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THE AR.PROPERTY FOR KALTON SETS

TRAN VAN AN

Abstract. In [2] Kdtan coat:nnted a npc:t contel ceh uih;ch can twt h
ofircly emh&d hto tlu spc, Ls of all mcuwd,lc fwrctioru. In this pper
wc pnooe ilul a lot of compct @rrr,oct aetd anutnrctd by K&an an AR.

r. PRELIMINARIES

Let X be a linear space over the field of complex numbers C. By
a quasi-norm on X we mean a real non-negative function c -+ llzll.
such that

(i) ll"ll* ) 0 for every non-zero point o € X;

(ii) llaoll- : lol llzll. for every a € C and, a € X;
( i i i )  l lc  + y l l -  S t ( l l " l l .  + l lv l l - )  for  every n,y € x,

where /c is a constant independent of c, y.

The sets {r e Xr ll"ll- < e} form a base of neighbourhoods of d
for a metrizable topology on X. If this topology is complete then X is
called a complex quasi-Banach space. We shall say that a quasi-norm

ll . ll- ir a pnorm (o < p < 1) if it satisfies

l l '+y l l l  < l l " l l?  + l lv l l?

for every n,a € X. Then (X,l l . l l .) i . called a pnormed space.

A well-known theorem of Aoki and Rolewicz l7l asserts that every
quasi-norm is equivalent to a pnorm for a certain number p with 0 <
p < L .

Therefore, from now on we shall suppose that a complex quasi-
Banach space X is pnormed for some 0 < p ( I and denote llull : llclll
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for every a e X. Then the topology induced by the metric ll ' ll it

equivalent to the original one.

Let A denote the open unit disc in the complex plane C and ?

the unit circle. Let X be a complex quasi-Banach space. A function

f : L + X is called analytic ifffor every z € A, f(z) canbe represented

as the sum of a power series f(") : 
Eoon"", 

where the constant

coefficients a,n belong to X.

By Ao(X) we denote the space of functions / : A --+ X which are

continuous on A and analYtic on A.

Let A be a subset of a complex quasi-Banach space X. By co

A we denote the convex hull of A in X and by Card A we denote the

cardinality of A. We also use the following notation:

a+ - co (A u {o}h
; a : { i a : a e A } ;

A = 
"o 

((A*) u (-A+) u (rA+) u (-rA+));

and if n,U € X we write

l l" - ell : inf{l ls - vll : v e A}.

Let Lo denote the space of all measurable functions from [0, t]

into the real line R. Then .Ls is a linear metric space with F-norm:

1r v(t) l  *l l / l l  :  /  ;r r ' , '  
{  

l + l / ( r ) l * "

f o reve ry  IeLo .

We say that a metric space X is AR iff for any metric space Z

containing X as a closed subset there exists a continuous map r : Z -' X

such that r(n) : r for everY x € X.

Let X be a complex quasi-Banach space. Then we say that c € X

is an analytic needle point of X iff for any e ) 0 there exists g e As(X)

such that:

( 1 )  s ( o ) : o ;



(3) lf y e co g(A) then there exists an a € [0,1] such that
l l v - " "11* (e .

A complex quasi-Banach space X is cilled an analytic needle
point space iff every non-zero point of X is an analytic needle point.

For undefined notations, we refer to [f], [e] and [7].

1.1. Lemma [Z]. Let s be an onolytic neelle pint ol X. Then giaen
anV e ) O there is o finite set F : F(r,e) C X and o polynomial

,_,--- P € Ao(X) such thot:

(s) e1o1 : n,

(6) llP(")ll- < e for euers z €T;

(7) Il! € co F thenthere ecists o € [0,1] such thotlly-a"ll. < t

(s) If v e F then llsll- < r.

2. KATTON SETS

In this section we describe Kalton's method of constructing com-
pact convex sets without any extreme points.

Let X be an analytic needle'point space. Let {6"} be a sequence
of positive numbers such that D6l, < oo. Let Go : {"o}, where c6 is
any non-zero point of X. Assume that G,r-1 : {yr,. . . ,Urv} has been

selected. Let a,n - lv-id,n and put

ff

Gn: LJ F(rr, ' , ) ,
i : l

where F(Vi,e,.) is given by Lemma 1.1. Then we have

Gtr-, c Gt for every n € N;

(e) ll" - Gl-rll I Nef J 6fl for every E e GI.
Denote

The AR-Property for Kanton sets

(2) lls(")ll- < t for every z e T;

709

@ P(A) c co F;
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(10) Ko -E * and I( : ko

By Kalton's method [z] we can prove that K is a compact convex

set without extreme points, see [6], and there is no affine embedding of

K into.Ls.

Remark. Our construction of K in Formula (tO) is slightly different

from that of Kalton [2]. As pointed out by Kalton in his recent letter

to author, there is no reason to say that the set K (in [2]) it convex

and our definition of .t( will replace Kalton's compact set in [2].

We shall call the set K defined as above a Kalton set'

3. THE MAIN RESULT

g.1. Theorem. The set K corresponding to o sequence {6"} with

oo

D * @ - 1 ) 6 f c m
n : 1

is an AR.

The proof of this theorem is based on the following facts.

3.2. Lemma [s].

- - i t o," = U*_,

3.3. Lemma. SuPPose rn(n) : Card G'.

(i) For everv finite set A c Gn we haue

diam co A ( (+m(n) * 1) diam A;

(ii) There is o continuous retroction r : X - Gn such that

l l r(") - r l l  3 22m(n)l lc - c"l l
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f o r e a e r y E e X .

lr*1. (i) tet A be a finite subset of d,.. Since cardG" : n(n),
Go lies in a real linear space Y with dimY - Zm(n). Then coA c
Gn c Y. By Ca,ratheodory's theorem, every point c € co,,t is a convex
combination of at most 2m(nl * I affinely independent extreme points
of co A. obviously, the set of octreme points of coA is a subset of A.
Therefore, if ary € co.r{ then

2m(n)41 2m(d*r

n,--  f  p;b; ,  y-  D \ ia i
d= l  i : l

with oi ,  b;  € A; ) ,  )  0,  p i  )  O, i r i  :1, .  . .  ,  zm(n) *  I  and

zm(n)* r  2m(n)+ t
s . r
L  A i :  L  t t ; = L .
i : l  d= l

Hence for every 0r! €coA we have

, .2m(n)+r  zm(n)+r

tt '-vi l: l l  D F;b;- t lr ' i l l
d=l  i= l

, ,  
2- j : ] * l  zm(n)+L 2n(n) t r  2m(n)*L

: l l  D p;b;- t  piat+ D )rar- D rr" l l
d : l  d= l  j : l  t : l

.  2m{n)* t  2m(n)*r

r': l  i :2
zn (n )+ r  2m(n )+ r

d : l  i =2

S (am(n) * l)diamA.

Consequently,

diam co A 1 (+m(n) + 1) diam /.
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(ii) tet {Il",as}aes be a Dugun-dji system for X \ i,., (see [1])
and {6"}"6s be a locally finite partition of unity inscribed into {U"}".s.
We define r z X - Go by Dugundji formula

(  n  i f x e G , .
r(x) - 

t "A 
b,(n)a" ir r €x \ c.

Then r : X - Gn is a continuous retraction (see [f]). Let us
show that r satisfies the required condition.

Since {br}"es is a locally finite partition of unity of X \ i,., fo,

each s € X \ i,. th"t" is a finite set S(c) C ,S and an open neighbour-
hood O(c) of c such that D"(c) : 0 for all y € O(c) iff s € ^9 \ S(").
Thus,

r(r \  : !0"1";o" :  t  b,(a)a".
a € S  s € S ( c )

Let ss e S(c). Using the property of Dungundji system and (i)
we get

l l ,( ')- ' l l  : l l  t a"(")""-"l l
ges (c )

: ll t b"(a)a" - aeo+ "", 
- 

"ll|  
"es(")

. l l t b,(n)a" - (Laoll + ll" - o"o ll|  
"es(z)

. ll t b"(r)a" - aaoll * rtt" - c"ll
" "?al 

e\ ' -

( diam co {o" : s e S(c)} +zllx- i"l l

S (4n(n) + l)diam {o" :  s e s(r)} +2l la- G"l l

S (am(n\ + 1)41[' - G"ll +zllx- G"ll
: z(2(arn(n) + r) + r)l lc - i" l l  Szzrn(n)llr - c"l l.

Here we have used the obvious assumption na(z) : Card Gn ) 1. The
lemma is proved.

We recall that a convex set M in a linear metric space is said to
be admissible iff for every compact subset A of M and for every e > 0
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there is a continuous map / from A into a finite dimensional subset of
M such that ll/(c) - rll < e for every x € A.

The following result is due to Klee [a].

3.4. Proposition. Euery odmissible compoct set is on AR.

Thus in order to prove Theorem 3.1, by the proposition 8.4, it
suffices to show

3.5. Claim. K is admissible.

Pruf. Let us prove the following more general fact. For every e > 0
there exists a continuour map / from K into a finite dimensional subset
of .I( such that ll/(c) - 

"ll 
< e for every a € K.

In fact, for any e ) 0 we take a number z € N such that

(1r) no i ^$ - L)6! < e
d : n * l

By Lemma 3.3 there exists a continuouJ retraction / : X .---+ d," such .
that

(12) ll/(") - "ll 
< zzrn(n)ll" - c"ll for every r € X.

Let us show that ll/(r) - rll < r for every r € C. Assume that
4

o € ioar1. Then there exist o; ) 0, c; € G*+, with fat 
: 1 such

d : l
that c : drfir - d2E2 * io,sns - iaaaa.

Since r; € G[*1, there exist ]1. > 0; r : l , ...,4i

,n(n)

i  :  r , . .  . ,m(n) with !  f j  < r and yr i  € co F(al,en+r)
i : L

^(n)

such that rd : D )j.vr'. for r : 1, ...,4.
i : l

BV (7) for every r,1 with ,. : 1, ...,4; i - 1,. . .,rn(n) there exists
ui e[o,t] such that llyj. - rri"ill* ( €n+r.
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Putting
m(n)

z i  -  D X i u ' i o i ,  d : 1 , . . . , 4 ,
i : l

we get z; e G* arrd

- ( t )

l l"r- ";l ls D ttri -pi"il l<m(n)eP,.*1'
i : l

Let us put

! : atzt - d2z2 * iaszs - iaaza.

Then ! € dn,

4

ll' - yll S t ll", - "rll 
< 4m(n\ePn*r : 46Pn+r

d = l

and llc - d,nll < 46!,+, for every n e G,.11

Let c be an arbitrary point of K. We ta^ke y € U i, such that

lf t - yll- ( 6r,+r. Assume that y € io+x' Then *" h:il

l l " -c. l l  < l l ' -y l l+l ly-c, . l l  <6I+, +461+r+" '+46Pn+r(5 i  5! .
d : n * l

, From (rf) and (12) it follows that

oo

l l / ( ' ) - r l l  Szzm(n) l l " -c" l l  <110m(n)  D 6!
d=n*1

< 110 i m(; -l)6,10 a 
"

d=n*1

The claim is proved. This completes the proof of Theorem 3.1.
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