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ON BROWN-McCOY I-RINGS

WANG DINGGUO

Abstract. Izt M h al--ring inthe setue of Nobusawa. The ing M2 -

/  P  I . \

( fr L ) 
,* defined bs Kvuno' In this ppr, Btown-McCos l-rings arc

defined to b, those l- nnge in which the ptirne rcdical eqnls the Brcwn - McCog

rcdical in all homomorphic images. The aim ol the pper is to study the prcperl'ies

ol Brcun - McCog | - ings. The rclotioruhips betuun Brcwn - McCoy prcprties

ol t-rhq M and the conespnd*q pmprties ol l'.,^-nn7 M^,n, the ight

oprdnr ring R oft-ring M, M-ringl ordthe ring M2 on. established.

1. INTRODUCTION

Throughout this paper, "I-ring" means a l-ring in the sense of

Barnes, "I<M" will denote "-f is an ideal of M". For the notions of

operator rings, matrix f-rings, weak ly-ring, f1y-ring etc. we refer

to  [1 ] ,  [3 ] ,  [5 ]  and [6 ] .
The class of Jacobson rings, which consists of all rings in which the

prime radical coincides with the Jacobson radical in all homomorphic
images, is an important class in ring theory. For several years, Jacobson

rings and their generalizations are extensively studied (cf. [11], ItZ] and

[f3] etc.). In [fS] some of the Jacobson properties have been established

for l-rings. However, another possible generalization of the Jacobson
property is to consider the class of all rings in which, for every homo-
morphic image, the prime radical is coincident with the Brown - McCoy
radical (see [fZ]). We shall call this the class of Brown-McCoy rings.
In this paper, we use the Brown-McCoy radical of f-rings in the sense

of Booth (see [a]) to study the Brown-McCoy properties of l-rings.
When (M,I) is a lry-ring there are five related rings: the l-ring M,

the right operator ring R of f-ring M, lhe matrix lrr,,rr-ring M*,r,

the M-ring I and the ring M2. In this paper the relationships between

the Brown-McCoy properties of these rings are established.

A f-ring M is said to have right unity (resp. strong right unity)

if there exists an element 
,D='[Ar, 

a;] e R (resp. l6,a] e.R) such that
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I r6;a; : r (resp. a6a : c) for all u € M. It is easily verified that
r = l

n
in this case, ! [6;, q] (resp. [6, "]) 

is the unity of the ring .8. Left
d : l

unity is similarly defined. An ideal I of M is called modular (resp.
right modular, right strongly modular) if the fact l-ring M f I has fight
and left unities (resp. a right unity, a right strong unity). Left modular
ideals are similarly defined. The l-ring M is called simple it MtM + O
amd, M has no ideals other than 0 and M.

Let (M,f) be a weak fry-ring and P I R, Q e .L and iD e I, then
we define

P *  :  { x  €  M : 1 0 , r )  €  P  f o r  a l l  0  e  f } ,

Q *  :  { r  €  M  : l r , p l €  Q  f o r  a l l  p  €  I } ,

A * '  :  { r  €  R :  M r  e  A ) ,  A + '  -  
{ y  e  t : y M  C  A } ,

f ( ,4)  :  { r ,  e  f  :  Mp,M e A)  and M(O) :  { r  €  M : t r t  g  O} .

For further details of f-rings and their operator rings, we refer to

[ t ]  and [o ] .

2. BROWN-McCOY I-RINGS AND MATRIX |,',--RINGS

Radical classes of f-rings, special radical and hereditary classes are
defined exactly as for rings. See, for example, [S] or [tO].

For an arbitrary f-ring M, Booth [2] defined the Brown-McCoy
radical B(-) to be the upper radical defined by the class of simple I-
rings having strong left unities. It is shown that the Brown-McCoy
radical is a special radical and a generalization of the Brown - McCoy
radical of ring. Throughout this paper B(-) and P(-) will denote the
Brown - McCoy and prime radicals, respectively.

Definition 2.L. f-ring M is called a Brown-McCoy l-ring, if the
prime radical equals the Brown-McCoy radical in all homomorphic
images of M.

From the definition, it is easy to prove the following:

Proposit ion 2.2. I l  M is a Brown-McCoy l-r ing and I <M, then
MII is also Brown-McCoy.
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Proposition 2.3. M is a Brown-McCoyt-ring if and only if eaery
prime ideal ol M is on intersection of maaimal left strongly modular
id.eols ol M.

Corollary 2.4. l-ring M is Brown-McCog if and, only if euery prime
hornomorphic imoge ol M is B-semisimple.

If we denote by @ the class of all Brown-MqCoy l-rings, then,
from Definition 2.1, we have

g : {M : B(M lI) : P(MlI) for every ideal .I ot M} .

Analogously to [9, Theorem 26] we have that O is a radical class. If
we denote by ) the radical associated with the Brown-McCoy l-ring
cla,ss O, then @ is the largest radical class such that )(M) a B(M) g
P(M) for every l-ring M.

Proposition 2.5. \ is hereditary, i.e. ideals of Brown-McCoy
T -rings are Brown - McCoy.

Proof. Let the l-ring M be Brown-McCoy and let .[ be an ideal of
M. lf .I is not Brown-McCoy then there is a prime ideal .I( of .I such
thaf I lK has a nonzero Brown-McCoy radical, say Af K. Now K will
be an ideal of M, since K is a prime'ideal of /, so consider the l-ring
MlK. In this quotient, the prime radical coincides with the Brown-
McCoy radical, which contains Al K. Thus Al K is a lower strong nil
radical l-ring and so contains a nonzero strong nilpotent ideal. This
contradicts the primeness of K in.I. Therefore.I is a Brown-McCoy
I-ring and the proposition is proved.

Corollary 2.6. Let M be al-ring and I an id,eal of M, then \(I):
/  n  ) (M) .

Proposition 2.7. M is a simple | -ring with a strong left unites, then,
if m < n, M^,n is a simple ln,*-ring with o strong left unity.

Proof. Suppose thal M is simple l-ring with a strong left unity. Then,
by [5, Lemma a], it is easy to prove that M^,n is a simple l,n,--ring.
Let a € M and. 0 e t be such that aBn: s for all r € M. Then,
if. A € M^,o, (a6;,iE;,i)(p6484)A - A, where 6i,i : l, if. i : j,
otherwise 0. If follows that M*,o is a simple l,r,,"r-ring with a strong
left unity.

Theorem 2.8. If M is a l-ring and m 1 n, then B(M^,n) S
(B(M)),"," '
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Proof. By Proposition 2.7,[6, Lemma 3] and [4, Theorem 4.2], it is
easily verified that B(M^,") S (B(M)-,,.).

Remark 2.9. The Theorem 2.8 does not hold if m > n. For example,
let F be a field, M - F and I : F. It is easily shown that B(M) : O
and B(Ms,z) : Mg,z. Even if rn 1 n it does not always hold that
B(M^,") :  (B(M)^,,n). For example, see [2], p.75.

Corollary 2.1O. Let R be a ring. Then for onV tn 3 n, B(R,,,r) S
(B(R)),-," where B(R) is the Brown-McCoy radical of ring R.

Corollary 2.11. Let R be o ring. Then lor any n, B(R") -- (B(n))",
where B(R) is the Brown-McCoy rodieal ol ring R.

The proof of the above corollary is dependent on the fact that the
Brown-McCoy radical of the ring R is equal the Brown-McCoy radical
of the l-ring with I : .8.

Theorem 2.12. If  t-r ing M is Brown-McCoy ond rn 1n, then the
matrit I n,^-ring M^,n is Brown - McCog.

Proof. Suppose that M is a Brown-McCoy l-ring. By [6], Theorem 2,
any prime ideal of Mm,n is of the form P-,,., where P is a prime ideal of
the l-ring M. Since the l-ring M is Brown-McCoy and so P : (lPo,
where Po (o € .r{) are ma>cimal left strongly modular ideals of M. Now
Prn,n : (nPo)-,r, : o(Po)-,nr &nd M^,nl(P..)^,n a (M I Pr)^,rr. By
Proposition 2.7, (Po)^,n is a maxirnal left strongly modular ideal of
M^,n. Thus M^,n is a Brown-McCoy l,r,--ring.

Corollary 2.18. A ring R is a Brown-McCoy ring if and only if, for
anv n, the Rn-ring Ro is Brown- McCog, i. e. the matric ring M"(R)
is o Brown - McCoy ring.

Corollary 2,14. \(M^,n\ > (f (M))- ,n for ony | -ring M ond m 1 n.

Proof. This follows immediately from Theorcm 2.12 and the corre
sponding result in [9, Lemma 8]. +

3. BROWN-McCOY I-RINGS AND THE OPERATOR RINGS

In this section, the relationships between Brown-McCoy properties
of l-ring M and its left operator rings are established. Analogous
results for the right operator rings can be proved similarly.
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Lemma 3.1. f A is an ideol ofitheT-ring M, L ond'lMlA,ll are the
left operotor rings ol l-ring M andl'ring MlA, respectiuely, then we
have lM IA,I] = Ll l+' under the mopping

I["r + A,xl * !["r, t;l + A+' .
t

Lemrna 3.2. If M isl-ring with lelt operotor ring L, and M has a left
unity, P is anideol of L,lMlP+,Il tt theleft operotor ring of l-ring
MIP+, then we hauelMlP+,I] = Lf P under the mapping

D["r * P+,'] i ]  * D["r, 'yd] + P.
t

Lemma 3.8. If T-ring M hos a left unitg or l-ring M is prime, then
M is simple if ond, only il the lelt operotor ring L ol M is a simplc ring.

The proof of Lemma 3.L, 3.2, and 3.3 may easily be verified by
direct computation.

Lemma 8.4. Let M be al-ring with left operotor rings L.

(l) f P is a morimol modular ideal ol L, thcn P+ ts o manimal left

mod.ulor ideol ol M ond (f+;+'- 
".(2) If Q is o mocimal left strongly modular ideat of M, then Q+' ;t

a moaimal modular ided of L and (Q+')+ : Q.

Proof. (1) Suppose P is a maximal modular ideal of .L. Then there
exists e € L such that for all a € I and r € M, elnral - lxral e P,
i.e. lex - rrdl € P, that is, ex - r € P+. Hence, by Lemma 3.2 and
3.3, P+ is a marcimal left modular ideal of M.By [6], Theorem 1, and
the fact that ma:rimal (left) modular ideals are prime ideals, it is clear

that (P+)*'  :  P.

(Z) gV Lemma 3.1. and 3.3, the proof is clearly.

Theorem 8.5. Let M be at-ring and L bethe lelt operator ring of
M. Then,

(l) $ M is o Brown - McCoy | -ring then L is a Brown - McCoy
ring; ond

(2) Il M has o strong left unitg and L is a Broun - McCoy ring, then
M is a Broun - McCoy | -ring.

Prmf . (1) Suppose that M is a Brown-McCoy l-ring. For every prime
ideal Q of .L, by [8], Theorem l, there is a prime ideal P of M such that

Q : P+. Since M is a Brown-McCoy l-ring, there exist ma:cimal left

t

I

fl
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stronglymodularideals Poiof M (o € A) suchthat P: f i{Po: o € A}.
But'

P * ' -  { n € R : M c c P }
:  f l  { s  €  R  :  Mr  C  Po ,  d€  A }  :  n {PJ '  :  a  €  A } .

By Lemma 3.4, Pf,' (o € A) are morimal modular ideals of .L. There
fore, .L is a Brown-McCoy ring.

(2) Suppose now that .L is a Brown-McCoy ring, and let P be a
prime ideal of l-ring M, then ,.by [6], Theorem 1, there is a prime
idea l  A  o f  . L  such  tha t  P  :  A* :  { c  €  M : [ t , n ]g  A ) .  S ince .L  i s  a
Brown-McCoy ring, then A : n{Ao : a € A}, where Ao (o€ A) are
the marcimal modular ideals of .L. But

p : A + : { z €  M : [ t , r ] g A ]

:  f ' l { c  €  M  : [ I , c ]  c  A o ,  d €  A ]  -  n { A j  :  a  €  A } .

By Lemma 3.4 and, M has a strong left unity and [G], Theorem l,
A* (" € A) are marimal left strongly modular ideals of M. Hence, M
is a Brown-McCoy l-ring. This completes the proof.

In the following, let B be the radical class of Brown - McCoy rings.

Theorem 8.6. Let M be al-ring with lelt strong unitg and L be the
left operotor ring of M. Then, ue have

G) B@) E ()(M))+'1 ond
(2) ̂ (M) c (p(L))+ .

Proof . (r) since IM l^(M),fl =- Ll$(M))+'by Lemma B.t and M l^W)
is l-semisimple. Hence by Theorem 3.5, Ll0(M))+'i, p-r"misimple.
It follows that B@) g ()(M))+'.

(2) Since, by Lerrima 3.2,IMl@(r))+,tl= LIP(t) and LIB@) is
p-semisimple. Then, by Theorem 3.5, it follows that )(M) g (p(L))+.

Corollary 3.7. Let M be ol-ring withlelt strong and right unities,
L be the left operator ring of M. Then, we haae 0(L) : ()(U1;+'.

Proof. Since l-ring M has right and left unities, it is easy to prove
that [. \(M),I]  :  (](M))+' and (p(L))+ : p(L)M. Thus, we have

(r(M))* 'g ((B(r))+)* ' :  (p(L)M)+'  :1uB1r),r l  c p(L).



On Brown-McCoy l-rings 325

By Theorem 3.6, we have P(L) : (I(M))*' .

The following examples, given to me by Professor G. L. Booth,
show that the above results are false if l-ring M does not has strong
left unity.

Examples 8.8. Let m ) rz, and let M: D*,r", I: Drr,-, where !f, is
the real field. Then M is a simple l-ring which has no strong left unity,
but it does have both left and right unities. It follows thaf P(M) :0,

B(M\ - M, whence )(M) : g. The left operator ring Z of M is
isomorphic to !f ,-,- and so P(L) :.L. Thus ()(M))*'  :  O + P(L).

Example S.9. Let U and I/ be respectively finite dimensional and
countably infinite dimensional vector spaces over the real field ft. Let
fuf - L(U,V) (the set of all linear mappings from U to V , mappings
acting on the left), I : L(V,U). Then M is a f-ring with the oper-
ations of pointwise addition and composition of functions. The right
operator ring .R is isomorphic to L(U,U). Moreover, M is simple, and
has a right, but not a left unity. Hence, P(M) : O, B(M) : M, whence
^ ( M ) : 0 .  T h u s  ( f ( M ) ) . ' : 0 * ' : 0 .  B u t  B @ )  + O .

4. BROWN-McCOY PROPERTY OF M-RING f AND THE RING Mz

In this section, let (M,I) be lry-ring, and let r? and -L denote the
right and left operator rings of l-ring M, respectively.

T h e s e t  M z =  / n  r \= 
(; L ) 

is a ring with respect to the obvious

operations of matrix multipliiation and addition. For details, see [1,8i.
Moreover, if. I < M , then it is easily verified that

Theorem 4.1. Suppose (M,I) rs a weakly-r ing and,l-r ing M has
o strong left unity. Then the | -ring M is Brown - McCoy if and only
if the M -ring I is Brown - McCoy.

Proof. Suppose that l-ring M is Brown-McCoy. For every prime
ideal O of M-ring I, by [1], Theorem 3.3, there is a prime ideal P of
I-ring M such that Q : f (P). Hence, there exist maximal left strongly
modular ideals Po of M ("€ A) such that P : o{Po : a e A}. But

ift; sMz
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I ( P )  : { r e r : M 1 M g P }
:  n{ .y  € t  :  M1M C Po,  a  €  rL}  :  n{ f (P, )  :  a  e  A} .

By [1], Theorem 5.1, I(P,) (a e A) are maximal right strongly modular
ideals of f . Thus, M-ring I is Brown-McCoy. The proof of the
converse is similar. This completes the proof.

Proposit ion 4.2. Let (M,t) be a weak ly-r ing. Then \(M) 'e

M(,\(I)) ond ,\(I) q r()(M)), where )(M) and ,\(I) d,enote, respec-
tiuely, the \-radical of T -ring M and M -ring | .

By Theorem 4.1, and since the fact (M IAW),I/I(I(M))) is weak
(I/r(I(M))ry-r ins, i t  is clear that )(I) q I(. \(M)). Similarly, i t  can
be shown that p.(M) g U(p(r)).

Theorem 4.3. Let (M,I) De 
"f X-ring .andl-r ing M has a strong

left unity. Thenthe rins M2: (; ;) 
, t  a Brown-McCoy rins i f

and, only if t-ring M is Brown-McCoy.

Proof. Suppose that Mz is a Brown-McCoy ring and -I is a prime

ideal. Hence, by [1], Theorem 3.6, 12 - ( I* '  r(r)\  
i, : ( r 

-il 

) 
is a Prime ideal

of M2. Thus, Iz : fiPo2, where P,,z (d € A) are maximal modular

ideals of M2. By [1], Theorem 5.3, .D - ( p:' I(P \ \
t", : ( 

": 

' 
;!' ,), 

where P.

is a ma>rimal modular ideal of f-ring M. From this, we have that
I : nPo, by the condition, every ideal of M is left strongly modular.
Hence M is a Brown-McCoy l-ring.

The proof of the converse is similar, and will be omitted.

Theorem 4.4. Let (M,t) be a | 7,r -ring and the | -ring M has a strong

tef t  un i ty .  Then Btr r  \  -  ( (^(M)) . '  r ( ' \ (M)) , \
r , "2 /  :  

\  ^ (M) (^(M))+,  )

Proof. Since

^,  ,  (  ( ) (M)) . '  r ( . \ (M))  \  = /  Rl$(MD. '  f / f  ( ) (M))  \r v r 2 l \  
^ ( M )  ( ) ( u ; ; + ' / - \  M l ^ ( M )  L l 7 ( M ) ) * ' ) '

by Theorem 4.3 and the facts that

l r / r ()(M)),  M I  ̂ (M)l  = R/()(  M)). '

IMI^(M),f /r(](M))l = r/(.\(M))*"and
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i t  fonows that B(M) c ((l(M))-' r(I(M)) \'z't : 
\ I(M) (x(u11+' 1'

Theorem 4.5. Let (M,l) be aly-r ing andl-r ing M haue right and
strong lelt unities. Then we haue

gw): (,^jffJi.',lllfff, )
Proof. Since l-ring M has right and strong left unities, we can prove
that for any A < M, A*' - 

[ f , ,4], A+' - 
[ ,4,I]  and f(A) : I-AI and

thus

( (^(M)). '  r1r1u)) \  _ ( l f  ,^(M)l r)(M)r \
\  ) ( M )  ( ) ( M ) ) + ' /  

-  
\  ^ ( M )  [ ) ( M ) , r l ) '

By [8], Lemma 4.1, we have B(M) : ([f ''4] .rAI. \= (. '-;-' f o' i1 ,f 
' where AsM'

On the other hand, by the fact that

Mztg(Mz): Mzt('t;r, rliir) = (Yrf^' ,/ili))

and since Mzl/(Mz) is p-semisimple, from Theorem 4.3, we get that
M lA is )-semisimple and thus ^(M) C A. Hence, we have

('^lffJl.',ll}fff')' ('Y''lii, ) : ows
rhus, we have plMz): (,1ff)1.' ,lllffif,). tn" proor is com-
pletes.
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