ',) I ([ ",,r,,.r'))
r : 2  \ l :  I

Now, for a given e ) 0, we put 1 : rnkn9/2 then from

(3.2)

(3.1) and (a.z)  we

(3.3)

obtain

(  l t  r  3 l : \  r \ \r (er","") (1,*,, I I,,,,1) ): 
r (er,,r

t _  t  J  
_  |

:27 e-a(m*n)-af)  -  i :  r (W;, i
l u 4. i : l  

J : l

r n k  n t  i _ \  ,  n 1

+ 6 f D r l y , , i l r )  f ( t "
i = 2  j = l  u : l  \ u = l

r7l"k nt

+ f  t  r  (e6r, . , ,oo) ( l " , , r l ) ) ,
i : l  j : I

completing the proof.

n l e , o o ) ( l S - * , " ,  ; ; ;

lo) + oe(l  r ly; , i t ' ) i , . l r , , , t ,))
r :  I  \ J : 2  u : l

( lyu,ul ' )  + "(s-- , , ,  r )  
t ]

The following result can be proved by the same techniques as in Corollary
2 of section 3 in [5] (applying Theorem 3.1), so we omit the proof.

corol lary 3.2. Let (rn ,n, (^,,n) e N2) be a strongty independent d,oubre se-
quence of self-adjoint identical ly distr ibuted elements of A with r(rr,r) :  o and,
, ( l * t , t l ' l o g *  l " r . , l )  <  q .  T h e n
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