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A Short Communscation

REPRESENTATION OF LIPSCHITZ GLOBAL
SOLUTIONS OF THE CAUCHY PROBLEM FOR
HAMILTON-JACOBI EQUATIONS!

TRAN DUC VAN and NGUYEN HOANG

This note is a continuation of [5]. Consider the Cauchy problem
for Hamilton-Jacobi equations of the form

us+ H(t,V,u) =0, (t,z)eN=(0,T)xR", (1)
u(0,z) =o(z), z€R". (2)

We shall establish the representation of Lipschitz global solutions
of Problem (1)-(2) under the assumptions that H(t,q) is a continuous
function of (t,¢) € (0,T) x R™ and o(z) is a d.c. function (i.e., o(z) is
the difference of two convex functions). The class of d.c. functions is
rather rich, for example, every twice continuously differentiable function
on R" or every continuous piece-wise linear function on R is d.c.. For
the readers who are interested in d.c. functions, we refer to [2].

We use the following notations. Let @ = (0,T) x R"™; |.|| and
(.,.) be the Euclidean norm and the scalar product in R, respectively.
Denote by Lip () the set of all locally Lipschitz continuous functions
u defined on  and set Lip ([0,T) x R™) = Lip (Q) n C([0,T) x R™).
Furthermore, if V is subset of {1, we denote by Lip¥ (V') thre set of all
Lipschitz continuous functions in V' with Lipschitz constant K.

Definition 1. A function u(¢,z) in Lip ([0,T) x R") is called a Lip-
schitz global solution of Problem (1)-(2) if u(t,z) satisfies (1) almost
everywhere in {1 and u(0,z) = o(z) for all z € R™.
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Firstly we present the following theorem.

Theorem 1. Let (0a(z))acs be a family of functions indezed by an
crbitrary set I such that Equation (1) with initial datum oq(z) has
a Lipschitz global solution uqa(t,z). Assume that for every (to,zo) €
[0,T) xR™ there ezist a neighborhood V = V (to, Zo), @ constant K > 0,
a set Wy C V with mes Wy = 0 and a set J C I such that for all a €
J, ual, € Lip®(V), ua(t, ) satisfies (1) in V\Wy and iréqua(t,z) =
minuqa(t, z), (t,z) € V. Then the function u(t,z) = inf ua(t,z) is @
acJ acl

Lipschitz global solution of (1)-(2) with a(z)'= Héfz oa(z).
x

Proof. The proof of Theorem 1 is analogous to the one of Theorem 2.1
in [5]. O

We denote by DC(R™) the class of d.c. functions on R". Take
o(z) € DC(R™), then o(z) = p(z) — ¥(z), where p, 1 are some convex
functions. Let ©*, ¥* be the conjugate functions of p, ¥ respectively,
and D = domvy*.

Following [4], we assume:

(A0): H(t,q) satisfies the Caratheodory condition in {2 and for
every positive number N there exists a function gy € Loo(0,T) such
that for almost all ¢ € (0,7)

sup |H(t,q)| < g (t)-
llall< N

(A1): For every (to,Zo) € [0,T) X R™ and M > 0, there exist
positive constants r and N such that

gy o) / H(r,p)dr

lleli<N

¢
max {(z,q) - p*(qg+a) “‘/H(Ts‘I)d”},

whenever (t,z) € [0,T) x R®, |t —to| + ||z — zol| < r, [[p[| > N and
el < M.
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(A2): The function L§(t, z) is single-valued for all (t,z) € Q\W,
with mes W = 0, where

Lg(t,z) = {qo ER™: it {(z,q) —p*(g+ a) —O/H(T,q)df}

t
= (z,QO) . ‘P*(QO + a) - / H(T> qo)dT}1 Va, ”a” < M.
0

We are now able to formulate and prove the results of this note.

Theorem 2. Let o(z) € DC(R™) with o(z) = p(z) — P(z). Assume
(A0)-(A1)-(A2) for H(t,q) and p. Moreover, suppose that the convez
function ¢ s globally Lipschitz continuous on R"™. Then the function

u(t,z) = ggg T {(z,q—a)— p*(q)+¢*(a)—/H(‘r,q—a)dr} (3)

15 @ Lipschitz global solution of Problem (1)-(2).

Proof. Let o(z) = p(z) — ¢(z), where v, ¥ are convex functions. We
put 04(z) = p(z) — (@, z) + ¥*(a). Obviously, for all @ € R", 0, () is
a convex function. Consider the problem

ut + H(t,Vzu) =0, (t,z) € Q, (1)

u(0,z) = oa(z), ze€R" a€D. (27)

Under the assumptions (A0)-(A1)-(A2), applying Theorem 2.1 in 4],
we easily see that the function

waltia) = max {(@.0) - o’ (g + @) - [ HG0dr +9° (@)} (9

is a Lipschitz global solution of the Problem (1)-(2’). Moreover, it
satisfies (1) for all (¢,z) € N\ W.
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Let us put ¢+ a =y, then (4) becomes

ualt,) = max {(@,9) ") = [ H(ry - a)ir} = {(@,0) =" (@)}
: ®)

Since ¢ is globally Lipschitz continuous on R", then by 3, 13.3.3],
D = domy* is a bounded subset of R". Let M = sup |||, (to,z0) €
a€D

[O,T) XR", V = V(to,zo) = {(t,I) € [0, T) xR™ : |t—t0!+”$—$0” <
r}, r being as in (A1). We take arbitrarily (¢, z), (t',z") € V and choose
go € R™, |lgo|| £ N such that

t
ua(t,z) = (z,90) —©*(q0 + ) —/H(T, go)dr.
0
Then

t
talts2) = sa(t' ) < (B,00) = "(@0 +0) = [ H(r,a0)dr
0
t'

— (z',90) — " (90 + @) - / H(r,qo)dr

< floll - llz = 2] + Ble—#] < Kz I+ ft = 1),
with E = ess.sup gn(t), and K = max (N, E). Thus u“‘v € LipX (V).

Next, we observe that

t

- > . — *k - -

nf ua(t, z) _;lelfﬁ Iess {(z,y) v*(y) /H(f,y a)dr}
0

— sup{(z,0) —¥*(a)} > —o0. (6)
a€D

Since D is bounded, we can take a sequence (a,) C D, a, — ag € D
such that

yeER™

max {(z,9) ~ ") - [ Hir,y - an)ir}

- {<zian) _ 1/)*((1,,,)} - c:lelfD ua(t,:z:).
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If ag & D, then by the upper semicontinuity of £(a) = (z, ) — ¢¥*(a)
we have {(a,) — —oo and therefore irelfD uq(t,z) = +oo. This is a

contradiction. Thus

;161% ua(t,z) = 0irelfﬁum(t,:z:) = trxréi%ua(t,x) = ‘I;!Iélg ua(t,z). (7)

On the other hand, from the fact that [1, p.964],
$(2) = max{(z, @) — " ()} = ~ min{—(z, a(+9" ()},
we have
min oq(z) = min{p(z) = (z, a) +4*(a)}
= p(z) ~ max{(z,0) ~ ¥ (o)}
= p(z) — ¥(2) = o(2).

Applying Theorem 1, we complete the proof. [J

Corollary 1. Suppose that H(t,q) is continuous in [0,T] x R", o, ¢
are globally Lipschitz continuous and conver on R™. Assume (A2).
Then the function u given by (3) is a Lipschitz global solution of Problem

(1)-(2) with o(z) = p(z) — ¥(2).

Ezample 1. Let H(q) = (1 + |q|?)'/2, and

23, z € [-1,1],
o= { z—2/3sgnz, z ¢ [-1,1].
We can rewrite o(z) = p(z) — ¢(z), where

0, T <0,
w(z) = { £%/3, z € [0,1],
z—2/3, > 1,

and 9¥(z) = p(—z). Then a Lipschitz global solution of (1)-(2) is

. 2 3/2_|,.(3/2 311/3
= —Q)—— — —t — "
u(t,) = min  max {aly—)=(lyl*/~lo*?)—t(1+]y-af’)"/*}
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Corollary 2. Let o(z) € DC(R"™) with o(z) = p(z) — ¥(z). As-
sume that (A0)-(A1)-(A2) hold for H(t,q) and p(z) and there ezists
a function h € L,(0,T) such that H(t,q) < h(t) for all ¢ € R" and
w tﬁiﬂl = +00. Then the function u given by (3) is a Lipschitz
z||—oco |IT :

global solution of Problem (1)-(2).

Proof. We note first that lim '—p(—z) = +o00, thensodoes lim ¢—(£
| , lzli—oo ||| llyii—~oo [yl

and domy* = R™ (see [1. p. 967]). By arguing analogous to the proof
of Theorem 2, we get the inequalities (6) and (7). The conclusion is

then straightforward. [J
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