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1\UMtrRICAL SOLUTIOI\ FOR
i\ O I{ L I]V EA R P ERI O D I C I] O U I{ DA RY- VA I, T, E P II O B I,, IiM S

PHAM KY ANH and BUI DUC TIEN

Abetract. An approzimate methd lor nonlinear peridic boundwy-aaltn prcblems (PB-
VP) is discrused. Under suitable hygttheses, the stabthty and conuergence ol the scheme anz
established. Some numerical examples arx giuen.

1.  INTRODUCTION

The most frequent ly used method for the numerical  solut ion of nonl inear
PRVP is the f in i te-di f ference method. This method is,  at  lcast conceptual ly,  easy
to perform. I lowever,  i t  may be di f f icul t  to solve the obtained svsterns of nonl inear
equat ions and to ver i fy the stabi l i ty of  the scheme.

'  Th is  paper  dea ls  w i th  a  numer ica l  method fo r  so lv ing  the  fo l low ing  PRVp:

:  g ( t , a , i , . . . , y ( " ) ) ,  t  €  ( 0 , r , , ) ,

o { ; ) @ )  ( z  :  o  n  -  t ) ;  y , g  €  f t r

The simple case, when n = l ,  has been studied in our previous work
recent presentat ions of the Seidel -  Newton method, see I t-Z].

Prob lem (1 .1 ) ,  ( t .Z )  may be  wr i t ten  in  the  vec tor  fo rm

t :  A x *

w h e r e  
"  

:  ( y , y , . . . , y ( n - t ) ) '  ;

y ( " )

,(;) 1o; :
( r . l )

( r . 2 )

[3J.  For

f  ( t , r , i ) ;

. f  '= (0,0,

/ o  1  0

f o o l

l ' : :
\ o  o  o

" (0 )

. . . ,  s ) ' r

.

:  x ( r ) ,

;  r ,  f  €  IR ' ,  and

: )

A *

( 1 . 3 )
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Discretizing (1.3) we obtain a system of nonlinear equations with a l inear

singula.r part:

( rn+ ,  -  nk )  I  h  =  Arp  +  f  ( tn , ,x * , , (nn+r  -  t k )  lh ) ,

f r o :  r N  ,

/ c  :  oJV  -  1 t  t i  :  i h  ( i  :  o ;N ) ;  Nh :  u .

We shall use the notation.l. I for the max-norm of vectors and the correspond-

ing norm of matrices. The transpose of a matrix or vector will bear a super script

?, and the scalar product in IR" wi l l  be denoted by ( . , . ) .  For any l inear operator

A, N (A) and ,R,(,a) will denote the null space and the range of / respectively.

Problem (1.4),  ( t .S) is reduced to the operator equat ion

A h : L h :  F n ( ' n )  '  ( 1 ' 6 )

where lAnrnlr , : :  (z, t+ r  -  xx) lh-  Arni  [ .Fr,("r , ) j *  , :  f  ( t* ,xk,(nk+r -  xn) lh) ;
( /c  :0J  - -  1 ) ;  An ,Fn:  X6- - - - - - -  fo ,

X h  :  { r n  :  ( " 0 , . . . ,  t N )  €  P ( N + t ) z  i  r s  :  r r y }  ;

Y n  - -  
{ y n :  ( y o , . . . , U N - r )  e  n N " } ;

l lvn l ln:  o<-a5- , la i l ;  l l l " r ' l l ln  :  
o42; l " i l  + h-ro.{n-ax -r l " i * ,  

-  ' i l ;

d im Xr  :d im  Yn :  Nn .

> /c. Denote by Z e Y11 and,. 6 p(N+t)"'

Q f - ' h n - r  , c [ 2 1 r n - z  ,  . . . , c i h , t ) r  a n d
e r  :  ( 1 , 0 , . . . , 0 ) "  €  I R ' .

(1  4 )

( 1 . 5 )

the
( ' )  r

We always assume Lhat Ci: 0, Vi

vectors, whose elements are : 6k :
*  e1 ( lc :  0,  N) respect ively,  where

A simple computation shows that

( r hcl h'cz
, -  l o  I  h c i

( E + n e 1 . : 1
I
t\ 0  0  0

h n - r  C n - r

h n - 2  C n - 2
( k  :  0 ,  N ) .

The remainder of the paper is organized as fol lows: in Sect ion 2, an abstract

Seidel -  Newton method is descr ibed. Then, in Sect ion 3, some basic propert ies

of the l inear and nonl inear di f ference operators are studied. In Sect ion 4, we state

some existence and uniqueness theorems for cont inuous problem (t . : )  (see 12,6]) .
Sect ion 5 deals with an i terat ive method for solving nonl inear system (1.4)-(1.5).

Sect ion 6 is concerned with the stabi l i ty and convergence of scheme (t .+)-( t .S).

Finally, some numerical results are presented in Section 7 and we conclude with a

discussion of the results.



Nonlinear periodic boundary-value probJems

2. SEIDEL - NEWTON METHOD

Let us consider the problem

A r :  F ( " )  ,  ( 2 . 1 )

where I : X -+ Y is a bounded linear Fredholm operator (of index zero),
F: x ' ----+Y is a possibly nonl inear operator,  X and Y are Banach spaces.

Together with (Z.f) we consider the following "discrete,' problem

A 6 r :  F n ( r )  , (2 .2 )

where An, Fn : X6 -'- Y6 are linear and possibly nonlinear operators respective-
ly, and xn,Yn are finite-dimensional Banach spaces. we always suppose that
dim Xr, : dim Y6 1 m, hence Al is a Fredholm operator (of index zero).

Consider the diagram

85

x1, 
An'Fh, 

Yh

where Xo is a set containing a solution x* of "continuous" problem (2.1). lTh,rh
are bounded linear operators which satisfy

ll"n"lli, * ll"ll (h *-+ 0) , Vx e X; llrnyllr - llyll (h ----- 0) , yy € y.

suppose that the discrete and continuous problems (2.1) , (z.z) are compa-
tible in the following sense:

a) Diagram (Z.l) is asympotically commutative on X6, i.e.

A , F
X o C X - - - + Y

, o l  l , o+ J
(2 .3 )

(h ---+ 0) , Vr € Xo,

(h --* o) , Vr € Xo.

0 ,  Vh <  ho ,Yyn €  Y1 :  l l vn l ln  (  ao ,
has a unique solut ion 11 € A6 C

l lAl(n6r) * rn(Ar) l ln ---* o

llF1,(rpl - r6(F(r))lln ----- s

b)  The scheme (2.2)  is  s tab le,  i .e .  lee,h6 )
the perturbed problem A.6r : F6(x) * yn
X6 .
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Moreover, suppose that Vh t ho,Thr* e O;,, and l lnn- rnl ln S Ctl lanl ln,

where -6 is a solution of problem (2.2). Then under some additional hypotheses

we can apply the Seidel - Newton method to discrete problem (Z.Z). Let rf) be

a m-th approximation of ri1, defined by the Seidel - Newton method and let

l lr[*) - 
-rolln < CztT ,,

w h e r e  0 1 q n  (  g  (  1 .  T h e n  l l " Y )  - ' t r t r * l l n < e ( h ) + C z q T , w h e r e  e @ ) : - -
C { l lAnrnr* *  r7,Ar.  l ln + l lF l , (zr6x.)  -  aF(r . )116}.

In many cases an estimate for tp(h) can be found. Thus, to find r* with

an accuracy e > 0, we first choose the sufficiently small step h ) 0 such that

,p(h) < elZ. With that f ixed h we make m) ms(h) i terations to get CzqT < e12.

Before concluding this section, we collect some facts which will be of later

use. To simplify notations, we are going to state results for problem (2.t). The

same results hold for problem (2.2).

Since I is a Fredholm operator, X,Y can be decomposed into direct sums

o f  c l o s e d s u b s p a c e s :  X :  X t @ X z ,  Y : Y t @ Y z ,  w h e r e Y l  :  R . ( A )  q

Y , Xz : N (A) C X, and codim Y1 : dim Xz ( oo. Further, the restr ict ion I

of I to X1 has a bounded inverse. Let P and Q be the bounded linear projections

satisfying condit ions

. P ( P )  :  N Q ) : Y t i R ( Q )  : x ( P )  - Y z .

Theorem 1.1 (see [1-3]). Assume that the mapping F : Q C X -------+ Y is con-

t inuously Frichet differentiable in an open sef O including the closed ball  S with

center at 16 and radius r > 0 and satisfies the conditions

l l PF ' ( r ) l l  S  " ; l lQF ' ( " ) l l  <  0 ; l l la r ' ( " ) l i l l l  <  r ;

l lQr ' ( " )  -  QF ' (y ) l l  S  p ( l l "  -  y l l )  tYr ,y  €  s )  ,

uthere p(t) is a continuous, nondecreasing t 'unction and p(o) : g, p(r) > 0.

If the coefficients a, 0, 1, the radius r and the initial approrimation x6

sotisfy the relations

1 l

q  : :  Z a B l l l i - t l l +  t  I  p $ t ) d t  <  t  a n d  2 6 ( r  - s ) - '  < ' ,
J o

where 6 : :  04l i  
- t  

l  l  l lAr -  P F{rs) l l  + "} l lQr("g) l l ,  then the sequence {r ,") ,  con-
structed by the Seidel - Newton method
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u n + r :  - A - r  P F ( r * ) ;

i n :  u n * r  *  a n i  u n t r  :  r n  -  [ e F ' ( i " ) ] * : e F ( i ^ ) ;
rn *L  :  una t  *  unL r l  ( u ,  €  X1 ;  vo  €  X2 )

convergeE to a solut ion r*  €,S(c6,  r )  o f  (Z. l )  a t  the rate:

l l r "  -  
" -  l l  

<  26(L -  q) - r  q"  <  rqn .

.  Beside.s, i f  d;yn N(A): l ,  then r* is the unique solution of problem (p.1)
in the set Oo : {r e ,S(ca,") r l l ,  -  rol l  S r l}},  where u,us ar€, projections of
x,,ro onto Xz : N (A) respectitsely.

3. LINEAR AND NONLINEAR DIFFERENCE OPERATORS

3.1. Basic propert ies of the l inear difference operator

Theorem 3.1. The rnappinT An : X7, ---- y1, is bound,ed.linear Fredholm operator
( inder  zero) .  Moreover ,  N(An)  :  X!  = span {e} ;R(An)  :  y !  =  {yn € y7:
N * l  N

f  yo , , "  :  o ) ;  Xh :  x l  e  x !  , x l  :  { r n ,  ( f  @ +  nd )N -k r k , r , )  :  o } , y1 , :
k : O  k : O
Yl o v! ,v! : span {6}.

Proof. First, we prove the following relations:

i )  N (An) :  x * .
i i )  R ( A n ) : Y ! .
i i i )  Xh:  x l  e  x l .
i") Yn : Y! @ y*.

Then, from (i)-(ivJ it is obvious that An is a Fredholm operator.
i )  N o t e  t h a t  r n  €  N ' ( A n )  i t r  V / c : 0 , N J  ( r n * ,  - " r ) l h *  A r 1 ,  -  O  o r

r k + L :  ( E  + h A ) , " * ,  k : 0 J -  t . I f  1 6 e  N ( A n )  t h e n  8 1 6 : 0 ,  w h e r e
B r :  (E + hA)*  - -  E,  hence rs :  d .e,1and therefore rh:  e .e.
Conversely, i f  11 == ae then xn e N (An).

i i)  The relation Vt e R.(An) means that there exists an element co € IR, such

8 7
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that

k

r k+L :  (E  +  h l ) k * t "o  +  h | . ,E  +  hA)k - "v "  ( k  :  o ,N  L ) ,
s :o

N - l

Bro  +  h  t  @ +  n$N-k - t v ; :  o '
r = O

Multiplying both sides of the last equality by e,, and noticing that (B16 , e,.) :

0, we get
N - t

h t  ( (E + hAlN-r- ;v; ,e, . l  :  o.
i : 0

N - r

There fore  fy ; , , " :0 .
r : 0

i i i )  First, we show that Xf ) X* : {O}. tndee d, i f  11 € Xl n Xf then rh : ae'

N

S i n c e  r y , €  X ! , w e  h a v e  g :  o f  ( ( E  +  h A ) N - k " r , r r )  :  a ,  t h u s  r h : o .
/c=O

Let 11" € Xt ,th : ae € X* , ih i :  tn - in. Choosing a € IRl such that

i n  €  X t , 1 . e .

0  :  (e r  ,Y ,@*nA) * - r t  r l :  ( e r ,  D@+nq " -o "o ) - "  t  ( ( r  +  hA)N-ke1 ,e1 )
,k=0 ,k:O lc:O

1 I
weob ta in  

" :  
"hD_( t "  

+hA)1 '7 -k rk  t l ) .  Thus the re la t i onX7 , :  x lax t
, C : U

has been proved.

iu) Finally, let y1, € Yl n Yf then ln : c,E. The inclusion y6 € Y! implies that

N - r

0 :  a  LUu,^ :  oN,  hence a. :  o ,  and therefote !6  -  Q.

Ic :O

For every an e Yn, we put iln : aE e Y+ and choose a such that y7, ::
r  N - l

an - i ln €Y!. I t  is obvious that a : * D Ufr,n: and hence the relation ( iv) has
I\ -^

been proved.
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Theorem 3.2. The restriction i1, of th:e operator A1, to X!
bounded inuerse defined by'the formula

k

nh : :  A; toni  rk+r :  (E *  hAlx+rro + [ I (E + hA)k-;y i

zo  :  (€ r , . . . ,  € , r ) "  €  n . '  '  
t :o

1 ^

lrll?t '

N  & _ l

f i :  hDl fu  *  hA)N-" - 'y " .
f t=  I  s :0

89

has a uniformly

( f r : f f i - r )  ;

(3  1)

(3 .2 )

(3  .3)

',^T) g:( ,': ,)
€r  :  -? r

N _ l

where rt : _ hD tU' + hA)N-k-,y0,
&:O

Finally there holds the estirnation

(p1 will be shoun just below).

N - l

Proof.  suppose that v1 €y!  and 4 : :  -hf  r ,  + hA)N-&-tyr .  A,  an €y!
,C: U

l l f ; ' l l  < p,

N  f t _ I

, t :  I  r :O

n _ l
, \-\we have n : Lr1;e;. Let fi

i : l

' :  h l f  t t  + hA)N- i - 'y ,  :  \ , rn"o.

k

Putt ing rk+r :  (E +hA)k+t"o+ n\1n +nA)r-nvo ( /c :  0J _ t )  ,  where
i : 0

z -o :  ( { r , . . . , € , - )T  and  us ing  re la t i on  ( f . t )  we  have  Ay r r l r :  Ah txn€  Xn .  Fu r the r ,
choosing {1 such that r7, € Xl and noting that rs - r7,1 : (E + hi)N ,, _ ,t',

N  N & - I
we get  0  :  (er , f  ( ,  +  hA)*-xxr , ) :  ( (N r  1) ( r '  +  hA)r"o + n! f1 f  +

/c:o f-oi:o
h A l N - " * r y " , e r )  :  ( ( N  +  1 ) ( 2 6  +  r t ) , e r )  +  ( n , r t ) ,  t h u s  f y  -

Sett ing q : :  lE + hAl:  1 *  h,  we have

1- r l t -  
^ r  - ? 7 r .
' {Y - r  I
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N - 1  ' N - l

lrt l  < hI t, * hz'lw-x-' lyi l < h D qN-k-tl lvr' l lr '
k:0 k:O

'  [ ( r  +  h)*  -  r ] l l ya l ln  3  ( " "  -  r ) l lyn l l r , .

N & - 1  . .  / .  . ( r + h ) N  1 \ , ,  , ,  ? r
Note that l ,Al < nIIo"-t- ' l lynl ln 3 (1, - Llv-;- *;) l lvrl lr, .Hence

r h,t - 11 
-:i ' . ' : : 

,,
h , l s  t ? " "  * ; j  l l vn l i o .

Now we shall estimate the norm of re. We have

l "o l  :  ,? ,g" l { ; l  S max { l€ '1, lC; ' l  14l } ,

where 
/ hch h'ck h'-rci,-t \

-  |  o  hch  n - ' cT '  . lc r : : l  :  :  . .  :  l '
t ;  ;  :  n b t ,  )

since l f l l  s lqr l  + #+' N + 1  -  
[  o  w ) " -  "

(" ' -  t) l lyr l ln i t  fol lows that l"ol  < Col lanl ln, where

c s : : ^ u * { " ' -  r +  l '  - 1 l r ' *  j , l c ; t l ( r "  - t ) }  ( 8 . 4 )
[ ( r u

From k

l"o+'l < lE' * hAlx+tltol + hLlE:+ hAlk-illvnlln
i=0

= (o**'""*nffi)
:  [ (co *  1)qe+'  -  t ] l lvr l ln

i t  follows that max lc6l < [(co * l)qN - t] l lvnll6. Thus
O < r c < N '

llvr,llr,

l l l " n l l l r  (  max  l " - l  + ;

Summing up, we obtain
defined by (r.a)

( k  : 0 , N  -  1 )  ,

max lo i . . 1  -  
" i l  < l z (co  *  1 )e ' -  t l l l y r l l n .

t

tha t  l lA ; ' l l  <  p t  : :2 (Cof  1 )e ' -  1 ,  where  C6 is
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3.2. Nonlinear difference operator

3.2.1. Bounded l inear projections in If ,

. ,  N - l

Let  Q6y1,  t :  
,  Lar , .e€Y*.We f i rs t  show that  Qnis  a bounded l inear

K : U

project ion wi th ,P(Qr1 :Y! and N(en):y! .

t -  r  {_ l  1  r  l l_ l  . ,  N_l
Indeed,  Q21,an :  0 , lF  \ ,ar , ,e l :  ,  f  ak , . *  L  6r ,^e :  enan,

L "  / . : o  J  , t  
k = o  

, t  
/ . : o

therefore Q2n: Qn.
Note that

l l a l l , , :  - T n - a - {  l a r l  S  m a x  c f u h k :  m a x  
N ( N - t )  " ' ( N - r + t )  c ^ r i

o<k<N-r  o ( /c (n_ l  "  o5T{ r -_ r  k l  Nk
, k / . - i i  / .  r - i t  u k:  m a x  - - l l _ _ 1 . . . { l _  

-  l <  rosii{"'-r ftT \' 
- 

Nl \ ./y t ost?f_, a '

s ince  c r  =max u . ,k  l k t .  :  {  
' " - r  l@ -  L ) l ;  w  }  n

'  
t w " o - t l ( n - 1 ) ! ;  0 ( z s - 1 < a { n s < n ,

and l lQoanlh < S,rrl lvnl ln l lel ln we have l lar, l l  1 ct.

. clearly, Pn :: Ih - Qn is also a bounded linear projection and ,p (pn) :
Y?,N(Pn) :Y ! .  Morcover  l l r n l l  <  L *c t .

3.2.2. Some hypotheses on g and its derivatives

In the sequel we assume that the following hypotheses are satisfied:

hl) g(t ,€r, . . . ,  €,+r) :  [0,u,, ]  x IR'*r -----  IRr ;  g,,  + e C(A) ;'  " ' o € ;  -
l E q  . |

l f r  ( t ,  €) l< '  ( i  :  L,n + L),  for al l  ( t ,  €) € A ,
w h e r e  A :  { ( r , € )  e  [ 0 , a . , ]  x  p . z * l  , l € ; l  <  R ,  ( i : 1 , n +  t ) ] .

^ul#( , ,€)  -  i tu,e l l<z, i t€ i - i i l  ( r ,€) , ( r ,e)  e  ̂  ( r :T,n+r) .
J = L

h3)  3o  €  C[0 ,  , ) ,  
lo '  

o {s )ds  >  0  and V( r ,  { )  e  A ,  
# ,  "U,

Set  o r  :  { rn  €  Xn '  l l l "a l l l r  S  n} .
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Theorem 3.3. Suppose that the function g : A --* IRl is continuous in the

first variable and continuously differentiable in remaining uariables. Moreouer' as'

surne that the cond,itions (h1)-(hS) hold. Thenthe operator Fn(xn) is continuously

differentiabte (in the Fr6.chet sense) and its derivatiue satisfies the inequalities:

1lri,@n) - Fi,@n)ll < L"'lll"o - 'nllln, Y16ftl, € oa,

l lPnFi , ( ra) l l  (  a: :  ( t+ C1)na;  l lQnF'n("a) l l  3 0: :  C1na.

Furthermore, the restriction of lQ$'n@n)l to x| is giaen by the formula

Yu:, :  \s,  lQnF'n@n)\xuun: f !  -A # (ru'"0, 
' .x+r 'n- , r ' ' , - )  '

I f  we denote by 1 :

N - 1

n \ a @ Q ) r - r - e > o
ic :O

and,let N be sufficiently large such that

lC - t l  +  e ,  where

( / " , " , ' " ;

and lC  *L l  <

Then vrs € o6, lllQn4'n-n)l;ill = 
* 

"
P r o o f .  L e t  r 1 r :  ( r o ,  r r t . . . r r r y )  €  O 6 ,  r ' l c  - -  ( ' r , r r " ' r t n , o ) T  €  R n

( ro ,  r r ,  . . . ,  uN)  €  Xh,  uk  :  ( rn , raa_, , :o t ) '  €  Rt ,  ( / c  :  0 '  N)

lF i ,@n)unl i  :  (0,  . . . ,O,r t j ,n)r  ( i  :0;M=),  where

4 i,n :D:t, (, ',, ' , eo#),',,

*  L  an (  , ,  . ,  
t i+ t , "  -  r i , "  \  ,

h  d€ , ,+ r  \  ,  , ' T  ) l ' i * ' ' "  
- ' t ' , . )

and using hypothesis (h1) we get

, J -  1 .  , \
l fFf , (xn)unl i l :  ln i , i  < "( t  lu , ' , ; l  *  ; l r i * '  

-  r , l )< nal l l ra l l l r .
r = 1

,  u h :

From
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Therefore llPi@illl < n".

- _ Further, {[Fl,(r6) - Fi,@n))rn]i
and from hypothesis (h2) we have

:  (0 ,  . . . r l r r l j ,o  -  f i i ,n ) '  ( j  :

g3

0 , N  -  1 ) ,

= f {,(t,",," - fti,"t *

. r(f 1,i," - ii,,l *lo=O- .

: ,(I 1,i," - rt i,"1+r i+ r ,n  -  i j+ r ,n
- - { -

h

u i+ l ,n  -  , r , r "  l \
h l )

l - \ /

( r j + r - t j + r ) - ( c i

,. (f tui';t +

' "E('" '-  ' i t+ l'-"i)
t" ' l l lro - nnll ln l l lrr l lh.

These inequalities imply that llFi@il - fi,G,n)lln < Trrll lro _ i,nllln.
Finally, for

a h :  A e ,  [ F i , @ ) v 6 ] k , n :  r t k , n
n

: .^ f f* (, r,,0, %T*) 
",,,i : l  \  ' '  /

, \  0g ( ,  ,_ rk+r,n -  rk.n \  ,n n at,* ,  ( t t 'zt '  - ' f f i  
)  

(" , ,"  -  er,n)

:  l !  ( ro , ro ,u  k+r ,n_  -  c f r ,7 ,  
)d € r \  n  ) '

DI(t ' , tn
- i i)
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Thus

,  N - 1

lQ nri,("r,) lxl u h : + \.lr'nt' n)' nlx,aE
-  l r  .k :o

-  l  
' r t -  an  (  ' '  r l+ t ' "  -  t f t ' '  

\  a .:  
N  k a € ,  \ , n ' " k , -  h  )

Using the last hypothesis (h3) we get

lra n ri,(, n)l xiu nlln :*ltb Wlnnl !' # (' r,' n, u-=-)
l / c = o  " = '  \

,  ?ni  "r , , , l1 l lu,r  h,  ?(T) t t t , , t t l ,
, C :  U

For sufficiently large N we have llanfi,@^)l*il l = 
; ; *

w k
Noting that C1 : 

o.?€)- ,? 
a u we can rewrite the last inequality as

Wa nr'i l"n)1r| l l  5 r/(t - ^1s)

4. ANALYSIS OF THE CONTINUOUS PROBLEM

In order to show the stabi l i ty of  di f ference scheme (t 'a) and to prove the

convergence of an iterative process for solving (1.4), we should consider problem

(1.3),  which can be wri t ten in the operator form

A r :  F ( r )  ,  ( 4 . 1 )

w h e r e  A , F : X  - - - - Y ;  A ' r ' *  t - A t ;  F ( r )  :  f ( ! , r , . r ) 1 .  X -  { ' €
C ' ( [ 0 , r ] , R . " )  : r ( 0 )  : r ( c r ) ] ;  Y  C ( l 0 , a r l , I R ' )  ;  l l l " l l l = l i " l i + i l t l l  ;  l l v l l :
max ly ( t ) ! .

In this section we only state some results. The reader is refered to It-3] for

details.



Non linealperiodic bou nd ary- value problerns

4.1. Linear Fredh.olm operator

Theorem 4.1. The mapping A : X -+ l ,  is a bonnded l inear Fred,holm
f w

w i t h  N ( A )  :  X z :  s p a n  { e 1 } ; m ( / )  
-  y t  :  

\ a  
e  V  ,  

l ^  u , ( s ) r t s  : 0 } .

X,Y are deeomposed into direct sums of closed subspaces :

X  -  X L s .  X z ,  Y  : Y r @ Y z ,

where

A - r y : " t A € +
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opera tor

I 'urther

X t  - { ' .  x ,  i  [ '  @  -  
" ) k - t - . / s ) d s  = o ] .'  [  ' f r i | , ,  

1 / r -T - rk \L t * -  
- J )

Yz :  span ta( r ) )  ;  e( t )  ' -  (  J" - '  r -2  \  "' :  
\  1 "  1  t '  ( n  *  2 ) , ' " ' ' ' ' t  )

Moreover,  the restr ict ion l i  of  the operator A to X, has a uniformly bounded
inverse defined by the formula

€r r ) " ,  whose  co

|  , , t  " ( ,  
-  

" )  ov (s ' r  ,cs

m p o n e n t s  € 2 , . . . ,  € ,

(Vy e Yr) ,

are  de termined f rom a  l i r rcarw h e r e  € :  ( { r , . . . ,
t r iangular  system:

/ u

l o
[ ,
\ o

u

0

w " - t  l @  -  1 ) l
a " -2  f  (n  *  z1r .)f):[,]' )a

a n d  ( 1  :  * 4 t

( i  :  1n -* i ; .

Final ly ,
' , k

k l  
and

J21,"ts#u;(s)ds,where  4 i  :  *7 / , , '  (5  {  u ,+7(s )ds
, -- r.tJ '

:  ZC,z( t  +  Cr)  t  I  ho lds,  wherr :  Cz :
ft

\-
LJ

ic :  O

t he  es t ima t ion  j i . i - t i L  S  p , ,

Cs  = .  Q ,  max  (2 ,  lC - t  ] ) .



Consider an
1  f -: { a ( " ) }  /  u " ( s ) d s .
u  J o

is a bounded l inear
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4.2.  Pro ject ions in  Y
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operator A : Y Yrl lYt, defined bY

Clear ly ,  NQ) :  Y. ,R(Q) :  Y2,  and Q2A :  QY,

t k
projection in Y. From llail : ,?,T" iri < 

".1nilt_,( r < t S " -  I

i t  fo l lows lav l  <  j la ( t )1 ,  l l y l i  <  l le l l  l l v l l ,  there fore  l lQ l l  s  c ' .

Set  P  : :  I  -  Q.  Obv ious ly ,  P  is  a lso  a  bounded l inear  p ro jec t ion  in  Y  and

R. (P)  ! ' r , .V (P)  :  Yz , l iP l l  <  r+c t .

4.3. Nonlinear diffcrential operator

Theorern 4.2. Assume that the functiort. g satisf.es hypotheses (hl-hS) in Section

2 ,  t hen  the  ope ra to r  F ( r )  :  f  ( t , r , i )  :  ( 0 , . . . ,  O ,g ( t , ' , i . ) )T  i s  con t i nuous l y  d i t ' -

f e ren t i ab le  i n  F r ( . che t  sense .  Moreouer , l i r ' ( " ) l l  <  
"o  

and  l l r ' ( " )  -  f ' ( y ) l l  s' f " 2 l l l " * y i l l ,  
Y r , y  €  ^ 9 :  { ,  €  X :  l l l " l l l  S  n }  F u r t h e r , t h e r e s t r i c t i o n

lQf '(") lx " 
of the operator lQF' '(t)]  to X2 is ol the t 'orm

le  F,  ( , ) l * "u :  W [-  : ! - ( t , r , , in)d,s,( t  J u  d € t "

w h e r e u :  ) e r  €  X z . F i n a l l y , l l [ Q r ' ( t ) ] i ] l l  <  # t . - t .l l € t l

4.4. The Seiidel - Newton rrrethod for nonlinear PBVP

Qa : :

hence Q

k

!, -- c,
k t

Suppose that

g ^ ( t )  : :

"f,^) 1t1 ,:

'1;-") 1t1 ,:

" (^ )  
. . -

F ( * )  :

, ( ^ )  . :

n ( n ' )  : -

the rn-th approximate solut ion is found (rn > 0).  Let

g ( t , A r n , A ^ ,  " ' r Y * ) ) ;

- - t " - k  [ "  o . - ( " ) d "  ( k :  t , n  -  l ) ;- ;? ,  -  Dt  J"  
en

1 f -
s , " ( t )  -  

;  J , ,  
s - (s)ds;

( Y , n , Y n ,  " ' , Y 9 -  
l ) ) T  €  I R ' ;

f  U , r u " ) , i ( ^ ) )  = .  ( 0 ,  . . . , o , g * ( t ) ) t ;

pF?4 :  p (^ )  -  ep@) -  p (n)  -  aA

- f  " (u*." ) . r , ( - )1s)ds.  

a

Jrt

l,-9 ' ' ( s ) d s ;
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Then
q 9 ) : o '

nld ,: I" Io' 
'" - O' 

"!i]1,1a"
t - v

: - i [ '  t ' , ,-:)!r, '  
"f,d1"1a" (d: r,,z - r).

frJo (k - ') '
The vector {(-) :  (€{-) , . . . ,€P)), is determined as fol lows

€{-): -nl'') :i/'F# "!d1"1a",
a"a 6j-),..., e[-) are defined from the following linear triangular system

(  u w2 lzt  ,^- '  l (n _ t ) !  \  /  f j - )  \  (  , l^)  \
I  o  u , " - ,1(n _2) !  

|  |  e j - ,  |  _ l  , l^ ,  Il , l l l : l l
\; ; ; )[,]-,/ l.,]=r /

set u[-+r) : 1rrr6t-))* + 
lo'{"rt-uo"(,4yod.s 

(k : o,lv), and put

f 
tr)

1(m+r;:1(-) +#*
Jo a6 ts/os

f u

I  Q,n(s ,u\^* t )  a  1( - )  , ,u t^* t )  , . . . ,u{ f+ \  , , iu^+r) )d ,s
:  1 ( 'n )  -

J" f f i t" ,ul^*t)  +  ̂ (-)  ,uL^*')  , . . . ,u?*t) , i ry+r))d" '

Finally, fs6 s( 'n+t) - ,( i-+11 a tr(m+t)11. Note that y-.. , .1 : u\^+t) * I ,n+r , then
1te 4n
fur ,**r ( t )  :  

h"(nc+t)  :  
" [T l ' ) ( r )  ( f r :  1 ,N_1).

L e t  o ' :  ( 1  +  C 1 ) n a ;  B  : :  C l n a ;  l :  C 1 L n 2 ;
Suppose that g :: 2ag1po + tfulz ( 1 and Z6(t - O1-r 1 r,

r ::  R - l l lz{o) 1J1 , r(o) . fu(o), y(o), .. . ,  f f iu@)' ,
where
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Put 6 :  Blpol lAr@) -P.F(r(o)) l l+ r l lQr l" to l ; l [ .  Now we shal l  est imate the

residual 6. For this purpose, let

go(r)  :  n ( r , r ,o, ,  y(o) ,  ,#*r*r)  .  p(o)  :  (0,  . . . ,  o,  go(t ) )  .

" ( t l  f  '  
r l  therefore l loF(o) l l  <  9 ' t  I  / 'n . ( " )a" | .Then QF(o)  :  T/  oo{r )at ,  and therefore l lq f  ,  -  u  )Jo , - \  . / * -1 .

Since

Ar@) _ pF@(o))  :  ; (o)  -  Ar@) -  F(r (o)y  *  eF(r (o) ; , ,

; ( o )  -  n " Q ) :  ( o , . . . , o , * r ( o ) )  ,
\ '  

' d t n -  
/

-  P F@@)1 : QF(r(o);  -  r1r(o);

_ (  , " - '  f '  ,  t  f '  1  r '  ^ \-  
\ ' ( 'o -  1) l  / .  

sods'" ' ' ;  
lo 

sod"' ;  
Jo 

gods - so) '

it follows

Ar@)-pF@@)) : (,ff} lo' noo", ,: l"' noo",I l" n"o" - eo* #t*r)

We put

t l  f ,  /G6:: ; lJ" n (r,,rto',s(o), ... , f f i lot) 
" l  ' i6 :: -. ' .  |  , f '  

- go+ ! 
1"" n"o"l '

Thus l l l " (o l  -  Pr ' (z to ) ; ; ;

: m a x * . ; {  m a x  
t k l [ '  ' l 1 1  f '  d ' r n r l )

,  [o(rc(n-, /r!,r l  lo noo"l ' l ;  J" sods - go'* 
4*a'" ' l  ]  

'

Consequent ly  l l l r (o)  -  P^F(r (o)) l l  <  max {CrGo, io}  :  Ca and 6 S gtpoCq+

lCrGo .

Theorem 4.8. Assume that all conditions of Theorem 1.2 are fulfilled. Moreouer,

suppose that the eoeff icients d,0,1, radius r andthe residual6 satisfy the relations

q  <  L ;  2 6 ( L  -  q ) - t  . ,  .



Nonfinear perio dic boundary-value problems

Then there erists a un;que
constructed, by the Seidel -

solution z* € S(r(o),r) c X
Newton method, conuerges to

l l l c t - )  -  r . l l l  s  r q ^  .
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and the sequence { r ( - )1 ,
r* at the rate:

The continu,ou,E case

l l A l l  < c t ; l l p l l  < r + c ,
l lPF'( r ) l l  < (1 *  C1)na:  u
l lQF ' ( , ) l l  <  cpa:  B
l l lar '@)lxj l l  < r
I  :  C rLn2 .

4.5. Comparison with the discrete problem

N o t e t h a t  p o : 2 C z ( t + C . )  + 1 <  2 e ' ( I * e ' m a x  ( 2 , 1 1 - t l )  + t  a n d
p r : Z ( l * C s ) e "  - 1  <  2 e ' ( L * C o ) + t ,  w h e r e  C o :  m a x  { " ' - 1 + l f i : l  l e . +  j ;
l C - ' l ( "  -  1 ) ) .

Now for definiteness, we suppose that w ) 1.

Since lC;t l ( . ,  -  t )  
, : ;  lC-t l ( " ,  -  t )  < lC-t l r , ,  for  suf f ic ient ly large

N,  we have lC* ' l ( " ,  -  1 )  <  lC- t l " " . I t  i s  obv ious  tha t  p r ,po  I  f i  : :  2e , ( t  *
e ' m a x  ( z , l c - t  l ) )  +  t .

A comparison table

The discrete case

l l A r l l  l c t i l l p a l l  <  L + c l
l lPnFi("r ) l l  < ( t  + C1)na:  a
l lQnF i ,@1) l l  <  cpa:  0
l l lQnFn("n) l ; i  l l  1  16 : :  (h t f l ;  a@h))- l
l n :  C r L n z

5. ITERATIVE METHOD FOR DISCRETE PROBLEMS

We shall use the Seidel - Newton method for solving discrete problem (Z.Z).
The reader is refered to Theorem 1.1 and It-e] for details.

Let the init ial approximation be chosen as 
"[ol 

:  ("[ l ] , . . . ,"11J"t, where

"ff, I  
:  (vo1r*;, do(r*;, . . . ,  yj"-t) Ud)r for some ao € cnlo, r].
By the mean-value theorem, we have

-  (0)  -  (o)
L h , k + l  -  

" h , k- h :  (vo(€rr ) ,  yo(€,tr) ,  . . . ,  af,")  (€r,))r ,

where tn 1 €,t"n ( fr+r (/c : 0.N - 1), and hence lAnrnl - 
''ii.L*,--"li,L -

[A" f ) ]o :  (yo(€r , )  _ -  io ( t *1 , . . . ,a f , " - t ) (€0 , , " - r )  -  v j " - t ) ( r * )  , v3" )  Gr , ) ) .  Fur ther ,
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erc : - -  g ( tx ,vo( t r , ) , . . . , v [ " - t ) ( r * ) ,v5" ) (€ r " ) ) r ;  1 rn( " [o ) )1*  :  (0 , . . . ,0 ,s r ) " '

l  
t - t

Setting stb i: *Ino, 
we have Qn4n("lo)) : gtu| and PnFn("[o)) :

Ic :0

rn@f)) -  1nE, and therefore lP7F7(n,[o))]* :  (-ct-thn-tsrb, ' . . . , -Cihstb,sk -

eta)r- (0 < k < N - 1). These relations show that fAnrf) - PnFn("lo))lu
:  ( r io(€r ' )  -  !o( t1 ,1 , . . . ,v5"- t ) (€r , , " - r )  -  vA"- t ) ( r * ) ,v j " ) (€* , )  -  so) '  *  g ta l
( o < k < N - 1 ) .

From the last relation we find

l lAnrf) -  PnFn("[o)) l l r ,  < -u* 
{**, .  ly j")(€*") -  ex*etal,m-ax *n,r}

Since 1tb ----+ G6 and -f* lyj"l(€r")- Qx*s$l -----+ rnax lvA")(t) - s(t,uo(t),. '.,
1 f u

yA")( t ) )  + :  I  g(s ,yo(s) , . . . )ds l  : :  G0,  as N - - - - -+ oo,  for  N suf f ic ient ly  large,  we
@  J o

can assume that

l v [ t ) ( € * , )  - o j t ) ( t * ) l  S * f *  l y [ o ) ( € * , )  - g r l  ( i  =  0 , n L ;  k : 0 J -  1 ) .

Consequent ly, l lAT,r f )  -  PnFo("Lo)) l ln 3 Cn::  max {CGo, io}.

Suppose that q7. :: Zag1n| * f i7,61,12 ( I and 26h(l - qn)-r < r I rh,

w h e r e  6 1 , : :  g t n p C + * l n C t G o t  r h : :  n  -  l l l " [ o ) l l l n  >  l ?  -  l l l r t o l l l l :  " ,  
a n d  t h e

rn-th approximate solution is found (- > 0)

, (^)  :  ( "5-) , . . . , "11))  ,  ,L*)  :  @*), . . . , r t : ) ) '€  IR" (k:0,N).

Let t ing o ld , :  n ( ro, r | 'd , ry) ,
y(^) :  (4-), . . . ,  / lP,),  . fr  :  (0, . . . ,o,gL*)) '  (k :

and sett ing Qrntb:--t[ t-n*r", we have ,on) : 1od - grntbG

lc :O

N ft-I .

: hDltu + hA)N-"-'y!*),
& =  I  s : 0

,(*) : Lrl^) ", , fi(^) : (il-) ,...,fiY))'
i = 1

o ,A t  -  r ; ,

.  Further, put

N - l

, ( 'n)  -  -ht  (E + hA)N-rc-ro(m) ,  f i (^)
,lc=O

n - l



Nonlinear periodic boundary-va,lue prob/ems

The. f irst component of z[-+t) :  (€{-),. . . ,€{:")),

{{-) :  -r l^) - 6l^) l(N + 1)) and the remaining
from the triangular system of linear equations
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is defined by the formula

components are computed

Then 
" l ,T{r) 

:  (E + hA)(e+r;,rr(m+tr + nltr  * hA)k-"r(,  )
s : 0

:  0J)  (m > o) .  Denote by

i@).  Then,

1 ( " a + t )  :  ) ( r ) tp,#\ '

Let ip :

values of g

Finally,

uf,^+r)  + ) ( - )er  &

una 3.  ca lcu lated at
d y '

( / c :  O , N  -  1 ; .

-(rn\ agL'")
si , -fr t'ne

"':')[:il:[',1;)

{p.'*'}
,L^* t '  '  uL^* l )  ,  t r (n ,+1)r ,  (k :  o .N) . ( 5 . 1 )

Theorem 5.1. Suppose that the functton g, A *-- LIR1 satisf i ,es hypotheses h7-
hS (in Section 3.2.2). Let the init ial approrirnationy@') of the problem (1.1)-(1.g)
be chosen such that

h4) o?,?, .?,%l #"'lt "'
hs) , ; -  - ; . t -  ,  < , ,  where 6s1 : :  Blpc+ i  1c1G11 ,

h6) qo : 2a01i + q6r'' 12 < l.

Then wheneuer h { ho, the iteratiue process for soluing the nonlinear d,iffer-
ence equat ions (1.1) conuerges to an isolated solut ion i6 a.nd the fol lowing est imate
holds

l l l r{-) - nnll ln S rnqT ,

w h e r e O l q n < q < L  a n d  r 1  ' - R .
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Proof. Putting 6n : hnpllAn"f) - P1,F1,(r,["))llo + tnllQnFn("lo))lln,
N - r

Qn : :  2ag1ni+ hn in lz  < 1.  Then as h -  0 ,  th  :  (n ' f<nn)) - t -
k : O

r  f -  1 - l

| l a ( s ) d s ) : . y , 6 7 _ - + 6 o , Q h * q o < 1 . H e n c e h 1 h o i m p l i e s q 6 <\ J o  /

d  <  1 .  D e n o t i n g  r 7 , i :  f t - l l l " [ t ) l l l r , ,  * " o b t a i n  r h  +  r  )  0 ,  r 7 , ]  r .  S i n c e
260(1 -  qo)- t  <  

" ,  
we get  26h( l  -  qn)- '  <  rh.

Thus in the closecl ball 56(r(0), ra) there is a locally unique solution iy, and,
the iterative process is convergent.

6. STABILITY OF THE DIFFERENCE SCHEME
AND THE CONVERGENCE OF THE ITERATIVE METHOD

Denote bV Xo a class of all differentiable vector functions on [0, ar], possessing
Lipschitz continuous derivatives. Define two bounded linear projections

r7, :  X > Xt ,  ,  (nnr)k  :  r ( tk)  ( /c  :  0 ,  N)  ,

16  :Y  - - - -  Yn ,  ( rny ) i  :  v ( t j )  U  :  0 ,N  -  l ) .

I t  is  c lear  that  l l " r , l l  :  1  and l l "n l l  :  t .

Lemma 6.1. Difference scheme (1.i l  approximates BVP (1.9) at euery r € X6.

Proof. For r € Xo, by the mean value theorem we have

l lAnnn(x) - 16Arl ln : 
osRT_, o?cE," l t ;(€r;) - i i( tk)|,

where tn  < €* ;  l  tx+t  ( i  :  W).

Let the derivative i of r e Xo be Lipschitz continuous with a Lipschitz
coeff icient K(r), then

l lAnnn( r )  -  r lAx l l a  :  max  l t ( € r ; )  -  t ( t n ) l  {  K ( r )h .

Similarly, using hypothesis (h1) we get

l l  F {tr 6 r) - r 7, F (r) l l  1,
r " ( t * + r )  -

: max
0< k</\f - I

-  
o < k < N - l

ln (,-, ,r(tk),

a lb " ( {p^ )  -  i

r " ( t  k ) -  g ( tn , r ( tk ) , t , ( t r ) ) l

, ( t r ) l  <  a K ( x ) h .
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Thus l lAn"n(" )  -  qAxlh + l l r7 , (nhx)  -  aF(a) l l r  S ( r  +  a)K(r )h .
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Lemma 6.2. Difference scheme (l.l) is stable, i.e., there exist h6 ) o and, e ) 0
such that for any h < ho and, z €Yn (l l" l lo < e) the fol louing statements hold:

i) The operator equation

A7,r :  F6(r )  +  z  ( l l r l l , ,  <  r )  (6 .1)

has a un ique so lu t ion in the set { t l :  { r€  Sn(ro, r t )  :  l l l i ln ( " - " f \  l l ln  <  rh l } } ,

where Rl r  : :=+ i , , "  +  hA)N -k  rp ,e1)e.. "  
N - ,  _ k : o

i i) l l lx6- nnll lr, < cs l l" l ln,
where r7, and 16 are solutions of (A.1) and (1.0) respectiuely.

lroof. Let F1,(") : Fn(") * z, then (o.t) is of the forrn A1"r: Fn(r). Further,
Fir.@) : Fi,@), ro .F6 possesses the same properties as F6 in O1 (cf. Theorem
3 . 3 ) .

We find the residual 6(z) :  hnpl lA1,n1,-p1,f i 'o@f)) l ln+tnl lerfr ,o@f)) l lo ,
and the expression q(z) : Za|tni + f i66{z) 12.

As 6(z) ----+ 66 (, ---* 0) , q(") - Qn I | (" - 0) , then there
exis ts  e > 0,  such that  for  every l l " l ln  < t ,  z  €Y6,  w€ have q(z)  (  1 ,
26(z)( t  -  q(" ) ) - t  <  ,h .By Theorem 4.1,  there ex is ts  a unique so lut ion xn € sn.

Observing that u1, - uh : Agt 1e1,lfo@n) - Fn(zn)l * p1,z\ and using the
facts that QnFn("n) == Q7rz,, QnFn(ir,) :0 we come to the estimate

lll"r - nnllln < i{"lll"n - tnllln+ (1 + c r)ll"lln}. (6.2)

Letting

i h :  u h  *  D r  €  O r ,

Qn":  QnFn(rn) :  QnFn("n)  -  QnFn( t r )  +  enFn( in)  -  enFn(zn) ,

have llQ nFn(",,,) Q nFn(in)lln
+ l lQn"l ln < gl l l "o -- anl l lna Cl lzl l l .  on the other hand, since dim X* :
dim ff : 1, by the firnite increments formula, we find

l lQ n Fn(" n) - e n, Fn(i n) l l  n : l l [e n r i ,( i  n * (,(u n - o n))) x* @, - o n)l l  n
> ̂ /;'l l lro -- onllln.
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Consequently
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l l l rr '  - onll ln <'YhllQnFn("a) - QnFn(tn)l ln
< tngl l l "o -  anl l ln  + thct l l " l ln '

From (o.z) and the last inequality it follows

l l l "n -  nnl l lns l l l " r  -  anl l l r .  + 1 l l 'n  -  or , l lh '
< (t + tng)l l l"n - anll ln + mctl lzl ln
S i{" l l l"o - erl l lr  + (1 + c') l l ' l l r}(t + tnl) + l6cl l lzl ln
: a(l + tng)plll 'r. - rnllln * ltnCt + (1 + tn|)(r + cr)blll"lln.

Noting that 1 < gtnand hence a(f + ln|) i  < 2oglni I  qn < f < 1, we

get the following estimate

l l l "o  -  z r l l l n  =  Wl l ' l l n  
s  cu l l " l ln ,

w h e r e  
h - _ e ) c t + [ 1  +  ( t + 1 1 8 1 0 + c L ) p

< ' S :  '

Set  S  :  { r€  X :  l l l t - "o l l l  <  r ,  l l l r - ro  l l l < ' l z ) 'We  a re  now readv  to
prove the main theorem.

Theorem 6,L. Suppose that the hypotheses (h1)-(h5) are satisfied. Then

;) Problems (1.1), (1.e) haue a unique solution r* € '9'

ii) Difference schem" (1.1) is stable and has a unique solution frn € 51 for
h < h o .

;i;) Iteratiue process (l.l) conuerges to i6.

ir) Suppose that x* € Xo, then there hold's the estirnation

l l l" [-) - irhr* l l lo < R4^ + Csh.

Proof. Statements (i)-(ii i) have been proved in Lemmas 6.1, 6.2. To prove iv) we

s e t  z p r : :  A t ( t r n r . )  -  F n ( n n z * ) ,  t h e n

l l "n l ln  s  l lAn( "n" . )  -  r6 (Ax . ) l l r  +  l lF6(n6r . )  -  aF( r . ) l l r  s  ( t  *  a )K.  h  .



Nonlinear pet iad ic boundary-ralue problems 1,05

Therefore l lrnl l  < e for al l  h ( hr. By LemmaG.2, the operator equation A1,r:
Fn(") * zt has a unique solution 16 € 56.

To prove rl"xj : xirrit suffices to show that nlx* € Sn. Note first that

l l lnnr. - 
"f) l l ln : l l l"n(". - "(o))l l l ,,

S  l l " a l l  l l l " -  - r ( 0 ) l l l  <  I l l " -  _ " ( o ) l l l  I  r  1  r n .

Further, we should verify the inequality l l lL1,Qr:,r. - rn)l l lr, S ,nl2.First, we
show that Vc € X, l l lR{trp)l l ln ----- l l ln"l l l  , where

Rr :; (I /' 
,i,-_'l;;'z;(s)ds)e1

It is clear that

We represent

1  f u n - l

l l l n " l l l : 1  /  tw J o  =

(g#",+,(")d"l

: j,,TL E" t* rh 9+9t,,;+ r (rp)
I T : U  ' C : U

: rirr, 1 151 S ttlt I
N * o o N + I  l 1 k  

'  r ; + t ( t t - * ) l

: li- -L lY" S ttr" I
N-oo/v + r  f f i !__" i !  

, r* t( t"-*) l  .

lllu6n 6zll In : 7,,,f i *,,, 
+ hA)e"(r,u-1), ", ) | 

| | l"l I h

:  *1 1 i , , "  + hA)f t , ( r iy-*) ,e1)-  
N +  r l ? o " "  '
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as la[t) * nf) n n[t)1, where
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AIJ) : *+ i i cihirial (rr-r) ,
N + I 7o7:o

a[') : 
"h 

i f Y",*,(rry-r),
K : N  I : U

a[,) : # i f Tft4 - r,),,*,('rv-r).
K = f L  l = v

Clearly, as already mentioned, Af) ---' 0.and l4f)l ----- lllA"lll as N ---+ oo.

Estimating the third term, we have

Inr ' ,r  s rhp"Ei (oi) '{ ,-  ( ' -  ;)  ( ' - ;)  ( ' -  

")} 

t t t"t t t

= 
"; e"E f (*)' {' - (' - ?)'-'}',''"'

.  c '  + F  
r ' - ' ( : = - ' ) ' r r r - r r r  ' c { n - 2 } 2  

N  n - r  /  r ' \ d - '
-  N+ tZ^?-u N'  l l l " l l l< ; f f ip" I  ( ; )  l l l " l l l

.  C{n -  2 \2  .  , ,  , ,  -  Ct@ -  2)2 ln  -  t )  
l l l r l l l  __-- ,  o

N ( N * f , ( " - " ) ( " - 1 ) l l l " l l l <  N T 1  r r r - r r l

as N ----+ m. Thus we have pro'ved the relation l l lBl(n6")l l lr _- l l ln"l l l  (N *

m) for any fixed r € X .

Since i l l r i  -  r [o) l l lo  -  l l ln ; .n6(o* -  
" (o)) l . l l r ,  

- - - -  l l lR(" .  -  ' (0)) l l l  < '12,

i t  follows that for sufficiently small h,l l lui- r[o)l l lo < ,lz 3 'nl2'

Finally,

l l l " lJ ')  -  rhn*l l ln :  l l l " [-)  - ' r , l l l r ,

S l l l " [ 1 )  -  t o l l l a+  1 l l e r ,  - " n l l l r ,  < rnq |  +C7h<Rq^  +Csh '

The proof of Theorem 6.1 is complete'
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7. NUMERICAL EXAMPLES

We shall illustrate the described above method by considering a nonlinear
PBVP for the Duffing's equation

I  v" ( t )  :  K(y( t )  +  y3(r )  +  y ' ( t )  -  
" ( t ) ) ,  t  €  (o ,zr )

I  y (o)  -  vQn) :  y , (o)  -  u ' (Zn)  :  s  ,
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where rc ) 0 is a small parameter and u € C[0, 2fl  is given.

Bv put t ing x( t )  :  (v( t ) ,v ' ( t ) ) r ,  probrem (2.1) ,  (7 .2)  is  wr i t ten in  the vector
form

(7 .1 )

(7 .2 )

(7.3)

(7.4){ ;,; !),,i,u;r'i)rc

where . f  :  (0,  xr  *  x l  -  12 -  u( t ) ) r  ,  and, A: (3 ;  )

are given in the following tables.

1)  Case 1:  u( t )  :  2 .  problem (T. I ) - (T.Z)  has an exact

T t r r - : ( r  I  " '  1 \' "  
\ o  0  o / '

I f  rc is small enough (e.g. less than 10-2) then al l  of condit ions of the
Theorem 6.1 will be satisfied. However, in many cases for much greater rc, the
sequence of approximate solutions constructed by the Seidel - Newton method is
still convergent.

Let us consider an uniform mesh of lO,Zr): {0 : to ( . . .  ( 11,, :  Zzr}, where
t ; :  i h  ( t : 0 , 1 / )  , h : 2 r f N .

Consider problgm (7.3)- (7.4) in three cases with ro : o. The estimations

so lu t i on  V . ( t )  =  1 ,  i . e .

lr

0.01 l l l"[u) - , i l l ln
o.oo1 l l l" [ ' )  -  

" i l l l , ,

10-3 l l l" lu) - ,Ll l ln
1o-3 l l l r l , ' )  -  

" i l l la

500

1o*3 l l l " [u)  -  
" ; l l ln  < ro- '

ro-3 l l l " [ ' )  -  r ; l l ln  < ro- '

100 200

s

2)  Case  2 :  u ( t ) :  ( 1  +

has an exact solution y

1 / r c ) s i n l * s i n 3 l * c o s f .

- ( t )  =  s i n  l ,  i . e .  n 6 r *  :

In this case,
( sints

\ cos le

problem

s i n  f t '  \
cos ty  )

(7 . r ) - (7 .2 )
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N

100

0 .1

0.01

0.001

l l l " [ ' )  -  
" i l l ln

l l l" l , ' )  - 
" i l l l r

l l l"I , ')  - 
" i l lh

l l l " f )  -  
" i l l ln

l l l " f )  -  
" l l l l r ,

l l l " f )  -  
" i l lh

l l l " fo  * " ; l l l r<o .oz
l l l " [ ' )  - " ; l l l r<o .oz

l l l " l ' )  - " ; l l l r so 'oz

< 0 .1

<  0 . 1
<  0 . 1

< 0.05
< 0.05
< 0.05

3) Case 9: u(t) : 51tt1' The exact solution is not

100, rc : 0.1 the curve of the approximate solution

and l l l " f )  *  
" [ ' ) l l lo  

< 10-6.

available. When N :

"(a) 
ir shown in figure I

1 .

)

Fis. 1
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