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A Short Communication

UNIQUENESS OF GLOBAL QUASI-CLASSICAL
SOLUTIONS OF THE CAUCHY PROBLEM FOR
SOME SYSTEMS OF FIRST-ORDER NONLINEAR
PARTIAL DIFFERENTIAL EQUATIONS!

TRAN DUC VAN and LE VAN HAP

Let T be a positive number, (7 = (0, T) x R*, V., = (8;;.,...‘ i

5%;), n > 1; | - |ln and (-,-) be the norm and scalar product in R",

respectively.

We consider a solution u = (uy,- - - , ty,) of the following system of
first—order nonlinear partial differential equations (PDEs)

au,

3 + Hj(t,z,u,Vou;) =0, (t, z)EﬂT, 7 =ik wen e (1)

subject to the Cauchy conditions
uj(O,z)zu?(z), z€R", j=1,...,m, (2

where each H; is a function of (¢,z,p, q,) € (0,T) x R* x R™ x R".

Vectors p = (p , o, p™) and ¢; = (qJ, +547), 7 =1,...,m, are
corresponding to v = (uy,--- , 4y,) and Vu; = (g:—:‘l;, X g.:_::), re-
spectively.

It is well-known that there may not exist a global classical solution
for a first-order nonlinear PDE. Therefore, many kinds of generalized
solutions have been introduced and various different methods have been
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used in the study of first-order nonlinear PDEs. In [4], the first
author proposed a notion of global generalized solutions, namely, global
quasi-classical solutions of Cauchy problem for a single PDE. Using
this notion, that author together with N. D. Thai Son, N. Hoang and
R. Gorenflo obtained some new uniqueness and existence results and
gave, in particular, the answer to an open uniqueness problem of S. N.
Kruzhkov for global solutions of evolution PDEs (see, e.g.[3], [4], [5]).

We note that the uniqueness question is always very subtle and
difficult.

The purpose of the present note is to announce some uniqueness
theorems for global quasi~classical solutions of system (1) —(2).

Denote by Lip(f27) the set of all locally Lipschitz continuous func-
tions u defined on 17 and set

Lip([0, T) x R") := Lip(Qr) N C([0, T) x R™).
As in [3], let V(Q27) be the following subclass of Lip([0, T) x R"):

V(Q7) := {u :u € Lip([0, T) x R"); u is diffferentiable
for all z € R"™ and for almost all ¢t € (0, T)} .

It is obvious that

c'(r) c V(Qr) C Lip([o, T) x R").
Set
Vm(ﬂT) = Y(QT) X -+ X V(ﬂT) o

—
m times

Definition. A vector function u« € V,,,(Q2r) is called a global quasi—
classical solution of (1) - (2) if u satisfies the condition (2) for all z € R™
and u satisfies the system (1) for all z € R™ and for almost all ¢ € (0, T).

We now formulate some uniqueness results for global quasi—classical
solutions of the problem (1) -(2).

Theorem 1. Suppose that H;(t,z,p,q;), 7 = 1,..., m, satisfy the
following condition: There ezist nonnegative functions k;(-) € L, (0, T)
and nonnegative functions h;(-) locally bounded in R™ such that
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IHj(tazapa qj) = Hj(t,zapl, Q_;)l
<k; (&) [(1 + lzlla)llg; — gilla + hj(2)llp — P'llm] , (3)

for all £ € R and for almost allt € (0, T); p, p' € R*; qj, q;. c R™.
Ifu = (u1,---, um) and v = (v1,---, vm) are global quasi-classical
solutions of the problem (1)-(2), then u = v in Qr, t.e. u; = v; in
Q7 for each 3 =1,..., m.
Theorem 2. Suppose that H;(t,z,p,q;), J = 1,..., m, satisfy the
following condstion: There ezist functions k;(-) = k;k(-) and hj(:) =
hik(-) as in Theorem 1 for every compact K C R such that (8) holds
for all z € R™ and for almost all t € (0, T); p, p' € R™; g¢;, q; € K.
If u = (uy, -, up) and v = (v, , vy) are global quasi-classical
solutions of Problem (1) - (2) with

ess.sup max{||Vu;||n, |[Vzvjlln} <00, 5 =1,..., m,

(t,z)eQr
thenu = v in Q7.

Proofs of Theorems 1, 2 will be based on the following theorem.

Theorem 3. Let u € V,,,(Q7). If there exist nonnegative functions

ki(-) € L1(0, T) and nonnegative functions h;(-) locally bounded in R"
such that

%(t, z)‘ < ki () [(1 + Izl I Vau;(t, 2l + ks (2)llult, 2)]im] ,
7=1,...,m, (4)

for all £ € R™ and for almost all t € (0, T), then

Jmax. [uj(t,2)| < exp{M(z){ (1)} - i RS |u; (0, 9)],
where :

N(t,z) := (1 +|z]l») exp(f(t)) - 1,

M(z) := sup{|h(y)| : |~ < N(T,z)},

)

k(t) == max k;(t),

j=1im

h(z) := max hj(z),
J=1m

f(t) == m/ol k(r)dr
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We also get from Theorem 3 the following result which describes a
criterion of continuous dependence on initial values for quasi- classical
solutions of the systems (1) -(2).

Theorem 4. Suppose that H;(t,z,p,q;), § = 1,..., m, satisfy the
Condition (8) in Theorem 1. If u = uy, -+, up) and v = (v1,--- , vym)
are global quasi-classical solutions of the Cauchy problem for the equa-
tion (1) with tnitial conditions:

u;(0,z) = p,(z), v;(0,z) =v;(z), z€R™, j=1,..., m,

then we have the following esttmate:

max_ luj(t,z) — v;(t,z)| < exp {M(z / mk(r)dr } x

x sup{|e;(y) — ¥;(v)] : |lyll. < N(t,2)}.

Let us give a very simple example that distinguishes our uniqueness
theorems.

Takingn =1, T =1, m = 2 and let J C [0, 1] be the Cantor set,
i.e., the set of all numbers of the form:

%

=1

Q2

where ¢; is either 0 or 2. We define a continuous function ¢(-) on [0, 1]
by:
p(t) :=min{|t - £|: £ € J}, te]o,1].

It is clear that ©(0) = O and that ¢(:) is Lipschitz continuous. Set
¢ B d(z t
: _ﬁ_lt .

We consider the following problem:
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where H,(t,z,p,q1) = ¢(t)sin(q1 — ¢2) and Ha(t,z,p,q2) = 9¥(t)gz,
p = (p1, p2), 4= (11, 92) ER®.

The functions H;, H, satisfy the condition of Theorem 1. There-
fore the Problem (5) admits at most one global quasi-classical solution.
It is clear that this unique solution is u1(t, z) = ©(t) + 5z, uz(t,z) = 7.
Let us note that there exists no classical solution for (5) even in a local
sense.
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