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ASYMPTOTIC ERROR EXPANSIONS

IN DIFFERENCE METHODS FOR EQUATTONS

WITH DISCONTINUOUS COEFFICIENTSI

TA VAN DINH

Abgtract. The ppr deals with numerical meth& lor soking thhd bunfury
oalue problems lor a stdionoy difrvsion<onaection eqtdion uith discontintout
coeficierrta, A difiercnce scheme which satisfi.es the maximwn principle with
cny grid ctepeize is inoestigated and an uynrytotic erptuion ol hifiter ot&,r is
ptzseriled

r. INTRODUCTION

In a finite difference method when the error admits an asymptotic
expansion with respect to the grid stepsize, the Richardson extrapola-
tion to the limit can be used for accelerating the rate of convergence
of the method. It reduces the necessary number of algebraic equations
to be solved and thereby provides a very efficient algorithm concerning
both computing time and storage requirements. Many delicate inves-
tigations about such expansions have been done (see [1]- [6] and the
references in them). However very few authors pay attention to the
problems with discontinuous coefficients. In [e, p.68-98] an asymp-
totic error expansion for the first boundary value problem for second
order self-adjoint ordinary differential equations with discontinuous co-
efficients is presented. The non self-adjoint equation with continuous
coefficients is considered in [7, 8] but without asymptotic error expan-
sion. In this paper we consider the third boundary value problem for
unidimensional stationary diffusion-convection equations with discon-
tinuous coefficients. A difference scheme which satisftes the maxirnum
principle for any grid stepsize and the existence of an asymptotic error
expansion of higher order are presented.

rThis publication is completed with the financial support from the Natlonal
Basic Research Program in Natural Sciences, Vietnam.
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2. DIFFERENTIAL PROBLEM

Let p, be a non-negative integer and { €10, 1[, a e]0, l[. We define

CP*ola, a] :  {o le e Cpfa, bl ,  lo(u)(z) -  6(r)(",) l  S const. l r  -  r , lo,
a,  x '  €  [o ,  6 ] ]  ,

ef*^[0,  11 :  {o lo e cp+}[o,  €] ,  o € c, '+] [€,  1] ,  ]  :0 or  a] .

The differential problem to be considered is

L u : : ( A u ' ) ' l B u t - e u :  L  0 < r  1 1 ,  a f  { ,  ( 2 . 1 )
lqu : :  Au' l r :g+o -  Aut l r :g-o -  ogu(6) :  g€ ,

" ( € + 0 )  
: u ( € - 0 )  : u ( € )  ,

l6u :: a(O)z'(O) - o6u(O) : Oo ,
I 1 u  : :  / ( t ) z ' ( 1 )  *  a 1 u ( t )  :  Q L  ;

where A, B, q, f are given functions satisfying

(2.2)

(2.3)

.4  )  const  )  0 ,  I  )  o ,  A€ Qi+t+r [0 ,  t ]  ,  B,  q ,  f  aQ?*^[0,  1 ]  ,
(2.4)

for a non-negative integer m and. the given real numbers oo, 01, of t 7et
gr, g€ satisfYing

o s  ) 0 ,  0 1  ) 0 ,  o 6  ) 0 t  o o * o 1  ) 0 . (2.5)

Applying the method of [1, ch.1] we can prove the following lemma.

Lemma L. The problem (2.1) - (2.5) has unique solution u:

u r Q T * ' * ^ [ o , t ]  n c [ 0 ,  1 ]  ,  ] : o o r d . (2.6)

3. DIFFERENCE SCHEME (DTSCRETE PROBLEM)

3.1.  Gr id

Let No and N1 be two positive integers and let us denote

N : N o * N r ,  h s : ( f N 6 ,  h r :  ( t - € ) / l V ,  t  1 : h l h o : c o n s t .
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n ; : i h o ,  0  (  i  <  N o  a n d  o ;  :  € + ( i - N o ) h l ,  N o  (  i <  N ,

In the following we put

The set  uh:  { r ; ,  i :0 ,N}  is  ca l led a gr id  on [0 ,  1 ] ,  each point  c ;  is

called a grid point. The grid point rryo falls exactly at c : €.
A function u defined at each point of w6 is called a grid function

or discrete function. The value of u at r; is denoted by u;. We define

the difference quotients u" and u7 of u at r : ni as follows:

t ) r i : f f i , 1 ) i ; : # =

3.2. Discrete problem (difference scheme)

Let
-  B+ :  0.5(B + lBl)  ,  B-  :  0.5(B -  lBl )

s o t h a t  
B : B + + B - ,  l ' l  : B + - B - .

Define the discrete functions @, b+ , b- , d, f , R@) , r(") and r by
putting:

Consider also the quantities:

so : o.5ho B(o) lA(o) r so : I * .so + (so)' ;
s r  :  o .5hr  B(L\ lA(r ) r  s l  :  1  -  s r  +  (s t ) '  ;

S i  :  0 .5hoB(€ -o) lA(€-0) ,  
" (  

:  I  -  sa + (s ! )2 ;

s€* :  0.5h18(€ +o)lA(€+0),  " l  
:  r  *  se* + (sl) 'z.

,  ( h o  w h e n  r ; 1 € ,
o " :  

\  h ,  when  , ;  >  € .

a ; :  A ( n i  -  0 . 5 ( o ;  -  
" ; - t ) )  

;

b! : B+ (x;) /A(n;) i bi : B- ("r) lA(";) ;
d , ; :  q ( r ; \ ;  I ;  :  f  ( r ; )  ,  i  f  No,  0 ,  N ;

RI") : o.5h,lB(r;) l l  A(";), u : o, L 1
, ( v )  -  L -  R Q )  +  ( R @ ) 1 2  ,  u : 0 ,  1 ,  i  *  N o ;

1 1r(o));  for i  < No,
" t : l ( r ( r l ; -  f o r i > N 6 .
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Note that for any he we have

rd r  so r  s r ,  s€ ,  s f  >  e /A  .  (3 .1 )

We shall consider the following discrete problem (difference scheme),
associated with the differential problem (2.1)- (2.5)

L6a z: r(avv)" a 6+ o(+t)p, * b- aaz - d,v : f ,

o ( + 1 )  : a i + r ,  I i :  f ( r ; ) ,  0 < i < N , ,  *  N o ,  ( S . Z )

lgna :: sf oryo..1ucryo - 6€ @fVouZwo

- {oe + o.s[t]rq(€ + o; + hoq(€ - 0)l]rr, : /No ,
f i vo :s€+0 .5 [h r l (€+0)  +ho f ( f  -0 ) ]  ,  ( s . s )

ls6u z:.ss@1u2e - loo * 0.5hsq(0)]ro : . fo,

Io :  so +0.5t lo / (0)  ,  (3 .4)

lyra ::  s1@ryu7ry * lor + 0.Sh1q(l)]ury : . f iv ,

f x : g r - o . 5 h r l ( 1 )  .  ( s . s )

4. THE RESULTS

4.1. Monotony
Since

r  ) 0 ,  o ) 0 ,  b '  ) 0 ,  b -  S  0 ,  d ) O ,  g  ) 0 ,

s 6 ) 0 ,  s 1 ) 0 ,  
" i > 0 ,  

r €  > 0 ,

d 6  )  0 ,  d 1  )  0 ,  o s * o 1 )  0 ,  a g  ) 0 ,

we can prove the following property.

Theorem l. For ang grid stcpsize hs, the diference scheme (3.2)-
(3.5) sotrsf es the maaimum principle, that is:

1) If a is not constont and

L 6 r t  )  O ,  t p a  )  O ,  l s 6 u  )  0 ,  l 1 p  1 O ,

then a does not attain its positiue marimum ualue in w1o.
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2) If a is not constont ond

Lp t  SO,  l g l ru  (  0 ,  l q lu  (  0  '  l su  2O ,

then a does not ottoin its negative minimum volue in w6.

If the difierence scheme satisfies the ma:rimum principle then we
say that it is monotone, and if the difference scheme is monotone for
and hs then we say that it is unconditionally monotone.

In this sense the scheme (3.2)- (3.5) is unconditionally monotone.
Using this fact, we can prove the existence and uniqueness of its solu-

tion.

4.2. Solution of the discrete problem

The problem for u can be written as follows.

A;u; - t  -  C;u;  *  B;a;q1 :  Y i ,  1  < t  <  N,

ao:  POat  *Yo,  t )N :  Pf lN- t  *  Yw ,

where

A; = a; ( r ;  -  h"br ) ,  B; :  a ;+r ( r t  +  h"b! ) ,

C ; : A ; * B ; + h ? d t ,  i * N o ,

0Arvo : ,f oto , BNo: 
"foto* 

rl1 , I : hlho: const 
(4.8)

C N o =  A , v o  + B r o  +  h o { o e + 0 . 5 [ h 1 q ( € + o ;  + h o q ( € - 0 ) ] ] '

po: soatl{"oor * hslos + 0.5hsq(0)l},

pr  :  sr@rv l {"ro* *  h lo l  + 0.5h1q(t) ] }  '

Y: h?f ; ,  i  +  No,  o ,  N,
YNo :  hofvo,

Yo : -hofol{"oo, * hslos + 0.5hoq(0)l} '
YN : fuf v l{s1an * ht[ot + 0.5hrq(1)]] '

and f i  ( r  :  0,  1,2, . . . ,  N) are def ined as in (3.2)-  (3.5).

By assumptions (2.4), (2.5), properties (a.f) and (4.3)-(n.8), for
any stepsize hs we have

(4 .1)

(4.2)

(4.3)

(4.4)

(4.13)

(4.6)

(4.7)

(4.8)

(4.e)
(4.10)

(4.11)

(4.r2)

A ;  > 0 ,  B ; ) O ,  C ; )  A ; *  B ; ,  0 < i (  N ,
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0 ( p o ( 1 ,  O ( p r ( 1 ,  p o l p t 1 2 ,  ( 4 . 1 4 1

lA; - .Bdl < Mrho, ML : const ) 0, d t '  No,, (l.tf)

# ' # t M z '  
M z - c a n s t ) o '  i - N o '  ( n ' r o )

With the aid of (4.13), (+lA), we can write the sweeping formulae
for computing the solution of the problem (4.1), (4.2), that is (3.2)-
(3.5), which are numerically stable (see [8, p.a2-aa]).

4.8. Stability

Now for any grid function z defined on wh, we define the norm

l l r l l  :  To{ lal} ,  0 (  i  < /v.

Taking ipto account the sweeping formulae for solving the problem
(4.1), (+.2) (see [8, p.42-441) and the relations (4.3)-(4.16) we can
prove

Lemma 2. For ony positive grid stepsize hs,

l l r l l  S const. l l / l l  ,
where.f : (/0, ft,..., fx) ore the right-hond members of the problem
(3.2)- (3.5) ond a is the solution of that problem.

4.4. Asymptotic expansion for the error

First we introduce a notation. Assuming that

* . Ql*^[0, r] n d[0, rJ. (4.17)

We denote bv p(h) a quantity which depends on ur and h (h > 0)
with the following properties:

p(h)={ 
"tfl", ili:::

where o(h\ -+ 0 when h --+ o r"d l# | 
< .onrt.

Lemma 8. For any h ) O, we houe

t ) P

w(n t hlz) :to(o) + 
E#^i)(c) 

+ hPp(h) ,

E , r * h l z €  [ 0 ,  { ]  o r  [ € ,  t ] ;
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b )  
P  t  , \ : . :

w(n - hlzl : ur(r) + D #r(i)(c) 4- hPp(h),
'  

d = l

t , n - h l z e [ 0 , { ]  o r [ € ,  1 ]  ;

c)

e, (, + i) w+t@: "ut__"t r,,r,h r(,)
, l0'-z)/zl

* L, 
I h,hpx(r) * hp-r p(h) ,
&:0

n ,  n * h e  [ 0 ,  { ]  o r  [ f ,  1 ] ;

d) 
ro,-z)/zl

aw7 - t h'ker(r) + h\-z p(h) ,
&:O

E r n * h , n - h e [ 0 , f ]  o r [ f ,  1 ]  ,

where

{ x ( * ) : - t , - f f i ,
i+t:Ic '

pr(r):.-r_"ffi
d*r:k .

Note that .ho(r) : Aw' , Po(w) : (Awt)' .

Proof. By Taylor's formula we have

w(x * hlz) : tu(c) + D#,rr)(c) + ff i ,rr(a + ,,h\ ,
i : l ' o '  

o < r < 1

Since by assumption (4.17) w0') € Qt[0, 1] and nt a* h e [0, f] or

[€' 1]' we have 

,(r\(r + 0h) -.(t i(") : p(h) ,
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and hence

.@)(a + 0h) : ,0')1r1+ {ur(r)1c + 0h) -.tt')1e)
: ro")1ry + p@).

This first implies a) and then b), 
"), 

d).

Applying Lemma 3 we can prove

Lemma 4. I l  w , Qt*'* [0, r]  n C[0, t ] ,  ]  :0 or a, then

Th Van Diph

Ir'/zl
L; ,w :  Lw * |  n 'z"krn(w) + h(p(ho),  a *  No,o,  N,

rt:1

It"lzl \p/zl
lqnw:lqw* D n?rcr(ur)1,:6+o - 

D n?okc1,1w)1":6-o
k= I lc: l

+ o.bhr lr,, +'f*' ororr(r)] l":u*o
rt: l

+ o.bbo lr,. +'f' orrrr(,)] l":u_ o+ hgp(hs) ,

It"/zl
loh : lsw r D nTrcr(r)|,:o

k :L

+ o.bho lr,, +'f' orrro(r)][":o + h'sp(hs) ,
k : l

It'/zl
l rh : l1w t- D n?rco(u)1"=r

Ic: I

. It"/zl
o.shl lu + I n?*r*(r)]l":, + h[,p(hs) ,-1 

f r

where Fn(r) and Gp(w) depend, upon w and the dcriaatiues of w as
follows:
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Fn(,) :  uuk(u) + l , lotd * i"*rr-,  ( ,)  ,

Gx(.) : ,h*(.) * l"orr-,(r) +'n!] , t ,r-rt  l ,  
(4'18)

F*(.) , Qt-'r*

Now assume that uty, k : O,1,..., l*lZl, are functions satisfying

.r, € Q?-2k+2+^ [0, r] n c[0, 1] . (4.19)

we Put 
l*/zl

S ^ : D n | r r o ,  z : a - S ^ t  r l o : r L t  ( 4 . 2 O )
&:O

where rno : z is the solution of the differential problem (2.1) - (2.5) and
u is that of the discrete problem (3.2)- (3.5). Applying Lemma 4 we
have

Lemma 6. Under the assumption (a.f9), we haue

l^/zl
Ly,z  : -  t  t fok l tw l ,  *  nd+ h{p(h, ) ,  i  +N6,  0 ,  N,

l c : 1

l^/zl
lgnz : -0.5hr 

D nSolt'wx -l Ex]lc:{1o
f r : l

l*/zl
- o.stlo D nzrlt'w1, * E1,ll'=6-o

k : 1

l * lz l
- t  nf;kftaw1, + Hilc:{+o - Hll":6-o] + h{ p(hs) ,

lc :1

l^/zl
167,2 : -0.5ho 

D n|rlt wl,I E1,l l,:6
r k : 1

l^ lz l
-  t  t t lk(t6w1,+ f /3)1"=o * h{ p(ho),

rt: I
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where

H E :

and by (4.18)

Proof. We choose
satisfying

E* e Q?-'**^[0, t]

?a Van Dintr

(4.21)

(4.2s],

(4.24],

(4.25)

l^/zl
li1,z :0.5h1 D n|rtt wr * Exll,=t

&:1

l^/zl
- 

D hzok(tp1,+ r/,1)1":r * h{p(ho) ,
lc:1

E x :

f t - l  & -1

D "*-, 
@) , HI : l4w-i)cr-i(*i\ ,

,=o l :o

Lemma 6. There erist lunctions wy sotisfying (4.19) so that the grid
function z defined by (4.2O) verifies the following d,isuete problem

L6z: V;:  h{P(ho),  i  I  0,  lb,  N,

lgnz - Ywo : ht P(ho) ,
lshz : Vo = hT P(ho) ,
lyrz : UN : hT P(ho) .

tno :  u  and determine wk,  k  :  Lr2r . . . r l * lZ l ,

L w y : - E r ,  O 1 r < l , n * €  ( 4 . 2 2 ' )

lerr - -Hll,:e+o + Iff l '=g-o , ure(€ + 0) : ,r({ - o) ,
lswtc : -II3l"=o ,

l1w; :  -HI l ,= t  .

Bv (z.o) u)o : 
" 

e QT*'*^[o, 1l n c[0, 1]. so (+.zr) vields that
Er € Qi-z+x[0, r]. Hence ur1 is determined by Lemma 1 a^nd be-

longs to 8f*^[0, r]nc[0, 1]. Again, by (4.21) E2 e Q?-o*^[0, r]  and
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so rD2 is determined by Lemma 1 and l ies in Q!-z+x [0, 1]nC[O, 1],
etc. Thus, with tr.r6 : u the sequence of problems (+.ZZ) - (+.ZS) de-
termine ?r,c successively from k: I  to ft :  I*121, which satisfy (4.19)
and are independent upon he (because the problems (+.ZZ) - (a.ZS) are
independent upon hs).

With these l*lZl functions u1, the right-hand side members of the
equations in Lemma 5 can be reduced so that Lemma 6 is proved.

Taking Lemma 2 into account we can deduce from Lemma 6 that

l l , l l  s l ly l l  :  hTp(ho).

So we have

Theorem 2. Under the assurnptions (2.4) - (2.5) there erist l*lZl func-
t ions uy,  le :1,2, . . . ,1* lZl ,  which are independent upon hs but de-
pend,ent on 1 and satisly (A.tO) such that

l^/zl
a;  -  u(r ; ) :  t  hzskwt (r ; )  + h{ p(hs) .

lc: I

This is the asymptotic expansion of order ZlmlZl for the error ud -

u(z;) with respect to the grid stepsize parameter h6.

Remark. Consider the particular case when B : 0 and o6 : 0. Then
the equations (2.1), (2.2) coincide with (3.1), (3.3), (a.a) of [s, p.sZ]
and the corresponding difference equations coincide with those of [S].
The boundary condition (3.2) in [3] is simpler than (2.3). As a result
we have obtained (4.26). In comparison with (3.16) of [3, p.90] we note
that, when nz is odd, the first parts of (a.26) and of (3.16) of [3] are the
same because in this case [(rn -I) l2l:  lmlz]. When rn is even, (4.26)
have one term (h{wl^/z) more than (3.16) of [3] because in this case

l(*- l) l2l :  l* lZl- 1. Besides that, the remainder in (4.26) is smaller
than that in (3.16) of [3] by the factor p(ho) which tends to zero when
h6 tends to zero.

So our problem is more general and our result is somewhat better.
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