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THE DUAL ALGORITHM FOR MINIMIZING
THE SUM OF ABSOLUTE VALUES OF
LINEAR FUNCTIONS!

PHAM THE LONG and DAO THANH TINH

Abstract. This paper is devoted to develop the dual method for minimizing
a sum of absolute linear functions. The algorithm s based on the support co-
plan notion that is firstly proposed by R. Gabasov and F. M. Kinllova in hnear
programming. In this paper a support co-plan is defined, the optimal criterions
are proved and the algorsthm is described in great detasl.

1. INTRODUCTION

We consider the following problem

f(z) = Z|c§cz+ak| — min
kEK (1)
b, < Az < b, d. <z <d*, ‘
where A = A(1,J), I = {1,..,m}, J = {1,...,n}, is a m X n-matrix;
z,d.,d* € R"; b,,b* € R™, K = {1,..,K}. By using the auxiliary
variables 2(K) = {2|k € K} we can transform Problem (1) into the
following linear programming problem

E 2 — min

b < Az <b*,  d.<z<d, (1)
~2<Cz+a<lz, z>0.

Then, by using well-known methods in the linear programming

1 This paper is completed with financial support from the National Basic Research
Program in Natural Sciences
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we can solve Problem (1’). This way, unfortunately, is not always ef-
fective, because dimensions of the problem may be increased and its
characteristic may be lost.

In [1], [2] Gabasov R., Kirilova F. M. and others considered the
problem of minimizing the sum of absolute values of linear functions
with equality constraints:

{ Z |ekT + ak| — min

kEK (2)
Az = b, d, <z<d*,

of course, we can also transform (1) into (2) by using the auxiliary
variables. But then dimensions of the problem will be also increased.
In this paper, we shall build an algorithm to solve Problem (1) directly.
Aiming at this purpose we consider the dual problem of (1):

p(A) = —b*s+bt—d*w+dv+af — max,
Aly+w—-v+C'¢€=0, y=s—1

8 >0, t; >0, 1€l w; 20, v; >0, j€J;
1< & <1, k€EK;

(3)

where A = {y,w,v, €}, € € RX, w,v € R*, s,t,y € R™, C =
C(K,J) = {ci,k € K}. In fact, Problem (3) is the dual problem
of (1’). \

Let {Ion,Jon} C {I,J} with |Ion| = |Jon| and det A(Ion, Jon) #
0. Then we build the matrix D(K,J) = C(K,Jon)As A(lon,J) —
C(K,J). Let {Koz,Joz} C {K,J \ Jon} with |Koz| = |Joz| and
det D(K oz, Joz) # 0.

The set Foy = {Ion, Jon, KozsJoz} is called the support of Prob-
lem (3).

Let A be a plan of Problem (3). The vector § = A’y + C'¢{ is
called the co-plan of Problem (3). A co-plan 6 with a support Fo; is
called the support co-plan and is denoted by {6, F,.}.

The support co-plan {6, Fo.} is called non-degenerated if

{5,-;&0, Vi€ Jn=J\ (Joz UJon), ”

yi # 0, Vi€ Ln, k] <1, V k€ K.



Minimizing absolute values of functions 119

Notice that, it is easy to choose a plan A of Problem (3). For
instance, for any £,y, such that |£x| < 1, Vk € K, we define the
vectors t, s, w, v as follows:

t; =0, =y if ¥ >0,
Vie I: { o nea) (5)
ti=—yi, s =0 if ¥ <0
v, =6;, w;=0 if 6;>0
Vye J: - > ’ ’ G 6
A {v,-=0, w; = —b; if 6; <0. (6)

Then A = {y, w, v, £}, satisfies the constraints of Problem (3). The
co-plan § is said to be adequate if it satisfies (5)-(6).

Let A be a plan of Problem (3) and {4, F,.} is an adequate
support co-plan. We define a pseudo-plan x which satisfies following
conditions:

1. VjEJn:Xj=d*jif6j>0,xj=d;if5j<Oa.nd
d*ijJ'Sd; if 6; = 0.

2. fk(X) = c;cx + o = mn, Vke K, A:X = Wy, Vie Ion’
where n; and w; are chosen as follows:
a) Vk € Koz : i = 0, if [€x] < 1; ng = eb, if |€x] = 1 where ¢ € [0,1];

b) Vi € Inp : wi =87, if y; > 0; wi =b, if y; < 0; by <w; < b;, if
Ys =0

Then
Xoz = Do { oz = oz + C(Kaz, Jon) Aton — D(Kos, Ju)xn },
Xon = Ao_nl {won i A(Ion:-] \ Jon)X(J \ Jon)}-
2. OPTIMAL CRITERIONS

Let 6§ =6+ A6, A= {9,9,v,€} = {y+Ay,w+Aw,v+Av,£+
AE},where
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: Aét’)t = {A&' A_IA(IOR’JOI) - A6¢’7z i Ay,nB(InaJo:r.’)

on“"on

—AE.D(Kn, Joz) } D1, -

At = {88, — AYLAUTa, Jon) = AECK, Ton) [ A5,
| A8, = AYA(ILJ,) + AEC(K, T,),

and  B(I,J) = A(I,Jon) A5 A(Ton, J) = A(I, ).

_Then'A$' = AY A+ AEC,and /A =n'A¢ — As'x + Ay'Ax.
Let X be a plan of Problem (3) and é is an adequate co-plan. Then the
following implications hold:

6; >0, § >0 = x;j= dujs Aw; =0, . Av 5 A
6; >0, 6; <0 =>x,= d., Awj = —b;, Av; = —b;;
6; <0, 6; 20 = Xj=d;, _ Aw; = by, Av; = bj;
6; <0, 3,- <0 = x; = d;f., Aw; = —Ab;, Avj =05
6; =0, 3_,' >0 = d*j/S X Sd}, A-‘tv,-:'b, Av_,-=.6-_,,
5j = 0, 3-,' <0 — d*j <x; < d;, Aw; = —3]', Av; = 0;

y: >0, ¥;>0 = Aix= b;, CAsy = Ay, AL =0

¥i >0, §, <0 = Aix =0, As; = —yi, Ati=-Y;
¥; <0, ;>0 = Ajx = b, As; =F;, Aty =yi;

¥ <0, ¥, <0 = Ajx = bs, As; =0, At; & —Ayi;

vi=0, y,>0 = b, < Aix < b}, As;i=7;, At;=0;
vi=0, 7; <0 => b, < Aix<b;, As;=0, At; = —yg;
Ee=1, -1<§ <1 = A&G=&-1 %20
Ge=-1, —1<E <1 = A&L=%&+1, m<0
“1<&<l = =0, —1-§ <A&LE<1—¢.
Let

Ap =p(X) — p(})
= _b*As+b. At — d"Aw + d.6v + o'6¢
= _b"*As+ b At + Ay Ax — d"*Aw + d,6v — Aé'x
b Aoz + 7Y Abkfrlx)-

keEK,
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Denote Ap = Ap; + Ap; + AP3, where

Apy = As'(Ax — b*) — At'(Ax — b.)
= Z Asi(Aix — b)) - Z Ati(Aix —byi) + Z yi(b; — b.,)

‘eln zGI,. !i>0y
v;<o
+ D Bl = 8)) + Y Tlwi =)+ Y Tlws - by),
y; <0, ¥;=0, v;=0,
vi20 V>0 V<0

Apy = Avw'(x — d*) — Av'(x — d.)

= Y Awi(x;—d}) = ) Avi(x; —du;) + Y &(d; -

JEI\Jn JEIN\In 8 >0,
6j$0
+ 3 Gy —d) + Y F(dy—x)+ Y &(d: —x;),
5j<0, 6’-=0, 6J-=0,
520 5;,>0 ;<0

Dps= Y A&fi)+ Y, G-Dm+ > (& +1)n

keK,, £ =1, ¢x=-1,
—1<¢ <1 ~1Z5¢£; <1

121

d.;)

k-

Assume that {6, F,.} is an adequate co-plan and  is pseudo-plan.

Then we have the following

Theorem 1. If x satisfies the following conditions

X5 = d;, tf (53‘ <0,
X; = d”‘, !f §J' > 0,
d+j < x; < d;: if 63’ = 0;

Aix = b:, '.f yi >0,
AiX = b*t') if y‘f < 01
b.i < Aix < b}, tf yi=0;

{ fk = Signfk(X)a 'f fk(X) 7é 0,
—1kaS1, ’f fk(X)=07 kEKn=K\Koz1

(8)

(10)
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then x is an optimal plan of Problem (1). Conversely, if A is an op-
timal plan of Problem (3) and the pseudo-plan x, associated with a
non-degenerate adequate support co-plan {6, F,.,} is an optimal plan of
Problem (1) then conditions (8), (9) and (10) are satisfied.

Proof. Let a pseudo-plan x satisfy (8), (9), (10). From (10) we obtain
£x = signfi(x), for all k € K satisfying fi(x) # 0. Now

60 = S0 = Y lehx +ar| = D &k (chx + o)

kEK kEK kEK
=¢Cx+¢ta = (vVV-w—-y'A)x+ta
='(x — d.) —w'(x — d*) — s'(Ax — b*) + t'(Ax — b.)
+v'd, —w'd* — &' +t'b, + ¢
=p+p(A),

where p = v'(x — d.) —w'(x — d*) — s'(Ax — b*) +t'(Ax — b.). It follows
from (5), (6), (8) and (9) that 4 =0. Hence

f(x) = (3). (11)

By (8), (9) the pseudo-plan x satisfies the constraints of Problem
(1). In view of the dual theory of mathematical programming, by (11)
we deduce that x is an optimal plan of (1).

Now we turn to the proof of necessity. Let A be an optimal plan
of Problem (3) and let x be an optimal plan of Problem (1) corre-
sponding with a non-degenerate adequate support co-plan {6, F,.}. By
contradiction, we shall prove that x satisfies (8), (9), (10).

Notice that, by (7), for any {Ay, Aw, Av, A§} small enough we
always have

Ap; = E Asi(Aix — b;) — Z Ati(Aix — bus),

tel, iel,

Apa= Y Awilxj—di)— Y Avi(xj—ds),
F€INIn J€NJIn

Aps= ) Abfe(x)-
keK,,

Let us consider the following three cases.
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Case 1. If the condition (8) is violated, for instance, 6;,, < 0 and
Xjo < d; , then we choose Aé;, = p where 0 < p < |6;,|, A6(J,, U
Joz \ Jo) =0, Ay(I,) =0, A¢(K,) =0. Then Ap; =0, Apz = 0 and
Apy = —p(x;, — d; ) > 0, that is Ap > 0.

Case 2. If the condition (9) is violated, for instance y;, = 0 and
Aigx > b}, 1, € I,, then we choose Ay;, = p, with p > 0 (or p < 0),
Ay(In\t,) =0, Ab(J\Jn) =0, A¢(K,) =0. Then Ap; =0, Aps =0,
Ap; = —p(Aigx — b})) > 0 (or Apy = —p(Aiyx — bui,) > 0), that is
Ap > 0.

Case 3. 1If the condition (10) is violated, for instance &, # signfx, (x),
then we choose Ay, = psign fi,(x), p >0, AE(K, \k,) =0, As(J \
Jn) =0, Ay(In) = 0. Then Ap; =0, Apy =0, Aps = p | fi, (x) |> 0,
that is Ap > 0.

Thus, if one of conditions (8), (9) and (10) is not satisfied, then
we can build the plan X of Problem (3) such that p(X) > p(}), contra-
dicting the assumption that A is an optimal plan of Problem (3). This
completes the proof of the theorem.

Let us define

B= Y 6ilxi—dy)+ Y &(xi—d}) = Y wi(Aix —b})

§;>0, §; <o, ¥: >0,
JEIN\Jn FEIN\In €I,
= ) vilAix — bu) + Yo (- &) () - Z (14 &) fr(x)-
¥; <0, Jx (x)>o0, fr{x)<o,
$€Ipn kEKp k€EKp

Theorem 2. (e-optimal criterion). If x satisfies the constraints of
Problem (1) and B < € then x 1s an e-optimal plan of Problem (1).

Proof. By denoting ex = sign fi(x), we have
F(x) =D | chx+ el

ke K

= Y (er— e)ckx + ar) + X Exlchx + an)
kEK keK

= ) (er — &) fx(x) + €Cx + t'a
keK,

= D (ex— &) fklx) + 1+ 0(A) = B+ 0(N).

keK,
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Since B < ¢ it follows readily that

(Fx) = F(x°)) + ((A°) — (X)) = f(x) —v(A) =B <&,

where x° is an optimal plan of Problem (1) and A° is an optimal plan
of Problem (3). Thus, we have f(x) — f(x°) < ¢, and hence, x is an
e-optimal plan of Problem (1).

3. ALGORITHM

Let {6, F,,} be an adequate support co-plan with a plan A of
Problem (3) and the optimal conditions are not satisfied. Then we
shall build a new adequate support co-plan {6,F,;} and new plan =
{v,W,v, €} of (3) so that p(A) > ©()). Each step of the algorithm
consists of two parts. The first is finding a new adequate co-plan and
a new plan of (3). The second is determining a new support.

Denote by K°, I°, J° the sets of indexes which do not satisfy
optimal conditions: K° C Kyn, I° C I, J° C Jon U Joz, where K° =
{k : & # sign fr(x), fr(x) # 0}, and

I°={i: A;x # bf,yi >0} U {i: Aix # b.i,y: <0}
U{z ix¢[b*ub:] y,-=0};

={j:xj #d;,6; <0}U{j: x; # dsj, 6; > 0}
U{J.x,¢[d*,, d;],6; = 0}.

Let h, € K°UJ°UI°, be chosen arbitrarily. In practice, we can
choose h, from indexes {k,, jo, 1o} such that the quantity max{ux, |6;|, ly:|}
equals either u,, |6;,| or |yi,|, where

uy, = max{|& — sign fr(x)|, k € K°},
|yso| = max{|y;|, ¢ € I°}, |6jo| = ma-x{|5j|, jeJ%}.

3.1. New co-plan and new plan of Problem (3)

The new plan A of Problem (3) and the new co-plan & will be
found so that 6 is adequate. The vectors &, ¥ and é will be found as
follows:

E(K) = ¢(K) +or(K), ¥(I) =y(I) +or(l), 8(J)=6(J)+or(J).
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a. Find vectors 7. Set

T'(Koz) = {T’(Jon)A;nlA(IomJoz) T (Joz) (1, n)B(In, Joz);
B T’(Kn)D(KmJO:c)}Doa: ’
T’(Ion) = {7"(Jon) — 7'(In)A(In, Jon) — T'(K) (K, Jon)}Aon!
'(Jn) = 7(I)A(L, J,) + 7' (K)C(K, J,,)

where 7(K,), 7(In), 7(Jon), 7(Joz) are found according to the following
cases:

al. k, € Kn: Set v = fi, (x), &, = sign~, 7(K, \ k,) = 0,
7(I,) =0, 7(Jon) =0, 7(Joz) = 0;

a2. 1, € I,: If y;; > O then set v = A; x — b;,, else set v =
AigX — biiy. Set 7y, = —signq, 7(I, \ i) = 0, 7(K,) = 0,

7(Jon) =0, 7(Joz) = 0;
a3. Jo € Jon U Joz: If §;, > O then set v = x;, — d;o else set

Y = Xjo — dujo- Set 75, = —sign~y, 7(Jon U oz \ Jo) = 0,
7(I,) =0, 7(K,) = 0.

b. Find step-length o. For some ¢ > 0, set

0@ = min{p®, 2, 0}, 02)
where
pff) = min {—yfq)/‘r,- (1€ Io,,,yfq).r,- < O} :
pJ(-f) = min {—6}")/13 1JE J,,,6J(q).r,- < 0} ;
p,(:) g 25 {p(q)(l) p(Q) (2)}
with

(q)(l) min {piq),k = Ko,,} .

o _ =&/ it n>o
¢ (-1- €D /m, i 7 <0

)( ) ©0, if ho ¢K0s
pk. — (26 + 6(9))/”‘0, if ho — ko € K°.
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Set

Y=g+ Y nHldi-x)+ Y mildiy—x5)

6(.q) =0, 6(.q) =0,
rj<0,j€.ln fj>°».1'5-’n
*
= E Ti(bai — wi) — E 73(b; — wi)
ys‘l)=o’ ygq)=0, (13)
14<0,i€lon r;>0,5€Ion

where

6 = 68V 4 pgary, €T ¥ =yl 4 pgim, i€ T
D =0 i, kEK; 8 =6,y =y, €)= ¢,
and '7(0) = .

It follows from (13) that the cost function ¢ of Problem (3) increases

q—1
by the value Ap(g) = Zp(‘)'y,-, where p(*) is computed in the same
1=0
way as in (12)-(13).
The procedure for finding o starts with ¢ = 0 and terminates at
the first g, which satisfies 74, < 0, or in (12) p(®) = pgf), k. € K.
qo_l
Then, we have 0 = Z p(‘).
1=0
Moreover, in this case an active index is one of the indexes 1, €
I, j. € Jp, or k, € K,; which are chosen by (12).

3.2. New support
The new support F,, will be built in the following cases:
If k.=ko, k, € K, then F,, = F,,.
a. h,=k,, k, € K,.
al) ju € Jn: Kop = Koz Uko, Joz = Joz U .
a2) i. € L,n: Choose jy € Jon so that A 1 (jg,%4) # 0 and
Ion = Ion\ts; Jon = Jon \J+, Joz = JozUjt, Koz = Koz Uko.
a3) ki € Koz: Koz = (Koz \ ki) UK,
b. h, =1,,1, € Ip.
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bl) j. € Jn.: X B(i,,5.) # O then I,, = I,, Uiy, Jop =
Jon U Ji. Conversely, if B(7,,.) = 0 then choose j;, € J,; so
that B(1o,7+) # 0 and_D;zl(]'+,Koa:)D(Koz,,i*) # 0. A new
support is defined by Joz = (Joz \ J4) U Juy Ton = Iop U o,
7071. = Jon U.7l+-

b2) 1. € Lt I A(io, Jon) A5t (Jon,ts) # O then I,, = (I, \
t.)Ut,. Conversely, choose 74 € J,, so that A} (j+, t)# O
and choose j_ E Joz so that B(i,,5-) # 0, and D} (j_, Koz)
C(KozyJon)As, (Jon,z ) # 0. A new support wxll be built
in following order: Ion ="Th \ e, J,,,‘2 = ¥.n \]+, ox =
(Joz \.7 ) U]+, Ion = Ion U o, Jon =Jon Uj_.

b3) k. € K,;: Choose j; € Jo; so that B(i,,54+) # 0 and
Do-zl(j-l—’li“) '_I'é 0. —I_{_Ot = Koz \ k*a 70:: = Joz \j—}-) Ton =
Ion U io, Jon = Jon UJ.+-

c. ho = Jo, Jo € Jon.

Cl) j* € Jn: IfA (Jo, on)A( onaj*) 76 0 then _jon = ( on\J.o)U
Sk Conversely, choose 5 € J,; 50 that A1 (55, Ion) A(Lon, J+)
# 0 and D_} (55, oz)D(Koz,]*) # 0. A new support is

oz—(Joz\J+)UJ*a = ( on\jo)UJ‘+-
c2) t,.. € Ln: I A 76,14 ) # 0 then I,, = I,, \ te, J _on =
Jon \ Jo. Conversely, choose 74 € J,, so that A;,1(5,,1.) #0
a.nd choose j_ € J,, so that Aon (70s Ton) A(Ion, j-) # 0 and
v (7= Koz)C(Kozs Jon) Agy (Jon, 25 0. A new support
w1ll be built in following order: IO,, = e Bl e on\ I
Sow, = (Joz \.7 )U.7+a Jon = ( on \Jo) Ui, Ion = lon-
c3) k. € K,z: Choose j, € Joz so that A (70, on)A(Ion,J+) 2
j Oa'ndD (J+;k) # 0. Ko:c —Koz\k*, oz = Joz\.7+7
Jon = ( on \Jo) U.7+
d. ho =~ jo’ jo (S Joz-
dl) Je € Jugs 7o:l: = (Joz \J'o) U Js.
d2) i, € Ion: Choose J+ € Jon so that A T (G+,%4) # 0. Ton =
Ion\i*, on = on\\.7+a Z( oz\]o)UJ-l—
d3) k. € K,z: fo:l: = Koz\k*a j oz = Jozx \jo

In every case, the new supporting matrices Aon . ﬁoz may be
found by using old supporting matrices 4!, D !.
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It is worth remarking that the idea of the above algorithm is
rather similar to the one of the support dual method in linear program-
ming [2]. Its distinction from the latter is that at each iterative step of
the algorithm we need only work with two support matrices of dimen-
sions |Ion| X |Jon| and [Koz| X |Joz|, while the support dual method 2]
when applied to the linear programming problem (1’), requires to deal,
in general, with matrices of dimension (|Ion| + |Koz| X |Jon| + |Jozl)-

4. COMPUTATIONAL EXPERIMENTS

The described algorithm was coded in and has been run on IBM
AT 80286. We solved Problem (1) where all elements a;; of A, ¢i; of C,
are randomly generated in the interval [—50, 50] and all elements of vec-
tors b*, b., d*, d., o are randomly generated in the interval [—250, 250].
In the program we used subroutine GENER in order to generate the
start values.

Results of numerical experiments are summarized in the following
three tables.

Table 1
Values of function ¢ Time Time
N° TIteration : for one
p start @ optimal  (second) iteration
m = 20, n = 25, K =20
1 17 -3.37100  38.225,00 1.54 0.090
2 12 51,00 122.275,00 0.99 0,082
3 12 16,00  49.938,00 0,99 0,082
4 16 -1.43900  14.491,00 1,43 0,089
5 12 23,00 122.519,00 0,99 0,082
m = 30, n = 35, K = 35
1 26 -1.95700  34.929,00 3,51 0,135
2 27 -1.99300  35.665,00 3,84 0,142
3 20 421600 122.466,00 2,69 0,135
4 20 -12.616,00 396.866,00 2,69 0,135
5 27 -2.048,00 36.700,00 3,84 0,142
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Table 2
v 2] . K Iteration Time (s)
(average) (average)
1 25 15 15 6.80 0.21
2 25 15 25 9.80 0.43
3 25 15 35 12.80 0.75
4 25 25 15 11.20 0.59
5 25 25 25 17.00 1.30
6 25 25 35 22.70 2.22
7 25 35 15 11.00 0.81
8 25 35 25 17.00 1.79
9 25 35 35 22.70 3.07
10 25 45 15 6.80 0.60
11 25 45 25 9.80 1.26
12 25 45 35 12.80 2.17
13 35 15 15 6.80 0.23
14 35 15 25 9.80 0.47
15 35 15 35 12.80 0.78
16 35 25 15 11.20 0.64
17 35 25 25 17.00 1.37
18 35 25 35 22.70 2.34
19 35 35 15 11.10 0.88
20 35 35 25 17.00 1.90
21 35 35 35 22.60 3.17
22 35 45 15 6.80 0.66
23 35 45 25 9.80 1.35
24 35 45 35 12.80 2.27

(In Table 2, for each size, ten problems were tested).

Table 3 gives some computational results to compare the de-
scribed algorithm in solving Problem (1) with the dual simplex method,
which is described in Ref. 2, for solving Problem (1°). For each problem,
both algorithms start from the same plan.
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Table 3
Iteration Time (second)
NO
SM DM SM DM
1 2 2 0,658 0,001
2 16 9 8,886 0,274
3 3 2 1,207 0,001
4 17 10 9,435 0,219
5 8 7 4,224 0,110
6 16 11 9,270 0,384
7 3 3 1,207 0,055
8 5 4 2,414 0,055
9 18 13 10,038 0,384
10 27 16 15,469 0,823
11,5 7.7 6,280 0,230

* SM: Dual simplex method,
DM: Dual support method which described in this paper.
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