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A Short Communication

REPRESENTATION OF LIPSCHITZ GLOBAL

SOLUTIONS OF THE CAUCHY PROBLEM FOR

HAMTLTON-JACOBT EQUATTONS I

TRAN DUC VAN and NGUYEN HOANG

This note is a continuation of [5]. Consider the Cauchy problem
for Hamilton-Jacobi equations of the form

u t *  H ( t , V " u )  : 0 ,  ( t , r )  e  o :  ( o , T )  x  R " ,

u ( o , r )  : o ( r ) ,  c € R '

(1 )

(2)

We shall establish the representation of Lipschitz global solutions
of Problem (1)-(2) under the assumptions that H(t,q\ is a continuous
function of (t, q) € (0, ?) x R' and a(z) is a d.c. function (i.e., o(r) is
the difference of two convex functions). The class of d.c. functions is
rather rich, for example, every twice continuously differentiable function
on Rt or every continuous piece-wise linear function on R is d.c.. For
the readers who are interested in d.c. functions, we refer to [2].

We use the fol lowing notations. Let O: (0,T) x R"; l l . l l  ""4(.,.) b" the Euclidean norm and the scalar product in R', respectively.
Denote by Lip (O) the set of all locally Lipschitz continuous functions
u defined on O and set Lip ([0, f) t R') : Lip (O) n C ([0, T) x R").
Furthermore, if I/ is subset of O, we denote by LipK(Y) tlne set of all
Lipschitz continuous functions in V with Lipschitz constant K.

Definit ion l .  A function u(t,x) in Lip([0,f) x R") is cal led a Lip-
schitz global solution of Problem (1)-(2) if u(t, c) satisfies (1) almost
everywhere in O and z(0, c) : o(x) for all c € R2.
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Firstly we present the following theorem.

Theorem l. Let (oo(u)),er be o lamily ol functions indeced by an

erbitrory set I such th,at Equotion (1) with initial d,atum oo(t) hos

o Lipschitz globol solution uo(t,r). Assume that for euerV (ts,c6) e

[0, 
") 

xRn there exist a neighborhoodV : V(to, no), o constant K ] O,

o setwv cv with mes v[/y --o and o set J C I suchthot for al l  a€

J, uoln e lipK (V), uo(t,n\ sotisfies (1) inV\W, ond infruo(t,x):

t"J3".ft, r), (t,r) e V. Then the funetion u(t,t) : jt l uo(t,r) is o

Lipschitz stob@l solution tf (1)-(2) with o(r): inf oo(r).

Proof . The proof of Theorem I is analogous to the one of Theorem 2.1

in [5]. !

We denote by DC(R") the class of d.c. functions on R'. Take

o(n) e DC(R"), then o(r) - P(n) -rh("\, where g, rp are some convex

ftrnctions. Let g*, rl,* be the conjugate functions of tp, rlt rcspectively,

and D : domd*.

Following [n], we assume:

(AO): H(t,q) satisfies the Caratheodory condition in O and for

every positive number .V there exists a function gx e tr-(Q,T) such

that for almost all I e (0, T)

sup lH( t ,q ) l  S  s r ( t ) .
l lc l l<rr

(Af): For every (to,"o) € [0'") x Rn and M ) 0, there exist
positive constants r and N such that

(r ,p)  -

'rrffi?h {{"'c) -

whenever (t,r) e [0,f) X Ro, lt - tol + ll" - toll < t' l lpll ) N and

ll"ll s rtr.

p * ( p * q -  
I " H Q , p ) d r

t

p.(q*") -  
I  

Hb,q)dr \ ,
o
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(AZ): The function L3(t,z) is single.valued for all (t,x) e O \ty,
with mes W : O, where

t

LtU,") : {qo € R' , 
,f,i?l {{",c) 

- e"(q+ o) - 
I 

,rr,q)d,\

, o

:  (n ,qo)  -  p*(qo+o)  -  [  ,U,qddr \ ,  vo,  l la l l  <  M.
t )
o

We are now able to formulate and prove the results of this note.

Theorem 2. Let o(x) e DC(R) with o(n) : e(xl - rh@). Assume
(A0)-(A1)-(A?) for H(t,q) and g. Moreoaer, suppose that the conuex
functionrlt is globolly Lipschitz continuous onRn. Then the lunction

u(t,al :  min ^r" f  ' -  -  - ' \  ' -*  i
'  a.D o.S t 

( ' ,q-o,)- P*k)+{.t"\-  J 
HU,q-"1a"} (s)

o

is o Lipschitz global eolution of Problem (1)-(2).

Proof. Ler o(n) : p(a) - r1.,("), where p, rfi are convex functions. We
put oo(z) - p(a) - (o, nl +rh.(a). Obviously, for al l  a € F-n, or(r) is
a convex function. Consider the problem

u * H(t,V,u) -  0, ( t ,  c) e o, (1)

u ( O , a ) : o o ( a ) ,  c € R n ,  a € D '  ( Z ' )

Under the assumptions (A0)-(A1)-(A2), applying Theorem 2.1 in [4],
we easily see that the function

uo(t,") : 
o?S {{",e) 

- p.(q+ o) - j ,1r,010,+ ,h. (a)) fnl
o

is a Lipschitz global solution of the Problem (1)-(2'). Moreover, it
satisfies (1) for all (t, c) e n \ W.
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Let us put q + a - y, then (4) becomes

( ,  iuo(t ,")  :  
E# {{" ,u) 

-p.(v) -  
J 

,rr ,a-a)d'r \ -  {(" ,o) - ' / . (o)} .
o 

(u)
Since r/ is globally Lipschitz continuous on Rn, then by [3, 13.3.3],

D : dom/* is a bounded subset of R'. Let M : 
:EB lloll, (to,"o) €

[0 , " )  XRo,  V :V( to , "o)  :  { ( t , " )  €  [0 , " )  xR'  :  l t - to l+ l l " - "o l l  <
r), r being as in (A1). We take arbitrarily (t,r), (t',r') € I/ and choose

eo € Ro, llqoll S N such that

t

uo(t,n): (t,qs) - P*(qo+ o) - 
I  

,rr,qo)d'r.
o

Then
t

t '

( r ' ,qol  -  p* (qo+ a) -  [  u\ ,qo)d,
t"

with E : ess.sup gN(t), and K -- mar( (N, E). Thus u,lv e t ipK(tz).

Next, we observe that
t

infouo(t,a) >;:f E3; {(", y) - p*(i l - 
I 

H(,,v - d)dr\
0

- 
:EB{(",a) 

- {-(a)}

Since D is bounded, we can take a sequence (o") c D, dn + as € D
such that

t

-q {(",v) 
- p"(d - 

I rr,,u - o^)d,\
Y € R '  ( '  

o

- {(t, o'") - ,h.@")} * jpf uo(t,n).

uo(t , r )  -uo(t ' ,o ' )  (  (" ,qo) -  e*(oo+ o) -  [  ,V,rc\d ' r
J
o
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If as / D, then by the upper semicontinuity of €(") : (r,ol -rh.(o)

we have €(o") ---+ -oo and therefo* 
,ief 

uo(t,n) : *oo. This is a

contradiction. Thus

*tEL r,(r, 
"\ 

:  
: tL",(t, t1: *;o",(t, t) 

- min uo(t, o). (7)

On the other hand, from the fact that [f , p.OO+],

th(") : t";5{(", d) - tb. (")} : - 
ruB{-(r,o(+rh.(o)),

we have

ft'3",(") 
: Ug{e(r) - (r,") + /-(")}
: p(x) - tl?l{(", 4 - ,h. (o)}

:  p(a) - rh@) : o(x).

Applying Theorem 1, we complete the proof. n

Corollary l .  Supposethat H(t,q) is continuous rn [0,TlxR,9,r l t
are globally Lipschitz continuous and conuer, on Rn'. Assume (AP).
Then the function u given by (S) is a Lipschitz globol solution of Problem
(1)-(s) with o(n) : p(a) - rh@).

Eromple 7. Ler H(q): (1 + 1o;s;t/3, and

o (r) : { "r" lt ;, rssn,, ;;lr_i,,il,
We can rewrite o(x) : e(x) - ,b("), where

) ,

p(x )  o , l l ,
[ ,

andrlt(r):  p(-r).Then a Lipschitz global solution of (1)-(2) is

u(t, fl :,#T,ot 
#iffi I {, fu - r) -?(lol",' - l.,ls / 2) - t (r+ | u - a | 3 ; l/s 

} .
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Corollary 2. Let o(al e DC(&") with o(n) : e(n) -'h@)' As-
sumc thot (A0)-(Al)-(Ae) hold for H(t,q) and e(x) and there exists
o function h e LJ},T) such thot H(t,q) < h(t) lot all q € R-n and

lim 1(1) : **. Then the lunction u given by (g) is o Lipachitz
l l , l l *@ l l r l l
gloW soluiion ol Problem (1)-(2).

Proof.We note first that .. li* W :*m, then.o ao", ,, li*- +P

""J'15il Jl,'"'t
of Theorem 2, we get the inequalities (o) and (7). The conclusion is

then straightforward. !

The authors would like to thank Dr.N.D. Thai son for his assis-

tance.
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