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ON BALAYAGE PRINCIPLES BY

INVERSE SOURCE PROBLEMS*

LE TRONG LUC

Abgtract. The pper est,d,litl,,a come hlayqe prirciplec (or aweepinyout
pirciples) in the aerue ol dist'ib,d,ioru by '*ing '.cultt ol inaerrc courc,e ptob-
lemt lor ,n,rtial difrercntid opcrdort uith cowturrt w.ffuientt. Exampret lor
tfu lql@ opcrdor, tlle hcd cordwtion opctutor, tfu Helmluttz operatord, and
tJle, waoc opcrutor arc giacn.

1. INTRODUCTION

The balayage principle in the potential theory (see [t], [gl, [6],
[9]) says that for a measure z located in a closed domain G c'^Rb ttt"t"
exists a so-called swept-out measure p distributed on the boundary 0G,
generating the same potential as y exterior to G-, i.e.

'Ex * v(n) : Ey * P'(x) Vr e .Rs \ d,

where Ex("):]-l4Tlrl is the Newtonian kernel, and * is the convolu-
t ion.

some authors [3], [9] used this property to introduce the following
inverse source problem to study the solution set .L(p) (or information
content r(p) [g]) of all such measures (sources) z provided that p is
known on the boundary dG. For the case of Laplace operator, the
solution set ^L(p) is defined by:

L(p') :: V r  e  G 1 : :  R 3  \  C )

The present paper generalizes the same idea for a class of partial
differential operators with constant coefficients to establish some bal-
ayage principles in the sense of distributions. We shall use the notations
of [a], [o], [ to], [ t t ] ,  [12] for distr ibutions.

* This work ie partially supported by the National Basic Research Program for
Natural sciences and by the Program nApplied Mathematicso, NCNST of Vietnam

{v 
e C'(d) : Ey * v(x) : Ey * p,(n)
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2. THE DIRECT-INVERSE METHOD

Let
P :: t  aoDo, @a : colst

l o l< -

be a partial differential operator in .R' of order rn with constant coeffi-

cients, where o: (or... ,  ar) are mult i- indices, and .E be some funda-

mental solution of. P, according to certain physical meaning. Consider

a domain G c Rn, not necessarily bounded, with its boundary aG

and closure G. Denote by Gr :: Rn \ G ttre complement of G. For

any subset AC.R'we denote by D'(R",A) the set of al l  distr ibutions

u of D'(R) with support on A, supp t/ g A. In order to pose the

inverse source problem correctly, it is necessary to impose certain re-

str ict ions on Dt(Rn,G) so that the convolution E * f ,  I  e Dt(R",G),

has a sense in D,(R'), i.e. it exists. Introducing the set E(G) of all

such distributions:

E(C) r: {, 
e D'(R",G) : E * v exists in

we have a well-defined transformation

TP :n(G) -  D'(Gi,

D,(R") \

u , - E * r l " r ,

where E * ulc, is the restriction of E * z on the open set G1.

easy direct problem to study properties of E * ,lrr, v eE(d

the general property:

P(n* r1 " , )  : o  i n  D ' (G t ) .

Thus we have the reason to introduce the set If of all such func-

tions (distributions) having the same property:

:  Pu(c)  :  e  in  a ' (c , ) ) .  (1)

It is an

). It has

H z :

We also can write

D'(Gt) (see Itr ] ,  [ rz]) .

{a e D'(c)

Pa(r)  :  o,  n € Gr,  instead of  Pa(r) :  o in
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Definition l. The inverse source problem with respect to some given
distribution u € .EI is to find a source p € D'(R",G) satisfying the
condition

E *  p( r )  -  u(c) ,  Vr  € G1,

provided that the convolution E * p exists.

Let Z(u) denote the set of all solutions of the above problem

L(a ) : :  { f  .  n1a )  z  E  *  f ( r ) :  o ( r ) ,  V r  e  c r } .

By defini t ion, D'(Rn,Gr) C D'(R) C D'(Gr).  In view of (1),
that is H c Dt(Gr), we diagnose whether the inverse source problem
with respect to u € If is solvable if I/ is reduced to Dt(R",G1).

Theorem l. Assume u € H n D'(R.,G1) sucl that the convolution
E*a ex is ts .  Thenthere er is ts  o so lut ionu:  Pu e L(a)nD'(R" ,AG).

Proof. Since a € H, by definition we have supp Pu C R" \ Gt - G.
By assumption a € Dt(Rn,G1) we obtain suppPu C Gr. So we get
supp Pu C C n Gr : 0G or Pa e D'(nn ,dG). On the other hand, from
the existence of the convolution E * a it follows that the convolutions
E * Pu and (PE) * u exist, and

PIE  *  u ( r ) ]  :  E  *  Pv (n ) :  (PE)  * ,u (c )  -

:  6(c)  *  u( r )  :  u(s) ,  Vt  €  R" .

' In particular, we have E * Pu(n) : a(n\, Vc € G1, or Pa €
I(u) n D'(Rn,OG), completing the proof.

We are going to use this theorem to obtain some balayage princi-
ple. It is well known [fZ] that for each set A C .An and a number e ) 0
there exists the functiorr 1A,c € C-(.8") with

nA,E(E) : L, Vr € A,

nA,e(E) :  o,  va€ A",

A " :  
{ n e  

n " : l r - y l < e ,  V y  e  A } .
where
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Using this function we give the following.
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Definition 2. Ler | € Dt(R") and / be a closed set in R". If there

exists a distribution g e D'(R") such that for each sequence {n7.,"},
e ) 0, the following condition holds

s : jt$ f ne," in D'(R")

or
(s,P):  J5( /2e," ,9)  

in Rr,  vP € D(R^),

then we call the distribution g the restriction of / on the closed set A

and denote it by /ln.

The above definition is correct, i.e, it is well defined if it exists.

Indeed,if there exists an another restriction g' of / on A, then

(s,p):  jgl( / t l , t  ," ,9) :  b ' ,P) vP € D(R")

or g - gt in D'(R").

The notation u e H nDt(R",G) aho means that u € D'(Gl) is

extendable in Dt(Rn) to the whole G1. For each continuous function

the corresponding distribution has the restriction on each closed set as

by a usual function. It is not difficult to show that if the restriction

.f l^ exists, then it belongs to D'(R",A).

Theorem 2 (Sweeping-Out Principle). Let u € E(G) ond suppose

that there ecists the restriction of E * u on G1. Morcouer, assume the

enistence of the convolution E,*(E *ule). fn"n there enists a suept-out

distribution vt e D'(R",0G) such that

E *  v( r )  :  E *  u ' ( t ) ,  Vs € Gr.

The above theorem follows directly from Theorem 1 since -E *

, lc,  e H, E * r le, € D'(R",G),and the convolut ion E * (E * ul . ,)
exists. The swept-out distribution is defined by

v ' : P ( E * r 1 " , ) .



Bzlayzge principlea by inver* sourcc problns

Eramples

a) Laploce operotor. For the Laplace operator described in the
introduction, the set I/ (see [t]) is of the form I/ : {u e Dt(G1) :
Asu (c )  -g  V reG l ) .  By  Theorem l , f o reach  u  €HnD ' (R3 ,G)
with the existence of Ey * u, there exists a solution z carried by 0G.
From Theorem 2 for each distribution u of. D'(Rs,C1 with the existence
of the restriction E x * vlE, and the convolution Eiv * (E,v * ul c), there
exists a swept-out distribution v' e D|(R3,OG) such that .E *u(a):
E *  v t (a) ,  Yr  € Gt .

Under certain additional assumptions on -Ef , one can obtain some
existence and uniqueness statements with the corresponding swept-out
distributions in form of simple layers and mixed double layers [?]. There
can exist several sources having the same swept-out distribution. In [7]
an example is given, in which the set of all such sources is of power not
less than that of the continuum.

b) Helmholtz operator. For the Helmholtz operator

P : : A s t . \ ,  . \ g ^ R

we distinguish two cases

P * : : A g * / c 2 ,  f t > 0 ,

P - : = L s - k 2 ,  f t ) 0 ,

and consider the inverse source problem in both cases on the same
domain as for the Laplace operator.

Regarding the positive Helmholtz operator P* we can take two
fundamental solutions (see [tt], ItZ])
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and according to the two Sommerfeld emission conditions at infinity,
we have

"ikfulE(r)  :  -* l ,  and E(a) :  -

ffi-iku(n)
W+iku(a)

"-iklrl
arlnl '

:  o ( l c l1 ) ) ,

:  o( l " l - ' )  ) .

s(-)  , :  { ,  € cr(cr)  :

s(*)  , :  { ,  e cr(cr)  :
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For the above funda,rmental solutions .E and E with the corre-
sponding Sommerfeld emission conditions, interested reader may use
Theorem I and Theorem 2 to deduce inverse existence statements and
balayage principles.

c) The heot conduction operator. As an example for the case of
unbounded domains we consider the heat conduction operator

Pnu(n,q , :  
Y 

-  L ,nu(r , t ) ,  17,  :  L ,2 ,3, . . .

with the unbounded strip

r > 0 .

The well-kno\tn fundamental solution is

o(t)-"-1,121at
En(c, t ) :  

1n;y"12-  
,

where 0(t) is the Heaviside function: d(t) : I for t ) O, and 0(t) : 0

otherwise. Flom Theorem I for each distribution u € H nDt(R"+t, Gt)
such that En * a exists in Dt(R"+l), there exists a solution u : Pnn
carried by Eo x (t : ?), where Gr = {(",t) : r € Rn, t > T} and

H : {a e D'(G) ; Pna(r,t) : o Vt > 
"}. 

In view of Theorem 2, for

each distribution u eE(G7) such that the restriction E * ul1, and the

convolution -8,. * (En * rle) exist, there exists a swept-out distribution

v t  e  D ' (Ro* l , 8 ' x  ( ,  :  
" ) )  

so  tha t  .E ,n  *v (n , t ) :  En*u t (n , t ) ,V t  >  T .
One can, of course, impose additional assumptions on If in order to get

inverse and sweeping-out statements.

d) The uave operotor. For the wave operator

P n i :  
# -  

a 2 L . , ,  o ) 0 ,  n = L , , 2 , 3 ,

with the same closed strip G7' and the domain Gr as in the proceeding
example one can take the fundanrental solutions of the form (see [f r],

[12] )

Er(c,t) : Lrelat- 
lrl), n = !;

Ez(r,tY : -e(,!-bl- , n : 2;
zrol@tvlfi

Es(r,q: #6.s.,(,) =ffi062t2 -lrl'), n:3.

G 7  z = { { " , t )  .  4 n * 1  :  x  €  R o , o  <  t  S  
" } ,
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The set If is defined as

n  :  { ,  e  D ' ( G )  :  P n a ( x , t )  : 0 ,  V t  >  
" } ,  

n :  r , 2 , J .(  ) '

By Theorem 1 the inverse statement is: For each u € H n
D'(Ro+r,Gt ;  wi th  the ex is tence of  En*a,  n :  Lr2,B,  there ex is ts  a
solution z carried by R" x (t : 

"). 
This yields the balayager principle

(Theorem 2): For each u € E(Gf) with that the restriction .E,n * vlc,
and the convolutioa Eo * (En * ,l"r) exist, there exists a swept-out
distribution zt carried by .R" x (t : ?) so that

Eo  *  v ( r , t )  :  En  *  v ' ( r , t ) ,  V t  >  ? ,  n  :1 ,2 ,3 .

Again, one can make certain restrictions on I/ in order to get
further inverse statements as well as sweeping-out ones [S].
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