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ON BROWN -McCOY I''RINGS

WANG DINGGUO

Abstract. Let M be a I'-ring in the sense of Nobusawa. The nng M; =
R g’

M L
defined to be those I'- rings in which the prime radical equals the Brown - McCoy

radical in all homomorphic smmages. The asm of the paper 13 to study the properties
of Brown — McCoy ' rings. The relationships between Brown ~ McCoy properties
of T'-ring M and the corresponding properties of I'y, ;i —1ing Mm n, the right
operator ring R of '-ring M, M-ring ' and the ring M are established.

was defined by Kyuno. In this paper, Broun—McCoy I'-rings are

1. INTRODUCTION

Throughout this paper, “I'-ring” means a I'-ring in the sense of
Barnes, “I a M” will denote “I is an ideal of M”. For the notions of
operator rings, matrix I'-rings, weak I' y-ring, I'xy-Ting etc. we refer
to 1], [3], [5] and [6].

The class of Jacobson rings, which consists of all rings in which the
prime radical coincides with the Jacobson radical in all homomorphic
images, is an important class in ring theory. For several years, Jacobson
rings and their generalizations are extensively studied (cf. [11], [12] and
[13] etc.). In [13] some of the Jacobson properties have been established
for T'-rings. However, another possible generalization of the Jacobson
property is to consider the class of all rings in which, for every homo-
morphic image, the prime radical is coincident with the Brown - McCoy
radical (see [12]). We shall call this the class of Brown-McCoy rings.
In this paper, we use the Brown-McCoy radical of I'-rings in the sense
of Booth (see [4]) to study the Brown-McCoy properties of I'-rings.
When (M,T) is a ' y-ring there are five related rings: the I'-ring M,
the right operator ring R of I'-ring M, the matrix I'y m-ring My, »,
the M-ring T’ and the ring M>. In this paper the relationships between
the Brown —McCoy properties of these rings are established.

A T'-ring M is said to have right unity (resp. strong right unity)
n
if there exists an element Y. [6;,a:] € R (resp. [6,a] € R) such that

1=1
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Y. zéia; = z (resp. zba = z) for all £ € M. It is easily verified that
1=1
n
in this case, Y [6;;a;] (resp. [6, a]) is the unity of the ring R. Left
i=1
unity is similarly defined. An ideal I of M is called modular (resp.
right modular, right strongly modular) if the fact I'-ring M/T has right
and left unities (resp. a right unity, a right strong unity). Left modular
ideals are similarly defined. The I'-ring M is called simple if MTM # 0

and M has no ideals other than 0 and M.

Let (M,T') be a weak I'y-ringand P C R, Q C Land ® C T, then
we define

P*={zxeM:[B,z]€ P for all €T},

QT ={zeM:|z,u]€Q for all p € T},

AV ={re R:MrC A}, A*' ={yeL:yMC 4},
IFA)={pel:MuM C A} and M(®) = {z € M : TzT C ®}.

For further details of I'-rings and their operator rings, we refer to
[1) and [6].

2. BROWN-McCOY I'-RINGS AND MATRIX T, ,,-RINGS

Radical classes of I'-rings, special radical and hereditary classes are
defined exactly as for rings. See, for example, 3] or [10].

For an arbitrary I'-ring M, Booth [2| defined the Brown - McCoy
radical B(-) to be the upper radical defined by the class of simple I'-
rings having strong left unities. It is shown that the Brown-McCoy
radical is a special radical and a generalization of the Brown - McCoy
radical of ring. Throughout this paper B(-) and P(-) will denote the
Brown - McCoy and prime radicals, respectively.

Definition 2.1. T'-ring M is called a Brown-McCoy I'-ring, if the
prime radical equals the Brown-McCoy radical in all homomorphic
images of M.

From the definition, it is easy to prove the following:

Proposition 2.2. If M is a Brown-McCoy I'-ring and I <M, then
M/I is also Brown - McCoy.
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Proposition 2.3. M ts a Brown -McCoy T -ring if and only if every
prime tdeal of M 1is an tntersection of mazimal left strongly modular
tdeals of M.

Corollary 2.4. I'-ring M 1s Brown - McCoy if and only if every prime
homomorphic tmage of M is B-semisimple.

If we denote by © the class of all Brown—-McCoy I'-rings, then,
from Definition 2.1, we have

© = {M : B(M/I) = P(M/I) for every ideal I of M}.

Analogously to [9, Theorem 26| we have that © is a radical class. If
we denote by A the radical associated with the Brown—-McCoy I'-ring
class ©, then O is the largest radical class such that A(M) N B(M) C
P(M) for every I'-ring M.

Proposition 2.5. A is hereditary, t.e. 1ideals of Brown-McCoy
I'-rings are Brown - McCoy.

Proof. Let the I'-ring M be Brown-McCoy and let I be an ideal of
M. If I is not Brown—McCoy, then there is a prime ideal K of I such
that I/ K has a nonzero Brown -McCoy radical, say A/K. Now K will
be an ideal of M, since K is a prime ideal of I, so consider the I'-ring
M/K. In this quotient, the prime radical coincides with the Brown -
McCoy radical, which contains A/K. Thus A/K is a lower strong nil
radical I'-ring and so contains a nonzero strong nilpotent ideal. This
contradicts the primeness of K in I. Therefore I is a Brown—McCoy
I'-ring and the proposition is proved.

Corollary 2.6. Let M be a I'-ring and I an ideal of M, then A(I) =
INAM).

Proposition 2.7. M is a simple T'-ring with a strong left unites, then,
if m < n, My, is a simple 'y, ;,,-ring with a strong left unity.

Proof. Suppose that M is simple I'-ring with a strong left unity. Then,
by [5, Lemma 3|, it is easy to prove that M,, , is a simple I',, ,,-ring.
Let a € M and 8 € T be such that afz = z for all £ € M. Then,
if A € Mm,n, (a6i,jEi,J')(ﬁ6k,lEk,l)A = A, where 6,',1' =1,if 2 = 3,
otherwise 0. If follows that M,, ,, is a simple T'y, ,,,—ring with a strong
left unity.

Theorem 2.8. If M s a T-ring and m < n, then B(M,,,) <
(B(M))m,n.
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Proof. By Proposition 2.7, [6, Lemma 3] and [4, Theorem 4.2|, it is
easily verified that B(M,, ) < (B(M)m,a).

Remark 2.9. The Theorem 2.8 does not hold if m > n. For example,
let F be a field , M = F and T = F. It is easily shown that B(M) =0
and B(M3z3) = Ms2. Even if m < n it does not always hold that
B(M,,n) = (B(M)m,n). For example, see [2], p.75.

Corollary 2.10. Let R be a ring. Then for any m < n, B(R,,,) <
(B(R))m,n where B(R) is the Brown - McCoy radical of ring R.

Corollary 2.11. Let R be a ring. Then for any n, B(R,) = (B(R)),
where B(R) s the Brown - McCoy radical of ring R.

The proof of the above corollary is dependent on the fact that the
Brown - McCoy radical of the ring R is equal the Brown - McCoy radical
of the I'-ring with ' = R.

Theorem 2.12. If I'-ring M is Brown - McCoy and m < n, then the
matriz 'y ;m-ring My, n ts Brown - McCoy.

Proof. Suppose that M is a Brown—McCoy I'-ring. By [6], Theorem 2,
any prime ideal of My, , is of the form P, ,,, where P is a prime ideal of
the I'-ring M. Since the I'-ring M is Brown-McCoy and so P = NP,,
where P, (a € A) are maximal left strongly modular ideals of M. Now
Ppn = (nPa)m,n T m(Poz)m,rn and Mm,n/(Pa)m,n = (M/Pa)m,n- By
Proposition 2.7, (Py)m,n is a maximal left strongly modular ideal of
M n. Thus My, ,, is a Brown—-McCoy I'y, ,,,-ring.

Corollary 2.13. A ring R 1s a Brown - McCoy ring if and only if, for
any n, the R,-ring R, is Brown - McCoy, i. e. the matriz ring M,, (R)
ts a Brown - McCoy ring.

Corollary 2.14. A(M,, ) > (A(M))m,s for any T'-ring M and m < n.

Proof. This follows immediately from Theorem 2.12 and the corre-
sponding result in [9, Lemma 8|. ¢

3. BROWN-McCOY I'-RINGS AND THE OPERATOR RINGS

In this section, the relationships between Brown — McCoy properties
of I'-ring M and its left operator rings are established. Analogous
results for the right operator rings can be proved similarly.
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Lemma 3.1. If A is an ideal of the T'-ring M, L and [M/A, T} are the
left operator rings of T'-ring M and T'-ring M /A, respectively, then we
have [M/A,T] = L/A*' under the mapping

E[z" + 4,7 - Z[-"Ji,%‘] + A,

1 1

Lemma 3.2. If M is T'-ring with left operator ring L, and M has a left
unity, P is an ideal of L, [M/P*,T] is the left operator ring of I'-ring
M/P*, then we have [M/P*,T| = L/P under the mapping

Z[zi +PT, ] — Z[mi,'ﬁ] +P.

% t
Lemma 3.3. If T'-ring M has a left unity or T'-ring M s prime, then
M is simple if and only if the left operator ring L of M s a simple ring.
The proof of Lemma 3.1, 3.2, and 3.3 may easily be verified by
direct computation.

Lemma 3.4. Let M be a I'-ring with left operator rings L.

(1) If P is @ mazimal modular ideal of L, then Pt is a mazimal left
modular ideal of M and (P*)t' = P.

(2) If Q is a mazimal left strongly modular ideal of M, then Q%' is
a mazimal modular ideal of L and (Q+')t = Q.

Proof. (1) Suppose P is a maximal modular ideal of L. Then there
exists e € L such that for all @ €T and z € M, e[z,a] — [z,a] € P,
i.e. [ex — z,a] € P, that is, ez — z € P*. Hence, by Lemma 3.2 and
3.3, Pt is a maximal left modular ideal of M. By [6], Theorem 1, and
the fact that maximal (left) modular ideals are prime ideals, it is clear
that (P*)*' = P.

(2) By Lemma 3.1. and 3.3, the proof is clearly.

Theorem 3.5. Let M be a I'-ring and L be the left operator ring of
M. Then,

(1) If M s a Brown-McCoy T'-ring then L is a Brown-McCoy
ring; and

(2) If M has a strong left unity and L 1s a Brown - McCoy ring, then
M is a Brown - MeCoy T -ring.

Proof. (1) Suppose that M is a Brown—McCoy I'-ring. For every prime
ideal Q of L, by [8], Theorem 1, there is a prime ideal P of M such that
Q = P*. Since M is a Brown-McCoy I'-ring, there exist maximal left
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strongly modular ideals P, of M (c € A) such that P = n{P, : a € A}.
But ‘

P*'={zeR:MzC P}
=N{z€R: Mz CP,, aEA}=ﬂ{P:’:aEA}.

By Lemma 3.4, P}’ (a € A) are maximal modular ideals of L. There-
fore, L is a Brown-McCoy ring.

(2) Suppose now that L is a Brown-McCoy ring, and let P be a
prime ideal of I'-ring M, then , by [6], Theorem 1, there is a prime
ideal A of L such that P = A* = {z € M : [I',z] C A}. Since L is a
Brown -McCoy ring, then A = N{A, : a € A}, where A, (o € A) are
the maximal modular ideals of L. But

P=A*={zeM:[I,z| C A}
=N{z€M:[I,z] C Aa, a€ A} =N{AL :a € A}.

By Lemma 3.4 and M has a strong left unity and [6], Theorem 1,
A? (o € A) are maximal left strongly modular ideals of M. Hence, M
is a Brown-McCoy I'-ring. This completes the proof.

In the following, let § be the radical class of Brown - McCoy rings.

Theorem 3.6. Let M be a I'-ring with left strong unity and L be the
left operator ring of M. Then, we have

(1) A(L) S (A(M))*'; and

(2) A(M) € (B(L)* .
Proof. (1) Since [M/A(M),T] = L/(A(M))*' by Lemma 3.1 and M/A(M)
is A-semisimple. Hence by Theorem 3.5, L/(A(M))*' is f-semisimple.
It follows that (L) C (A(M))*'.

(2) Since, by Lemma 3.2, [M/(#(L))*,T] = L/B(L) and L/B(L) is
p-semisimple. Then, by Theorem 3.5, it follows that A(M) C (8(L))*.

Corollary 3.7. Let M be a T'-ring with left strong and right unities,
L be the left operator ring of M. Then, we have (L) = (A(M))+'.

Proof. Since I'-ring M has right and left unities, it is easy to prove
that [A(M),T] = (A(M))*' and (B(L))* = B(L)M. Thus, we have

(M) C (BEL)N*T = (BL)M)* = [MB(L),T] C B(L).
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By Theorem 3.6, we have 8(L) = (A\(M))*'.

The following examples, given to me by Professor G. L. Booth,
show that the above results are false if I'-ring M does not has strong
left unity.

Examples 3.8. Let m > n,and let M = R,,, ,, T = R, ,,,, where R is
the real field. Then M is a simple I'-ring which has no strong left unity,
but it does have both left and right unities. It follows that P(M) = 0,
B(M) = M, whence A\(M) = 0. The left operator ring L of M is
isomorphic to Ry, ,» and so #(L) = L. Thus (A(M))*' = 0 # B(L).

Example 3.9. Let U and V be respectively finite dimensional and
countably infinite dimensional vector spaces over the real field R. Let
M = L(U,V) (the set of all linear mappings from U to V, mappings
acting on the left), I' = L(V,U). Then M is a I'-ring with the oper-
ations of pointwise addition and composition of functions. The right
operator ring R is isomorphic to L(U,U). Moreover, M is simple, and
has a right, but not a left unity. Hence, P(M) = 0, B(M) = M, whence
A(M) = 0. Thus (A(M))*' = 0*' = 0. But (L) # 0.

4. BROWN-McCOY PROPERTY OF M-RING I' AND THE RING M,

In this section, let (M,T') be I y—ring, and let R and L denote the
right and left operator rings of I'-ring M, respectively.
R T
M L <
operations of matrix multiplication and addition. For details, see [1,8].
Moreover, if I 4 M, then it is easily verified that

' T(I
19— ( I I(+l)) ﬂMz

The set M, = is a ring with respect to the obvious

Theorem 4.1. Suppose (M,T') ts a weak T y-ring and T'-ring M has
a strong left unity. Then the T-ring M 1s Brown - McCoy if and only
if the M—ring T' vs Brown - McCoy.

Proof. Suppose that I'-ring M is Brown-McCoy. For every prime
ideal ® of M-ring T, by [1], Theorem 3.3, there is a prime ideal P of
I'-ring M such that ® = I'(P). Hence, there exist maximal left strongly
modular ideals P, of M (a € A) such that P = N{P, : « € A}. But
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['(P)={yel:MyM C P}
=N{7ET:MAM C P,, a € A} =nN{T(P,) : a € A}.

By [1], Theorem 5.1, I'(P,) (o € A) are maximal right strongly modular
ideals of I'. Thus, M-ring ' is Brown—-McCoy. The proof of the
converse is similar. This completes the proof.

Proposition 4.2. Let (M,T) be a weak T n-ring. Then A(M) T
M(X(T)) and A(T) C T(A(M)), where A\(M) and A(T) denote, respec-
tively, the A-radical of T-ring M and M -ring T.

By Theorem 4.1, and since the fact (M/A(M),T/T(A(M))) is weak
(T/T(A(M))n-ring, it is clear that A(T') C T'(A(M)). Similarly, it can
be shown that u(M) C M(u(T)).

Theorem 4.3. Let (M,T) be a T y-ring and T-ring M has a strong

left unity. Then the ring My = = I‘) ts a Brown - McCoy ring if

M L
and only tf I'-ring M 1s Brown - McCoy.
Proof. Suppose that M; is a Brown—McC?y ring and I is a prime
I T
ideal. Hence, by {1], Theorem 3.6, I; = I I(+I,)
of My. Thus, I = NP,3, where Py, (o € A) are maximal modular
3 P T(P,
ideals of M;. By [1], Theorem 5.3, Py2 = P‘Z 1(3;")
is a maximal modular ideal of I'-ring M. From this, we have that
I = nP,, by the condition, every ideal of M is left strongly modular.
Hence M is a Brown—McCoy I'-ring.

) is a prime ideal

, where P,

The proof of the converse is similar, and will be omitted.

Theorem 4.4. Let (M,T') be aT n-ring and the T-ring M has a strong

left unity. Then f(M;) C <(/\§€\X/R* (1;‘\(()1‘\(4];2_);>

Proof. Since
(A(M)" T(MM)) \ ~ (R/(MM))* T/T(A(M))
() oone) =(HAe)  Loan):
by Theorem 4.3 and the facts that
[T/T(A(M)), M/A(M)] = R/(A(M))*'
and [M/X(M),T/T(A\(M))] = L/(A(M)) "',
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it foliows that 8(M3) C ((A)S?Q;* (];((‘AA(JA)J)Z_)I)

Theorem 4.5. Let (M,T) be a T y-ring and I'-ring M have right and
strong left unities. Then we have

(000 TRM)
"‘Mz’“< A(M) (A(M))+’)

Proof. Since I'-ring M has right and strong left unities, we can prove
that for any A « M, A*' = [T, A], A*' = [A,T] and T(A) = TAT and
thus -

<(/\(M))*' T(A(M)) > % ([F,'\(M)] LA(M)T )
AM) (M) AM)  [A(M),T]) "

By [8], Lemma 4.1, we have f(M,) = ([FAA] [1;;4;‘]

On the other hand, by the fact that

), where Aa M.

I,A] TAT ) _ (R/A* T/I(4
M, /B(Mz) = M2/ <[ A>] [A,l“]) - ( M/A L/AJ"))

and since My/3(M3) is f-semisimple, from Theorem 4.3, we get that
M/A is A-semisimple and thus A(M) C A. Hence, we have

(A(M))*' T(MM)) [[,A] TATY _
<A(M) (A(M))+')§< 4 [A,r1>"”‘M2"

Thus, we have 8(M2) = <(
pletes.

I\(M);*' T(A(M))

MM (/\(M))+'>' The proof is com-
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