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ON THE EXISTENCE OF BAYESIAN ESTIMATES

IN MULTIDIMENSIONAL NONLINEAR STATISTICAL

MODELS WITH COMPACT PARAMETDR SPACD

UNG NGOC QUANG

Abstract. In this note, we inaestigate the etistence of Bayesion estimates lor
the luation pmmeter 0 e O ond lor the uaianez conpnent o2 in the nonlinear

stotistical mdels X = gp) | e, wherc X is a tandom uector of observatioru

and O is a compct cubset ol the finite-dimeruional normed lineor spce F.

INTRODUCTION

An important problem of mathematical statistics is investigating
the linear and nonlinear statistical models (see Ir], [Z]). In [3] we proved

the existence of Bayesian estimates for the location parameter and for

the variance component in one-dimensional nonlinear statistical mod-

els.

In this paper, by the functional analysis method, we shall investi-
gate the existence of Bayesian estimates in multidimensional nonlinear

models.

First of all, we give some notations:

E, F : finite-dimensional normed linear spaces.

B(E), B(F) : o-algebras of all Borel sets in the spaces E, F.

M(nxq), M(px r) :  spaces of al l  nxg-matrices and px r-matrices.

B(nxq), B(pxr) :  o-algebrasof al lBorelsetsin M(nxq),, M(pxr).
Rn, pn : z-dimentional and p-dimensional Euclidean spaces with

the standard scalar product ( ' , ' ) .

K : closure of a set K.

1. STATISTICAL MODELS

Let us consider the following statistical models:

y  :  e ( 0 )  *  e ,  ( 1 )
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where:

X is an observed random variable, taking the values in E,
e is a random error variable, taking the values in E,
0 is an unknown parameterr0 e@.

O is a subset of F, and
tp is a known function, g i @ --+ E.

The model (l) is called a multidimensional linear model if @ is a
linear subspace of F, and gr is a linear function. The model (1) is called
a (q,  r ) -d imensional  l inear  model  i f  E:  M(nx q) ,  F:  M(p x  r ) .  I f
8 :  r :  1  ( i . e .  M ( n  x  g )  :  R ,  M ( p  x  r )  -  R r ) ,  t h e n  ( t )  i s  c a l l e d
one-dimensional linear statistical model (see [1]).

The model (1) is called a multidimensional nonlinear model if
either @ is a nonlinear subset of F or gr is a nonlinear function (see
[2], [3]). If O is a compact subset of F, then (f) is called a multidimen-
sional nonlinear model with compact parameter space. If E : M(nxq),
F : M(p x r) and @ is a compact subset of M(p x r), then (t) is called
a (q, r)- dimensional nonlinear model with compact parameter space.
I f  q  :  r  :  L  ( i .e .  M(nx g)  :  R" ,  M(px r )  :  Rp) ,  then ( t )  is  ca l led an
one-dimensional nonlinear model with compact parameter space (see

[3] )  .

As we have known, for a random variable X, there exists a condi-
tional regular distribution px9 (see [a]). We shall use symbol Q6 to
denote pxle.

Assume that p is a o-finite measure in the space (E,B(E)) and
Qe < p for every 0 e @ C F. Then by the Radon-Nikodym theorem
there exists a function /e(c) such that

,.lr,(,lr)
Ie@) : 

Y
p(d")

Definit ion 1.1. A function h: (E,B(E)) * (,F',  B(.F')) is cal led an es-
timate of the parameter 0 e @ c F if it is a Borel measurable function.
A Borel measurable function h is said to be bounded if it satisfies the
condition:

. "9 l l [ (o) l l r  <  +oo.

LeI B(E, F) denote the space of all bounded Borel measurable func-
tions from E ro F. clearly, it forms a class of estimates of the parameter
0 € @ c F .
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A Borel measurable function h from E to F is said to be essentially
bounded measurable i f  there exists a set B € B(E), p(B) : 0 such
that:

'  sup  l l t  ( " ) l l r  <  +m.
z € E \ B

Let us denote by L* (p, E,.F) the space of al l  essent ial ly bounded
measurable funct ions. Clearly,  i t  is a class of est imates of the parameter

0 € @ c F .

2. ON THE EXISTENCE OF BAYESIAN ESTIMATES
FOR THE LOCATION PARAMETER

First, let us consider the compact parameter space @ c F. By
B(O) we denote the o-algebra of al l  Borel sets in the space O.

A probabil i ty measure r in (O,8(O)) is cal led a priori  distr ibution
of 0 e @ c F'.

Definit ion 2.1. Suppose ,FI is a function defined by

H : E  x O - - - + F  x O ,  H ( r , 0 ) : ( h ( r ) , 0 ) ,

and  L  i s  a  func t i on  
L  :  Fx  o  -+  R*  : [ 0 ,  +m] .

Then the composed function defined by

L ( h ( z ) , 0 )  :  L  o  H  :  E  x  @ - -  E *

is called a loss function.
Next, let us consider the measurable spaces (8, B(E)), (f ' ,  B(F)),

(o f l - (o) ) ,  (E* ,  B(E*)) ,  where B(E*)  is  a  o-a lgebra of  a l l  Bore l  sets

i n  , R '  .
Now, we define:

A : { A x B  A e  B ( E ) ,  B  € 8 ( O ) } ,

C  :  { C  x  B  :  C  €  B ( F ) ,  B  e B ( o ) } .

Let  B(E)  x  I (@) denote the o-a lgebra generated by A,  B( f )  x  I (O)
denote the o-algebra generated by C. Then, the following propositions
are well-known:
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Proposition 2.1. Let L be o (B(.F') ,8(O), B(E*)) -measuroble func-
tion. Then the loss function L(h(.),.) * o (B(E) x g(O), B(E-)) -mc@-
suroble function.
Proposition 2.2. The classes ol estimates B(E,F) and L*(p,E,F)
ore Bonach spaces with the following norms:

l lh l lare,r l  :  sup l l t r ( " ) l l " ,
z€E

l l t  l l ." : _ iqf. sup l l lr(")11".
B:1 . t (B) :O c€E\B

By Propositions 2.1,2.2, we can define following Bayesian estimate.

Definit ion 2.2. A functional $ : B(E,F) * E+ i,  said to be a
Bayesian risk function with a priori distribution r if

,h(h) :  [  [  tWO,o)ee(dn)r(do)
t" tt

( t ,@l :  [  [  L@@),0)fs(r)p(d,a)r(d,0)) .
{ t t

An estimarc k. e B(E,F) is said to be a Bayesian estimate of the
parameter 0 e @ C F with a priori distribution'if

'b&): inf $(hl .
h e B ( E , F ) '  '  '

Deftnit ion 2.3. A functionalr/t z L*An,E,F) -.8- is said to be a
Bayesian risk with a priori distribution r if

,h(h) :  [  [  tWO),0)ee(d.r) r (do)
t" tt

(,P@) : 
I I 

L@@),0)rs(r\p(d'lr@o)) .
E E

An estimate i e L*(tt,E,F) is said to be a Bayesian estimate of
the parameter 0 € O c F with a priori distribution r if

,h(ir): inf $(il .
h e L - ( t t , E , F ) '  '  '

Theorem 2.1. Let K be o class of all estimates of the porometer
0 e @ c F sotisfying the following conditions:
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( i )  h(^E) c @, Vh e K .
(ii) for anv e ) O, there enist o finite partition {E;)TL.

points q € E;, i : 1r..., rn such that

233

C E a n d

l l t  ( " )  -  h ( " i ) l l r  <  t ,  V h  €  K ,  V i -  1 , .  . . ,  r r l .

(iii) There exists C > O such that:

lL(v,O) -  L(y ' ,4) l  < Cl lv  -  v ' l le ,  Vv,Y'  e F,  V0 e @'

Then K is a relatively compact subset of the space B(E,F) and in

the class K th"." exists a Bayesian estimate.

Theorem 2.2. Let K be a class of estimates of the parameter

0 e @ C F, satisfying the following conditions:

( i )  h(E)  c  o  (modp) ,  vh€ K.
(ii) For any e ) O, there ezist a finite portition {Ei}T\ C E and'

points r ;  € E;,  i  :  1, . . , ,  f f i  such that
(o) l l t (";)l lr,,t unilorrnlg bounded lor h € K and' i : 1,. " ' rn'

(b) For ea,ch h. € K there erists B e B(E) w;th p(B) : O such that

sup l l l r ( " )  -  h ( " r ) l l .  <  
"  

,  ( i  :  r , .  . . ,  m)  .
z€E ; \B

(iii) There enists C > O such thot

lL(v,0) - L(y', i l ]S clly - y' l le , Vv,v' € F, V0 € o.

Then K is a relatively compact subset of the space L*(p,8, F) and

in the class K there exists a Bayesian estimate.

3. ON THE EXISTENCE OF BAYESIAN ESTIMATES

FOR THE VARIANCE COMPONENT

In this section we shall investigate the existence of Bayesian esti-

mate for the variance component in the (g, r)-dimensional models.

First, lel R"q be the rzg-dimensional Euclidean space. Let us con-

sider the following mapping T z M(n x q) * l?ns, defined by

sup
r€E;

(
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T ( A )  :  . [  :  @ t r t a 2 r t .  . .  t a n r ,  a r 2 , & 2 2 t . . .  t e n 2 , . .  .  ,  a r q , a 2 q r .  .  .  , a n q )  ,

where  A:  (o ; i )  €  M(n  x  q )  and 1 i .  u  ng-d imens iona l  vec tor .
obviously, ? is a linear mapping of M(n x q) onto fi,s. Moreover,

? is an isometry of M(n x g) onto Rne .
Now, let  us consider the fol lowing (g, r)-dimensional nonl inear mod-

e l :

Y :  p(0)  - r  e ,  ( r ' )
where X is an observed random matrix, taking the values in M (n x q)
and e is a random error matr ix,  taking the values in M(n x q).

The covariance matrix D(fl of the ng-dimensional random error
vector e- is cal led the var iance component of the random error matr ix e.
we will denote by Var e the variance component of the random matrix
e. For each f t ,  let  M>(k x &) denote the space of al l  non-negat ive
definite s x s-matrices. we shall assume that, for non-linear model
( 1 ' ) ,  V a r  u :  r h ( o ' ) ,  w h e r e  , b ,  M , - ( s  x  s )  . -  M Z @ q  * n g )  i s  a  k n o w n
nonlinear function and, o2 is an unknown parameter, o2 € M>(s x s) c
M ( s  x  s ) .

In this sect ion we shal l  est imate unknown parameter o2 €
M)(s x s).  This unknown parameter o2 also is rui j  to be a var iance
component.

D e f i n i t i o n  B . l .  A  B o r e l  f u n c t i o n  h  :  ( M ( n  x  q ) , 8 ( " ,  q ) )  _ - +
(y ( "  x_s) ,8 (s  x  s ) )  i s  ca l led  an  es t imate  o f  the  var iance component
o 2 € M 2 ( s x s ) .

As we have known, for a random matr ix X there exists a condit ional
regular distr ibut ion pXloz, where o2 € M>-(s x s).  Denote by eo, the
condit io-nal regular distr ibut ion pXlo" and assume that eo, K, 1.r ,  for
every o2. Then, there exists f  

"r(r)  
such that

f  , , ( r )  -  Q"" (d r )

Denote by B(M(n *'  ,"n, '* 'rr". ; l ' : l  , ; . ." or a, bounded Borer
measurable funct ions and by L* ( tr ,  M (n x q),  M (s x s))  the space of al l
essent ial ly bounded measurable funct ions from M(n x q) to M(s x s).
Then, they are Banach spaces with the norms

l l h l lu rn  o"q) ,M(sxs) )  :  
" . , ) l l "o  r l ln@) l l v1" , " ;  

,
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l lhll"" : 
",ffi:o "..il lo)\B 

llh(')llu1"x"1 '

I
Theorem 3.1. Let K c B(M(nxq),M(s x s)) De a class of estimates

of the uariance component o2 € M2(s x s), satislying the following
conditions

(i\  h(M(n x q)) c M>(" x s) ,  Vlz e K.
(ii) For @nv e ) O, there erist finite partition {E;}L, c M(n x q)

a n d  p o i n t s  r ; €  E ; ,  i : l r - . . I r r t  s u c h t h a t

s u p  l l h ( c )  -  h ( " r ) l l v 1 " " " y  <  e ,  V h  €  K ,  V f  :  1 ,  . . . ,  r n .
s€E;

(iii) There erists C > O such that

lL (y ,o ' )  -  L(y ' ,o ' ) l  <  Cl ly  -  u '11v1"" , ;  ,Vy,y '  €  M(s t  r )  ,
Yo2 e M > (" x s) .

Then, K is a relatively compact subset of B(M(n x q),M(s x s))

and in K there exists a Bayesian estimate.

Theorem 3.2. Let K c L*(p,M(n x q),M(s x s)) be a class of
estimate of the variance componenl o2 e M>(" x s) c M(s x s),
satisfying the following conditions:

( i )  h(M(n x  q))  c  M>("  x  s)  ,  Vh e K.
(ii) For any e ) O, there erist finite partition {E;)Lt c M(n x q)

and points r; € E;, i : lr. . . ' rn such that
(o)  l lh( " r ) l lv1"r "y ,  is  un i formly bounded for  h  € K andi  :  1 , . . . ,  t r t ' .
(b)  For  each h€ K,  there ex is ts  B e B(nx q) ,  wi th  p ' (B) :O such

that

sup  l l l r ( " )  -  l r ( " ; ) l l v ( " * " )  <  e  ,  V i  -  1 , .  . . ,  r r l .
ce.E; \B

(iii) There exist C ) O such that

l L ( y , " ' )  -  L (a ' , "2 ) l  S  C l l v  -  a ' l l up* "1 ,Vy ,y '  e  M(s  x  
" )  ,

Voz e M>(" x s) .
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Then K is a relatiuely cornpo,ct subset ol L*(p,M(n x q),M(s x s))
and in K there enists a Bayesian estimate.

4. THE PROOFS

In this section we shall prove the results in the preceding sections.

Proof ol Theorem 9.I. Since O is a compact subset of F, by the condi-
tion (i), we have

sug l lh(r) l l .  < +- .

Hence, we obtain that K C B(E,F).
Now, let F- : F x .. .  x F (rn factors). Clearly, F- is a f inite-
dimensional normed linear space with the norm:

l lvl l .- :  ,?,?T,l lv; l lr .

Let us consider the function O : B(E,F) * F-, defined by

0 ( l z )  :  ( h ( r r ) ,  h ( " r ) , .  . . ,  h ( r * ) )  .

By the condition (i), we see that O(/{) is a bounded set of F^. It
follows that O(K) is a totally bounded set of P-. Consequently, there
ex i s t  ba l l s  B ( t i , e ) ,  j  :  L ,  2 , . . . ,  r  such  tha t

f

o(/r)  c U B(t1,e).
i : l

By a similar argument of the Proposition 1.1 in [a], there is a function
h i € K s u c h t h a t

l l h ( " ; )  -  h i@r ) l l ,  <  z . r ,  V i  :  1 ,  . . . ,  n r l .

Moreover, since h, hi € K , by the condition (ii), we have

s u p  l l h ( c )  - h ( " ; ) l l r  <  t ,  V i :  ! , . . . , m ;
r€E i

s u p  l l h ; ( " )  -  h i @ ; ) l l "  <  t ,  V i :  r , . . . , f f i .
z€E;
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It follows that

s u p  l l h ( c )  -  h i @ ) l l r  <  a ' ,  V i  :  1 , . .  - , t u .
r,€E;

Consequently

sugl lb(r)  -  h i@)l l "  :  
, **  

sup l lh(c)  -  h i@)l l .  < a ' '

This means that
r

r .  U  B( \ ,ae) .
i : l

This shows that K is a totally bounded set of B(E,F) and it follows
that K is a relatively compact subset of B(E,F).

Next, we shall prove that

h ( E ) c O , V h € K .

Indeed, take any h e K. Then, there exists a sequence (h") c K such
that

l lh" - hl ln@,r) - O, as n --+ @.

It follows that

l lh"(") - h(") l lr  - '  o, as t?---+ oo

On the other hand. we have

h " ( E )  C  @ ,  V z  €  N .

By a similar argument of the Proposition 1.4 in [3], we obtain that

h ( E ) . -  o , V h € K .

Finally, let us consider the functional r/ : B(E,F) * E- defined
by

,h(h) :  [  [  tW4) ,0)Qe(d. r ) r (d ,o)
J J
@ E
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By a similar argument of the Proposition2.l.2 in [a], we obtain that r/
is a continuous function on the compact subset K c B(8, F). Conse-
quently, there exists ̂ n i, e K such that

,h(h) :  in l  r / (h)  .
hex

By the Definition 2.2., h is a Bayesian estimate and the proof of the
theorem is completed.

Proof ol Theorem 2.2. Since L* (tt, E, F) is a Banach space, we obtain
by a simila,r argument as in the proof of Theorem 2.L, that .If is a
relatively compact subset of. L*Qt,ErF).

Let us consider the functional $, L*(p,E,F) -- E* defined by

,h(h): [  [  tWO),0)ee(d,n)r(d,o)
t" tt

(v@) : [ [ L@@),0)fs(r)p,(d,er@,0)) .
T L

Clearlg r/ is a continuous function on the compact subset K and hence
there exists in K a Bayesian estimate.

Proof of Theorem 8.1. By a similar argument of Theorem 2.1, we see
that K is a relatively compact subset of B(M(n x q),M(s x s)).

Next, we want to show that if

h ( M ( n x  q ) )  c  M > ( t x  s ) ,  V f t .  e  K

then
h ( M ( n x  q ) )  c  M ' - ( t x  s ) ,  V l z  e  K  .

Indeed, take any h e K. Then there exists a sequence (hr") c K such
that h,. + h (as tn --+ oo) in the norm of B(M(n x q),M(s x s)).
It follows that h^(r) -- h(r) for each n e M(n x q). Since h,-(x\ e
M>(" x s), by the definition of the-non-negative definite matrix, we
have (t, h^(x)t) 2 0 for all t € ,R". This implies (t, h(r)t) Z 0 for all
t  € R",and thus h(r) e M>(" x s). Since s is arbitrary in M(n x q),
we have h(M(n x q)) C M>(" x s), as to be shown.

. f f
(,t'(h\ : 

J J 
L(h(a),0)fs(n)p(d,n)r(d,0)) .

E E
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Finally, consider the functional tb : B(M(n x q),M(s x s)) -* [r
defined by

,b(h): t t L@@),o2)eo"(tn)r(d,o2).
J J

,Y'2 (axa)  M(nxq)

Clearly r/ is a continuous function and hence in K there exists a Bayesian
estimate.

Proof of Theorem 3.2. We shall prove that, if

h(M(n x  q))  c  M>(t  x  s)  (modp,) ,  Vh€ K,

then,'  
h(M(n x  q))  c  M>("  x  s)  (mod p)  ,  Vh eE .

Indeed, take any h € K, by a similar argument of the Theorem 3.1,
there exists a sequence (h*) c K such that, for each nz (t, h^(a)t) > 0
(modp) and, as t --+ oo, (f,  h^(x)t) * (t ,  h(a)t l  (mod p),Vt € R".
Let us define

A: {r e M(n x q) :  ( t ,  h^(r)t)  t3 p, h(n)t)}  ,

B^ : {r e M(n x q) : (t, h^(x)t) > 0} ,

B -  n  B ^ '
m€N

Then clearly, for each u € A n B, (t, h(a)t)
p (M (s x s) \ (A n B)) : 0. Consequently, h(x) e M> (" x s) (mod p) ,
which implies that

h(M(n x q)) c M>(" x s) (mod p'), Vh € K .

Remork: Let us consider one-dimensional model. Suppose that .E :
Rr,  F:  -B l ,  g  :  fa ,  61.
Take any continuous function h whose support is a compact subset

[u, u] c .R1. Clearly, h is a uniformly continuous function on [u, u].
Therefore, for every e ) 0, there exists 6 > 0 such that:

ln@\ - h(v) l  < e, whenever lr  -  yl  < 6.
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Let us divide the interval [2, u] into the subintervals, whose length < 6.
Then we get the following subintervals: Et, 82,,.., E*-r. Next, let

E^ : (-*, u) u (u, +-) .

Thus, {E;}iir is a finite partition of Rr.
N o w ,  t a k e  t h e  p o i n t s  q €  E ; ,  i : L r . . . r r r t - 1 ,  a n d  f r m e  ( u , * m ) .
By the above consideration, we have

l n @ )  -  h ( " ; ) l  I  e ,  V r  €  E ; ,  V f  :  1 ,  . . . ,  m  -  l .

Moreover,
h ( r )  :  h ( " ^ ) :  0 ,  V r  €  E^  .

Therefore,
sup  l h ( r )  -  h ( " ; ) l  (  t ,  V f  :  1 ,  . . . ,  t n , .
r€E;

Usually, the collection of all continuous functions on .Rl whose support
is compact is denoted by C1r,r l(Rt).

Let K : {h} be a subset of C1,,u1(R1) satisfying the above prop-
erties. Then K + 0 and K satisfies the conditions of the Theorem 2.1.
Consequently, K is a relatively compact subset of B(.R1, .Rl) and in K
there exists a Bayesian estimate.
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